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On higher-power moments of A(z) (III)
by

WENGUANG ZHAI (Jinan)

1. Introduction and main results. Let d(n) denote the Dirichlet
divisor function and A(x) denote the error term of the sum ) _ d(n) for
a large real variable z. Dirichlet proved that A(z) = O(z'/2). The exponent
1/2 was improved by many authors. The latest result reads

(11) A(l‘) < $131/416(10g2?)26957/8320,
proved by Huxley [3]. It is conjectured that
(1.2) A(z) = O(a'/4+9),
which is supported by the classical mean-square result
T
3/2))"
1.3 A2y do = S a2 | opiogi T

1
proved by Tong [10].

Tsang [11] studied the third- and fourth-power moments of A(z). He
proved that

T
(1.4) S A (z) dx = % T4 4 O(T™/A=0te),
2
R 3c
(1.5) S A4($) dx = 64734 T2 + O(T2*52+5)7
2

where §; = 1/14, §2 = 1/23, and
cri= Y (afla+B) **n | u(h)|d(e®h)d(Bh)d((a + B)°h),
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o= > (nmkl) =3 4d(n)d(m)d(k)d(1).
n,m,k,lEN
Vitym=vk+V1

Recently in [12] the author proved that (1.4) holds for 6; = 1/4. In a forth-
coming paper, Ivi¢ and Sargos [7] proved that (1.4) holds for §; = 7/20.
The author got this exponent independently. However, Professor Ivié kindly
informed the author that the exponent §; = 7/20 had already been obtained
by Professor Tsang several years ago but he had never published this result.

Following Tsang’s approach, in [12] the author proved that (1.5) holds
for 6o = 2/41. This approach used the method of exponential sums. In
particular, if the exponent pair conjecture is true, namely, if (,1/2 4 ¢) is
an exponent pair, then (1.5) holds for d2 = 1/14. However, in [7] Ivi¢ and
Sargos ingeniously proved a substantially better result. They proved that
(1.5) holds for d2 = 1/12.

In this paper, combining the method of [7] and a recent deep result of
Robert and Sargos [9], we shall prove the following

THEOREM 1. We have
T

(1.6) | A(2) do = 222

_ T2 T53/28+¢)
5 644 +0O( )

The theorem is also true for other error terms. Let P(x) denote the error
term of the Gauss circle problem, which is an error term similar to A(x).
Let a(n) be the Fourier coefficients of a holomorphic cusp form of weight
k = 2n > 12 for the full modular group and define

!/
A(z) = Z a(n), x>2.
n<x
We then have the following two corollaries, which improve the previous
results ([2], [11], [12]).

COROLLARY 1. We have
T

(1.7) S P4(x) dr = CT2 + O(T53/28+5)'
2
COROLLARY 2. We have

T
(1.8) SA4<x) dx = B, T* + O(T2H—3/28+5)'
1

Now consider E(t), defined by
t
(1.9)  E(t) :=\I¢(1/2+iu)]*du— tlog(t/2r) — (2y — 1)t, t>2.
0
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Tsang [11] also studied the fourth-power moment of E(t¢) by using Atkinson’s
formula [1] and proved that
T

(1.10) S E4(t) dt = Si CQT2 + O(T2—53+6)
7T
2

with some unspecified constant ds > 0.
Ivié [4] used a different way to study the higher power moments of E(t).
His approach is as follows. Let

(1.11) A%(z) := % Z (-1)"d(n) —z(logx +2vy—1), x>1.

n<dx
Then for 1 <« N <« x, we have [6]
1
(1.12) A*(z) = 7 Z (=1)"d(n)n=3 4z cos(dmv/nz — 7 /4)
n<N
+ O($1/2+6N_1/2).
Jutila [8] proved that
T £\ 2
(1.13) | (E(t) — 21 A* (2—>> dt < T3 108> T,
™
0

which means that E(t) is well approximated by 2w A*(t/27) at least in the
mean square sense. From (1.13) Ivié¢ [4] deduced that

T T/2n
(1.14) SE4(t) dt = (27)° S (A () dt + O(T?/1210g3/2 T).
0 0

Thus the fourth-power moment of E(t) was transformed into the fourth-
power moment of A*(¢), which can be dealt with in the same way as the
fourth-power moment of A(z). By Tsang’s result [11], Ivi¢ deduced from
(1.14) that (1.10) holds for 3 = 1/23. In [7], Ivi¢ and Sargos proved that
one can take d3 = 1/12.

