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1. Introduction. For an integer x > 1, we denote by P(z) and w(x)
the greatest prime factor of x and the number of distinct prime divisors
of z, respectively. Further, we put P(1) = 1 and w(1) = 0. Let p; be the
ith prime number. Let £k > 4, ¢t > k — 2 and v; < --- < 9 be integers with
0<~vi<kforl<i<t Thuste{k,k—1,k—2},w>k—3andy=i—1
for 1 <4 <tift =k Weput v =k —t. Let b be a positive squarefree
integer; we shall always assume, unless otherwise specified, that P(b) < k.
We consider the equation

(1.1) A= A(n,d,k) = (n+mnd)- (n+ynd) = by
in positive integers n,d, k,b,y,t. We prove

THEOREM 1. Let ¢ = 2, k > 15 and dfn. Then (1.1) with w(d) = 1
does not hold.

Let ¢ = 0. If d = 1, then (1.1) has been completely solved for P(b) < k
by Erdés and Selfridge [ErSe75] and for P(b) = k by Saradha [Sar97]. Let
d > 1. We observe that (1.1) has infinitely many solutions if £ = 2,3 and
b = 1. Also (1.1) with ¥ = 4 and b = 6 has infinitely many solutions.
It has been conjectured that (1.1) with ged(n,d) = 1 and k& > 5 does
not hold. Let w(d) = 1. It has been shown in [SaSh03a] for £ > 29 and
[MuSh03] for 4 < k < 29 that (1.1) with ged(n,d) = 1 implies that either
k=4 and (n,d,b,y) = (75,23,6,140), or £k = 5 and P(b) = k. In fact, we
shall derive the preceding result with & > 10 and P(b) < k from Theo-
rem 1 (see Corollary 3.11). We refer to [LaSh07] for results on (1.1) with
1 <w(d) <4

2000 Mathematics Subject Classification: Primary 11D61.
Key words and phrases: diophantine equations, arithmetic progressions, Legendre
symbol.

[299] © Instytut Matematyczny PAN, 2008



300 S. Laishram and T. N. Shorey

Let ¥ = 1. We may assume that y; = 0 and 4 = k — 1. It has been
shown in [SaSh03b] that
6 ., 10! )
5= 127, - = 720
are the only squares that are products of £ — 1 distinct integers out of k con-
secutive integers, confirming a conjecture of Erdés and Selfridge [ErSe75].
This corresponds to the case b = 1 and d = 1 in (1.1). In general, it has
been proved in [SaSh03b] that (1.1) with d = 1 and k£ > 4 implies that
(b, k,n) = (2,4,24) under the necessary assumption that the left hand side
of (1.1) is divisible by a prime > k. Further, it has been shown in [SaSh03a,
Theorem 4] and [MuSh04a] that (1.1) with d > 1, ged(n,d) = 1, w(d) = 1
and P(b) < k implies that k£ < 8. It is clear from the argument given at the
end of this section that the assumption ged(n,d) = 1 can be relaxed to dfn
in the results stated above for ¢y = 0 and ¢ = 1.
Let v = 2. As earlier for ¢ = 0 and ¢ = 1, we first turn to the case
d = 1. Then it has been shown in [MuSh04b, Corollary 3] that a product of
k — 2 distinct terms out of k consecutive positive integers is a square only if
it is given by
6! 7! 10! 11!

and T5 5712 1770
24.!3:22’ 46i!5:62’ E;!{27!:242, 12!_/;‘!:602, 95!(27!2722,
1(6)!_/?! = 1202, 1?@ = 1807, % — 240, %0!7 = 3607,
2117'/ 113; = 50407, E‘“_/ i; = 50407, 111“'/ f’;) = 10080°.

The above result corresponds to (1.1) with b = 1. For the general case, we
have

THEOREM 2. Let ¢ =2, d =1 and k > 5. Assume that the left hand
side of (1.1) 1is divisible by a prime > k. Then (1.1) is valid if and only if
k=5 and n € {45,46,47, 48,96, 239, 240, 241, 242, 359, 360}, or k = 6 and
n € {45,240}.

We observe that n +k — 1 > pi(k)ﬂ > (k + 1)2, since the left hand

side of (1.1) is divisible by a prime > k. Thus n > k? and the assertion
for & > 6 follows immediately from [MuSh04b, Theorem 2|. Let k = 5.
Then n > 72 — 4 = 45. Multiplying both sides of (1.1) by b® and putting
X =b(n+7),Y = b%y, we get the elliptic curve

Y2 = X3 4 b(y1 43 — 292) X% + 02 (71 — 72) (73 — 72) X.
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For each choice of triplet (v1,v2,73) with 0 < v < 72 < 73 < 4 and for each
b e {1,2,3,5,6,10,15,30}, we check for the integral points on the elliptic
curve using MAGMA. Observing that b| X, v? |Y and X = b(n+72) > 45b,
we find that all solutions of (1.1) are given by those listed in the assertion
of Theorem 2. For instance, when (y1,72,73) = (0,2,4) and b = 3, we have
the curve Y2 = X3 — 36X and the only integral point with X > 45b is
X =294,Y = 5040. Then n + 2 = 294/3 = 98, giving n = 96, and we see
that 96 - 98 - 100 = 3(8 - 7 - 10)? gives a solution. All the exceptional cases
come from

45-48-49 = 15(4-3-7)2, 48-49-50 =6(4-5-7)2,

96 - 98 - 100 = 3(8 - 7- 10)?, 240 - 242 - 243 = 10(4 - 27 - 11)?,

242 - 243245 =30(9-7-11)2, 360 -361-363 = 30(2-3-11-19)2.

