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1. Introduction. In 1941, R. J. Duffin and A. C. Schaeffer [DS] made a
conjecture on a Diophantine approximation problem. The conjecture states
that the inequality

(1.1)

has infinitely many solutions in positive integers m and n for almost all
real numbers « if and only if Y00, ¢(n)y(n)n~! = oco. If this series con-
verges, then we can easily see that has only finitely many solutions
in positive integers m and n for almost all a. So the only difficulty is
proving that has infinitely many solutions for almost all @ whenever
>, d(n)yY(n)n~t = co. R. J. Duffin and A. C. Schaeffer also gave a suffi-
cient condition on ¥ (n) for to have infinitely many solutions a.e., which
is called the Duffin-Schaeffer theorem. In 1950, J. W. S. Cassels [C] showed
that the inequality |o — m/n| < 1¥(n)/n without the condition (m,n) =1
has infinitely many solutions for either almost all o or almost no «. Then
in 1961, P. X. Gallagher |G] added the condition (m,n) = 1, and proved
that has infinitely many solutions for either almost all « or almost
no «. In 1970, P. Erdés [E] showed that if 1(n) = 0 or ¥)(n) = en™! for all
n € N and some £ > 0, then has infinitely many solutions in positive
integers m and n for almost all a if Y%, ¢(n)y(n)n~! diverges. In 1978,
J. D. Vaaler [V] gave a more general result following P. Erdés’ idea. More
precisely, he proved that has infinitely many solutions in positive in-
tegers m and n for almost all « if ¥(n) = O(n™1) and > 00, ¢(n)(n)n =1
diverges.

Diophantine approximation of complex numbers was first considered in
1887 by A. Hurwitz [Hu], who discussed Diophantine approximation by con-

m

n

< 1#5171)7 (m,n) =1,
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tinued fractions over the quadratic fields Q(v/—1) and Q(v/—3). Since then,
a number of papers on this subject have appeared, such as [E], [P] and [N].
In 1982, D. Sullivan [S] gave a metric result on Diophantine approximation
over an imaginary quadratic field under a condition similar to the condition
of the Duffin-Schaeffer theorem. In 1991, H. Nakada and G. Wagner [NW]
proved a Duffin—Schaeffer type theorem over an imaginary quadratic field,
as well as a Gallagher type theorem.

In this paper, we discuss a further development of the metric theory
of Diophantine approximation over an imaginary quadratic field. Our main
result indicates that the difficulty of the complex number version of the
Duffin—Schaeffer conjecture is similar to that of the one-dimensional real
case. Indeed, we will show that a Vaaler type theorem holds in this case,
and then we find the same difficulty as in the case of real numbers for proving
the complex version of the Duffin-Schaeffer conjecture. We refer to [HPV]
and [BHHV] for the recent developments on the original Duffin-Schaeffer
conjecture.

For a given square-free negative integer d, we consider

Q(Wd) ={p+qVd:pqecQ}
and its maximal order
Zw] ={m+nw:m,n € Z}
where
w:{(1+\/a)/2 if d =1 (mod 4),
Vd if d=2,3 (mod 4).
In order to avoid the problem of different prime factor decompositions of
an integer in Z[w|, we consider ideals to get the uniqueness of prime factor
decomposition. For a € Z[w], we denote by (a) the principal ideal generated

by a. Then we can give a complex number version of the Duffin—Schaeffer
conjecture as follows: the inequality

_ ()

7]

a

(1.2) .

;o (ra) = (1),

has infinitely many solutions in r,a € Z[w] for almost all z € C if and only
if S &((r))¥2%((r))|r|~? = oo. Here (r,a) denotes the ideal in Z[w] generated
by r and a, and (r,a) = (1) means that r and a are coprime in terms of
ideals. We set

F={zeC:iz=x4+yw,z,y e R, 0<z,y < 1}.

Without loss of generality, we discuss our problems for almost all z € F
instead of z € C. The function ¥((r)) is a non-negative real-valued function
defined on the set of principal ideals of Z[w]. The function ¢((r)) is a complex
number version of Euler’s function over Z|w]|, which counts the number of
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integers a € Z[w] relatively prime to r and a/r € F, and it equals the
number of residue classes modulo the principal ideal (r). Then we have
d((r)) = |r|? [p (- N~L(P)), where P denotes prime ideals of Z[w] and
N(-) denotes the norm of ideals.