It is easy to see that 1/12 is the limit of this approach since it is the
limit of Jutila’s result (1.13). In this paper, we shall use a different way to
prove the following

THEOREM 2. We have
T
3
(1.15) | EA(t) at = o eoT? 4+ O(T53/28+%),
T
2
REMARK. The proof of Theorem 2 does not use (1.13) and it is actually
a generalization of the approach used in the author’s paper [13]. In [14] the
author used a similar method to study the third-power moment of E(t).
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NoTAaTIONS. Throughout this paper, [x] denotes the integer part of z,
|lz|| denotes the distance from z to the integer nearest to x, n ~ N means
N < n < 2N, n =< N means C1N < n < (39N for positive constants
C7 < (9, and ¢ always denotes a small positive constant which may be
different at different places. We shall use the estimate d(n) < n® freely.

2. The spacing problem of the square roots. In the proofs of The-
orems 1 and 2, the sums and differences of square roots will appear in the
exponential. Thus we should study the spacing problem of the square roots.

We need the following lemmas. Lemma 1 is a special case of a new result
proved in Robert and Sargos [9], which also plays an important role in this
paper. Lemma 2 is Lemma 3 of Tsang [11]. Lemma 3 provides an upper
bound for the number of solutions of the inequality

21 2 4nan?-nl? <A i~ N (1=1,23,9),

where N; > 2 (j = 1,2,3,4) are real numbers. Lemma 4 is essentially
Lemma 3 of Ivi¢ and Sargos [7], but we added the case @ < 1. Lemma 5 is
essentially Lemma 5 of [7], but the term K min(M, M’ L) therein is super-
fluous since we add the condition |\/n + v/m — vk — V1| > 0 in Lemma 5,
and so we give a new proof here. Lemma 6 is Lemma 6 of [7].

LEMMA 1. Suppose N > 2, A > 0. Let A(N;A) denote the number of
solutions of the inequality

2 a2 —nd? k<A ni~ N (j=1,2,3,4).

Then
A(N; A) < (AN7/? + N?)N©.
LEMMA 2. Ifn,m,k,l € N are such that \/n+/m=Evk—+1#0, then
respectively,
IV + vm + VEk — Vi > max(n,m, k,1)"7/2.

LEMMA 3. Suppose Nj > 2 (j =1,2,3,4), A > 0. Let A+(Ny, N, N3,
Ny; A) denote the number of solutions of inequality (2.1). Then
4
A (N1, Na, N3, Ni; A) < [J(AYANT® + N}/ Ns.
j=1
Proof. We use a combinatorial argument. Let {a;} and {b;} be two finite
sequences of real numbers. Let A > 0. Suppose ug and J (a positive integer)
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are chosen so that {a;} C (ug,uo + JA]|, {b;} C (uo,up + JA]. Divide this
interval into the abutting subintervals I; := (ug + jA,up + (j + 1)4] for
7=0,1,...,J — 1 and then let

N](A) = #{’i:aiEIj}, N](B) = #{ZbZGI]}
If |a, — bs| < A, then either both a, and by lie in the same subinterval I,
or they lie in adjacent subintervals I; and I;1. Hence

#{(r, s)'\aT—b\<A}

< ZN —i—ZN ]+1 )+ZNj+1(A)Nj(B)
J
sqzmw#%ZMwﬁﬂ
J J

by Cauchy—Schwarz’s inequality. On the other hand, we have
D ONA? =D #{(r ) tar,am € I} < #{(r0) : ar — ap| < A},
J J

and similarly for > N;(B)?2. Thus
(22)  #{(r,s) : lar — bs| < A}
<3 1)  lar — apr| < ADV2#{(s,8) « [bs — bo| < APV2.
Suppose nj,n; ~ N; (j = 1,2,3,4). Applying (2.2) to the sequences
A= {7+ i} and B = { /g + y/iia}, we get
(2.3)  A_(N1, N2, N3, Ny)