We take d > 1 from now onwards in this paper. To solve (1.1) with d{n,
it suffices to assume that ged(n,d) = 1. Indeed, suppose ged(n,d) > 1. Let
p® = ged(n,d), n’ = n/p® and &' = d/p®. Then d’ > 1 since d{n. Now,
dividing both sides of (1.1) by (p®)f, we have
(1.2) (0" +mnd) - (0 +xd) = pby"?,
where y' > 0 is an integer, &’ squarefree and ¢ € {0,1}. Since p|d’ and
ged(n/,d') = 1, we see that pt(n' + v1d') -+ (n' + wd’), giving ¢ = 0, and
the assertion follows. Hence for the proof of Theorem 1 and other results
on (1.1), we assume from now onwards that ged(n,d) = 1.

As in [ShTi90], the proofs depend on comparing an upper bound and a
lower bound for n + (k — 1)d. These estimates turn out to be considerable
improvements of the ones obtained in [SaSh03a]. For example, in the case
Y = 0 and w(d) = 1, we get k& < 31 whereas in [SaSh03a], we obtain
k < 104. This improvement is mainly due to sharp estimates from [LaSh07].
This is crucial for the proof of Theorem 1, as otherwise it would not have
been feasible to cover all the values from k& = 15 onwards in Theorem 1.
To cover the values 15 < k < 31, we further refine the method of Euler
as developed in [HiLaShTi07]|. Since we allow omitting one or two terms
but we do not know which terms are being omitted, there would have been
too many cases to consider if we had applied the method of [HiLaShTi07];
therefore, a refinement was necessary.

2. Notations and preliminaries. We assume (1.1) with ged(n,d) =1

in this section. Then we have
(2.1) n+ vd = a%.:n%i for 1 <i<t
with a,, squarefree such that P(a,,) < max(k — 1, P(b)). Also

(2.2) n+yid=A,X> for1<i<t
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with P(A,,) <k and ged(Xo,, [[,< p) = 1. Further, we write

bi=ay, Bi=A,, y=u2zy, Yi=X,.
Since ged(n,d) = 1, we see from (2.1) and (2.2) that
(2.3) (bi,d) = (By,d) = (yi,d) = (Yi,d) =1 for1<i<t.
Let

R={b;:1<i<t}

For b, € R, let v(b;,) = [{j: 1 <j <t, bj =bj,}|. Let
T={1<i<t:Y;=1}, Th={1<i<t:Y;>1}, S ={B;:ieTi}.
Note that Y; > k for ¢ € T1 and hence

(2.4) n+ (k—1)d> max{prle(k S B; i€ T}k
For iy € T1, we define v(B;,) = [{j € T\ : Bj = Bj, }|.
Let
(2.5) § = min(3,ordz(d)), ¢ = min(1,ords(d)),
)

(2.6) = { 1 if OI"dQ(d

<1
2 if ordy(d) > 2

(2.7) 0_{1 if d=2,4,
. 0 otherwise.

Let d = p®. Then we say (di,dz) is a partition of d if d = didy and
ged(dy, d2) = n, and we take (1,2) as the partition of d = 2. Further, (2,2) is
the only partition if d = 4. For d # 2,4, we see that d # n? and therefore
(n,d/n) and (d/n,n) are the only distinct partitions of d. Let b; = bj;, i > j.
Then from (2.1) and (2.3), we have

b; d d
such that ged(d,y; — v,y +y;) = 29 Thus a pair (i,j) with i > j and
b; = b; corresponds to a partition (dy,d2) of d such that dy | (y; — y;) and
da | (y; +y;), and this partition is unique. Similarly, we have a unique parti-
tion of d corresponding to every pair (¢,j) with ¢ > j, 7,5 € 11 and B; = B;.
Let ¢ be a prime < k and coprime to d. Then the number of i’s for
which b; is divisible by ¢ is at most o, = [k/q]. Let o, = [{b; : ¢|b;}|. Then

o, < 04. Let 7 > 3 be any positive integer. Define

2 2
(2.8) i _ Y —Y . Wi =) Wi+ )

F(k,r)=[{vi: P(bi) > pr}| and F/ k,r) Z Tp;-

i=r+1
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Then [{b; : P(b;) > pr}| < F(k,r) < F'(k,1) = 3214 p>p, Op- Let

r—{b P( )<p7"} Ir:{'Yi:bieBr}a gr:|Ir|
We have

(2.9) &2t—Fkr)>t—F(kr)+ Y. op
pld, p>pr

and

(210)  t=[R[ =t —[{bi: P(b;) > pp}| — [{bi : P(bi) < pr}

(2.11) >t —F(k,r) = [{bi : P(bs) < pr}|

(2.12) >t—F(kr)+ Y. op—[{bi: P(b) < p}
p|d7p>pr

(2.13) >t—F'(kr)+ Y op—2.
pld, p>pr

We write S := S(r) for the set of positive squarefree integers composed
of primes < p,. Put p = 2% if d is even, and p = P(d) if d is odd. Suppose
p =2 Then b; = n (mod 2%). Considering elements of S(r) modulo 2°, we
see by induction on r that

(2.14) 1{b; : P(b;) < pp}| <2770 =: gos.

Let p = P(d). Then all b;’s are either quadratic residues mod p or non-
quadratic residues mod p. We consider two sets

(2.15)  Si(p,r) = {s €S: <;) - 1}, Sap,r) = {s €S <;) - 1}

and define
(2.16) gp(r) = max(|Si(p, )|, [S2(p,7)))-
Then
(2.17) {bi: P(bi) < pr}| < gp.
In view of (2.14) and (2.17), the inequality (2.12) is improved as
(2.18) t—|RIZk—y—F(kr)+ Y 0p—gp
pld, p>pr
Let r = 3,4 and 2 < p < 220. Then we calculate
2% if p < py,
2.19 r)= -
2.19) wir) = {5 oS

except when r = 3 and p € {71,191}, where g, = 2".
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We close this section with the following lemmas which are independent
of (1.1). The first lemma is an estimate on 7m(x) due to Dusart [Dus99].

