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Explicit evaluations of quadruple Euler sums
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1. Introduction. For a pair of positive integers p, ¢ with ¢ > 2, the
classical Euler sum is defined as

=1
(1.1) s;gzzzgijkﬂ
=1

The number w = p+q is the weight of S, ;. The evaluation of S, ; in terms of
values of the Riemann zeta function at positive integers is known when p = 1
or (p,q) = (2,4) or (p,q) = (4,2) or p=q or p+q is odd [I}, 2, B, 5]. Further
generalizations of extensions of Euler sums have been developed [6, 8-10, 12,
13, 20, 21]. Here we state results which are related to the evaluation of S, ,.

1
=

THEOREM A ([I, 2, 6]). For each positive integer n with n > 2, we have

(1.2) &m:n+2

n—1
C(n+1)— %Z((E)C(n +1-0).
=2

THEOREM B ([2, [6]). For an odd weight w = p + q with p,q > 2, we
have

1\l
(1.3) Spg = %C(P‘F q) + 1D

2

[p/2]
S (” e 1)<<2e>c<w ~20)

(=0 ¢—1

¢(p)¢(q)

lq/2] _op
+(—1)pz<w 2¢ 1>C(2€)C(w—2£).

=\ P
Here ((s) is the well-known Riemann zeta function and ((0) = —1/2.
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The multiple zeta function or r-fold Euler sum [3 4, [I5] for positive
integers asq, ..., a, with a, > 2, defined by

1
(L4)  ¢loa,...,ar Z Z L(ng 4+ ng)e2 -« (g + -+ + ny)or

ni=1

can be rewritten as a nested r-fold sum

1 ny—1 1 ns
(1.5) > = > e Z Z W'
—1 ni=

ny=1 T np_i1=1"1-1

Its weight is the positive integer |a| = a3 + - - - + a;-. So these multiple zeta
functions are just multiple version of the classical Euler sums. In particular,
when r = 2, we have

(1.6) C(pq) = Spq = C(p +9)-
Around 1994, D. Borwein [2] and C. Markett [I8] proved for n > 3 that

1) i) = ”(”(j”an r2) - " Le@cm)
4;0 n—k—1)((k+3)
1 n—1 k
+ 52—k =2)> (k=i +2)¢( +2).
k=0 J=0

As pointed out in [3], such a formula can also be obtained from the power
series expansion of the function 1 —I'(1—2)I'(1—y)/I'(1—2z—y). Let {1}™
be the m repetitions of 1, for example,

C{1¥%,n) =¢(1,1,1,n) and ¢({1}%n)=((1,1,1,1,n).

Then as given in [3], the generating function for multiple zeta values of
the form (({1}",n + 2) is given by

— n m m _ F(l—.T)F(l—y)
(1.8) D> a1+ 2) =1- Ny

m=0n=0
=1- exp{Z(xk +yF — (z + y)k)g(kk)}

k=2

Here we give the value of ¢({1}3,n) in a different way.
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THEOREM 1. For positive integers n, we have

(1.9)  2¢(1,1,1,2n) = ((2n +3) + ((1,2n +2) + ((2,2n + 1) + ((3,2n)
2n—1

+ Z D*c@2n+1-0¢(1,1,0)

and
2n
(1.10)  ¢(1,1,1,2n+1) = —=¢(2n+4) + > _(-1)¢(2n+2 - 0)¢(1,1,0)
1 2n , -
) ;(—1) ¢(1,2n 42— £)¢(1,0).

The proof of Theorem 1 is given in Section 2.

To give evaluations of general Euler sums, we have to introduce two kinds
of multiple zeta values with variables:

(&%) 1 n3 1 T2 1
1.11) Hy(x) = —
(L.11) (%) rgz:o (ny + )2 mzz:o (ng + xg)2 ;O (n1 +x1)™
o0 1 n3 1 ny 1
1.12 Ga(x) = —
(112)  Galx) ,;0 (n + xp)r n;() (n2 + x2)22 nlzo (n1 +a)
where 1, ..., z, are positive numbers no greater than 1 and
_ n; if Tj-1 < Zj, Or 1 <z, when j =r,
"= n; —1 if xj_1 > xj, or x1 > x, when j =r.

