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A note on a multiplicative hybrid problem
by

OLIVIER BORDELLES (Aiguilhe)

1. Introduction and result. In what follows, e(z) = 2™ [z] is the
integer part of z, ¥(z) = x — [z] — 1/2 and N is a natural number large
enough.

In 1987, Iwaniec and Sarkozy [5] dealt with the following problem: Let
S1 and S be subsets of |[N,2N|NZ. If |S1| > N and |S2| > N, then they
proved that there exist integers nq € S1, ny € S and b such that

ning = b2+ O((blogb)'/?).

The following generalization was considered by Zhai ([9, 10]): Let £ > 4
be an integer and Si,...,S; be subsets of |[N,2N] N Z. If |S;| > N for
i =1,...,k, then there exist integers ny € S1,...,ni € Sk and b such that

(1) ny---ng = b+ OBF3/2),

That result can easily be related to the following multi-dimensional lattice
point problem. Let 0 < 6 < 1/4 be any small real number and define

k
Ry = Ri(N,8) = H(nl,...,nk,b) e[ISixZ: |(na---mg)/* b gé}‘
i=1

and suppose there exist 3; > 0 and 0 < 6, < k such that

(2) Ri = 26|51 - |Sk| + O(N% (log N)Pr).

Then using |S;| > a; N (with a; > 0) and setting Ay, := min;<;<j a;, we have
Ri > 20|51 |Sk| — cx N (log N)P > 26 AR N* — ¢, N% (log N)P*

with ¢ > 0 depending only on k. Now taking 6 = coN%*(log N)% with
co > 2_1ckA;k gives Ry > 0, which implies that, if IV is sufficiently large,
then there exist integers n; € S1,...,n; € Sk and b such that

(3) ny---ny = b+ 0% (log b)%r).
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If 0 is sufficiently small, it is easy to see that Rj counts the number of
integer points close to the hypersurface xy 1 = (21 - -:vk)l/k with z; € .5;
(¢ =1,...,k). In the one-dimensional case, upper bounds of such numbers
can be obtained by using results dealing with divided differences (see [2, 4]).
In the general case, estimate (2) can be attained by using exponential sums
methods. In his work [9, 10], Zhai used a double large sieve inequality for
bilinear forms first established by Bombieri and Iwaniec (see [1, 3, 7]). In
this paper, we treat the resulting sums coming from the error term of (2) by
making use of multi-dimensional exponent pairs introduced by Srinivasan
(see [8, 6]). This leads to the following improvement of (1):

THEOREM 1.1. Let k > 2 be an integer, N be a large natural number,
and Si,...,Sk be subsets of IN,2N|NZ. If |S1| > N,...,|Sk| > N, then
there exist integers ny € Si,...,n € S and b such that

ny-eong = bk + O(bk—5/3+T(/€))
where r(k) = 2(9k + 7)/(3(9k? — 3k + 10)).

Although this result is valid for & > 2, it only improves on (1) as soon
as k > 5.

2. Proof of Theorem 1.1. Clearly we have
Ry = 20|S1|- - | Skl
+ Z {((n - )% = 8) —p((n1 - ngp) %+ 8)}.

(nl,...,nk)ESl XX Sk

The following result will be useful:

LEMMA 2.1. Let d,N > 1 be integers, Dy C (JN,2N]NZ)¢, X > 1, and

let a1, ..., aq be nonzero real numbers satisfying
d d
uZai+Zai€i #14+u+v
i=1 i=1
for any pair (u,v) of nonnegative integers and any (g1, . ..,eq) € {0,1}9. Let

AeR, sg=aj+- -+ aqg and (lp,11) be an exponent pair of dimension d.
Suppose that

(4) Nllflo(sdfl) > Xlo.
Then

Z (XN nSt £ A) < (XlONl0(5d+d_1)+1—ll)d/(l“!‘dlo)‘
(n1,...,ng)EDy
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Proof. The starting point is the well-known inequality

7LH + Z che(—hx) < Y(z) < % — cpe(hx)
hezZ heZ
where x € R, H is any positive integer at our disposal and
1/H
| e(—ht)dt
0

1 1 H
\ch|<2 min R

Now summing on Dy gives

Z Y(Xnit--ng? + A)

(n1,.-,na)€Dg

Nt & /1 H N N
<<H+h§—:1mm<h’h2)’ > e(hXni-ng?)

(n1,.,nq)€Dq

H
2mwih

cp =

so that

and using the exponent pair (I, 1) gives

’ Z e(hXn{*---ng?)