LEMMA 2.1. We have

1.2762
m(x) < ° <1—|—

) for x > 1.
log

The following lemma is contained in [LaSh04, Theorem 1].
LEMMA 2.2. Let k > 9,d > 1, ged(n,d) = 1, n > k if d =2, and
(n,d, k) ¢ V, where V is given by
n=1, d=3, k=9,10,11,12,19, 22,24, 31;
n=2 d=3, k=12 n=4, d=3, k=9, 10;
n=2 d=5, k=9,10;
n=1,d=1, k=10

log

(2.20)

Then
(2.21) Whnn+d)---(n+(k—1)d)) = {i:0<i <k, P(n+id) > k}|
> 7(2k) — wa(k).
Letd=2 and n < k. Then
(2.22) W(n(n+d) - (n+(k—1)d) > n(2k) — mq(k) — 1.
The following lemma is contained in [Lai06, Lemma 8].

LEMMA 2.3. Let s; denote the ith squarefree positive integer. Then

(2.23) Hs, > (1.6)1!  for 1 > 286.

3. Lemmas for the equation (1.1). All the lemmas in this section
are under the assumption that (1.1) with ged(n,d) = 1 and w(d) = 1 is valid
and we shall suppose it without further mention.

LEMMA 3.1. Let ¢ be fized. Suppose that (1.1) with P(b) < k has no
solution at k = ki with ki prime. Then (1.1) with P(b) < k and k1 < k < ks
has no solution, where ki, ko are consecutive primes.

Proof. Let ki, ko be consecutive primes such that k1 < k < k9. Suppose
(n,d,b,y) is a solution of

(n+md) - (n+yd) = by
with P(b) < k. Then P(b) < k1. We observe that v, _y < k1 and by (2.1),
(n+7d) - (n+ Yy —pd) = Vy”

for some o with P(b') < ki, giving a solution of (1.1) at k = k;. This is a
contradiction. =
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In view of Lemma 3.1, there is no loss of generality in assuming that k
is prime whenever k > 23 in the proof of Theorem 1. Therefore we suppose
from now onward that k is prime if k& > 23. The following lemma gives a
lower bound for || (see [LaSh07, Lemma 4.1]).

LEMMA 3.2. Let k > 4. Then
3.1) |Ty| >
(k= 1)log(k — 1) = 31y ey max (0, L=DHEE g () — 2))

b= log(n + (k — 1)d)

—7a(k) — 1.
We apply Lemmas 2.2 and 3.2 to derive the following result.
COROLLARY 3.3. Let k> 9. Then

(3.2) ITy| > 0.1754k  for k > 81,
and
(3.3) n 4 ved > n*k>.

Proof. We observe that 7(2k)—m(k) > 2 since k > 9. Therefore P(A) > k
by Lemma 2.2. Now we see from (1.1) that
(3.4) n+ yd > k2.
From (3.1), t > k — 2, m4(k) < (k) and Lemma 2.1, we get
(k—Dlogk k& ) 1.2762

2logk log k logk )°

Since the right hand side of the above inequality exceeds 0.1754k for k& > 81,
the assertion (3.2) follows.

Now we turn to the proof of (3.3). By (3.4), it suffices to consider d = 2¢
with @ > 1. From Lemma 2.2 and (1.1), we have n + (k — 1)d > pi(%)ﬂ.

Now we see from (3.1) that

(35)  [T3] + malk) — 7(2K)

(k—1)log(k —1) — (k —3)log 2+ log(k — 2)
210g pr(2k)—2

|T1’>k’—3—

>k—3— — m(2k)

and
T1| + ma(k) — m(2K)
(k—1)logk — (k — 3)log2 + log k 2k ( 1.2762>

>k—3— —
2logk log 2k + log 2k

by Lemma 2.1. When k > 60, the right hand side of the last inequality
is positive. Therefore |Ti| + mg(k) > m(2k), implying n + vd > 4k* for
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k > 60. Thus we may assume k£ < 60. Now we can check that the right
hand side of (3.5) is positive for k > 33. Therefore we may suppose that
k <33 and n+ (k—3)d < n+yd < 4k% Hence d = 2% < 4k*/(k — 3).
For n,d, k satisfying k < 33, d < 4k*/(k—3), n + (k — 3)d < 4k* and
n+(k—1)d > pi(%)_z, we check that there are at least three ¢ with 0 <i < k
such that n + id is divisible by a prime > k to the first power. This is not
possible. =

The next lemma follows from (3.3) and [LaSh07, Lemma 3.5 and Corol-
lary 3.7].

LEMMA 3.4. For any pair (i,7) with b; = bj, the partition (dn~',n) of d
is not possible. Further, v(b;) < 2'=% and v(B;) < 2'7°.

The following lemma follows from (3.3), Lemma 3.4 and [LaSh07, Lem-
ma 3.9].

LEMMA 3.5. Assume that either d is odd or 8|d. Let zy € {2,3,5} be
such that zo = 5 if 8| d. Further, let d = 61(k—1)? and n = 02(k —1)3 with
61, 02 > 0. Suppose that t — |R| > z9. Then we have the partition (n,dn~")
of d such that

4k —1
(3.6) dn~! < Ak—1)
q2
and
1 1 1 01 }
3.7 Oy < =X — — O+ 4| —5 + —
(38.7) 2 2{(11(12 ! (142)?>  qig2

with ¢1 > Q1, q2 > Q2, where (Q1,Q2) is (1,1),(2,2),(4,4) according as
20 = 2,3, 5, respectively when d is odd, and (Q1,Q2) = (2,8) when zp =5
and 8|d.

LEMMA 3.6. Let z1 > '1 be a real number, and hg > ig > 0 be integers
such that [[,,cpbi > z'lR‘_ZO(\R] —19)! for |R| > hg. Suppose that t—|R| < g
and let gy = k—t+g—1+41ig. For k > hg+ g1 and for any real number

m > 1, we have
211 1 g1
(2 71851 ] Hp ) ( 2>k’g<1 k:>

log(k —g1) —1+logz
_2
(1.57(m) — .5¢ — 1) log k + log <n1_1n2 Hp-5+p2_1>

p<m

(3.8) g1 >

Y

log(k —g1) — 1 +log 2
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where £ = |[{p <m:p|d}| and

ng = pr%) n = 11172(171[;-:1)7 n2:{2 / Zf 2*’d7
p<m p<m 1 otherwise.
pld pld
For a proof, see [LaSh07, Lemma 5.4]. The assumption w(d) = 1 is not

necessary for Lemmas 3.1, 3.2, 3.6 and Corollary 3.3.