THEOREM 2. For each positive integer n and positive real numbers x,y, z
with 0 <z <y <z <1, we have

(1.13)  Gripon(z,m,y,2) — Hiaon(z,2 — 2,2 — 9y, 1)

2n—1
= > (-D)¢@n+1—0)H 1 (,y,2)
=2
— H1,1,2n(96,y, 2y +9(2)}
+ Higon(z — 2,2 =y, 1){—1/)( ) +¥(2)}

z-y
+ Hyon(z — v, , ,
tan(z =41 kzojz% (G+z)k+i+y)(k+7+2)

and
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(114) G1,1,1,2n+1(zv €,Y, Z) + H1,1,1,2n+1(’z7 Z—T,z Y, 1)
2n
= Z(—l)EC(QTL + 2-— E)Hl,l,ﬁ(ma Y, Z)
(=2

— Hion1(z,y, 2){v +¢(2)}
— Hypon1(z — 2,2 —y, D{—(x) +9¥(2)}

— Hyop —qy,1 - - - .
D D0 DY vy oy ey

Here ¢(x) is the digamma function defined by I''(x)/I'(x) and v is the Euler
constant.

THEOREM 3. For each positive integer n and positive real numbers x,y, z
with 0 < z,y < z < 1, we have

(115)  Giaaen(®,2,2 —y,2) = Giaaen(y, 2,2 — 3, 1)
2n—1

= Z (*1)€+1Hl,2n+1—é(yv D)Hie(x,2)
=2

+ Grion(z — 2y, D{—¢(x) + ¥ (2)}
—Gri2n(z —y, 2, 2){=Y(y) +¥(2)}

z—1
(k+y)(k+j+2)(k+j+1)

=0 k=

o

and

(1.16)  Giijponti(z, 2,2 —y,2) + Gii12n41(y, 2,2 — 2, 1)
2n
= (~1)'Hinia-e(y, 1) Hyy(x, 2)
=2

—Grion1(z — 2y, D{—=v(z) +¥(2)}
—Graonr1(z =y, 2, 2){—Y(y) +¥(2)}

~ Hiamale2) jz_%kz_o (k+y)(k+j+2)(k+j+1)

As both sides of the identities in Theorems 2 and 3 are continuous func-
tions of x,y and z, by a limit process if necessary, we let x =y = z = 1 and
get the evaluations of (1,1, 1,2n) and (1,1, 1,2n+1). If we perform partial
differentiations with respect to x,y, z and then let x,y, z approach to 1, we
obtain linear equations among multiple zeta values of the same weight. By
solving the system of linear equations we get evaluations of quadruple Euler
sums of odd weight in terms of triple, double, or single Euler sums.
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2. The evaluation of ((1,1,1,n). The evaluation of {(1,1,1,n) is a
direct consequence of the following propositions.

PROPOSITION 1. For each positive integer n, we have

2¢(1,1,1,2n) = C(2n+3) + ¢(1,2n + 2) + ¢(2,2n + 1) + ¢(3,2n)
2n—1

+ Z DC2n 41— 0)¢(1,1,0)

and
4¢(1,1,1,2n4+1) = —=C(2n+4)—{¢(1,2n+3)+((2,2n+2)+((3,2n+1)}
—2{<(1 1,2n42)+C(1,2, 2n+1)+¢(2, 1, 2n+1)}

+Z C(2n+2—0)¢(1,1,0).

Proof. For each positive integer n > 2, we consider the particular zeta
value
(2.1) C(1,1,2n—1 2)
DI 1
n1 ny + n2 m + no + n3)2” 1(n1 +ng +n3 + n4)

ni=1no=1n3=1ny=

In the partial fraction decomposition [15] [16], [17]

2n—1
1 41 1 1
(2.2) m: E (1) (Qn_E)T%H*EXE_TQ”_l(X-i-T)Q
=2

1 1 1
2n—1 ——
*(2n )T2”{X X—i—T}
we set X = ni+ns+nsg, T = ng, then multiply both sides of the resulting
identity by m and sum over all positive integers ny, na, ns, ng, to get

the following expression for ((1,1,2n—1,2):
(2.3)  ¢(1,1,2n-1,2)
2n—1
= Z (_1)£+1(2n_€)<(2n+1_€)<(17 176)_77(17 17 Qn_lv 2)

