ACTA ARITHMETICA
170.1 (2015)

Sums of three cubes, 11
by

TREVOR D. WOOLEY (Bristol)

In honorem R. C. Vaughan annos LXX nati

1. Introduction. A heuristic application of the Hardy—Littlewood (cir-
cle) method suggests that the set of integers represented as the sum of three
cubes of natural numbers should have positive density. Although intense ef-
fort over the past 75 years has delivered a reasonable approximation to this
expectation, an unconditional proof remains elusive. However, each phase of
progress has been accompanied by technological advances of value elsewhere
in applications of the circle method, and so even modest advances remain of
interest. The most recent progress [26] hinges on an extension of Vaughan’s
method [21] utilising smooth numbers, in which fractional moments of ex-
ponential sums are estimated non-trivially. In this paper, we make further
progress on sums of three cubes by exploiting a new mean value estimate
to improve earlier estimates for fractional moments of cubic smooth Weyl
sums. Although these improvements are modest in scale, such estimates
have found many applications (see, for example, [I], [5], [6]), and it seems
reasonable to expect that our new bounds will also be of considerable utility.

We begin with a new lower bound for the number, N (X), of integers not
exceeding X which are the sum of three cubes of natural numbers.

THEOREM 1.1. One has N(X) > X?, where § = 0.91709477.

Lower bounds for N(X) are at least implicit in work of Hardy and
Littlewood [10] from 1925. By developing methods based on diminishing
ranges and their p-adic variants, Davenport [8] established the lower bound
N(X) > X'3/15-¢ subsequently obtaining N(X) > X*7/54¢ (see [9]).
Thirty-five years later, Vaughan [19], [20] enhanced these methods, first
proving that N(X) > X%97¢ and later that N(X) > X'9/21=¢ His
seminal introduction [2I] of methods utilising smooth numbers led to the
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lower bound N(X) > X'/12-¢ (see also Ringrose [I8] for an intermedi-
ate result). The author’s derivation of effective estimates for fractional mo-
ments of smooth Weyl sums [24] first delivered a lower bound of the shape
N(X) > X1-¢/3=¢ where ¢ = 0.24956813 ... denotes the positive root of
the polynomial €3+ 16£2 4 28¢ — 8. Subsequently, the author obtained a sim-
ilar estimate in which £ = (v/2833—43)/41 = 0.24941301 . .. (see [26]). With
this value of £, one has 1 —&/3 = 0.91686232. . ., which should be compared
with the exponent 0.91709477 of Theorem [I.I} Subject to the truth of an
unproved Riemann Hypothesis concerning a certain Hasse—-Weil L-function,
meanwhile, one has the conditional estimate N(X) > X'~¢ due to Hooley
[13], [14] and Heath-Brown [I1].

Theorem [L] follows from an estimate for the sixth moment of a certain
smooth Weyl sum. Define the set of R-smooth numbers of size at most P
by

A(P,R) ={n€[l,P]NZ:p|n and p prime = p < R}.

Then, with e(z) = >, we introduce the smooth and classical Weyl sums

(1.1) f(a; P,R) = Z e(ax®) and F(a;P) = Z e(azxd).
2€A(P,R) 1<z<P

In §7 we establish the mean value estimate contained in the following theo-

rem.

THEOREM 1.2. Write dg = 0.24871567. Then there exists a positive num-
ber n with the property that, whenever R < P, one has
1
(1.2) VIF(a; P)? f(a; P, R)*| da < P*¥%6,
0
For comparison, [26, Theorem 1.2] yields a similar estimate with g =
0.24941301 ..., whilst the earlier work of Vaughan [21] provides an analogous
sixth moment estimate for f(«; P, R) with associated exponent dg = 1/4+¢
for any £ > 0. Note that in many applications (see [5]-[7]), it is crucial that
hold with dg < 1/4, hence the significance of Theorem
The bound leads to improvement in estimates associated with the
unrepresentation theory of Waring’s problem for cubes. Let E4(X) denote
the number of integers not exceeding X which are not the sum of s cubes
of natural numbers. Then the arguments of Briiddern [3] and Kawada and
Wooley [16] lead to the estimates recorded in the following theorem.

THEOREM 1.3. Write 7 = 2(§ — 0.24871567) = 1/2725.15.... Then
By(X) < X327 B(X) < XPTTT Be(X) < X372

The aforementioned work of Briidern [3] yields the bound Ey(X) <

X37/424¢ whilst Kawada and Wooley [16, Theorem 1.4] obtain a conclusion
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similar to that of Theorem though with 7 slightly smaller than 1/5962.
We will not discuss the (routine) proof of Theorem [1.3] further here, noting
merely that the conclusion of Theorem [I.2]is the key input into the methods
of [3].