Our main theorem is the following.

THEOREM 1.1. If ¥((r)) = O(|r|™1), then (1.2) has infinitely many solu-
tions in r,a € Z[w] for almost all z € C whenever > ®((r))¥2((r))|r| 2= .

We define £, as the set of complex numbers z which satisfy (1.2) for a

given r € Zw], i.e
'4
z_“‘ <ZE) s erl.
r

Ery = U {z: ]

a€Z[w]
a/reF
(a,r)=(1)

To prove Theorem [I.1] it is enough to show

(1.3) A(ﬂ U Ep) = Jim A( U 5@)—1

=1|r]?=N
whenever ¥((r)) = O(|r|~!) and Z@((?"))WZ((T)HTV2 = o0o. Here \ denotes
the normalized Lebesgue measure on F.

We extend two theorems of Vaaler [V, Theorems 2 and 3] to imaginary
quadratic fields:

THEOREM 1.2. Suppose there exist an integer k > 2 and a real num-
ber n > 0 such that the following condition holds: every finite subset Z of
{k,k+1,...} with 0 < A(Z) < n satisfies

(1.4) ) MEp NE) < AZ),

[r|2€Z |s|2€Z
(r)#(s)

where A(Z) =32z M(E(r))- Then 3 O((r)P?((r))|r| == oo implies (L.3).

THEOREM 1.3. If ¥((r)) = O(|r|~1), then there exists n > 0 such that
if Z is a finite subset of {2,3,...} with 0 < A(Z) <n, then

1 2
(1.5) ) AMEWNE) < AQ(Z)(lnlnA(Z)>.

|r|2€Z |s|?€Z
(r)#(s)
We note that (|1.5)) is stronger than since there exists a large rational
integer k such that A(Z)(ln In A(Z)~ ) < 1 with Z = {k,k+1,...}.
In the next section, we will prove Theorem [I.3] and then prove Theo-
rem which will complete the proof of Theorem We note that we do
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need the condition ¥((r)) = O(|r|™!) in the proof of Theorem but we
do not need it in the proof of Theorem [1.2

2. Proof of main results. Throughout this section we will use N(-)
for the norm of an ideal over Z[w], and use P (and P;) for prime ideals.
We also use ¥(+) to denote the number of residue classes modulo ideals, the
complex number version of Euler’s function.

We denote by g(R), for an ideal R of Z[w], the smallest positive integer v

that satisfies 1
— < 1.
2. N <

P|R
N(P)>v

Before proving Theorem we give some lemmas similar to Vaaler’s
estimates [V].

LEMMA 2.1. If R is an ideal of Z|w] and g(R) = v, then
H 1- L < @ as v — 00
N(P) N(R) '

PR
N(P)<wv

Proof. From the formula for Euler’s function over ideals, we have

(R)=NR) [] (1 - N(1P)>

P|R

PR P|R
N(P)<v N(P)>v
2B o(1- L)
x| (P% n(1-557) |
N(P)>v
o(R) 1y
= N(R) eXp{N i NP +§;jw(p)}
Moreover,
(2.1) Zi L _ ! <Z#.
2 JNI(P) 2 N(PY(N(P) 1) = 2= N¥(3)

Here ) ¢ is a sum over all ideals of Z[w]. In order to show the right side
of (2.1)) converges, we first estimate the number T'(IV) of ideals whose norm
is less than or equal to a given rational integer N. By [H], there exists a
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constant k(d) such that

lim L) k(d),

N—oo

which shows that uy = T'(N)/N is bounded. Let T; denote the number of
ideals whose norm is equal to i € N. Then T'(N) = Zfisz From Ty =
Nuy — (N — 1)un_1, we have

N N

1 T;
> gt
No NS T
unN 2
< N + N2uN_1-|- (N—I)QUN_2+ + 22u1
N

< ; %2 as N — oo.
So the right side of converges, which implies
H (1— ! ><<@(R) as v — 00. m
AN S w)

N(P)<v

We now give a corollary of Lemma which we will use later.
COROLLARY 2.2. If R is an ideal of Z]w] and g(R) = v, then
P(R)
N(R)

Proof. Here we need M. Rosen’s [R] result on Mertens’ theorem for an
algebraic number field K:

1< In(l14+v) asv— oco.