— #{(nl,ng,n37n4) . |ni/2 + ﬂé/Q . né/? . ni/2| < A}
S3(3/'7&{<n17nQ:/nllvn,2) ‘n

X (#{(na, ma, niy,mh) = Ing/? 4+ my/® =l = nll2) < ApY2,

1/2+n§/2 /11/2—71'21/2] SA})1/2

Applying the previous bound to the sequences Ay = {nl/ 2 /1/ 2} B, =
{n1/2 ,1/2} and Ay = {n1/2 ,1/2} By {n1/2 41/ I3 respectlvely,

we get
4

(2.4) A_(N1, N, N3, Ny) < H (Nj, Nj, N;, Nj)Y4,

“_»

which combined with Lemma 1 gives Lemma 3 for the case. The proof

for the “4” case is similar. =

LEMMA 4. Suppose K > 10, a, 8 € R, 2K~12 < |a| < K'Y? and
0<6<1/2. Then

#{k~ K |8+ aVk| <0} < K§+ K=
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Proof. Without loss of generality, suppose @ > 0. Let N = #{k ~ K
1B+ aVEk| <6} If 1 < a < K'/2, from Lemma 3 of Ivi¢ and Sargos [7] we
get

N<< K5+ |a|1/2K1/4+6+K1/2+€ << K5+K1/2+a.

Now suppose 2K ~1/2 < o < 1. Since ||t|| is a periodic function with
period 1, we suppose 0 < § < 1. If |3 + aVk|| < 6, then there exists a
unique I € [avK,2aVK + 2] such that

(1-B-6)?%a*<k<(l—p+0)%a?
which implies
N< Y (=B+07/a®] = [(1-5-06)/a?)
l~vaVK
< Y ((1=B+0)2/a® = (1-B-06)>/a”+1)
I~aVK
< K§+ K2
if we noticea < 1. m
LEMMA 5. Suppose 1 < N < M1 <L< K N<L Mx=xK,0<
A < K'Y2. Let Aj(N,M,K,L;A) denote the number of solutions of the
mnequality
0<|vn+vm—Vk—-Vi<A
withn ~N,m~ Mk~ K,l ~L. Then
Ai(N,M,K,L; A) < AKY?NML + NLKY**¢,
In particular, if AKY/? > 1, then
A(N,M,K,L;A) < AK'Y?NML.
Proof. If (n,m, k,1) satisfies |v/n + v/m — VEk — V1| < A, then
m=k+2kY2(V1 = vn) + (VI - Vn)? +u

with |u| < CAK'Y? for some absolute constant C' > 0. Hence the quantity
A1 (N, M, K, L; A) does not exceed the number of solutions of the inequality

(2.5) 126Y2(V1 = /n) + (V1 = Vn)? + k —m| < CAKY/?

withn~N,m~ Mk~ K,l~ L.
If AK'/? > 1, then for fixed (n, k,1), the number of m for which (2.5)
holds is < 1+ AKY/? <« AK'/? if we notice K = M. Hence

AL(N,M,K,L; A) <« AK'?NML.

Now suppose AK/2 < 1/4C. For fixed (n, k,1), there is at most one m
such that (2.5) holds. If such an m exists, then we have

(2.6) 12K2(V1 — /n) + (VI — Vn)?| < CAKY/2.
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We shall use Lemma 4 to bound the number of solutions of (2.6) with
a=2(1-+n),B8=(V/1—-/n)? Let C; denote the number of solutions of
(2.6) with || > 2K~'/2, and Cy the number of solutions with |a| < 2K /2.
By Lemma 4 we get

CL < AKY2NML + NLKY?te

if we notice M =< K. Now we estimate Co. From |a| < 2K /2 we get N < L.
If I = n, from (2.5) we get k = m. This contradicts |\/n+/m—vk—V1| > 0.
Thus [ # n. From