We establish Theorem as a consequence of estimates for the mean
values

1
(1.3) Us(P.R) = {|/(c: P, R)|" dao,
0

with 4 < s < 8. The iterative method of [24] obtains a bound for Us(P, R)
in terms of corresponding bounds for Us_s(P, R) and Uy(P, R), wherein ¢
is a parameter to be chosen with 3(s —2) < t < 2(s — 2). A key player
in determining the strength of these estimates is an exponential sum of the

shape
ﬁl(O&) = Z Z e(au_S(Z% - Zg))a

u€A(P°R,R) z1,22€A(P,R)
u>PY 21=29 (mod u?3)
21722
in which 6 is a parameter with 0 < 6 < 1/3. This exponential sum is
made awkward to handle by the constraint that the summands z; and zo be
smooth. In this paper we estimate the auxiliary integral

1
VFi(@)|f(a; P, R)" 2 da
0

in terms of the mediating mean value

1
{IF1(0)2f(a; P, R)?| da.
0

By orthogonality, the latter counts the number of solutions of an underlying
Diophantine equation. By discarding the smoothness constraint implicit in
the sum Fi(«), much of the strength of the Hardy—Littlewood method may
be preserved in the ensuing minor arc estimate. After preparing an auxiliary
estimate in §2, we analyse this new mean value in §3, and indicate in §4 how
it may be utilised in the method of [24]. Ideas relevant for the estimation
of the mean value Us(P, R) when s = 6, and when s > 6.5, are presented
in §5.

The Keil-Zhao device (see [I7), p. 608] and the discussion leading to [27,
equation (3.10)]) enables us in §6 to obtain stronger minor arc estimates for
smooth Weyl sums than available hitherto. When m C [0,1), 0 < ¢ < 2 and



76 T. D. Wooley
s > 6, this idea delivers an estimate of the shape

/2!
105 P, R)*** da < P2 (sup [F(as P)]) ' {1 (e P, R)[* doy
m aem 0

in place of

1

§170: P, R)™ do < (sup | f(a: P.B)])' | |F(o: P, R dov

e acm 0
The ease with which classical Weyl sums can be estimated on sets of minor
arcs ensures that this device is of utility when s lies between 6 and 8. In
particular, in §7 we explain how to improve [4, Theorem 2], which establishes
that when R is a small enough power of P, then Us(P,R) < P73 for
5> 7.691.

THEOREM 1.4. Suppose that n > 0 and P is sufficiently large in terms
of n, and further that R < P". Then, provided that s > 7.5906, one has
1
V1£(e: P, R)|" do < P*~5.
0
Our estimates for the mean values U, (P, R) depend on those for U (P, R)
for appropriate choices of ¢. In §7, we describe how computations associated
with this complicated iteration were performed, and discuss the extent to
which the computed exponents reflect the sharpest available from this circle
of ideas. These conclusions are summarised in the following theorem.

THEOREM 1.5. Let (s,ds, As) be a triple listed in Table 1. Suppose that
n > 0 and P is sufficiently large in terms of n, and further that R < P".

Then

! 1

VIf(: P R)) do < P27 and | |f(o; P, R)|° dow < P*~34,
0 0

Exponents may be derived for values of s between those in the table
by linear interpolation using Hélder’s inequality. Values of §; and Ag com-
puted in §7 have been rounded up, as appropriate, in the final decimal place
recorded.

In this paper, we adopt the convention that whenever €, P or R appear
in a statement, either implicitly or explicitly, then for each € > 0, there
exists a positive number 7 = n(e) such that the statement holds whenever
R < P7 and P is sufficiently large in terms of € and 7. Implicit constants in
Vinogradov’s notation < and > will depend at most on £ and 7. Since our
iterative methods involve only a finite number of statements (depending at
most on ¢), there is no danger of losing control of implicit constants. Finally,
write ||6]| = minyez [0 — yl.
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Table 1. Associated and permissible exponents for 4 < s < 8

s s A, s s A,
4.0  0.00000000 1.00000000 6.0 0.24871567  0.24871567
4.1 0.00130000 0.95130000 6.1 0.27667792 0.22667792
4.2 0.00495852  0.90495852 6.2  0.30598066 0.20598066
4.3 0.01069296 0.86069296 6.3 0.33718632 0.18718632
4.4 0.01811263 0.81811263 6.4 0.36984515 0.16984515
4.5 0.02685074 0.77685074 6.5 0.40263501 0.15263501
4.6 0.03754195 0.73754195 6.6 0.43542486 0.13542486
4.7 0.04903470 0.69903470 6.7 0.46851012 0.11851012
4.8 0.06130069 0.66130069 6.8 0.50330866 0.10330866
4.9 0.07426685 0.62426685 6.9 0.53863866 0.08863866
5.0 0.08780854 0.58780854 7.0 0.57423853 0.07423853
5.1 0.10328796 0.55328796 7.1 0.61131437 0.06131437
5.2 0.11894874 0.51894874 7.2 0.64881437 0.04881437
5.3 0.13477800  0.48477800 7.3 0.68631437 0.03631437
5.4 0.15076406 0.45076406 7.4 0.72381437 0.02381437
5.5 0.16689626 0.41689626 7.5 0.76131437 0.01131437
5.6 0.18316493 0.38316493 7.6  0.80000000 0.00000000
5.7 0.19954296  0.34954296 7.7 0.85000000 0.00000000
5.8 0.21593386  0.31593386 7.8 0.90000000 0.00000000
5.9 0.23232477  0.28232477 7.9 0.95000000 0.00000000

2. An auxiliary mean value estimate. Before announcing our piv-
otal mean value estimate, we introduce some notation. Let ¢ be a real num-
ber with 0 < ¢ < 1/3, and write

(2.1) M=P° H=PM™3 Q=PM"
Define the exponential sums

(2.2) Fifa)= > > > e(20h(32% +h’mb)),

1<2<2P 1<h<H M<m<MR

Z ‘ Z e(6ahz?)