11 (1 - N(1P)> - = lagInz 4 Og(1)

N(P)<z
where v > 0 and ag are constants. From Lemma [2.1] we have
&(R) < 1 )1 &(R) ( 1 >1
1< ¢ 11— —— < 1— ——
N(R) I N(P) N(R) 11 N(P)

P|R (P)<v
N(P)<v

&(R)
N(R)

For &, z,v > 0, we define a collection N (&, z,v) of ideals of Z[w] by

1
N(& z,v) = {R: ;{ W > ¢, N(R) S:p}.

N(P)>v

<

In(l4+v) asv — oo. m
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We denote by #N (£, z,v) the number of ideals in N (£, z,v). Then we can
extend Vaaler’s estimate [V] to the complex number case as follows:

LEMMA 2.3. For any € f,x > 0, we have

(2.2) #N (& v,2) < el — o0 with § = €.

Proof. Suppose 0 < ¢ < 1 —1/ef =1 —1/3. It is enough to show the
conclusion for such ¢ since the right side of becomes larger if £ gets
larger. Let [v, w] be an interval with w = v#(1—=2¢/3) Let {Py,..., Py} be the
set of all prime ideals whose norms are in [v, w] with N(P;) < --- < N(Pyy).
Let 7 be the prime-counting function in the sense of ideals of Z[w], i.e. w(w)
is the number of prime ideals whose norm is less than or equal to w. Then
we see M > m(w) — w(v). We have the equality

vP1=2¢/3) B B(l—¢/3)Inv
ﬁ_ﬁ T ouBe/3 Bl —e/3)v 1-B(1—2¢/3) "

Since e < 1—1/f, we have 1 — ﬁ(l 2¢/3) < 0. Hence there exists an integer

vo(e, &) > 0 such that % — % > vA1=25/3) for any v > vy and we have

M > 7(w) — ()»m—mZv(kzs/g) as v — 00
by the prime ideal theorem.
Next, we divide all the ideals in NV (&, z,v) into two classes.

CLASS 1: There are no less than M different prime ideal factors of R
and their norms are all in the interval [v,e"]. By using Mertens’ theorem
on algebraic number fields [R],

1 1
Z 1\T(P)Zln1n$+BK+OK<h1x>

N(P)<z

where By is a constant depending only on the algebraic number field K. We
denote by N7 the number of ideals of class 1. Then
)" )M

( ngN(P)gew ﬁ (Inw

N <z i Lz i as v — 00,
where w < M?. From Stirling’s formula we have
In w M 2M 6lnlnM M 2M6M+MlnlnM
(2.3) x( ) < ( ) Lx
M! M! MM\/2r M
x
< W as v — o0.

CLASS 2: There are less than M different prime ideal factors of R and
their norms are all in [v, e”]. By using Mertens’ theorem on algebraic num-
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ber fields [R], we have

1

2 NP, < lnlnw—lnan:§+ln<1—§> <§—§ as v — o0.

From
1 1 1 1
_— = D E— _— D E— >

2 wxp- X Nt X NmT X Np 2

PR P|R PIR PIR
N(P)>v>g(R) v<N(P)<w w<N(P)<e® N(P)>e¥

and the definition of class 2, we see that

1 1 1 €
— — < — - = .
Z N(P)+ Z N(P) = Z N(P)<<§ 5 as v — 00
P|R PIR
v<N(P)<w w<N(P)<e™

So we have the estimate

P|R
N(P)>e®

The number of ideals R of class 2 is less than ZN( R)<e 1 and so

(2.4) Yoix Z Z

N(R)<z N(R)<z P|R
N(P)>e"

1 1 T
<o 2 NP N

N(P)>ew

€T 1 1 1
< p— PR
: <(ew)2 T ) Terrner 2 T >
1 x
g' wB(1—22/3)

The estimates ) and (2.4) imply (2.2] .

