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1. Introduction. Let f(n) denote the number of distinct unordered fac-
torisations of the natural number n into factors larger than 1. For example,
f(28) = 4 as 28 has the following factorisations:

28, 2-14, 4-7,2-2-7.

In this paper, we address three aspects of the function f(n). For the first
aspect, in [I], Canfield, Erdés and Pomerance mention without proof that
the number of values of f(n) that do not exceed x is 2°(1) as  — co. Our
first theorem in this note makes this result explicit.

For a set A of positive integers we put A(z) ={n € A:n < zx}.

THEOREM 1. Let A= {f(m):m € N}. Then
#.A($) _ xO(logloglogm/loglogw)'
Recall that Oppenheim [§] and independently Szekeres and Turan [I1]

considered the average value of f(n) in the interval (0, 2] showing that

There is a large body of literature addressing average values of various arith-
metic functions in short intervals. Our next result gives a lower bound for
the average of f(n) over a short interval (z, x 4+ y] which is of the same order
as the average of f(n) over the interval (0,y].

THEOREM 2. Um'formly forx >0 and y > 2, we have
2\/10g
y 2. o ” Qlog )P/

r<n<z+y
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Finally, there are also several results addressing the behaviour of positive
integers n which are multiples of some other arithmetic function of n. See,
for example, [3], [5], [9] and [10] for problems related to counting positive
integers n which are divisible by either w(n), £2(n) or 7(n), where these
functions are the number of distinct prime factors of n, the number of total
prime factors of n, and the number of divisors of n, respectively. Our next
and last result gives upper and lower bounds on the counting function of
the set of positive integers n which are multiples of f(n).

THEOREM 3. Let B={n: f(n)|n}. Then

X
B = (log ayreom

as x — 0.

2. Preliminaries and lemmas. The function f(n) is related to various
partition functions. For example, f(2") = p(n), where p(n) is the number
of partitions of n. Furthermore, f(p;---px) = By, where By is the kth Bell
number which counts the number of partitions of a set with k£ elements
into nonempty disjoint subsets. In general, f(p{*---py*) is the number of
partitions of a multiset consisting of «; copies of {i} for each i = 1,... k.
Throughout the paper, we write log x for the natural logarithm of z. We use
p and ¢ for prime numbers, O and o for the Landau symbols, and < and >
for the Vinogradov symbols. The following asymptotic formula for the kth
Bell number is due to de Bruijn [4].

LEMMA 1.
log By, loglog k 1 (loglog k)?
k log k + log k ( (log k)2 >
We also need the Stirling numbers of the second kind S(k, ) which count

the number of partitions of a k-element set into [ nonempty disjoint subsets.
Clearly,

=logk —loglogk — 1+

k

(2) By =Y _S(k,1).
I=1
We now formulate and prove a few lemmas about the function f(n) which
will come in handy later on.
The next lemma is an easy observation, so we state it without proof.

LEMMA 2. Ifa|b, then f(a) < f(b).

We let p,, denote the nth prime number and «;(n) denote the maximal
exponent of a prime appearing in the prime factorisation of n. Let n be a
positive integer with prime factorisation

_ Q1 Qf
n=q"q",
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where ¢i,...,q are distinct primes and a1(n) :== a3 > -+ > ag. We put
no = pi*---pp¥, and observe that f(n) = f(ng). This observation will play
a crucial role in the proof of Theorem [I]}

The following lemma gives upper bounds for «ai(n) and w(n) when

fn) < @,
LEMMA 3. Letn = qi" ---q.*, where a; > --- > oy, and f(n) < x. Then
(i) a1 = O((logx)?);
(ii) k =w(n) = O(logz/loglogx).
Proof. 1t follows from Lemma [2] that
f(n) = fg") = p(ea).
Using the asymptotic formula