2K~V2 > |Vi—/n| = 1=l > 1/2v2L

>
Vityn ~ Vi+yn
we get L > K and thus N < M < K =< L. So we have
Co < #{(I,n) : |a| < 2K~1/?} x #{k} < K?,

which can be absorbed into the estimate of C;. This completes the proof of
Lemma 5. u

LEMMA 6. Suppose 1 < N < M < K < L, 0 < A < LY2. Let
Ao(N, M, K, L; A) denote the number of solutions of the inequality

WVn+vm+VEk—- Vi< A
withn ~ N,m~ M,k ~ K,l ~ L. Then
Ay(N, M, K,L; A) < ALY?NMK + NM K'Y+,
In particular, if ALY? > 1, then
As(N, M, K, L; A) < AL'?NMK.

3. Proof of Theorem 1. Suppose T" > 10. It suffices to evaluate the
integral S?FT A*(z) dx. Suppose y = T%* For any T < z < 2T, by the
truncated Voronoi formula, we get

(3.1) Aw) = ——

— R+ O(z1/2Hey=1/2)
Jar (z ye)

where

Ri=R(z) =2y % cos (47“/% - %)

n<y
We have
2T 1 2T
(32) S A4(JJ) dr = H S R4 dx + O(T9/4+€y—1/2 + T3+Ey—2)
T T
1 2T

S R4 dx + O(T15/8+6).
T

~ 4rt
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Let
g=gn,m, k1) := (nmkl)=3/*d(n)d(m)d(k)d(l) for n,m,k,l <y,

and g = 0 otherwise.
Equation (3.4) of Tsang [11] reads

(3.3) RY = S1(x) + Sa(z) + S3(x) + Su(x),
where
3
Si(z) = 3 Z gz,
Vit/m=Vk+V1
So(z) := % Z gz cos(4m(v/n + vm — Vi — VI)\/x),
Vr/mE VL

Sa(e) = 5 3 gasin(dn (v + vim + VE V) V),

Silw) =~ 3 g cos(dn(vi + Vim + VE+ VI)Va).
From (3.7) of [11] we get

2T 30 o
(3.4) S Sl ($) dr = ?2 S T dr + O(T2—3/16+E)‘
T T

From the first derivative test we get
27
(3.5) | Si(w)de < T3ty /2 < T10/8FE,
T
Now let us consider the contribution of Sz(z). By the first derivative test
we get

2ST Z , T3/2
(3.6) So(z) dr < g min (T , )
7 i<y Vi +vm = VE =V
Viy/mEV VI
< T*G(N,M,K,L),
where
) T3/2
G(N,M,K,L) = gmin<T, >7
( =2, lvn+ vm = VE =V

SC(C)) tvVn+vm#VE+VI, 1ISN<M<y 1<L<K<y,
N<L n~N, m~M k~EK, I~L.
If M > 100K, then |v/n + v/m — vk — V1| > M'?, so the trivial estimate
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yields
T3/ *NMKL
(NMKL)3/4M/?
If K > 100M, we get the same estimate. So later we always suppose that
M =< K.
Let n = /n + vm — Vk — /1. Write

G(N,M,K,L) < < T3/2eyl/2  T15/8+<

(3.7) G(N,M,K,L,R)=G1+G2+G3,
where
Gl - T2 Z 9,
[n|<T—1/2
Gy:=T"2 " g™,
T-1/2<n<1
Gy =T glnl™".
In|>1

We estimate G first. From || < T-/2 we get M = K > T'/7 via Lemma 2.
By Lemma 5 we get
T2+e
(NMKL)3/4
T2+E

(3.8) G < AN, M, K, L;T~'/?)

< ( (TY2K'2NML + NLK'/?)

NMEKL)3/A
< T3/2+E(NL)1/4 + T2+E(NL)1/4K71
< T3/2+8y1/2 + T2+€(NL)1/4K—1
< T15/8+€ + T2+E(NL)1/4K_1.

By Lemma 3 we get (notice N < L < K)
T2+€

(NMKL)3/4
T2+8
(NMKL)3/4
x (TYAKT* + K)

(3.9) G < A_(N,M,K,L;T~/?)