For a fixed r € Z[w] and &, v > 0 we define two collections A, (£, v) and
B, (&,v) of ideals by

Ago={a:al0. Y gz

P|A
N(P)>v>g((r))

B0 ={B:Bl0. X <o)

P|B
N(P)>v>g((r))

< as v — 00.
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LEMMA 2.4. For any €,§ >0 and v > g((r)),

R E(G))

N(A) 505 as v — 0o with B = €f.
e

A€A (&)

Proof. Let w = vP1=¢/3) where 0 < e <1 —e¢ =1 — 3L, Suppose
there are M different prime ideals Pi,..., Py with v < N(P) < -+ <
N(Pyr) < w. Let J be any collection of M different prime ideals whose
norms are in [v,00). Then from the proof of Lemma we have

Z ( N ; as v — Q.
pPeg Jj=1
For any A € A,(&,v), we have
Z N1P =
. NP
N(P)Zv>g((r))

This implies that for all large v, there are at least M different prime ideal
factors of A whose norms are all in [v,00). Let Q1,...,Q  be all different
prime ideal factors of (7).

CASE 1: J < M. From the discussion above, A, (£, v) = 0 for all large v,
which means >~ 4c 4 (¢.) N-1(4)=o0.

CASE 2: J > M. Since v > g((r)) and Z}'le N=1(Q;) < 1, we have

. . 1 (Saw) 1 1
25 > 7) ZN(A)' M <<ZN(A))M!-

A€A(&v) Al(r) Al(r)

Suppose (r) = Q" --- Q) where Q1,...,Q; are all different prime ideal
factors of (r) and 1, . .. ,7 7 are positive integers. By Corollary we have

1 1 1
(26) ZN < N<Q1>+N2<Q1>+'”+N“<Q1>>

Al(r)

-<1+ + +---+1)
N(Q2)  N*(Q2) N2(Q2)

. (1 + 1 _|_ 1 _|_ “ e + 1)
N(@Qs)  N*(Qy) N7(Q.)

1 -1
< Q]‘(E) (1—N(Q)> < In(1+g((r)) asv— oo.

@ a prime ideal
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From (2.3)), (2.5, and (2.6)), we have
s 1 ()

N(A) 61)6(176)

as v — oo with B = €5, m
Ac A (&)

LEMMA 2.5. Suppose (s),(r) are two principal ideals with s,r € Z[w]
and U = (s,r). Then fore,§,x >0, y > 2, and v > g((r)), we have

I (it g((n)Iny
(2.7) Z 5 < e as v — 0o,
(s)°
zN(U)<|s|?<zyN(U)

<
2 B(1—¢)
o) ! ¢

2N~ U)<|s]2<zyN—H(U)

as v — 00,

with B = €. Here >_(sy» means the sum over (s) satisfying g((s)) = v.

Proof. The right sides of (2.7 and (2.8)) are both independent of U and z.
Thus, by choosing x properly, we see that (2.7)) and (2.8)) are equivalent. So
we only need to prove (2.7). Let (s) = US’ and (r) = UR'. Then

1 1
(2.9) > FE > > 52
(o) i) (o

2N(U)<|s|2<zyN(U) N(U)(<8| 7")2<U N
x sl?<zy

- ¥ DR DD >

UeAr(1/2,v) (s)? UeB,(1/2,v) (s)v
(s,r)=U (s,r)=U
2N(U)<|s|2<zyN(U) 2N(U)<|s|2<zyN(U)
Here we have
> > e TR
s[> N(U) N(5")
UeAr(1/2,v) (8)? UeA-(1/2v) (US)Y
(s,r)=U (s,r)=U
2N(U)<|s|2<zyN(U) x<N(S)<zy

(> sl 2 )

UeA,(1/2,v) o<N(S")<zy

By using the same method as in the proof of Lemma [2.I] we estimate

1
Z: (S') Llny asy— oo

z<N(S")<zy
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From Lemma 2.4] we have

1 In(1 4 g((r)))
Ll R S e BT
€A (1/2,v)
and so
1 In(1+g¢((r))) Iny
(2.10) Z Z 52 < ( vﬁgl(*;)) as v — 0.
UeA-(1/2,0) (5)° €
(s,r)=U

2N(U)<|s]?<zyN(U)

Thus we get the desired estimate of the first term on the right side of
with U € A,(1/2,v).