®) pln) = (14 o) 2TV

as n — 0o,

due to Hardy and Ramanujan [6], we conclude that exp(c\/a;) < x with
some constant ¢ > 0. Hence, (i) follows. In order to prove (ii), let nj =

p1 -+ p. By Lemma] we have f(nj)) < f(n) < z. Furthermore, f(n{) = Bj.
It now follows from Lemma [I] that

exp((1+o(1))klogk) = By <=z

E— O log ’
loglog x

which completes the proof of the lemma. =

as k — oo, yielding

3. Proofs of the theorems

3.1. Proof of Theorem For a positive integer n, we let again ng
and aq(n) be the functions defined earlier. We let A(z) = {m1,...,m:} be
such that m; < --- < my and let N' = {ny,...,ns} be positive integers
such that n; is minimal among all positive integers n with f(n) = m,; for
all ¢ = 1,...,t. It is clear that if n € N, then n is of the form ng. Since
#A(x) =t = #N, it suffices to bound the cardinality of N.

We partition this set as N' = N7 U N3 U N3, where

M ={neN:aij(n) <loglogz},

NQZ{HEle(n)gwogW}, NgZN\(NlUNQ).

log

If n € N, then n has at most O(logz/loglogz) prime factors (by
Lemma [3]), each appearing with an exponent of at most loglog x.
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Therefore,
(4) #Nl _ (log log I)O(logm/loglogw) _ xO(%)

Next, we observe that an integer in N5 has at most logz/(loglog z)?
prime factors, each appearing with an exponent O((log z)?) (by Lemma |3)).
Thus,

OB, 2+ 0(1))1
(5) #Ny < (O(log z)2) Toslos ) :exp<(lof;(lo)g);gx>

( log log log = )

=g loglogz as r — oQ.

Finally, let n € N3, and write it as
n=pit e plipt ot
where we put

i:=max{j <k:a; >y} with y:= [loglogx/logloglogx].

Observe that the divisors p?_ﬁl -+ pft of the numbers n € N3 can be chosen
in at most
log = 1 1 1 1
(6) y* = yO(lOg{igx) —exp( O og x log loglog =
loglog x

ways. Furthermore, by Lemma (3| the numbers n’ = p* - - p** can trivially
be chosen in at most

(O((log z)*))" = exp(O(iloglog x))
ways. Thus, writing N} for the subset of N3 such that i < logz/(loglog z)?,
we get
1
(7) #Ny < exp(O( ] ).
log log x
From now on, we look at n € Ny = N3\ Na.

For each ¢, we let k; be such that S(t, k) is maximal among the numbers
S(t,k) for k=1,...,t. By formula , the definition of k;, and Lemma

S(t, k) > By _ exp((1 + o(1))tlogt)
ki) 2 ;

as t — oco. We now claim that

= exp((1+o(1))tlogt)

f(n) > f(n') > f((pr---pi)?) > W

The first two inequalities follow immediately from Lemma [2] so let us prove
the last one.

Note that S(i,k;) counts the number of factorisations of pp ---p; into
precisely k; factors. Therefore, (S(i,k;))? counts the number of factorisa-



Oppenheim’s “Factorisatio Numerorum” 45

tions of (p1---p;)¥ into k;y square-free factors, where we count each such
factorisation at most (k;y)! times. This establishes the claim.
Since 4 tends to infinity as x — oo for all n € N5, we get

S(i, ki)? > exp((1 + o(1))yilog1)
as x — oo. Furthermore, we trivially have
(kiy)! < (ki)™ = exp(kiy log(kiy)).

Thus,
®  fn)> ka?’j)? > exp((1 + o(1))yilogi — kiylog(kiy))

as x — 0o. We next show that for our choices of y and i we have
kiylog(k;y) = o(yilogi) as x — oc.
Indeed, using the fact

ki = (1+o0(1))

——  asi— 00
log i

(see, for example, [2]), we see that the above condition is equivalent to
log y = of(log 1)?),
which holds as x — oo because
y = loglog z/logloglogz and i > logz/(loglogx)?.