1<h<H 1<z<2P

23  Bo)= Y| X eann®)|

1<h<H M<m<MR

)

Also, when B C [0, 1), we introduce the mean value
(24) Y(P,R;¢;%B) = | [Fi(a)*f(;2Q, R)?| do,
B

and then write T(P, R; ¢) = T(P, R; ¢;[0,1)). We observe that an applica-
tion of Cauchy’s inequality to (2.2) yields the bound |Fj(a)|? < D(a)E(a).
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Consequently, when ¢ > 2, we obtain the estimate

(25)  T(P,R:%:B) < | (D(a)E(@)”" |Fi(@)* /| f(0;2Q, R) 2 da.
B

Recall the definition of the mean value Ug(P, R). We say that an
exponent us is permissible whenever it has the property that, with the nota-
tional conventions introduced above, one has Us(P, R) < PH<T¢_ Tt follows
that, for each positive number s, a permissible exponent us exists with
s/2 < ps < s. We refer to the exponent 5 as associated when pg = s/2 4+ 0
is permissible, and A, as admissible when ps = s — 3 + Ay is permissible.

We require a Hardy—Littlewood dissection. Let m denote the set of points
a € [0,1) with the property that, whenever there exist a € Z and ¢ € N
with (a,q) = 1 and |ga — a| < PQ™3, then one has ¢ > P. Further, let
M=10,1)\ m.

LEMMA 2.1. Suppose thatt > 4 and 0 < ¢ < 1/3. Then whenever o, is
an associated exponent, one has

T(P, R, ¢’m) < P1+6MH1+2/tQ1+26t/t.

Proof. We ultimately work outside the range 0 < ¢ < 1/7 in which the

estimate

sup |F1(a)| < PE(PM)l/QH

aEm
follows from [21], Lemmata 3.1 and 3.4], and so we engineer a hybrid method
combining elements of the Hardy—Littlewood method with a Diophantine in-
terpretation of auxiliary equations. We begin by applying Holder’s inequality
to , obtaining the bound

2/t B
(2.6) T(P,R: 6:m) < (supD(a)> 2,0, R,

acm
where Uy(2Q), R) is defined via (|1.3)), and
1 1
(2.7) L =\E()[Fi(a)da, L =|[F(a)?da.
0 0

The estimates
(2.8) L < PMH and Uy (2Q, R) < Q/*+0r+e

follow, respectively, from [2I, Lemma 2.3] with j = 1 and the definition of
an associated exponent. Also, given a € [0,1), we find from [2I, Lemma 3.1]
that whenever a € Z and q € N satisfy (a,q) = 1 and |a — a/q| < ¢”2, then

P2H

(2.9) D(a) < P <q+nga_a|

+PH+q+Q3]qa—a|>.
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By Dirichlet’s theorem on Diophantine approximation, there exist a € Z
and ¢ € Nwith0<a <q¢< P 1Q3 (a,q) =1 and |ga — a|] < PQ~3. When
a € m, it follows that ¢ > P, and hence we deduce via ([2.1]) that
(2.10) sup D(e) < P*(PH + P~'Q’) < P'**H.
aem

Finally, by reference to (2.2)), (2.3) and (2.7)), it follows from orthogonal-
ity that I} counts the number of integral solutions of the equation
(2.11) hy(n$ —nf) = hi(327 + him§) — ha(323 + h3ms3),
with

1< ho,h1,ha <H, M<ny,ng,mi,me<MR, 1< z1,20<2P.
Let Nj denote the number of solutions of (2.11]) counted by I; in which
n1 = ng, let Na denote the corresponding number in which hlz% #* hQZ%,
and let N3 denote the number with n; # ns and hlz% = th%. Thus I; <
N1+ No + Njs.

By orthogonality, it follows from (2.2)) and (2.11)) with ny = no that
1

N, < HMRS |Fy(a))? da,

and hence we deduce from and . that
(2.12) N1 < PYeMEH?.
When h,m, n, z is a solution of (2.11]) counted by Ns, the integer
L=h3nS - nz) hlml + h3m$

is non-zero. There are O(H?(M R)*) possible choices for L, and we find from
that for each fixed choice one has 3(h12? —hyz3) = L. With hy and h
already fixed, it follows from [23, Lemma 3.5] that the number of possible
choices for z; and 23 is O((hih2|L|P)%). Thus we conclude that

(2.13) Ny < PEH3M*.

Finally, consider a solution h, m, n, z counted by Nj3. Given ho and zs,
an elementary estimate for the divisor function shows that the number of
possible choices for hy and 21 satisfying hy2? = ho23 is O((HP)®). Fix any
one amongst these O((H P)!*¢) possible choices for hy, ha, 21, 20. One finds
from that hg, m, n satisfy the equation

(him?)? — (ham3)® = hi(n} — n3).