Now we consider the second term of the right side of with U in
B-(1/2,v) and ¢g((s)) = v. In this case we have

1 1 1
< - - -
1< )2 xS X NE T X NP
Pl(s PlU P|S’
N(P)Zv=g((s)) N(P)Zzv N(P)zv
1 1
2t 2 Ny
Pls’
N(P)>v

which shows > psr ()0 N=1(P) > 1/2. From Lemma we see that

1 1 #N(1/2,v,22)
2 N(S’)<( > 1) z

z<N(S")<2z z<N(S")<2z
1
< e as v — 0oQ.

Thus we have

[y]
Z N(lsf)<31;kzlzlc( > )

<N (8" <zy kx<N(S")<(k+1)z

1 1 1 1/1 1 1
<t(i-g)wv(goe) 2 (-3 ) (po)

N (o0 ]+ 1)

c(ieiely )y L
2 3 [Z/] evﬁ(lfﬁ

<lny-

1
R mp
x

761}5(1—5) as y — o0.
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This gives the estimate of the second term as follows:

(2.11) > > ‘81|2

UeB,(1/2,v) (s)(®)
(s,r)=U
=N(U)<|s|?<zyN(U)

(.2, 5 T

UeB(1/2,v)

< 1 Iny
1) \Gp N@)J 70

Tz<N(S")<zy )

1
<l +g((r)—seg  as v — oc.
&

> Iny
= B(() e
Now we can deduce the assertion of Lemma from (2.10) and (2.11]). m
Proof of Theorem|[1.5 Let r,s € Zw] with (r) # (s). Set
[ e((r) ¥((s)) v ((r) ¥((s)
o= mnf S = e SR T
t = max{g((r)),9((s))}-

For a,b € Z]w] and given r and s, let

Ro=locr. || 2N o [ cp.|, 0 L2
r ] 5 |s]
Then
5(7') - U Rau g(s) = U Sb
a€Zlw] beZ[w]
a/reF b/seF

If ¥((r)) <1/2 and ¥((s)) < 1/2, then for any a; # az we have Ry, N R,
= (), and similarly for S,. Then

(2.12) MEmNEH) = D D ARaNS)
a/reF  b/seF
(a,)=(1) (b,5)=(1)

SIS MRED Ot

a/reF  b/seF a/reF  b/seF
(a,r)=(1) (b, 8) (1) (a,r)=(1) (b,s)=(1)
la/r—b/s|<A las—br|<|r||s|A
We define

H(k) = {{a, b} :a,b € Z|w], as — br =k, (a,r) = (b,s) = (1),
with a/r,b/s € F}.
We will estimate the cardinality #H (k). Let U = (r,s) and S’ and R’ be

the ideals determined by (s) = US’ and (r) = UR'. Since ((a),R') = (1)
and (S, R') = (1), we have (a)S’ # (b)R', which shows #H(0) = 0. Since
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U|(as) and U | (br) imply U | (k), we have #H (k) = 0 if Ut (k). So we only
need to consider k € Z[w] with U | (k). In this case, the principal ideal (k)
can be uniquely represented as (k) = U-U, (k) K1. Here Uy, is the ideal whose
prime ideal factors are all also prime ideal factors of U, and (K1,U) = (1).

If (K1,UR'S") # (1), then we can find a prime ideal P such that P | K;
and P|UR'S’. Since (K1,U) = (1), either P|R’ or P|S’. If P| R/, then
P|(br) and Pt(s). Here P| R implies P{(a) and we have Pt (as), which is
impossible since P | (k). We can use the same approach for the case of P |5’
and get the same conclusion. Hence if (K1, UR'S’) # (1), then #H (k) = 0.

If (Ugy,R'S") # (1), then we can find a prime ideal P with P |Ujy,
and P|R'S’. If P|R/, there exists a positive integer n such that P™|U and
P"14U. Then P**!|(r), which means br € P"*1. From P"*!|(k), we see
that P|(a), which is impossible since ((a),R’) = (1) and P|R'. We can
use the same method for the case P|S" and get the same conclusion. So if
(U(k), R/SI) 7& (1), then #H(k) =0.