Now the inequality f(n) < x together with and the fact that logi >
(14 o(1))loglog = implies that

log =
< (1 1) — .
9) i< (140 ))yloglogaz as r — 0o
Thus, the numbers n’ can be chosen in at most
(10)  (O((log)))! < (O((log )+ mioes = 5O Chafiss)

ways. As we have already seen at @, the complementary divisor n/n’ =

Pyt -+ pit of n can be chosen in at most

(11) xO(log log log x/log log x)

ways also. Thus, the total number of choices for n in Nj is
(12) #N5 < :UO(logloglogx/loglog:c).

Hence, from estimates and , we get

(13) #N3 < #N4 +#N5 < xO(logloglog:}:/loglogz)'

From estimates , and , we finally get
#N < #Nl ‘l‘#NQ + #Ng < xO(logloglogm/loglogz),

which completes the proof of the theorem.
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3.2. Proof of Theorem For ease of notation we put
S(x,y):= > fn).
r<nlz+y

Let z be some function of y tending to infinity with it such that zlogz <
o(v/1ogy) as y — oo. Assume that 0 < z < zy. Write

Observe that
log(z +y) = logy + O(log 2),

therefore

exp(2v/log(z + ) = exp(2y/logy + O(log z))

log 2z
= 2+/1
oo 2vien o 55

log 2
_ 2vimu (1 4 of 198
‘ ( " (\/logy»’

and a similar estimate holds for exp(2y/log z). Furthermore,

1 B 1 B 1 < N (logz))
(log(x +))>* ~ (logy + O(log 2))>* ~ (logy)3/4 logy) )’
and again a similar estimate holds for 1/(log z)3/%. Thus, using estimate ([}
we see that in the range 0 < x < zy the desired sum is

2y/Togy 1
ye zlog z
sta) =500+ =500 = S (100 )
2

This is even an asymptotic as y — oo if we take z := (logy)/?(loglog y) 2.
We next assume that x > yz. For each integer n € (0,y], let m(n) be
the largest multiple of n in (z,z + y] and write it as m(n) = moy(n) - n.
Observe that mg(n) > x/n > x/y. Thus, if z > 32, then z/n > y. Let
M ={m(n):n € (0,y]} and observe that in this range

doofmy= D> fm)y= Y fn),
z<n<z+ty meM 0<n<y
where the last inequality follows by considering only factorisations of m € M
which are of the form
ny - ng - mo(n)

for some n € (0,y], by remarking also that since mg(n) > y, distinct fac-
torisations of n will yield distinct factorisations of m € M. Thus, if x > y2,
the above argument yields

S(a,y) > S(0,y) = %<1+0(\/¢@>>.
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We now suppose that yz < z < y?. We let

50,9 - 50,5/ = Y fon )<;+0<\/1i@>>.

y/2<n<y
To each factorisation nj---ng of some n € 7 := [y/2,y] we associate, as
before, the factorisation nj ---ng - mo(n) of m(n). Observe that mg(n) €
(x/n,z/n+y/n] C T = (z/y,2z/y + 2]. Let fi(n) be the number of fac-
torisations of n with two or more parts in 7. Note that f1(n) = 0 unless
(z/y)? < y. Writing a factorisation counted by fi(n) as

a-b-my---mg, where a,be J,

Yoo oam) <D Y fm)y= > S(0,y/ab).

y/2<n<y a<b m<y/ab a<b
a,beg a,beJ

we get

We split the above sum at ab < y/2. In the low range, we use the fact that
the function u — V18 /(log u)3/4 is increasing, to get

5 souion = g 2 ) (o))

a<b a<b
a,beg abeJ
ab<y/2

Observe that

1\)* 1
: 2 ro(t)) o)
y y z z
1 1\)* 1 log 2)? 1
~ogaro(2)) +oft) =82 H(L),
2 z z 2 z
In the larger range, we have S(0,y/ab) = 1. Thus, under the assumption
that (z/y)* <y,

AN
R
O
0]
7N

[\
|5
+
o
N——
|
5}
o
N
N
+
@)
N

Z S(0,y/ab) < Zl<< (z/y)?

a<b a,beJ
a,beJ
ab>y/2

Putting everything together, we get

Y Al < S((Ly)(“og;)2 + O(W))

y/2<n<y
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Therefore,
~ filn 1 (log2)? (log log y)?
y/2<2n<y(f(n) A >>zs<o,y><2 . +O< Elos >>

> 5(0,y).