LEMMA 3.7. We have
5 for k > 81,
5—1 fork >55,
44— fork>28, k+# 31,
3—1 fork =3l

Proof. Suppose t — |R| < 5 and k > 292. Then |R| > 286 since ¢t >
k—2and [[,cpbi > (1.6)IE(|R|)! by (2.23). We observe that (3.8) holds
for k > 292 with 49 = 0, hg = 286, z; = 1.6, g = 6, m = 17, £ = 0,
no =1, n; =1 and ny = 2%/6. We check that the right hand side of (3.8)
is an increasing function of k and it exceeds g; at k = 292, which is a
contradiction. Therefore ¢t — |R| > 5 for k > 292. Thus we may assume that
k < 292. By taking r = 3 for £ < 50, r =4 for 50 < k < 181, and r = 5 for
181 < k < 292 in (2.11) and (2.13), we get t — |R| > k — ¢ — F'(k,r) — 2" >
7T—,5—1,4—1 for k > 81,55, 28, respectively except at k = 29, 31,43,47,
where t — |R| > k—¢—F(k,r)—2" > k—¢— F'(k,r)— 2" = 3—1. We may
suppose that k = 29,43,47, t — |R| =3 — ¢ and F(k,r) = F'(k,r). Further,
we may assume that for each prime 7 < p < k, there are exactly o), i’s for
which p | b;, and for any i, pgtb; whenever 7 < ¢ < k and ¢ # p. Now we get
a contradiction by considering the ¢’s for which b;’s are divisible by primes
7,13;7,41;23,11 when k = 29,43, 47, respectively.

For instance, let k = 29. Then 7 |b; for i € {0,7,14,21,28}. Hence 13| b;
for i € {h+ 135 : 0 < j < 2} with A = 0,1,2. This is not possible since
otherwise 7 - 13| b; for some i € {0, 14,28}, a contradiction. =

LEMMA 3.8. Let 9 < k < 23 and d odd. Suppose that t — |R| > 3 if
k=23, and t —|R| > 2 if k < 23. Then (1.1) does not hold.

Proof. Suppose (1.1) holds. Let Q@ =2 if k = 23, and Q = 1 if k < 23.
We now apply Lemma 3.5 With zg = 3 for k =23, and zp = 2 for k < 23, to

(3.9) t—|R| >

get d < %(k 1), 61 < Q(k ry and
111
01+ 6 < = {Q2 _1 \/ 1)}—.Q(k—1),
giving n + (k — 1)d = (61 + 02)( -1 3Q(k 1). Further, from

(2.4) and (2.21), we get n + (k - l)d 2 n —|— nd > pw(zk)q' Therefore
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p*=d < gk —1) and p2 o 5 <+ (k—1)d < (k—1)°2(k — 1); the
latter inequality follows from the definitions of 6;, 62 and 2(k — 1). For
these possibilities of n,d and k, we check that there are at least three i’s
with 0 <4 < k such that n+1id is divisible by a prime > k to an odd power.
This contradicts (1.1). =

LEMMA 3.9. Equation (1.1) with k > 9 implies that t — |R| < 1.

Proof. Assume that kK > 9 and t — |R| > 2. Let d = 2 or 4. Then |R| <
t — 2, contradicting |R| = t by Lemma 3.4. Thus d # 2,4. By Lemma 3.4,
we have v(b;,) < 2 and v(B;,) < 2.

Let k > 81. Then t — |R| > 5 by Lemma 3.7. Now from Lemma 3.5 with
zo = b we derive that d < k — 1, giving 0; < ﬁ and hence

n+(k—1)d= (01 +60)(k —1)3

(k—1)3(1 1 1 1
ST {16+l-c—1+\/(16)2+16(k:—1)}'

On the other hand, from (2.4), (3.2) and v(B;) < 2 for i € T we get

Ty | 0.1754k 5 K3
- " k*>0.1754 —.
2 2 = 017543

Comparing the upper and lower bounds of n + (k — 1)d, we obtain

n+(k—1)d> k? >

1 1 1 1
1754 — <0.144
0175 <{16+k—1+\/(16)2+16(k:—1)}_0

since k£ > 81. This is a contradiction.

Thus k < 81. Let d be even. Then 8|d and we see from v(a;) < 2 and
(2.14) that &, < 2g9s < 2772, Let r = 3. From (2.9), we get k—2—F'(k,7) <
& < 272, We find k — 2 — F'(k,r) > 2"=2 by computation. This is a
contradiction.

Thus d is odd. Since ¢ < 2, we deduce from Lemmas 3.7 and 3.5 with
2 = 3,2 that d < 2(k — 1) if k > 55, and d < 4(k — 1) if k < 55. Since
gp(r) < 2771 for r = 4 and p < 220 by (2.19), we infer from (2.18) with
r=4that t — |R| > k — 2 — F'(k,r) — 2"~!, which is > 5 for k > 29, and
> 3 for k = 23.

Let £ > 29. Then Lemma 3.5 with 29 = 5 shows that d < k — 1. By
taking r = 3 for k < 53, and r = 4 for 53 < k < 81, we derive from (2.17),
(2.19), v(a;) < 2 and (2.9) that k —2 — F'(k,r) < & < 2g, < 2". On the
other hand, we check by computation that k —2 — F'(k,r) > 2". This is a
contradiction.

Thus k < 23. Then ¢t — |R| > 3 for k = 23, and t — |R| > 2 for k < 23.
By Lemma 3.8, this is not possible. =
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COROLLARY 3.10. Let k > 9. Fquation (1.1) with ged(n,d) = 1 and
w(d) = 1 implies that either k < 23 or k = 31. Also P(d) > k.