Consequently, we only need to estimate #H (k) in the case (K1,UR'S’)
= (1), (Uw),R'S") = (1) and N(U) < |k[>. Suppose {a1,b1} and {ag, by}
are two different pairs of integers in H(k) for a given k € Z[w]. Then
(a1 —a2)(s) = (b1 — b2)(r). So we have

(2.13) R/ ’ (a1 — a2> and S/ | (b1 — bg).

We consider the set of pairs (a,b) with a/r,b/s € F such that any two of
them satisfy . Then its cardinality is |r|2N~(R') = N(U).

Next, we estimate the number of pairs of integers a, b in the above set
with (a,U) = (1) and (b,U) = (1). For this purpose we consider the pairs
of integers a,b with (a,U) # (1) or (b,U) # (1) and exclude them from
the pairs of integers a, b in the above set with |a| < |r| and [b] < |s|. Here
we assume aj,b; and a;,b; are two different pairs of solutions of .
Now we estimate the number of pairs of integers a,b with (a,U) # (1) or
(b,U) # (1). Since U can be decomposed into U = P} - -PJ’-Yj, we consider
two cases for P (= P;).

Case 1: P|U, P{Uy,, and P{R'S’. We will show that P|(a;) im-
plies P{(b;), which means that a,b are in different residue classes mod-
ulo P. Indeed, since R'|(a; — a;), S'|(bj — b)) and ged(N(P),N(R')) =
ged(N(P),N(S")) = 1, we have P|(a; — a;) and P|(b; — b;). These show
UP+{ (k) and UP | (aj;s), which means UP¢t(b;r) and thus P{(b;).

CASE 2: P|U and either P |Uy, or P|R'S".

(i) P|Ug and P{R'S’. As in Case 1, we have P|(a; — a;) and
P|(bj —b;). Since UP | (k) and UP|(a;s), we have UP | (b;r), which im-
plies P | (b;). So in this case P |(a;) implies P | (b;), which means that a,b
are in the same residue class modulo P.
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(ii) P|R'S". Assume P|R' and P{S’. Note that then P{(a;). Since
(P,S") = (1), all the integers b are in the same residue class modulo P. In
this case, we only need to exclude the pairs a,b with P|(b). Similarly, for
PYR and P|S’, we only need to exclude a,b with P | (a).

From the above discussion, we have

(214)  #H(k) <NU) [] (1 - N(2P)> 11 (1_ N(1P)>
P|U

P|U
PHU 4 P|UgyR'S’
PIR'S’
1 1 1
< NU 1—— 1—— 1——
o1l (=xm) IT () 11}( )
PTRls/ PJ[R/S/ PlRlsl
1 1
<1l ) 11 (- 5m)
PIR'S’ PIR'S'
1 1 \!
= 11 (“N(P)) 11 (“N(P)) '
PIU P|U,
PiR'S’

Now we use some notation following Vaaler [V]:
Jo={P:P|U P{R'S'Y},
Ji={P:P e NP) <t}
Jo=A{P: P e Jy N(P) >t},
T ={I:T=P/ P P...., Py € T Vs € L}
with m = 0,1, 2.

Since U,y € Ty, we divide Uy, into two parts IT € 7y and Iz € Iy, with
Uxy = I112. Then, together with ( -, we have the following estimate:

(2.15) -1 ¢
B L B 1 HPGJz( W)
#H (k) < O(U) Pl;jl <1 N(P)> PrI[ (1 N<P>> i, (1~ (7))
1 1\
g@(U)Plgj1<1 - N(P)> H(l ) N(P>) |

Let
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Since (K1,U) = (1) and (U, R'S’) = (1), we have (K1, R'S'U) = ( )
and (I, R'S") = (1), which implies (K,Q) = (1). Then by using

and (2.15)), we get

(216)  AMEmNEW) <6 Y #H(k)

keZ]w]
1<k 5]
< §? o(U — - B
2 2 O sm) H e
el 22 Pel Pl
LN < 41‘\?<|U|>3111<11>’
(K.Q=(1)
e 1 1\
_6d5(U)H<1—N(P) S (T sm Y ).
Pegy hel, Pl