(=2
00 oo

1
2n 1 Z n2n Z Z ny n1+n2

ng=1 4 ni=1ns=1

1 1
> { - b
] ni+neo+ns ni+nest+ns+ng
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where

(2.4)  n(1,1,2n—1, 2)

1
Z Z Z Z 1(n1+n2)n Znil(n1+n2+n3+n4)2.

ni=1n2=1n3=1ng= 1

Let A(n) be the final term of ((1,1,2n—1,2) in (2.3). Then A(n) is just an
ordinary quadruple sum in disguise. By repeatedly using the identity

o) k
1 1 1
2. - =
(2:5) ;{nﬂ n+k+x} ;nﬂ’ z>0,
and
co m m 00 m k
1 1 1 1 1 1
2.6 = - i G - -
I B S D I I IO
n=1k=1 k=1 n=1 k=1 n=1
we get
fe’e) 1 ng 1 ns 1 ng 1
2.7 A =S 2 S Ay s b
(2.7) (n) Zl ey Zl o Zl o
ng—= ns no= ni=

On the other hand, if we begin with (1, 1,2n—1, 2) and employ the same
partial fraction decomposition (2.2)) with X = ny4, T'= ny+no+ns, we get

(2.8) n(1,1,2n—1,2)
2n—1
= > (=D 2n—0¢(0)¢(1,1,2n+1-£)-¢(1,1,2n—1,2)

=2
1 ni+nz+ns 1

2n 1 Z Z Z ni n1+n2 n1+n2+n3) Z ?74

ni=1ng=1n3=1 na=1

Let B(n) be the quadruple sum above. Then B(n) can be rewritten as

nay—1 no—1 ns3
1
29) LEEDIF SIS }Zn
nay=1 no=1 ng=1 4
with a change of variables. The difference of and ([2.8)) gives
2n—1
(2.10) B(n)—A(n) = > (=1)"*'¢(2n+1-0)¢(1,1,0).
(=2
The sum B(n) in (2.9) is divided into a sum of triple sums and quadruple
sums according to the range of ng4:

e For ny = n3, the corresponding subseries is ((1,1,2n+1).
e For ny < ng < ns, the corresponding subseries is ((1,1,1,2n).
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e For ngy = ny, the corresponding subseries is ((1,2,2n).
e For ny < ng, the corresponding subseries is 2¢(1,1,1,2n)+((2,1,2n).

Consequently, we have
(2.11) B(n) =3¢(1,1,1,2n)+{¢(1,1,2n+1)+((1,2,2n)+¢(2,1,2n) }.

With a similar consideration, we get

(212)  A(n) = C(1,1,1,20)+{C(1,1,2n+1)+C(1, 2, 2n) +C(2, 1, 2n)}
+{¢(1,2n4+2)+((2,2n+1)+((3,2n) } +((2n+3).

By 7, we obtain
(2.13) 2¢(1,1,1,2n) = C(2n+3)+{C¢(1,2n+2)+{(2,2n+1)+((3,2n)}
2n—1

+ Z D c@n+1-0)¢(1,1,0).

If we begin with the quadruple zeta function ((1,1,2n,2) and employ
the partial fraction decomposition [18§]

1 2n 1 1

(2.14) XX TR ;(_1)6(2n+1—£)T2n+2_£Xg+T2n(X+T>2
oy L 1 1
a nTQ”H{X_XJrT}’
we get
2n
(2.15) A(n+1/2)+B(n+1/2) = > (—1)’¢(2n+2-0)¢(1,1, ).