<< (T*1/8N7/8+N1/2)(T71/8L7/8+L1/2)

<« THE(TVENYS | N~VAY (=188 4 [-1/4y
x (T~YARVA 4 K1)

< TP~ YHNL)YS ¢+ TV LY N=Y4 1 (N L)1/
x (T~YARVA 4 g1/2)
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< T2+ET—1/4(NL)1/8(T—1/4K1/4 +K_1/2)
+T2+E(T—l/8L3/8(NL)—1/4+ (NL)—1/4)(T—1/4K1/4 +K_1/2)
< T3/2+€y1/2 + T7/4+EK71/4
+T2+E(T*1/4K1/4 +K71/2)(T71/8K3/8 _|_ 1)(NL)71/4
< T15/8+6 + T2+6K—1/2(T—1/4K3/4 + 1)(T—1/8K3/8 + 1)(NL)—1/4
< T15/8+€ + T2+EK—1/2(T—3/8K9/8 + 1)(NL)_1/4
From (3.8) and (3.9) we get
(3.10) Gy < TY/8+¢
+ T2+€ min((NL)1/4K_1, K—I/Q(T—3/8K9/8 _|_ 1)(NL)_1/4)
< T15/8+E
+T2+€((NL)1/4K71)1/2(K71/2(T73/8K9/8+1)(NL)71/4)1/2
< T15/8+E + T2+8K—3/4<T—3/16K9/16 + 1)
< T15/8+6 + T2+€K—3/4 < T53/28+6

if we notice K > TY/7,
Now we estimate Go. By a splitting argument we get the estimate

T3/2+e
3.11 Go € 1
(3:11) 2 S (NMKL)?% 2
d<|n|<20
n#0

for some T-1/2 < § < 1. By Lemma 5 we get
T3/2+€
(NMKL)3/45
T3/2+¢
<< -
(NMKL)3/45
< T3/2+8y1/2 + T3/2+8(K5)—1(NL)1/4
< T15/8+€ + T3/2+E(K5)_1(NL)1/4.
By Lemma 3 we get (notice N < L < K))
T3/2+a
(NMKL)3/4§
T3/2+e

(3.12) G < A1 (N, M, K, L; 20)

(0KY?NML + NLK'?)

(313) Ga< A_(N, M, K, L;25)

< ( (61/4N7/8+N1/2)<51/4L7/8 +L1/2)

NMEKL)3/45
x (62K + K)
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< T3/2FE(NVE 1 N—1/45—1/4)(L1/8 LY
x (K4 4 K—1/2571/2)
< T3/2HE((NL)YE 4 LVBN-VA§=1/4 4 (NL)~V451/2)
x (K4 4 K—Y2571/2)
< T3/ (NL)VE KA 4 73/2+5 (N L)Y/8 | —1/25-1/2
T2V 25712y (38514 1) (N L)~/ A1/
< T3/2eyl/2 | p3/24e 512
T/ 25 (K342 1) (K3/861/4 4 1) (N L)~V
<« TI5/8+e | 3/2+e =1/25-1(O/853/4 4 1) (N L)~ VA4,

where the bound & > T—1/2 was applied to the term 73/2te5-1/2,
From (3.12) and (3.13) we get

3/2+e 1/4 f9/853/4

K T KY2(NL)Y/4
T3/2+e (NL)1/4 1/2 K9/853/4 4 1 1/2
7 (“%) (v
< Tl5/8+€ +T3/2+65—1K—3/4(K9/1663/8 + 1)

< T/8+e 4

If 6 > K~3/2, then (3.14) implies (recall § > T—1/2)
(3.15) Gy < TV3/8+e | T3/2+e fr=3/165-5/8  p15/8+<
If § < K~%/2, then (3.14) becomes
(3.16) Gy < T/ 4 3/2+eg=1=3/4,
Since § > K~7/2 by Lemma 2 and 6 > T~ /2, we get
57" <« min(K"/2,T'/?)

and thus from (3.16) we get
(3.17) Go < TV/3+e | min(T2He | —3/4, T3/2+ j11/4)