K 2
215124
L<N(E) = xmywr)

(K,Q)=(1)

By the Landau prime ideal theorem [L], 7(y) = Li(y) + Ox(ye~VInY) we
have (7(y)(In2 +Iny) + Inlny)y~t < 1 as y — oo. Then there exists b > 0
such that for any y > b, we have 7(y)(In2 4+ Iny) + Inlny < yIn 3. We will

estimate
> D MEnnEw)

|r|2€Z |s|2€Z
(r)#(s)
by considering two cases.
CASE A: t > b and [t]?|s|?A? > 3'N(U). By the sieve method for imagi-
nary quadratic fields, we see that

(2.17) > 1=>_ uD) <[ USQ(SI';A;(D)D

DIQ

K sl2A

R
D) 1S PP A’
h Dz|c:z (U)N(L)) %H(D){N(U)NUDN(D)}

< |74|’2A21_[<1_1> +2"®  ast — oo,
~ NON(L) 50 N(P)

where p is the ideal version of the Mdbius function, that is,

-1 fD=pP-- P,
upy = {7 20 :
0 if there exists P such that P~ | D,
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and T'(+) is the function we have used in the proof of Lemma Next we
use Mertens’ theorem for algebraic number fields [R] to get

1
: = ) -
tliglo(lnt) H <1 N(P)> e K,
N(P)<t
From this formula we have
at) o IPPsPPA? 1
- NU) t®Int

]r|2|s|2A2 1 1
< N(U) g 1 N(P) =0 as t — oo.

(2.18) 2

If N(I) < t™®) we insert (2.17) and (2.18) into (2.16) to obtain
o(U) 1
2 2112 A2 _
(2.19) A(g(r) N 5(5)) ) N(U) Ir|*|s|*A | | (1 N(P))

PlQ
0-so) (s )

PeJ;
w2((r)) w((s)) 1
< &((r)) P P((s)) s 11_[[] <1+ N(P)(N(P) — 1))
PIR'S'
N(P)<t

LK AMEMAME)  ast— oo

If N(I;) > t™®) then there exist a prime ideal P € J; and v € Z such
that PY|I;, N(P) < t, and N7(P) > t. This implies that there exists an
ideal D such that D?|I; and N?(D) > t*/3. Then we have

(220) Ay NEW) < SU) Y 2 1
Lely K 2112 A2
N(I1)>t®) LEN(K) < iy
<a?o(U) Y 2 !
D J
[t1/3]<N(D)<o0 D

21412 A2
1<N()< FEAs

B(U
< ‘MQNEU; EREE
D

[t1/3]<N(D)<oo
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We use a method similar to the proof of Lemma @ to estimate
Z N( < Z t1/3 as t — oo.
[t'/3]<N(D)<o0 —
We insert this estimate into (2.20) and with Corollary we get

(221) M NEw) < PP 75
2 r 2 s
<o) ()™ o)

< /\(5(7,)))\(5(8)) as t — o0.
Together with (2.19) and (2.21]), we conclude, in case A, that

|r|2€Z |s|2€Z |r|2€Z |s|2€Z
(r)#(s) (r)#(s)

CASE B: t < b or |r|?[s|2A% < 3IN(U). Let ny = e max{b:Civo} and
suppose 0 < A(Z) < ng. We set L =1n(1/A(Z)) and obtain

™0 T (- LY L
(2.23)  AEqpy NE) < T2 ((r) P2 (( ))N(U) PI;I71<1 N(p)) 116211 ®(14)

2 r 2 s _ L

< P()() IHU (1- 55
P§E]1
1 1
ll < N(P)(N(P)—1) (N(P))2(N(P) — 1)>
v2((r) 4 w3 ((s))

<

BE ®((r)) In(1 + g((r )))Wﬁﬁ((S))ln(lJrg((S)))

< )\(5(,,))/\(5(8)> ln2(1 +1t) ast— oo.
If t < L, which implies L > b, then from we deduce that

224) D DY MEWNE) < Y. Z AEEAEr) n* (1 + 1)

|r|2€Z |s|2€Z |r|2€Z |s|2€Z
(r)#(s) (r)#(s)
t<L

< A%(Z) <1n<1 +1In /1(1z)>>2

< A%(Z) <ln In

1 2
A(Z)) as t — oo.
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If t > L and N(U) < |r|?|s|2A% < 3IN(U), then