Since n1 # neo, the right hand side here is non-zero, and likewise the left
hand side. Thus, again applying a divisor function estimate, it follows that
for any one amongst the O((M R)?) possible choices for m; and msg, there
are O(P?) possible choices for hg, n1 — ng and ni + ning + --- + nj. We
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deduce that there are just O(P¢) possible choices for hg, n; and ng, and
thus

(2.14) N3 < PS(HP)'*$(MR)?> < P*"* HM?.
On combining (2.12)—(2.14)), we conclude via (2.1) that
I} < Ny + No+ Ny < P(PM?*H? + H3M*) < P M?H?,

Substituting this estimate together with (2.8]) and (2.10|) into (2.6)), we arrive
at the upper bound

Y(P, R;;m) < P*(PH)*"(PM?H*)* (PMH)' =4/t Q 20/t
and the conclusion of the lemma follows with a modicum of computation. =
We require a complementary major arc estimate.

LEMMA 2.2. Suppose thatt > 4 and 0 < ¢ < 1/3. Then whenever o, is
an associated exponent, one has

Y (P, R; ;M) < PEMHT2/IQIT20/!
Proof. The major arcs 9 are contained in the union of the intervals
M(q,a) = {a €[0,1) : [ga —a| < PQ™"},
with 0 <a < ¢ < P and (a,q) = 1. Define A(«a) for a € [0,1) by
Ala) = (¢ + Qlga —al)™!
when a € M(q,a) C M, and otherwise by setting A(a) = 0. Then it follows
from (2.9) that when o € 91, one has
(2.15) D(a) < PP HA(a) + P H.
We apply Hoélder’s inequality to (2.5)), just as in the treatment of the mean
value T'(P, R; ¢;m) in the proof of Lemma Thus, by comparing (2.10))
and (2.15)), we obtain

T(P,R; ;M) < P° (PMH1+2/tQ1+25t/t + (P2HT)**T (P, R; ¢; m)1—2/t)’
where
(2.16) T = | A(@)E(a)|f(@;2Q, R)|* da.
m
Thus we infer that
(2.17) T(P,R; ¢;9M) < PHeMHW2/QIF2/t | p2e g,

In preparation for the estimation of T, we consider the mean value
1
Ty = | ()| f(0:2Q, R da.
0
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By reference to ([2.3)), it follows from orthogonality that Tj counts the num-
ber of integral solutions of the equation
2h°(nf — n§) = 2} — a3,
with 1 < h < H, M < nj,neg < MR and z1,22 € A(2Q, R). Here, the
number of diagonal solutions with 1 = x4 and ny = ng is O(HM RQ). There
are O(H (M R)?) possible choices for h, n; and ny with 2h3(n% — nf) # 0.
For each fixed such choice, an elementary estimate for the divisor function
shows that there are O(Q¢) possible choices for 1 — z2 and z? + 2122 + 3,
hence also for x; and x9. Then we conclude via (2.1 that
(2.18) To < PF(HMQ + HM?) < P H.
On recalling (2.3]), one finds that
E(o)|f(;2Q, R)P =Y v(De(la),
leZ
where () denotes the number of solutions of the equation
2h3(n$ —n§) + a3 — a3 =1,

with 1 < h < H, M < nj,ng < MR and z1,z2 € A(2Q, R). In view of
(2.18), one has 1(0) = Ty < P+ H. Moreover,

> 9(1) = E(0)£(0;2Q, R)* < H(MR)*Q*.

leZ

Then by applying [2, Lemma 2] within (2.16)), we deduce via (2.1]) that

T < Q*3(P(P'H) + HMR)*Q?* < P*.
On substituting this estimate into (2.17)), we conclude that

Y(P, R; ¢;M) < PHEMEITHIQUT2/! 4 p2epy,

The proof of the lemma is completed by noting that the relations (2.1))
ensure that the second term on the right hand side here is majorised by the
first. m

We finish this section by combining the conclusions of Lemmata [2.1] and

LEMMA 2.3. Suppose that t > 4 and 0 < ¢ < 1/3. Then whenever §; is
an associated exponent, one has
1
S ‘Fl (a)2f(a, 2@) R)2’ da < P1+EMH1+2/tQ1+26t/t.
0
Proof. On recalling (2.4)), the desired conclusion follows from Lemmata
and [2.2] by means of the relation

T (P, R;¢) =T (P, R; ;M) + T (P, R; ¢;m). m
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3. Further auxiliary mean value estimates. We now introduce no-
tation more closely aligned with the author’s work [24]-[26] on fractional
moments of smooth Weyl sums. We define the modified set of smooth num-
bers B(L, 7, R) for prime numbers = by

B(L,7,R)={n€ A(Lm,R):n> L, 7|n, p|n and p prime = 7 < p}.
Recall the notation ([2.1)). We define the exponential sums
(B1)  Faelosm) = Y > e(au(z* — ),
ueB(M/d,n,R) z,ycA(P/(de),R)
(.Z‘,u):(y,u)IZI

x=y (mod u?)
y<x

(3.2) Fie(@)= > > > e(2an(32” + hPm))
1<2<2P/(de) 1<h<Hd2/e M/d<u<MR/d

and

= B 5
(3.3) fla; P,M,R) = max Z e(ax ))
z€A(P/m,R)

Note here that Fy.(a) = 0 whenever e > Hd?. Finally, we set
1

(34)  Tyex(P Ri¢) = ||Fue(o; m)*f(a; P/(de), M/d, 7)?| da.
0

We begin by demystifying the mean value 1y (P, R; ¢).