=2
The evaluation of ((1,1,1,2n+1) then follows from the facts that
(2.16) A(n+1/2) = ((1,1,1,2n+1)
F{C(1,1,2n+2)+¢(1,2, 20+ 1)+ (2,1, 2n+1)}
+{¢(1,2n4+3)+¢(2,2n+2)+{(3,2n+1)} +{(2n+4)
and
B(n+1/2) = 3¢(1,1,1,2n+1)
+{¢(1,1,2n+2)+¢(1,2,2n+1)+((2,1,2n+1)}. =
PROPOSITION 2. For each positive integer n, we have
3¢(1,1,1,2n+1) = —2{¢(1,1,2n+2)+((1,2,2n+1)+((2,1,2n+1)}
—{¢(1,2n4+3)+((2,2n+2)+¢(3,2n+1)}

+= Z C(1,2n42-0)C(1, 0).
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Proof. We consider the multiple series

Z Z Z Z k1 (k1+ko Z”kg(k1+k2+k3+k4)

k1=1ko=1ks=1ky4=

Applying the partial fraction decomposition

2n
1 1 1
—_— = ~1¥2n+1—¢
XQ”(X—{—T)Q ZZ;( ) ( n+ )T2n+2*€X£+T2"(X—|—T)2

1 1 1
ni — e
T2n+1 X X4+T
with X = k1+ks and T = k3 +ky, we get

2n
E(n) =D (1) (2n+1-0)¢(1,2n+2—)¢(1,£)+E(n)
=2
1 1 1
_QHK;“; k‘3+k4)2”“k‘3 Z k1 Z (k?1+k‘2 k1+k2+k3+k‘4>

By the same argument as in Prop051t10n l, the above series is equal to
ko k1—1

PP SRS IR B

ki=1 ky ko=1""° kg=1 ° kg=1
which can be decomposed as
3¢(1,1,1,2n+1)+{¢(1,2n+3)+((2,2n+2)+((3,2n+1)}
+2{C(1,1,2n+2)+C(1,2,2n+1)+((2, 1, 2n+1)}.
Consequently, our assertion follows by elementary considerations. m

REMARK. The evaluation of ({1}, n) for m > 4 needs more relations
similar to those given in Propositions [I] and [2] However, it can be done by
considering multiple series of the form

> SR

- - 27
KeNP+1 jeNa 81 8pSp1101 0g—1(8p+1+04)

a=2n+1or 2n, p+qg=m
where s, = k1+---+ky, and oy = j1+- - -+j¢. The identities obtained are

2n—1
Gon(p, @)= Gon(g—1,p+1) = > (=1)* 7 ¢({1},a)¢({1}4 7, 2n+1-0)
a=2
and
2n

G (. @)+ Gani1 (4—1,p+1) = S (~1)C({1)7, )C({1}* ", 2042 0).
a=2
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Finally, the decompositions of Gy, (p, q) then lead to explicit evaluations
of (({1}™,n) in terms of weighted alternating sum of the products

CHP, n)C({1™ 7P o)
with 0 < p < m—1 and nj+ng = n+1. See [7] for the details.
3. The proofs of Theorems[2]and [3l The well-known digamma, func-

tion ¢(z) is defined as the logarithmic derivative of the gamma function
I'(x), i.e.

We need the following properties of 1 (x).

(1) For positive numbers z and y, we have

(e 9]

—(@)+P(y) =) <Jix_341ry>

J=0

In particular, ¢(1) = —v with

n
. 1
= Jim (3 -tosn).

the Euler constant.
(2) A functional equation of 1(x) is given by

1
Y(z+1) = 54—77!)(1‘) for x > 0.
Now we are ready to prove Theorem
Proof of Theorem[2. We begin with the multiple zeta value with variables

Hiqon-12(x,y,2,2)—Hi 1 2n+1(2, Y, 2)

00 o0 oo 00 1
3P 3pIp3 (s1+x)(s2+y)(s3+2)*" " (sa+2)?

k1=0 k2=0 k3=0 ks=1

with0 <z <y<z<1and

oo o 0 X

1
Ton—1(z, 9y, 2) :kz Z Z Z (51—|—x)(52+z)2”—1(k3+y)(84+z)2

1=0 k2=0 k3=0 k4=1
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with 0 < z,y < z < 1, where s; = ki+---+k;. Employing the partial
fraction decomposition (2.2)) with X = s3+2z, T = k4, we get the relation