(2.25) Z Z A(g(r)ﬁg(s))

|r|2€Z |s|2€Z
(r)#(s)

<330 XX B
m=Ln=1 (™ ()"

Ir|2€Z |s|?€Z
N(U)<[r[?|s|]>A2<3™N(U)

S (X e )3 (1))
e ISISQ)GHZ |7E|T2):Z
NU)<|r|?|s|2 A2<3™N(U)

< DD ME) M +n) > 7((r)))

m=Ln=1(s)" (r)™
|s|2€Z N(U)<|r|?|s|2A%2<3™N(U)
< Ym+m) Y (D M) > (1))
m=L n=1 (r)m™
|s|2€Z N(U)<|r[?|s|? A2<3™N(U)

If @ ((r)r|~t < @((s))ls| ™", then
A=w((s))ls|™" and [|r]?|s]A% = |rPW2((s)).
By using Lemma 4 with £ = 1/2 and e'/2(1 — ¢) = 3/2, we get

1
(2.26) > w2 ((r) < C > e
()™ ()™
N(U)<|r[202((5))<3™N(U) N(U)<|r[202((5)) <3 N(U)
< C(In(1 + n))(In3™)e~m""
3/2

< Cm(In(1 +m))e ™",
where C' > 0 is a constant which satisfies ¥((r)) < C|r|~! for all principal
ideals (7).
If &((r))|r|~t > ¥((s))|s|™!, then we can use the same approach of
Vaaler’s to divide the set Z into some small pieces, that is, let

W; = {e € Zw]: C/27T! < |e]*W%((e)) < C/27}

with j = 0,1,2.... For r € W; and N(U) < [s|>®2((r)) < 3™N(U), we see
that
C|s|?2777 137N HU) < |r]* < C|s[*27/N~H(U).
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From Lemma [2.5] we have
(2.27)

=1 1
%;1 w2 ((r) < C;W (2); OB

J
NU)<[r[?2((s))<3™N(U) Clal? i <lrP< J\ &
2 3m

[e.e]

< CZ o7 In(1+9((s))) In(3™)e™
j=0

3/2

3/2

< Cmn(1+m)e ™

By using ([2.25)—(2.27), we find that
(2.28) Z Z )\(E(T) ﬂg(s))

|r|2€Z |s|2€Z
(r)#(s)
<Y ln(l—l—m)Z( 3y A(S(s))Cm(ln(l+m))e_m3/2)
m=L n=1 (s)"
|s|2€Z
<0 mime (3 3 M)
m=L n=1 (s)"
1 sz
—A(Z) = A*(Z).
< L A(Z) = (2)
Then ([2.24) and (2.28)) imply
1 \2
2
(2.29) YD) M NE) < 4 (Z)(lnlnA(Z)>
[r|2€Z |s|2€Z
(r)#(s)

in Case B. From ([2.22)) and (2.29)), we get the assertion of Theorem .
Proof of Theorem . Since Y ®((r))#?((r))|r|~2 = oo, by using a Gal-
lagher type result for imaginary quadratic fields [NW], we conclude that
limpy o0 )‘(UTrOP:N Ery) =0or 1.
Suppose Imy o0 MUjr2=n €(r)) = 0. This also implies

(2.30) lim  A(&q)) = 0.

[r|2—00

We can choose a large rational integer m where )\(Uwz,m &) < 7. Let j =

max{k,m}. From 3> &((r)P2((r))|r| 2 = YiSe_, ME)) = oo and (2:30).

it follows that there exists a finite subset Z of {j,7 + 1,...} such that
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n < AZ) < n. Since U, 2ez €r) € Uppj2=im €(r), we have

777>)\( U ) =2 U &

Ir|2=m r|*€Z
> > MEw) - Z D MEHNE)
|r]2eZ |r\2eZ\ [2eZ
(r)#(s)
>>A(Z)—»1A(Z)>>1n
> 5 =3

which is impossible. This implies limy_ )‘(U\O:i2:]v Ewy) # 0, proving the
assertion of Theorem [l =
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