Proof. By Lemmas 3.7 and 3.9, either k < 23 or kK = 31. Suppose that
P(d) < k. Since gpg)(r) < 27! for r = 3 by (2.19), we find from (2.18)
with r = 3 that t — |[R| > k —2 — F/(k,7) — 27! > 2 except at k = 9,
where t — |R| = 1. This contradicts Lemma 3.9 for & > 9. Let £ = 9. By
taking 7 = 4, we deduce from gp(g)(r) < 272 by (2.19) and (2.18) that
t—|R| >k—2— F'(k,4) — 272 > 2. This contradicts Lemma 3.9. =

As a direct consequence, we give a simpler proof of [SaSh03a, The-
orem 1(ii)].

COROLLARY 3.11. Let 1) =0. Equation (1.1) with ged(n,d) =1, w(d) =1
and P(b) < k implies that k < 9.

As mentioned in Section 1, the assumption ged(n,d) = 1 can be relaxed
to dfn.

Proof. Let k > 10. By Corollary 3.10, either £ < 23 or k£ = 31. Let
k = 10. Then (2.13) with r = 2 shows that ¢t — |R| > k — F'(k,r) — 2" =
contradicting Lemma 3.9. Thus (1.1) does not hold at k£ = 10. By induction,
we may assume k € {12,14,18,20} and that there is at most one i for
which p|a; with p = k — 1. We take r = 2 for k = 12,14, and r = 3 for
k = 18,20. Now from [{b; : P(b;) > p,}| < F'(k,r) — 1 and (2.10) we get
t—|R| >k — F'(k,r)+1—2" > 2. This contradicts Lemma 3.9. m

4. Proof of Theorem 1. Suppose that the assumptions of Theorem 1
are satisfied and assume (1.1) with w(d) = 1. By Corollary 3.10, we have
P(d) > k, and we restrict to k < 23 and k& = 31. Also t — |R| < 1 by Lem-
ma 3.9. Further, it suffices to prove the assertion for k € {15,17,19, 23,31},
since the cases k = 16,18 and k£ = 20, 21, 22 follow from those of k = 15,17
and 19, respectively.

We shall arrive at a contradiction by showing ¢t — |R| > 2. For a prime
p < k, we observe that p{d, and let i, be such that 0 <, < p and p|n+i,d.
For any subset Z C [0, k) N Z and primes p; and po, we define

{M( =)=(5))
Z feem ()2 (52))

Then from (az) = p" ( ) we see that either

(4.1) <a,~> + (al> forallieZ; and (Cll) = <a ) for all i € I,
D1 D2 b1 D2

s
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or

(4.2) (ai> # <ai> for all i € 7o and ( ) ( > for all ¢ € 7;.
b1 p2

We define (M, B) = (Z1,73) in the case (4.1), and (M, B) = (Z2,Z;) in the
case (4.2). We write (Z1,Z2, M, B) = (¥, 7, M*, B¥) when I=100,k)NZ
Then for any Z C [0, k) N Z, we have

I, CIF, T,Cc1b, McMF, BCB

and
(4.3) (M| > M| = (k—|Z)), [B] > [B" (k- |Z]).
By taking m = n + vd and 7, = vy — Yi—i+1, we rewrite (1.1) as
(4.4 (m =)~ (m — ~jd) = by?.
The equation (4.4) is called the mirror image of (1.1). The corresponding
t-tuple (a,...,ay) is called the mirror image of (ay,,...,ay,).

4.1. The case k = 15. Then of, = 3 implies that 7|ay; for j = 0,1, 2,
whereas o} < 2 if T{aparai4. Similarly o}, = 2 implies 13|ag, 13 |aiz or
13| a1,13 | a14, whereas of5 < 1 otherwise. Thus [{a; : 7|a; or 13| a;}| < 4.
It suffices to have

(4.5) {a; : pla; for 5 <p <13} <7,

since then ¢t — |[R| > k —2 — |{a; : p|a; for 5 < p < 13}| —4 > 2 by (2.10)
with r = 2, a contradiction.

Let p; = 11, po = 13 and Z = {~1,...,v}. We observe that P(a;) < 7
for i € M UB. Since (&) # (%) but ({5) = (74) for each prime ¢ < k
other than 5,11, 13, we observe that 5|a; whenever i € M. Since o5 < 3
and |Z| = k — 2, we deduce from (4.3) that |M*| < 5 and 5| a; for at least
IMFE| — 2 i’s with i € MF. Further, 5{a; for i € B.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 <
113 < 7. For each possibility 0 < 717 < 11 and 0 < 413 < 7, we compute
|ZF|,|Z5| and restrict to those pairs (i11,413) with min(|ZF|, |Z5|) < 5. We see
from max(|Z¥|, |Z§|) > 6 that MF is exactly one of ZF or Z§ with minimum
cardinality, and hence B is the other. Now we restrict to those pairs (i11,713)
for which there are at most two elements i € M* such that 5{a;. There are
31 such pairs. By counting the multiples of 11 and 13 and also the maximum
multiples of 5 in M* and the maximum number of multiples of 7 in B*, we
again restrict to those pairs (i11,413) which do not satisfy (4.5). With this
procedure, all pairs (i11,413) are excluded other than

(4.6) (0,6), (1,3), (2,4), (3,5), (4,6), (5,3).