LEMMA 3.1. When 7 < R, one has

1
Yien(P, R; ) < P°{[Fue(@)*f(a52Q/e, R)?|da.
0

Proof. We first eliminate the maximal aspect underlying the exponential

sum f(a; P/(de), M/d, ) implicit in Yy (P, R; ¢). Define
Dk (0) = Z e(mf) and D (h) = min{2K> + 1,07},

Im|<K?3
and note that for K > 1 one has
(3.5) iD}(G) df < log(2K).
0
On recalling , we find that whenever m > M, then one has
> e(ea®) = if(a +0;Q, R)Dp/yn(0) db.

z€A(P/m,R) 0
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Since Dp/y,(0) < D}E/m(G) < D;(0) for m > M, we thus infer from 1)
that
1

(3.6) fla; P/(de), M/d, ) < | |f(c+ 0;Q/e, m)| Dy (6) db.
0
On substituting (3.6)) into (3.4)), we deduce that
Tien(P, R; ) < S |de7e(04§7r)2f61(a)f92(04)|DZg(91)DZ3(92) db dbs dov,
[0,1)3
where, temporarily, we abbreviate f(«a + 6;Q/e, ) to fo(a). Write

1

(3.7) Egen(0) = | [Facla;m)* fa+6;Q/e, )| da.
0

Then by applying the inequality |2122| < |21|>+]|22|? and invoking symmetry,
we infer via (3.5 that

1 1
(3.8) Yien(P,R; ) < \Eqen(01)D5(01) by | DG (02) db,
0 0

1

< Qa S Ed,e,ﬂ- (01)7)5(91) do.
0

Consider next the integral solutions of the equation

(3.9) uP (@) — yd) —up® (23 — y3) = wi — wj

with, for ¢ = 1 and 2, the constraints
Wy EA(Q/G,TF), U EB(M/d’ﬂ-aR)u Liy Yi EA(P/(dG),R),
(x5, ui) = (yi,u;)) =1, x; =y; (mod u?), i < ;.

Then by orthogonality, it follows from (3.1)) and (3.7) that the mean value

Eder(0) counts the number of such solutions, with each solution counted
with weight e(f(wj — w?)). The latter weight being unimodular, it follows
that |24 (6)| is bounded above by the corresponding number of unweighted
solutions, and hence by the number of integral solutions of the equation

with, for ¢ = 1 and 2, the constraints
w; € A(Q/e,R), M/d<u; <MR/d,
1<y <z; < P/(de), x;=y; (modwu}).
We now substitute z; = x; +y; and h; = (z; — yl)u;3 (i =1,2) into . It

follows that 1 < h; < (P/(de))(M/d)~3 for i = 1 and 2. Moreover, we have
2x; = 2z + hju and 2y; = z; — hyu? (i = 1,2). Then on noting that

w3 (2 + b)) — (2 — hu®)?) = 2h(32°% 4+ h2ud),
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and recalling (2.1]), we see that |Eg. -(6)| is bounded above by the number
of integral solutions of the equation
2h1 (322 + h3u8) — 2ho(325 + h3ul) = wi — w
with, for ¢ = 1 and 2,
w; € A2Q/e,R), M/d<u; <MR/d,

1<z <2P/(de), 1<h;<Hd*/e.

Then on recalling , it follows by orthogonality that
1

Baen(O] < §|Fue(@)?f(a;2Q/e, R)?| da.
0

On substituting this estimate into (3.8)), we conclude that
1

1
Tien(P.R:6) < Q°(§ D(0) d0) § Fue(0)2f (0 2Q e, R)?| do
0 0

The conclusion of the lemma now follows on applying the bound (3.5)). =

LEMMA 3.2. Suppose that
T<R, 1<d<M, 1<e<min{Q, Hd’}, 0<¢<1/3.
Then, whenever t > 4 and 0 is an associated exponent, one has
Yien(P,Ry¢) < d/e 72/t plre ) it2/tQIrao/t,
Proof. A comparison of (2.2)) and (3.2)) reveals that, as a consequence of

Lemma [2.3|in combination with (2.1)), whenever ¢t > 4 and M3 < P, one has

1
(310) S |F171(Oé)2f(01; 2Q’ R)2| do < P1+€MH1+2/tQ1+26t/t.
0

We apply this conclusion with P/(de) in place of P and M /d in place of M.
In view of the relations (2.1)), we also have Hd?/e in place of H and Q/e in
place of ). The hypotheses of the lemma concerning e and ¢ then ensure
that

(M/d)*(P/(de))™" = ¢/(Hd*) <1,

whence (M/d)? < P/(de), confirming the validity of the estimate (3.10)
with these substitutions. Hence we obtain the bound

0 1+e 2\ 142/t 1425, /t
[S)!Fd,e(a)zﬂa;zcz/e, R?|da < (CZ) <]‘d4> <Hed> (g)