Hijon-12(%,y,2,2)—Hi12n41(2, 9, 2)
2n—1
= Z (_1)€+1(2n_£)H1,1,Z($7 Y, Z)C(2n+1_£)_T2n—l(xv Y, Z)

(=2
)

> 1 1
+(2n-1) Z 2”“ Z Z (s1+x) 82+y) ;<83+z_34+z>'

k414 k1=0 ko=

Note that

oo

Z( L] ):w(k/‘1+k2+2)—¢(k‘1+k2+k‘4+z)

S3+2 S4+=z

k3=0
:k1+k2+k3+z
and

[e'e] 1 kai—1 1

sty k14ko+ks+2
h ks+z—y kit+ko+y ki+kot+ks+z
3=0 ko=0
SR VA
P ]{}3—|—Z—y — ]{}1—|—k‘2—|—y ]{J1—|—k2—{—z
3=0 ko
ka—1 ks—1

Z k3+2 Y/ Z k1+k2+z

We also have

ks—1
Z k?1—|—:L‘ Z k1+k2+z
k1=0
N k2—|—z x ki+x ki+ko+z
ko=0 k1=0
k3—1 k3—1 ko—1

- Z kg—{—z x +Z k:g—l—z T IZ: k1+z



Ezxplicit evaluations of quadruple Fuler sums 223

Consequently, the final series in Hy12n-12(2,y, 2, 2) —Hi12n-1(2,y, 2)
can be rewritten as

oo o0

2=y
Hion —y, 1
1.2 +1(Z y ) Z Z (k1+x)(k1+k2+y)(k1+k2+z)

k1=0 ko—=0
+Hygoni1(z—z, 2=y, D{—¥(z)+¥(y) }
+Hig10n+1(2,2—2,2—y, 1).

It Rt

On the other hand, if we employ the same partial fraction decomposition
with X = k4 and T = ky+ko+ks+ kg, we get

2n—1

Tonr(w,y,2) = > (=) 2n—0)Hy 1 onp1-e(2, y, 2)((£)
=2

—{Hi12n-12(,y,2,2) = Hi1on41(2, 9, 2) }
+(2n=1{G111204+1(2,2,y, 2) + Hi1 2041 (2, Y, 2) [0 (2) =71}
The difference of the two expressions for
Hijon—12(%,y,2,2)—Hi 1 9n41(2,y, 2) +Ton—1(z,y, 2)

then leads to the first part of Theorem
To obtain the second part, we begin with

Hijgon2(2,y,2,2) —Hyjgong2(2,y,2) and  Ton(x,y,2,2)

and employ the partial fraction decomposition ([2.14). Again we get two
different expressions for the same multiple series

Hy10n2(%, 9y, 2, 2) — Hi 1 2n42(7, Y, 2) = Tan (2, y, 2),
so the difference gives our assertion.

Theorem [3| can be obtained in the same way if we consider the multiple

o0 o0 o0 o0 1
Z Z Z Z (s1+2)(s2+2)*(ks+y)(s4+2)?

k1=0k2=0 k3=0 k4=0

witha=2n—land 2nand 0 <z,y<z<1n

4. Immediate consequences. Applying the partial differential oper-

ators )
NPt oN\T!
<8a;> <8y> (p,g>1)

to (1.13) and (1.15) when p+q is even and to (1.14]) and (1.16)) when p+q

is odd, we get the following theorems.
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THEOREM 4. For positive integers p,q,n, we have

(4.1)  <(p,q,1,2n)+<¢(p,1,4,2n)

2n—1
- Z( D 2n+1—0)Hy0(1,1,1)
(=2
q—1
—|—Z Cl+1)¢(p—4,q,2n) +Z VP (g—£,2n)S) 011
/=1

+(_ P (p+1)¢(q, 2n) +¢(2n) Spgr1—Cpg(n)

when p+q is even and

(4.2) C(p,q,1,2n+1)+4(p,1,q,2n+1)

_Z C(2n+2—0)H,p 4 e(1,1,1)

p—1
+Y (=D e+ 1)¢(p—1, g, 2n+1)
=1

,_.