(n1,.,na)€Dq

d
H XhNSd 1 loNl I
J:

( )dl()Nd{lo Sq— 1)+1 ll}

so that
Z w(Xn?l- d :tA) < % + Z b Xh)dloNd{lo(sd 1)+1-1:}
(n1,...,ng)EDy h<H
TH Z h2(X h)dlo yello(sa=1)+1-11}
h>H

and since Iy < (2d +2)~! (see [8, Definition 2]) we have —2 + dly < —3/2
and hence

N¢ dlo nd{lo(sq—1)+1-1}
XnftenSd+ A X H)Wo NHlo(sa=1)+1-1
3w )< o

(Tbl,---,nd)EDd
Taking H = [(X ~lo Nti—lo(sa=1))d/(1+dlo)] gives the desired result. m

To produce exponent pairs, one often uses A-B processes as described in
[8] to transform a given exponent pair into a new one. For example, Theorem
4 of [8] (see also Theorem 1 of [6]) states that, if (A, A1) is an exponent pair
of dimension d, then so is

Ao Ao + A1
(5) (lo, 1) = <2(1+d)\0)’ 2(1+dAo)>'
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For our purpose, it will be convenient to regard these processes as linear
transformations on projective space. To this end, set

1 0 0
A=11 1 0
2d 0 2
Then
Ao Ao
Al | =1 M+X\
1 2(1 + d)o)
from which we easily derive (5). In a similar way, if we set
o -1 3
B=|-1 -1 1
0 —2d d+2

then Theorem 6 of [8] (or Theorem 2 of [6]) implies that the pair (lo, 1)
derived from the transformation

Ao
Bl M\
1

is an exponent pair of dimension d provided A} — A9 < 1/(3d). Now define
d—1 -1 1
r=BA=|2d-1) -1 2
2d(d+1) —2d 2(d+2)
We have the following result:
LEMMA 2.2. Let (Mg, A1) be an exponent pair of dimension d such that
(6) d(3A1 —2Xg) < 2.
Then the pair (lo,l1) derived from the transformation
Ao

'\
1

is an exponent pair of dimension d satisfying (6) with (Ao, A1) replaced by
(lo,11).
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Proof. By (5) the pair
Ao Ao+ A1 )

(o, 1) = (2(1 4 d)\0)7 2(1 4+ dXo)

is an exponent pair of dimension d and condition (6) ensures that p; — po
< 1/(3d), which proves the first part of the lemma by using

Ho Ao
Blm|=I[M\
1 1

Furthermore,

d(8\o — 3A\1) + 8

(3l — 20p) = 2 —
(81 = 2lo) 20dld+ 1) — Md+d+ 2}

and using (6) we have
d(8Xo —3X\1) +8 > —2+8 =6,
Mod(d+1) = \d+d+2> (d+1)(—=143d\/2) = \id+d +2
=1(BNd* +Md+2) >0
so that d(3l; — 2lp) < 2 as asserted. m

An easy induction gives the following corollary:

COROLLARY 2.3. For every positive integer h, the pair (lg,l1) derived
from the transformation

1o
1

s an exponent pair of dimension d. In particular, for the first values of h,
the following pairs are exponent pairs of dimension d:

h (o, 11)
1 11
2d+4"d+2

3d+1 3d + 2
2(3d% + 7d + 8)’ 3d2 + 7d + 8

REMARK. The first exponent pair above has already been given by Srini-
vasan (see [8, Theorem 9]).
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COROLLARY 2.4. Let k>2 be an integer and A€ R. If N >21/k+3/(3k=2)
and |S;| > N fori=1,...,k then

3 (1 - )% £ A) < N=2/3+7(H)
(n1,...,nE)EST X+ xS,
where r(k) is defined in Theorem 1.1.
Proof. Write the sum on the left-hand side as

> > WX (ny---np_1)* £ A)

n, €Sk (nl,...,nk,1)631 X+ XSEp_1

where X = n,lc/k and apply Lemma 2.1 withd = k—1,Dp_1 = S1 X+ - X Sk_1
and a; = 1/k (i=1,...,k —1) so that sy_; = 1 — 1/k. The number

k—1 k-1
Uzai+zai5i —(14+u+v)
i=1 i=1
is equal to
1 k—1
%<Z€i—u> —-1-v
i=1

and is clearly nonzero for every pair (u, v) of nonnegative integers and every
g; € {0,1}. Furthermore, since n; < 2N, we see that hypothesis (4) is
satisfied as soon as N4 > 200/k g0 that Lemma 2.1 implies that

Z w((nlnk)l/kj:A)
(nl,...,nk)€S1><---><Sk

(k—1)ig (k=) {lg(k—1—1/k)+1—11} (k=D {(k—1)lg+1-13}

<< Z n;;{l“—(k—l)lO}N 1+ (k—1)ig << N1+ T (Do
niESk

and the desired result follows by using the (k—1)-dimensional exponent pair
(loll)z( 3k —2 3k —1 >
’ 23k2+k+4) 3k2+k+4
of Corollary 2.3. =

Now Theorem 1.1 follows at once from Corollary 2.4 and (3).
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