We now look only at the factorisations mj ---mgmg(n) of m(n) for n €
[y/2,y] arising from factorisations m; ---my of n counted by f(n) — fi(n).
These might not be distinct but since the factorisation m; - - - my of n has at
most one part in J, the interval containing mg(n) for all n under scrutiny,
it follows that each such factorisation is counted at most twice. This shows

Sy =5 Y (f) -~ i) > S0.)

y/2<n<y

which is what we wanted to prove.

3.3. Proof of Theorem [3. We observe that all primes are in A since
f(p) =1 for all prime p. Thus,
x
This completes the lower bound part of the theorem. To obtain the upper
bound, we cover the set A(z) by three sets Aj, As and Ajs as follows:

Ay ={n<z:02(n) > 10loglogz},
logl
Ay = ngx:w(n)<ﬂ ,
logloglog x
As={n<z:n=0 (mod f(n)), n & A1 UAs}.
We recall the bound

kxlogx
#{n<xz:020n)=k} < ok
valid uniformly in k (see, for example, Lemma 13 in [7]). Using the above
estimate, we get

k zloglog x x
(14) #A <z > ot < Jiotogioss :o< )

log
k>10loglog = 8

as x — 00. To find an upper bound for Ay, we use the bounds (see page 200
of [12])

r  (loglogz 4 c1)F !

(k—1)! log x
where ¢; > 0 is some constant. Using the elementary estimate m! > (m/e)™
with m =k — 1, we get

#{n<z:wh) =k} <

s <3 w(n) = k) < x <eloglogw+62>k—1

log k—1
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where co = ecy. The right hand side is an increasing function of k in our
range for k versus x when x is large. Since k < loglog x/logloglog =, we
deduce that

log log €T

X
(15) #A <o (O(logloglog ) etolos = = (log )1 +o(D)

as r — 00.
Finally, we estimate A3z. Each n € A3 can be written as
n=q" - q"
where qi,...,q; are distinct primes, a; > -+ > ap, a1 + - + ap <
10loglogz and k > K := |loglogx/logloglogx|. Let 7 be the set of all
such tuples (k, a1, ..., ax). For each such n, we have
f(n) > Bg > exp((1+o0(1))Klog K) > exp((1+ o(1)) loglog x)
= (log x)1+0(1)
as © — 0o. The number of tuples (k, a1, ..., ax) satisfying the above condi-
tions is at most

#T < loglogx Z p(n),

n<10loglog z

where again p(n) is the partition function of n. Using estimate , we con-
clude that

#T < (loglog z)? exp(O(y/loglog z)) = (logz)°"  as z — oc.
Thus,

T c#HT T
16 Az < = o < =
e s (kyo1 219)6’7 fT - pp*) Bk (log ) 1+o()

as r — o0o. Now inequalities , and yield the desired upper

bound and complete the proof.

4. Comments. Quite likely, the results of Theorems [I] and [2] are not
best possible. In this respect, we suggest the following questions:

QUESTION 1. Is it true that #A(x) = exp(O(y/logz))?

QUESTION 2. In the notations used in the proof of Theorem[2], is it true
that

S(z,y) = (140(1))S(0,y) asy— oo?
Namely, is it true that the average value of f(n) in the interval (0,y] is
an asymptotic lower bound for the average value of f(n) in any interval of
length y as y — oo?

Concerning Question 2 above, observe that our proof indicates that this

is indeed the case except when z € [yz,3?], where z = (logy)/?(loglog y) 2.
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