< d4/t67372/t725t/tP1+EMH1+2/tQ1+25t/t'
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Since Lemma [3.1] establishes the relation
1

Yier(P, Ry ¢) < P\ |Fye(0)?f(0;2Q/e, R)?| dov,
0
the conclusion of the lemma follows on noting that J; > 0. =

We also have need of estimates for the mean values
1

(3.11) AT (P R;¢) = (| Felos )P da (m =1,2).
0

LEMMA 3.3. When 1 <d< M, 1 <e <min{Q,Hd?} and m < R, one
has

AW

d,e,m

(P,R;¢) < P""*HMe™2 and AP

d,e,m

(P,R; ¢) < P* " H3M"e™>.
Proof. These estimates are given by [24], equations (3.25) and (3.26)]. =

Finally, we recall an estimate for the mean value
1
(3.12) Us(P,M,R) =\ f(a; P, M, R)* dav.
0
LEMMA 3.4. Suppose that s > 1 and s is an associated exponent. Then
whenever P> M and R > 2, one has Us(P, M, R) <, (P/M)*/?+9s+<,

Proof. This is immediate from [24, Lemma 3.2]. =

4. New associated exponents, I: 4 < s < 6.5. We now convert the
mean value estimates of §2 into new associated exponents by means of the
ideas of [24], §§2—4]. Write

1
(4.1) Quyen(P, B; ¢) = || Fae(as m) f(as; P/ (de), M/d, )| da,
0
and then set
(42)  UPR)= > D> a0 (PR ¢).
1<d<D 7<R1<e<Q
The relevant results from [24] are summarised in the following lemma.

LEMMA 4.1. Suppose that s >4 and 0 < ¢ < 1/3. Then whenever pis_o
and ps are permissible exponents, and 1 < D < PY/3 one has

s=3
Us(P,R) < Preteps/2=is Ny plips—te 4 P(s—2>’“+€Vs(P, R),

where
V;(P, R) = (PMS_QQM‘972 + MS_?’LIS(P, R))l/(8—2) )
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Proof. The desired result follows at once on substituting the conclusion
of [24, Lemma 3.3] into that of [24, Lemma 2.3]. m

We are now equipped to announce our new associated exponents.
LEMMA 4.2. Suppose that s >4 and 0 <y < 1/4, and let t satisfy
25 —6+8 2s —4
1+ 2y s sts 142y
Suppose that ds_o and o are associated exponents, and define
2s —4 —t+2(s — 2)0; — 2t0s_2
6s — 12+t — 4yt +2(s — 2)5; — 2t0s_o
Then the exponent 65 = §s_2(1—0) + 3(s—2)0 is associated, where we write
0 = max{0, min{6y, 1/3}}.

Proof. We begin by estimating the mean value 24, (P, R; ¢). Suppose
that

(4.3)

(4.4) 0y =

d<M, e<min{Q Hd*}, 7n<R, 0<¢<1/3.

Then on recalling (3.4), (3.11) and (3.12)), an application of Hoélder’s in-
equality to (4.1 yields the bound

(45)  Raer(P R;d) < Vyer(P, R; )" Uy(P/(de), M/d, )"
x Ay) (PR 6) P A7) (P, i),
where
Mm=32s—4—-t-2t7), m=(E-2-2n)/t, Bw=3-n-27
A few words are in order to confirm that the above is indeed a valid

application of Holder’s inequality. Observe first that the hypotheses s > 4
and 0 <y < 1/4, together with those concerning the value ¢, ensure that

25 — 6+ 8y < t(1+2v) <2s5—4,
so that
0<m<i((25—4)—(25s—6+87) =41 —-4y) < L
Hence we deduce that
0=5-5(1-47)-2y<p<3-29<1.
Also, since s > 4 and y; < (1 — 4), one finds that
Y2 > (s—3+4v)/t > 0.
Moreover, since ¢ > (2s — 6 4+ 87)/(1 + 2v), we have
(14+29)(s—2—2y1 —t) <4—5— 27y —y(12 4+ 4y; — 23).
When 4 < s < 6, we therefore deduce that
t1+29)(y2—1) <4—s5—2% <0,

N[ —
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and when s > 6 we see instead that

t1+29)(12—1) <4—s—2y+1(2s—12) <1-3s<0.
Thus, in all circumstances, one has 0 < 5 < 1. Finally, the relations
(46) Y+mtrt+ty=1, H+2n+2yu3=1, 2nt+typ=s-2

follow by direct computation.

By applying Lemmata we deduce from (4.5) that
Qaen(P,R; ¢) < PE(dYle 32/t PM H T2/ Q120 tym
X (PMHe™ 23 (P2M*H3e2)7((Q/e)t/?+0t) 2,
Thus, by making use of the relations (4.6 and
t>2, M <3 3ttt 2p+iy>is, 2mtty=s—2— 1t
we deduce that
(47) Qd . ﬂ-(P, 1%7 ¢) < de—s/2P1/2+EMl/2+27H(S—2)/tQs/2—1+(8—2)5t/t.