« TI5/8Fe 4 (72 34y 1/14 3/ 24e pr11/4y3/14

< T53/28+€

273

For G3, by a splitting argument and Lemma 5 again (notice |n| > 1)

we get
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T3/2+5

- 1
(NMKL)3/45 2
5<|n|<26, 61

(3.18) Gs<

< ﬂ Kl/QNML < T3/2+ay1/2 < T15/8+a.
(NMKL)3/4
Combining (3.6), (3.7), (3.10) and (3.15)—(3.18) we get
2T
(3.19) | So(z) do < T53/28F=,
T

In the same way, by Lemmas 3 and 6, we can show that

2T
(3.20) | Ss(x) do < T53/28F<,
T
From (3.2)—(3.5), (3.19) and (3.20) we get
2T 362 2T
(3.21) | AY(z)da = e | @dz+ O(T%/%5%),
T T

which implies Theorem 1 immediately.
4. Preliminary lemmas for Theorem 2. In order to prove Theo-
rem 2, we need the following lemmas.
LEMMA 7. We have
E(t) = X1(t) + Xa(t) + O(log?t)
with

A1) D)= % " h(t,n) cos(f(t,m),
n<N

(42)  Zu(t):=-2 Y dnn 2 <log L) oos (t log —— — t4 %)

e 2m™n 2m™n
—1/4
(4.3) h(t,n) := (=1)"d(n)n""/? (% + i) (g(t,n))~L,

(4.4)  g(t,n) = arsinh((%) 1/2>’

(4.5) F(t,n) = 2tg(t,n) + (2rnt + w2n?)1/? — /4,
(4.6)  At<N<At N :=t/2n+N/2— (N?/4+ Nt/2r)"/?,

where 0 < A < A’ are any fixed constants.
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Proof. This is the famous Atkinson formula (see Atkinson [1] or Ivié [5,
Theorem 15.1]). m

LEMMA 8. Suppose Y > 1. Define

gy CUSddmdd)
. al ,
St S i (nmkl)3/
sy Y CWTdndmdwie)
\/ﬁ+\/ﬂ_";€=l\</§/+\ﬁ (nmkl)3/4
B O d(m)d(m)d(k)d(D)
e2(Y) = Z (nmkl)3/4

Vv m=Vk+V1
n,m,k,I<Y

Then
=0, l)=d), |e-ca) <y Ve
Proof. The estimate |ca—c2(Y)| <Y ~1/2+€ is a special case of Lemma 3.1

of [13]. The equalities co = ¢} and ¢3(Y') = ¢4(Y") follow from the fact that if
N1+ /ns = /n3+ /n4, then nq +ns +ns+nyg must be an even number. =

LEMMA 9. If Y > 1, then

Hy(Y) = Z d(n)d(m)d(k)d(l) max(n,m, k,1)

= Y5/2+€ )
(nmkl)3/4 <

Vaym=vVk+V1
n,m,k, <Y

Proof. It \/n+ /m = Vk 4+ /1, then either

()n=k,m=10or n=I,m=kF,or

(2) n # k.

If (2) holds, then by a classical result of Besicovitch, we know that
n=nth, m=m2h, k==Fkh, 1=0h ni+mi=k+l, puh) #0.

Thus we get
H(Y)< X+ 22,
o<y il I;?X(n Lk < Y5 ?10g?y,
n,k<Y
22 < YE Z Z max(nl, ma, kil, l1)6

nymikily)3/2
h<Y n1+mi=k14+0 (nimikili)

n1,m1,k1,l1<Y1/2h=1/2
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19/2
<Y*® Z Z 173/2
h<Y ni+mi=ki+l1 (nimaly)
n1,mi,l1<ki<Y1/2p—1/2
9/2
<ved SNt 3 A
(nimy )3/2

h<Y Iy ni+mi>kl
n1,m1 <k <Y1/2p=1/2

<y Y NS et 3 K3

h<Y U1 n1 ki<mi <k <Y1/2p~1/2
LYY (VPRI < YOAtE
h<Y

LEmMA 10. If Y > 1, then

Hp(Y) = > d(n)d((:zjk(;)/i(l)lm < Y2,

VntvmAVEk=V1

n,m,k <Y

Proof. If \/n 4+ /m + Vk = /1, then
n=nth, m=mih, k==Fkh, 1=103h ni+mi+k =104, uh)#0.