+Z P (g—0,2n+1)S, 001
/=1

+(= 1)p+1<(p+1)€(% 2n+1)_g(2n+1)5p,q+1 _Cp7q(n+1/2)a

when p+q is odd, where

Cpq(n) = C(1,p+q,2n)+((1,p, 2n+q)+((p, ¢ +1,2n)
+¢(p, 1,2n+q)+¢(p, q, 2n+1)+C(p+q, 1, 2n)
+C¢(p+q+1,2n)+((1, 2n+p+q)+{(p+1,2n+q)
+¢(p+q,2n+1)+((p,2n+q+1)+{(2n+p+q+1).

In particular, for ¢ =1 we have

(4.3)  2¢(2m+1,1,1,2n)

2n—1
- Z (—1)HC©2n+1—0)Hap11,0(1,1,1)
(=2

+Z C(l+1)¢(2m~+1—£,1,2n)

+C(2n)52m+1,2—|—C(2m—|—2)((1, 21’L) —Cgm+171(n)
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and
2n
(44)  20(2m,1,1,2n41) = > (=1)C(2n+2—£)Hyp 1 0(1,1,1)
2m—1 =2
+ Z C(l+1)¢(2m—¢,1,2n+1)

—C(Qn—l— I)ng,Q —C(Zm—l— 1)C(1, 2n—|—1) —Cgm’l(n—Fl/Q)
for every positive integer m.

THEOREM 5. For positive integers p,q,n, we have

2n—1
(45)  C(p1,,2n)=C(q, 1,p,2n) = Y (1P Sy 0n 1165y
=2
p—1
+Z(_1)ZC(€+1){pra,q,2n(1a ]-7 1) _Sq,er?nfa}
/=1

MH

€+1 {Gq Ofp27l(17171) Sp,q+2nfa}
(=1

+ (=P (1) Sy 20— (=177 (a+1)Sp,20+Cpg (n)

when p+q is even, and

2n
(46) C(pv 17 q, 277;4—1)—(((], 11p7 2n+1) = Z(—l)p+€5’q72n+2_gs N
(=2
pfl
+ €+1 {GP aq2n+1(17171) Sq7p+2n+1*a}
=1
q—1

CUl+1){Gg—ap2n+1(1,1,1)=Spgronti-a}

Il
—_

)
H(=1)P L (p+1)Sg2ns1 + (1P C(q+1)Spant1+Cpg(n+1/2)
when p+q is odd, where

Cpq(n) = C(1,p,q+2n)+((g, p+1,2n) +C(p+1, g +2n)

The above theorems are enough to obtain the values of ((1,1,2m~+1, 2n),
¢(1,1,2m,2n+1), ((1,2m+1,1,2n) and ¢(1,2m, 1,2n+1) by using the fol-
lowing relations:
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(4.7)  ¢(1,1,2m+1,2n)—((2m+1,1,1,2n)
2n—1

= Z (=1 Soms1,2n41-510
=2
2m
+3 (1) 1) {Gomr1-a1.2n(1,1,1) = St 2ms2nt1—a}
/=1

+<(2)S2m+1,2n_C(2m+2)51,2n+él,2m+1(n)a
(4.8)  ¢(1,1,2m,2n+1)—C(2m,1,1,2n+1)

2n
= Z(—1)€+152m,2n+2451,e

2m—1

+ (=D AD){Gom—a12n01(1,1,1) =St 2mi2nt1-a}
=1

+¢(2)Som.ans1+C(2m+1)S1 2n 414+ Chom(n+1/2),

(4.9)  ¢(1,2m+1,1,2n)+C(1,1,2m+1,2n)

2n—1

= > (=D 1-0)Hy gmyre(1,1,1)
(=2
+Z C(2m~+1—0,2n)S1 411

+C( )C(2m—|—1, 2n) +C(2n)5’1,2m+2 _Cl,2m+1 (n)
and

(4.10) C(l,2m,1,2n+1)+((1,1,2m,2n+1)