When e > Hd?, one has Fje¢(o) = 0, and hence 24, (P, R;¢) = 0.
Thus, on substituting (4.7) into (4.2)), we discern that

US(P, R) < Pl/2+€Ml/2+2“{H(S—2)/tQS/2—1+(S—2)5z/tEO’

S= Y Y et

1<d<D n<R1<e<min{Q,Hd?}
We therefore conclude that
US(P, R) < D2P1/2+2€Ml/2+2’yH(s—2)/t@s/2—l+(5—2)5t/t.
In the notation of Lemma therefore, we have
Vi(P,R)* % < PEM*3(¥ + D*Wy),

where

where
U, = PMQM-2? and W, = P1/2M1/2+2'yH(sz)/th/271+(sf2)6t/t.

On recalling (2.1) and the definition of an associated exponent, the equation
¥y = Wy implicitly determines a linear equation for ¢, namely

1+o+ (;(s—z)ws_g)u—@

:é+ <;+2’y>¢+ <S;2>(1—3¢)+ (;(3—2)+ <8;2>5t>(1_¢)-

A modicum of computation reveals that this equation has solution ¢ = 6,
where 6y is given by (4.4). Let D = P“, where w is any sufficiently small,
but fixed, positive number. Then we may follow the discussion of [24, §4] to
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confirm via Lemmathat whenever ps_o = %(5—2)—%65_2 and py = %t—HSt
are permissible exponents, then so too is
ps = ps—2(1 — 0) + 1+ (s — 2)0.
It follows that the exponent &, = Js_2(1 — ) + 3(s — 2)0 is associated.
We highlight three special cases of Lemma [£.2] for future use.

COROLLARY 4.3. Suppose that 4 < s < 5. Then whenever dos_4 < 2 is

an associated exponent, so too is b = %(s — 2)0, where

_ 024
4+ 52574 ‘
Proof. We take v = 0 and t = 2s — 4, so that v and ¢ satisfy (4.3]). It
follows from Hua’s lemma [22] Lemma 2.5] that
1
1£(: Q, R dov < Q7T
0

and hence one may take 6, = 0 for 0 < u < 4. With these choices of s, ~
and t, one finds that d;_o = 0, and hence (4.4]) gives

2(8 — 2)5t N 525_4
85— 16 +2(s —2)6; 4+ 0o 4
But 0 < 0254 < 2, and hence 0 < 0y < 1/3. The conclusion of the corollary
is now immediate from Lemma 4.2 w

Oy =

COROLLARY 4.4. Suppose that 5 < s < 6. Then whenever d¢ < 3/2 is
an associated exponent, so too is 65 = %(s —2)6, where
5 —5+(5—2)d
© 35—3+(s—2)d
Proof. We take v = 0 and t = 6, so that s, v and t satisfy . We
again have 6, = 0 for 0 < u < 4, and hence §5_o = 0. Thus gives
. 28—10+2(S—2)56 . S—5+(S—2)56
07 65— 6+2(s—2)0g 35—3+(s—2)0
But by hypothesis, one has 0 < g < 3/2 and 5 < s < 6, and hence
0<gy< T4 1
15 4+ 46g 3
The conclusion of the corollary therefore follows from Lemma "
COROLLARY 4.5. Suppose that 6 < s < 13/2. Then whenever §5_o9 <
86 < 1/2 is an associated exponent, so too is 85 = Ss_2(1 — ) + 1(s — 2)6,
where

o S—5+(8—2)(56—6(5s_2
3335+ (5—2)06 — 6559
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Proof. We take v = (s — 6), so that when 6 < s < 13/2, one has
0 <~ <1/4, and in addition
2s—6+8 2s —4 6
1+;:Y 7 —6 and 1+ 2 :2+S_5
We are therefore entitled to apply Lemma with ¢ = 6, in which case
B 25 — 10 + 2(s — 2)d — 120, 5
6s — 6 —12(s — 6) +2(s — 2)d — 1205_2
. S—5+(S—2)(56—65S_2
33— 35 + (5 — 2)06 — 6052
By hypothesis, we have 6 < s < 13/2 and d5_2 < dg < 1/2, and hence
s —5 — 20¢ s—6

> 6.

to

0o > > >0
0= 25+ 3+ (5—2)0— 60,3  25+3+ (s —2)06— 6052
and
5495 3409
13 — 26 12 3

The conclusion of the corollary therefore follows from Lemma .

5. New associated exponents, II: s = 6 and 6.5 < s < 8. We
turn next to methods yielding associated exponents when s = 6, and when
s > 6.5, beginning with one generalising that of |26, Lemma 2.2].

LEMMA 5.1. Let t be a real number with 4 < t < 8. Then whenever
d6 < 2/3 and §; < %(t — 4) are associated exponents, then so too is

8 - t + 8(523 66
5.1 5/ — 2 '
( ) 6 max{24+t+86t’4+(56
Moreover,
1
(5:2) VIF(a; P)*f(0; P, R)*| do < P30T,
0

Proof. On considering the Diophantine equation underlying ((1.3)), one

sees that
1

Us(P, R) < | |F(o; P)*f(o; P, R)"| dav.
0
Consequently, the confirmation of the estimate ([5.2) suffices to establish
that the exponent d5 defined in (5.1]) is associated. We set

d)—max{8t+85t dg }

24+t+8(5t74+66
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Our hypotheses concerning t, §; and dg ensure that