Thus we get
(ny +my + k1)3/2
Hy (V)< Y*
h(m—&-m;kl)?gy h3/2(n1m1k;1)3/2
SR DL > ny P <« Y g

h<Y n1<my<ki<Y1/2h~1/2

LEMMA 11. Suppose f;(t) (1 < j < k) and g(t) are continuous, mono-
tonic real-valued functions on [a,b] and let g(t) have a continuous, mono-
tonic derivative on [a,b]. If | f;(t)] < A; (1 < j < k),|g'(t)] > A for any
t € [a,b], then

b
S filt) - fe(t)e(g(t)) dt < Ay - A AT

a

Proof. This is Lemma 15.3 of Ivi¢ [5]. =

5. Proof of Theorem 2. Suppose T > 10. It suffices to evaluate
S;T E*(t)dt. Let y := T'/3~¢. For any T < t < 2T, define

&1(t) = 1 Z h(t,n)cos(f(t,n)), &a(t) = E(t) — &E1().
\/§

n<y
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From the inequality (a + b)* — a* < |b|%|a| + |b|*, we get
(5.1) | EBYt)at
2T 2T

2T
— | af(t)dHO(S ]51(t)|3|52(t)|dt) +0<§ ]52(t)|4dt).
T T T

5.1. Evaluation of S?FT EL(t) dt. In this subsection, we shall evaluate the
integral S 54( t) dt. Similarly to Tsang [11], we can write

3 3 1 1 1
2)  EL(t) = — S5(t) + == Se(t) + < S7(t) + < Ss(t) + = So(t
(5.2) &t 3255( )+3256( )+8S7( )+858( )+3259( ),
where
S5(t) :== Z H(t;n,m,k,1)cos(Fy(t;n,m, k1)),
n,m,k, <y
Vitym=vk+Vl
Se(t) := > H(t;n,m, k, 1) cos(Fy(t;n,m, k, 1)),
n,m,k,l<y
Vntvm#E kAT
So(t) := > H(t;n,m, k, 1) cos(Fy(t;n, m, k, 1)),
n,m,k,l<y
VntvmAVk=V1
Sg(t) == > H(t;n,m, k1) cos(Fy(t;n,m, k, 1)),
n,m,k, <y
VatymAVE#AVT
So(t):= Y H(t;n,m,k,1)cos(Fs(t;n,m,k,1)),
n,m,k,l<y
H{(t;n,m, k, 1) == h(t, n)h(t, m)h(t, k)h(t, 1),
Fy(t;n,m, k1) == f(t,n) + f(t,m) = f(E, k) — f(t,1
Ey(tin,m, k1) == f(t,n) + f(t,m) + f(t, k) — f(t,1),
Fy(t;n,m, k1) := f(t,n) + f(t,m) + f(t, k) + f(t.1)
We first estimate the integral S t)dt. For n <y, it is easy to check
that
23/4 (=1)"d(n) , n
— /4 i
(5.3) h(t,n)—ﬂ1/4 5/ t <1+O<t)>’
(5.4) F(t,n) = 282(ent)/? — w /4 4+ O3/~ 1/?),

F(t,n) = 2Y2(en) V212 4 O(nd/232),
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If \/n+ m = vk + V1, then

59 atrinmb ~as(0(20)) =10 2).

where D := max(n, m, k,!). So from (5.3), (5.6), and Lemmas 8 and 9 we get

2T
6.7 | Ss(t)dt
T
2T
= Z S H(t;n,m, k,l)cos(Fi(t;n,m,k,1))dt
n,m,k,l<y T

Vntyvm=vVk+V1

8 (=1 d(n)d(m)d(k)d(1)
Z (nmkl)3/4

n,m,k,l<y

Vit/m=Vk+V1

o)+ ()

8 1)vtmtktlg(n)d(m)d
-8 3 (-1) (i( )d(k)d(l)

(nmkl)3/4

n,m,k,l1<y

Vitym=vVEk+v1

el ()

_1yntmAk g (n) d(m, 2T
-2 X e o)
n,m,k,l<y

Vivm=VEk+V1
8 2T
22 tdt + O(T" ey 4 Ty 1)
s
T

2T
_ 8 | tdt +o(T1/5+).