We first explain the procedure by showing how (i11,413) = (0,0) is excluded.
Now MF = {5,10} and B¥ = {1,2,3,4,6,7,8,9,12,14}. Then there are
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three multiples of 11 and 13, at most two multiples of 5 in M* and at most
two multiples of 7 in B, implying (4.5). Thus (i11,413) = (0,0) is excluded.
Let (i11,i13) = (5,3). Then M* = {1,6,11} and B* = {0,2,4,7,8,9, 10,
12,13,14}, giving i5 = 1 and 5|ajaga;;. We may assume that 7|a; for i €
{0,7,14}, as otherwise (4.5) holds. By taking p; = 5, po = 11 and Z = BF,
we get 7y = {4,10,13} and 7, = {0,2,7,8,9,12,14}. Since (2) = (&),
(%) = (1—71) and (%) + (%), we observe that 3|a; for i € 7y N B and 3ta;
for i € Zo N B. Thus a; € {3,6} for i € 7y N B, and a; € {1,2,7,14} for
1 € Io N B. Now from (a—;) = (%) (%) and (%) = (g), we see that at least
one of 4,10, 13 is not in B, implying ¢ ¢ B for at most one i € Z,. Therefore
there are distinct pairs (i1,i2) and (j1,j2) with i1,49,71,J2 € Zo N B such
that a;, = ai,, i1 > iz, and aj, = aj,, j1 > j2, giving t — |R| > 2. This is a
contradiction. Similarly, all other pairs (i11,%13) in (4.6) are excluded.

4.2. The case k = 17. We may assume that o}, = 1 and 17{apaia15a56,
as otherwise the assertion follows from the case k = 15. If |{a; : P(a;) = 5}
= 4, we see from {a; : P(a;) =5} C {5,10,15,30} that ai;ai;+50i,+100i5+15
= 1502, implying (n + i5d)(n + (i5 + 5)d)(n + (i5 + 10)d)(n + (i5 + 15)d) is a
square, contradicting Euler’s result for k = 4. Thus we have |{a; : P(a;) = 5}|
< 3. It suffices to have

(4.7) {a; : pla; for 5 <p <17} <9,

since then ¢t — |[R| > k—2 — |{a; : p|a; for 5 <p < 17}| —4 > 2 by (2.10)
with r = 2, a contradiction. Further, for each prime 7 < p < 13, we may also
assume that o}, > 1, as otherwise t — [R| >k —2— 3 7 470, —3—-4>2
by (2.10) with r = 2.

Let p = 11, po = 13 and Z = {v,...,y}. Since () # (&) and
(%) + (%) but ({4) = (%) for ¢ <k, ¢ # 5,17,11,13, we observe that for
i € M, exactly one of 5|a; or 17]|a; holds. Thus 5 - 17{a; whenever i € M.
For i € B, either 5ta; and 17{a;, or 5| a; and 17| a;. Thus for ¢ € B, we have
P(a;) < 7 except possibly for one i for which 5-17]|a;. Since o5 < 4 and
o1- <1, we deduce from (4.3) that |[MF¥| < 7 and 5 | a; for at least |M*| —3
elements i with i € M¥.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 <
113 < 8. Also we have 0 < 477 < 11. Further, i17 < 5 if 413 > 4, and
i13 < 3 if 917 > 6, as otherwise (4.7) follows, a contradiction. For each of
these possible pairs (i11,413), we compute |ZF|,|Z5|. We find that there are
20 pairs (i11,413) for which max(|ZF|,|Z5|) = 7. For each of these pairs,
we find that 5|a; for at most |ZF| — 4 i’s with ¢ € ZF, and 5|a; for at
most |Z¥| — 4 4’s with ¢ € Z§. Hence these pairs are all excluded. For the
remaining pairs (i11,413), we infer from max(|ZF[,|Z5) > 8 that MP* is
exactly one of ZF or Z§ with minimum cardinality, and hence B* is the
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other. Now we restrict to those pairs (i11,413) for which 5| a; for at least
|IMF| — 3 elements i € M*. We may assume that 5|a; for at least two
elements i € MF¥, as otherwise (4.7) follows, a contradiction. Now we check
for the inequality (4.7) by counting the multiples of 11,13 given by 11,113,
multiples of 5,17 in M* U B*, and maximum multiples of 7 in B*. We
find that all the pairs other than (i11,413) € {(1,3),(2,4),(3,5), (4,0), (4.6)}
satisfy (4.7), and hence they are excluded. For instance, let (i11,713) = (0, 2).
Then we get M* = {4,6,9} and B* = {1,3,5,7,8,10,12,13,14,16}. Now
5|a; for i € {4,9}, either 17| ag or 6 ¢ M and 5 - 17| aj4. Further, there
are at most two elements i € B* for which 7| a;, giving (4.7). Thus we now
restrict to (i11,413) € {(1,3),(2,4),(3,5),(4,0),(4,6)}.

Let (i11,i13) = (1,3). We have M* = {0,5,7,10} and B* = {2,4,6,8,9,
11,13,14,15}, giving i5 = 0 and 5 |agasaig. We may assume that 17| ar
since 17tays, giving i17 = 7. Hence P(a;) < 7 for i € B. Thus there are two
elements i € B¥ which are not in B, and P(a;) < 7 for the remaining seven
elements i € B¥. Further, 7|a;, and 7|a;, 7 for some i7 € {2,4,6,8} and
i7,i7 + 7 € B, as otherwise t — |R| > 2. For each choice of iy € {2,4,6,8}
and i17 = 7, we now take p; = 7, po = 17, T = B* and compute Z;
and Zs. Since (%) = (%), (%) = (%), we observe that either Zy N B = ()
and a; € {1,2,3,6} for i € ZoN B, or ZoNB = () and a; € {1,2,3,6} for
i € Iy N B. From 1 = 2, we obtain either |Z1| < 2 or |Zy| < 2, giving
min(|Z;|,|Z2|) < 2. We find that min(|Z1],|Z2]) > 3 except when iy = 4,
where 77 = {2,6,8,14,15} and Zy = {9,13}. Thus Z.NB =0, 7y C B
and a; € {1,2,3,6} for i € Z;. From (%) = (%) (g), (%) = 1 for
i € {6,8,15}, (52) = —1 for i € {2,14}, and (%) = 1 for a; € {1,2},
(%) = —1 for a; € {3,6}, we obtain a; € {1,2} for i € {6,8,15}, and
a; € {3,6} for i € {2,14}. Further, from 5|n, we get (%) = () (%) = (%)
for i € {6,14}, and (%) = (52)(¢) = — (%) for i € {2,8}. This together
with (%) =1 for a; € {1,6} and (%) = —1 for a; € {2,3} implies that
either ag = a15 = 1, ag = 2, ag = 3, a4 = 6, or ag = 2, ag = a5 = 1,
as = 6, ajq = 3. The former possibility is excluded by Runge’s method as
in [MuSh03], and the latter possibility is excluded since —1 = (26812) =
(%315_2)) = 1. The other cases (i11,%13) € {(2,4), (3,5), (4,0), (4,6)} are
excluded similarly. In fact, in the cases (i11,713) = (2,4), (3,5), we obtain
(i7,917) = (5,8), [Ta| = 6, |Z2| =2 and (i7,417) = (6,9), |T1] = 6, |Z2] =2,
respectively, implying ¢ — |R| > 2 and hence these cases are excluded. In
the case (i11,413) = (4,6), we obtain iz = 0, i17 = 10, a; € {1,2} for i €
{1,2,9,11} and a5 € {3,6}, giving t — |R| > 2. In the case (i11,713) = (4,0),
we obtain either a; = a19 =1, ag = 2, a2 = 6, aj4 = 3, which is excluded by
Runge’s method as in [MuSh03], or a; = ag = 1, a19 = 2, ag = 3, a4 = 6,
which is excluded modulo 3.
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4.3. The case k = 19. We may assume that o}y = 1 and 19t apa;ai7ass,
as otherwise the assertion follows from the case & = 17. As in the case
k = 17, we also have [{a; : P(a;) = 5}| < 3 by Euler’s result for k = 4. It
suffices to have