= Z C(2n+2—0)Hyome(1,1,1)
2m—1
+‘j£: 2ﬂl E 2nf%1)515+1

+C( )C(2m7 2n+1)—((2n+1)S1 2m+1—C1,2m(n+1/2).
Furthermore, for every positive integer m, applying the partial differential
operators 0% /90z0x?™~1 and 9*™ /0z0z*™ to (1.13)) and (1.14)) respectively,
02 /0z0z*™ =L or 92 /020y*™ 1 and 92 /920%™ or 9*™ T /020y%™ to
(1.15]) and (1.16|) respectively, we obtain the values of {(1, 2, p, q), ¢(1,p, 2, q),




Ezxplicit e

6(27 1?p7 q)?C(Q

1,q),¢(p,

O O = =

2
2
0
1
0

S O O N O N
S = = N O N

0 0

where (p,q) =

227

valuations of quadruple Euler sums

1,2,q)and {(p, 2, 1, q) by solving the linear system
1 1] [¢(1,2,p,9)] Ai(p,q)

1 1] |<(1,p,2,9) As(p, q)

0 0 [C21,p,0)| _ [As(p,q)

0 0| [<2p1a)|  |Aalp@)|

-1 0] |¢(p,1,2,9) As(p,q)

1 1] |[¢(p,2,1,9) As(p,q) |

(2m+1,2n41) or (2m,2n) and each A;(p, ¢) is a linear com-

bination of products of single, double and triple Euler sums with sum of
depths less than or equal to 4.

5. A concluding remark. Below we list quadruple Euler sums in terms

of single zeta values when t

he weight is less than or equal to 7. This is based

on the application of our theorems and the restricted sum formula [11], [14].

C(]‘7 17 17 2)

€(2,2,1,2) =

=¢(5),

= 5¢(7)—
—22L(7)+
@C( )—5

16 2

%C( )—f (2
DT e(7)—15¢(2)¢(5)+2¢(3)¢(4)
SN =5¢(2)¢(5),

— 35 C(N+12¢(2)¢(5) -

9

3
2

(3)¢(4).

By the duality theorem [19], quadruple Euler sums can be reduced to

triple Euler sums at weight 7. For example, ((1,3,1,2) =

¢(3,1,3). Clearly,

the above results are precisely those mentioned by Markett and Broadhurst

[, 18).

We also recall our theorem used above:
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THEOREM 6 (The restricted sum formula [I1]). For positive integers m,
q with m > q and every nonnegative integer p, we have

Z CHIY, a1,...,aq+1) = Z Clet, .. s cpp1+(m—q)+1).
a; >1,Yi c;i>1,Vi
|la|=m lel=p+q

REMARK. For
k= ({1} b1, {1327 b1, {1 T b 1)
with positive integers ai, b1, ..., a, b, the dual of k is given by
kK = ({1} a+1,. .., {1127 ag+1, {1}y +-1).

Then Ohno’s generalization of the duality theorem and sum formula [19]
asserts that for any nonnegative integers /,

Y (kta)= Y (K+B).

@; >0, Vi B;>0, Vi
|la|=¢ 1B|=¢

For ¢ = 0, this is just the Drinfeld duality theorem ((k) = ¢(k').

Finally, although we are unable to prove that our method leads to eval-
uations of all multiple zeta values when the sum of weight and depth is
odd, we are able to extend our formulas to evaluate multiple zeta val-
ues of arbitrary depth. For example, for real numbers {z;}_; and z with
0 < <---<xp <2z <1, we always have the first kind of identities as
shown in Theorem 2 with left hand sides being

Gypt1,20(2, 21,5 Tp, 2) = Hygyot1 0 (2, 2= 21,0, 2= Tp, 1)
and
Gyptt on1(2, @1, -+ Tpy 2) FHgyet1 o1 (2,2 =215, 2= Tp, 1),

Next, by applying the partial differential operators

(2m)! \ 9z1 M em—1)\ 0

to the above respectively and then letting x1,...,x, and z approach 1, we
derive the values of

C(2m+1,{1}?,2n) and ((2m,{1}?,2n+1).

It is worth noting that as in the case of depth 4, we also obtain two
kinds of identities like Theorems 2 and 3 for depth 5. In general, we have k
kinds of identities for depth 2k and 2k+1. We believe that these identities
are enough to reduce multiple zeta values to lower depth provided the sum
of weight and depth is odd.
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