T
Now we estimate S;T Se(t) dt. From (5.5) we get
Fl(t;n,m, k1) = (2m) 2t 1/% 4 O(D3/?73/2),
where n = /n + vm — Vk — /1. Write



Higher-power moments of A(x) (I1I) 279

(5.8) | Sstydt= | Se(tyat+ | Ss(t)at.
T In|l<T=1/2 In|>T—1/2
If |n| < T~'/2, then by (5.3) and the trivial estimate we get

d(n)d(m)d(k)d(l)
Z (nmkl)3/4

(5.9) | Se(t)at < T
In|l<T—1/2 n,m,k,I<y; |n|<T~1/2
VitymEVE+VI

If [n] > T-Y2, then |F|(t;n,m,k,1)| > |n|T~'/2, thus from (5.3) and
Lemma 11 we get

d(n)d(m)d(k)d(l
(5.10) S S(t) dt < T3/ Z (n)d(m)d(k) ()
(nmkl)3/4n]
[n[>T—1/2 nmok I <y; [>T~/
Vi m#E VI

From (5.9), (5.10) and the estimate in Section 3 we get

2T
(5.11) | Se(t)dt < > d(n)d(m)d(k)d(l) min(T2, T3/%n| 1)

(nmkl)3/4
T n,m,k,I<y
Vitvm#E kA

< T53/28+<

If /n 4+ /m + vk = VI, then from (5.4) we have
Fy(t;n,m, k1) = —w/2 + O(327Y2) cos(Fy(t;n, m, k, 1)) < 13247172,
Thus from (5.3), the trivial estimate and Lemma 10 we get

2T
(5.12) | S7(t)dt < T32Hy(y) < T3/2y' /2 < TO/3e,
T
Similarly to the integral S Se(t) dt, we have
27
(5.13) | Ss(t)dt < T53/%8F,
T
From (5.5) we get
Fy(t;n,m, k1) > (Vi + vm + VE+ V)T 2,
which together with (5.3) and Lemma 11 implies
27
(5.14) | So(t)dt
T

(m)d<k)d(l)T3/2 3/2+€,1/2 5/3+¢
< LT «T .
Z nmkl3/4f+\/ +Vk+ V1) Y
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From (5.2), (5.7), (5.11)~(5.14) we get

2T 3¢ 2T
(5.15) | iyt = o 22| bt + O(T/%4e),

7

5.2. Completion of proof of Theorem 2. Let Ay = 35/8. Ivi¢ [5, Thm.
15.7] proved the estimate

T
(5.16) IE@)| 0 dt < Tt HAo/4te,
1

By his method we can show

2T

(5.17) | [&1(2)[ A0 dt < T AFE,
T

Thus
2T

(5.18) | [&2(8)| 0 dt < THHA/ATe,
T

We also have
2T

(5.19) | &) dt < T3/ Fey~1/2,
T

which is formula (4.15) of [14]. From (5.18), (5.19) and Hélder’s inequality
the estimate

(5.20) QST 1€ ()[4 dt < 1A A+ey~(A0=A4)/2(A0-2)
T
holds for any 2 < A < Ay. The details can be found in [14].
From (5.17), (5.20) and Hélder’s inequality we get
27 T T

(5.21) ||}t dt < (g &1 (1) A dt) (g
T 1 1
)

<< T2+€y*(A074)/2(A0 2 << T2 19/108+E

Eato o gp) I

From (5.1), (5.15), (5.20) with A =4 and (5.21) we get

2T 2T
53/28+¢
(5.22) ; 4(t) dt = 47T ;tdtJrO(T )

and Theorem 2 follows.
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