(4.8) {a;: pla; for 5 <p <19} <11,

since then t — |R| > k —2 — [{a; : p|a; for 5 <p <19} —4 > 2 by (2.10)
with r = 2, a contradiction. Further, for each prime 7 < p < 13, we may also
assume that cTI/7 > 1, as otherwise t — |[R| > k — 2 — Z7§p§17 0;, —3-4>2
by (2.10) with r = 2.

Let p1 =11, po = 13 and Z = {71, ...,%}. Then as in the case k = 17,
we observe that for i € M, exactly one of 5|a; or 17 |a; holds but 5-17{a;.
For ¢ € B, either 5t{a; and 17{a;, or 5|a; and 17|a,. Since o5 < 4 and
o17 < 2, we deduce from (4.3) that |[MF¥| < 8 and 5 | a; for at least |M*| —4
elements i € MF,

By taking the mirror image (4.4) of (1.1), we may suppose that 0 <
113 < 9. Also we have 0 < i17 < 11. Further, 417 < 7 if 413 > 6, and 413 < 5
if i11 > 8, as otherwise (4.8) follows, a contradiction. For each of these
possible pairs (i11,i13), we compute |[ZF|,|Z5|. We find that there are 27
pairs (i11,413) for which max(]ZF|,|Z5|) = 8. For each of these pairs, we find
that 5|a; or 17| a; for at most |ZF| — 3 elements i € ZF, and 5|a; or 17| a;
for at most |Z§| — 3 elements i € Z5. Hence these pairs are all excluded.
For the remaining pairs (i11,413), we infer from max(|Z¥|, |Z5|) > 9 that M*
is exactly one of ZF or Z§ with minimum cardinality, and hence BF is the
other.

Now we restrict to those pairs (i11,%13) for which 5|a; or 17]|a; for at
least |MP*|—2 elements i € M*. We may assume that 5 | a; for at least two el-
ements i € M¥ as otherwise (4.7) follows, a contradiction. Now we check for
the inequality (4.8) by counting the multiples of 11,13 given by 11, 413, mul-
tiples of 5,17 in M*UB* and maximum multiples of 7, 19 in B*. We find that
all the pairs other than (i11,413) € {(1,3),(2,4),(3,5),(4,0),(5,1),(6,2)}
satisfy (4.8), and hence they are excluded. Thus we now restrict to (i11,413) €
{(17 3)7 (27 4), (37 5)7 (47 0)7 (5, 1)7 (67 2)}

Let (i11,413) = (5,1). We have M* = {7,10,12,17} and B* = {0,2, 3, 4,
6,8,9,11,13,15,18}, giving i5 = 2 and 5 |arajeai7. Further, 7|a; for i €
{4,11,18} C B, as otherwise (4.8) is satisfied. Hence iy = 4. Now either
17|ajo, or 10 ¢ M and 5 - 17| ag, giving i;7 € {2,10}. For these choices
of i7,i17, we take p; = 7, po = 17 and Z = B* to compute Z; and Zo. We
observe that either 19| a; or P(a;) < 3 for i € (Z;UZy)NB. Since (%) = (%)
and (%) = (%) but (1—79) # (%), we observe that either 19 |a; fori € ZyNB
and a; € {1,2,3,6} for i € ZoNB, or 19]a; for i € ZyNB and a; € {1,2,3,6}
for i € 7y N B. From ¢ = 2, we obtain either |Z;| < 3 or |Z3| < 3, giving
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min(|Z1|, |Z2|) < 3. We find that min(|Z1],|Z2|) > 4 except when i17 = 2, in
which case Z; = {6,9,15} and Zy = {0, 3,8, 13}. Now we see that 10 ¢ M
and therefore there are at least two elements i € Z; with 19| a;. This is not
possible. The cases (i11,713) € {(2,4),(3,5),(4,0)} are excluded similarly.

Let (i11,413)=(6,2). As in the above case, we obtain M* = {8, 11,13, 18},
B¥ = {0,1,3,4,5,7,9,10,12,14,16}, i5 = 3, 7|a; for i € {0,7,14} and
i17 € {3,11}. Further, i;; = 3 if 11 ¢ M. For these choices of i7,i17, we
take p1 = 7, po = 17 and 7 = B* to compute Z; and Zs. We see from
min(|Zy), [Zo|) < 3 that 417 = 11, 7y = {5,9} and Z» = {1,3,4, 10,12, 16}. If
Ty C B, then t — |R| > 2. Hence we may suppose that i;9 € {5,9}, the other
one is deleted and exactly one of ¢ € 75 is deleted. By reducing modulo 7,
we see that either a; € {1,2} for ¢ € {1,4,16} N B and a; € {3,6} for
i€{3,10,12} N B, or a; € {1,2} for i € {3,10,12} N B and a; € {3,6} for
i€ {1,4,16} N B. If a; € {3,6} for i € {3,10,12} N B, then 10 ¢ B and
(%) = (%) for i € {1,4,16}, giving a1 = a4 = aie and hence t — |R| > 2.
Thus a; € {1,2} for i € {3,10,12} N B, and a; € {3,6} for i € {1,4,16} N B.
By reducing modulo 5, we get a1 = a1 = 3 if 1,16 € B, and by reducing
modulo 3, we get a3 = ajo = 1if 3,12 € B. Since |ZoNB| =5 and t— |R| < 1,
we obtain

(4.9) az=ai2=1, ajp=2, a4=06, eithera; =3o0rag=3
or

(4.10) ag=a1g=3, as4=06, ajg=2, eitherag=1o0ra;p=1.
In the case (i11,113) = (1, 3), we obtain

(4.11) ag=ai5 =1, ag=2, ayq =06, eitheras=3o0r a7 =3
or

(4.12) as=ai7 =3, aiu=06, ag=2, eitherag=1ora5=1.

As in [MuShO03], the possibilities (4.9), (4.11) are excluded by Runge’s
method and (4.10), (4.12) by Baker-Davenport’s method on simultaneous
Pell’s equations.

4.4. The case k = 23. We may assume that o593 = 1 and 23{qa; for
0 <i<3and 19 < i < 23, as otherwise the assertion follows from the
case k = 19. We have o}, = 3 if 11]ay1; with j = 0,1,2, and o}, < 2 if
11{apaiiaze. Also of, = 4 implies that 7 |a7; or 7]ai47; with 0 < j < 3, and
0% < 3 otherwise. Thus |[{a; : 7| a; or 11| a;}| < 6. Further, by Euler’s result
for k =4, we obtain |{a; : P(a;) =5}| <4.If

{ai:pla, 5<p<23} <4+ > o,—1-2=15
7<p<23



Squares in arithmetic progression 315

then from (2.10) with r = 2 we get t—|R| > k—2—15—4 = 2, a contradiction.
Therefore we have

(413) 44+ > op—2<{ai:pla;,5<p<23} <4+ > 0,1
7<p<23 7<p<19

Let p1 =11, po = 13 and Z = {71, ...,%}. Then as in the case k = 19,
we observe that for i € M, exactly one of 5|a; or 17 |a; holds but 5-17ta;.
Further, for i € B, either 5ta; and 171a;, or 5 - 17| a;. Since o5 < 5 and
o17 < 2, we obtain |[M¥| < 9 and 5 | a; for at least |MF¥| —4 i’s with i € MF.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 <
i11 < 11 and 0 < 733 < 11. For each of these pairs (i11,%13), we compute
IZ¥|,|Z5| and check that max(|Z¥|, |Z5|) > 9. First we restrict to those pairs
(i11,413) for which min(|Z¥|, |Z§|) < 9. Therefore M¥ is exactly one of Z} or
7% with minimum cardinality, and hence B is the other set. Now we restrict
to those pairs (i11,413) for which there are at least |M*| -2 elements i € MF
such that either 5|a; or 17]a;. There are 31 such pairs. Next we count the
number of multiples of 11,13, maximum multiples of 5,17 in M* U B* and
7,19 in B* to check that (4.13) is not valid. This is a contradiction.

For example, let (i11,i13) = (0,2). Then M* = {4,6,9,18,19,20} and
BF = {1,3,5,7,8,10,12,13,14,16,17,21}, giving 5|a; for i € {4,9,19},
i5 = 4. Further, 17| a; for exactly one i € {6,18,20} and the other two i’s
in {6,18,20} are deleted. Thus 5-17ta4 so that (4.13) is not valid. For an-
other example, let (i11,%13) = (4,0). Then M* = {6,9,11,16,21} and B* =
{1,2,3,5,7,8,10,12, 14,17, 18, 19, 20, 22}, giving 5| a; for i € {6, 11, 16,21},
i5 = 1. Further, we have either 17| ag and ged(5-17,a1) =1, or 9 ¢ M and
5-17|ay. Now 7|a; for at most three elements i € B* so that (4.13) is not
satisfied. This is a contradiction.

4.5. The case k = 31. From t — [R| > k —2 = 7 30, -8 >
k—2—3% 7 cs10p —8 = 1Dy (2.10) and (2.13) with r = 3, we may
assume for each prime 7 < p < 31 that 01’, = 0, and for any i, pgfa;
whenever 7 < p < ¢ < 31. Let Z = {v1,...,7}. By taking the mirror im-
age (4.4) of (1.1) and 019 = 029 = 2, we may assume that ig9 = 0 and
1 < iy < 11, i1g # 10. For p < 31 with p # 19,29, since (&) # (&)
if and only if p = 11,13,17, we observe that for i € M, either 11 |a; or
13|a; or 17|a;. Since 011 + 013 + 017 < 8, we obtain |MF| < 10 and
pla; for at least |[MPF| — 2 elements i € M* and p € {11,13,17}. Now
for each pair (i19,729) given by i99 = 0, 1 < i19 < 11, i19 # 10, we
compute |Z¥|,|Z5|. Since max(|ZF|,|Z5|) > 14, we restrict to those pairs
(i19,429) with min(|ZF|,|Z¥|) < 10. Then we are left with the only pair
(i19,420) = (1,0). Further, noticing that M* is exactly one of Z} or Z¥
with minimum cardinality, we get M* = {3,5,6,7,11,14,15,19, 24,25} and
BE = {2,4,8,9,10,12,13,16,17, 18, 21,22, 23, 26,27, 28,30}. We find that
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there are at most seven elements i € MP* for which either 11|a; or 13| a; or
17| a;. This is not possible. u
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