§—t+80 _ 8—t+3(t—4) 8+t 1 56 2/3 1

= prnd < _ —
24+t+85 ~ 24+t+a(t—4) 5647t T 4+ 4+2/3 T

so that 0 < ¢ < 1/7. Recall the definitions (2.1)) and (2.2), and define m and
M as in the preamble to Lemma [2.1] Also, when B C [0, 1), define

(53) 1(B) = | |Fi(a)f(0;2Q, B)"| da.
B

Then [24] inequality (5.3)] yields the estimate

1
(5.4) VIF(a; P)? f(a; P, R)*| da < P*MP(PMQ* + 1([0,1))).
0
We begin with a discussion of the minor arc contribution I(m). By ap-
plying Hélder’s inequality to (5.3)), one obtains

(5:5) I(m) < Ut(2Q,R)4/t(§ |y () |/ da>1—4/t_

m

Since we may assume that d; is an associated exponent, we have
Un(2Q, R) < Q20+,

Also, on recalling that 0 < ¢ < 1/7, it follows from [24, inequality (5.4)]
together with the argument of the proof of 21, Lemma 3.7] that

8—t 1
S |Fy ()] do < (sup ]Fl(a)o = S |F1()]? da
aem
m 0
8—t
< P* ((PM)1/2H> =1 pMH.
Thus we deduce from ([5.5) that
(5.6) I(m) < PE(PM)Y/2HA1Q?+4% /¢,

In order to estimate I(90t), we have merely to follow the argument leading
to [26l, equation (2.10)]. Thus, again making use of the fact that 0 < ¢ < 1/7,
the estimate preceding [26], equation (2.10)] gives

(57) 1) < PYEHM(PQR(Q)Y?
+ PUEEMY2(PQ2)V/2(Q3H06)1/2
< P1+8HMQ(<PQ—1)2/3 + (P(QM)_1)1/2Q66/2).
By combining and (5.7]), we obtain an estimate for I([0,1)). By sub-
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stituting this into (5.4) and recalling (2.1]), we deduce that
1
VIF(a; P)? f(a; P, R)*| da < P M (1 + &y + By + B3),
0
where
@1 — (PM)_1/2H4/tQ45t/t, @2 — ]\4—4/37 @3 — M_2Q66/2.
In view of (2.1]), one finds that the respective conditions
8 —t+ 83 96
P d >
02 irrrs, M 020G
ensure that @ < 1 and 3 < 1. Thus, our choice of ¢ ensures that
1
VIF(a; P)?f(a; P, R)*| da < P30 = p3+2ote,
0
confirming the estimate (5.2)) and completing the proof of the lemma. =

We also recall an estimate for associated exponents d5 of use for s > 13/2.

LEMMA 5.2. Suppose s > 4. Then whenever ;o < 1/4 and d4(5_2y/3 < 1

are associated exponents, so too is 6s = 6s_o(1 — ) + L(s — 2)0, where

2
14 30y(5-9)/3 — 4052
9+ 304(s—2)/3 — 4052

Proof. This is immediate from [I, Corollary to Lemma 2]. m
Finally, we recall a simple consequence of convexity.

LEMMA 5.3 ([4, Lemma 4.3]). Suppose s > 2 and t < s. Then, whenever
0s—¢ and dsqy are associated exponents, so too is s = %(5S+t + 0s—t).

6. The Keil-Zhao device. Lilu Zhao [27, equation (3.10)] has ob-
served that, in wide generality, one may obtain an estimate of Weyl type
for an exponential sum over an arbitrary set, provided this sum inhabits
an appropriate mean value. The same idea is applied also in independent
work of Keil [I7, p. 608]. This observation is useful in obtaining permissible
exponents ps when s > 6. Before announcing our conclusions, we introduce
some notation useful in their proofs. Write

(6.1) g(a; P,R) = Z e(ar®) and G(a) = Z e(az?).
2€A(P,R) P/2<z<P
z>P/2

LEMMA 6.1. Suppose that s > 6 and the exponent Ag is admissible. Sup-
pose also that %(8—5) < Ag <1/4 andu>s+8As. Then there exist positive
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numbers n and c, depending at most on u, with the following property. When-
ever P is sufficiently large in terms of 1, and exp(c(loglog P)?) < R < P",
then

1
(6.2) V(s P, R)[" da < P73,

0

In particular, the exponent p,, = w — 3 is permissible for w > u.

Proof. We seek to show that whenever v > s + 8A,, then
1
(6.3) V(s P, R)[" dae < PU737<.
0
When u > v, the bound (6.2)) follows from this estimate via [4, Lemma 4.5].
Next, by applying a dyadic dissection, we deduce from (|1.1)) and (6.1]) that
oo
fla;P,R)= > g(e;277P,R) + O(VP),
j=0
2 <VP
whence an application of Hélder’s inequality reveals that
1 oo 1
V(s P, R)[" do < (log P)"~ Vl9(a;277P, R)|” dov + PV/?
0 =0 0
2<VP

1
< P® max S lg(a; X, R)|” da + PY/2.
VPSX<P
Consequently, provided we are able to show that
1
(6.4) Vlg(a; P, R)|" da < PP~3%¢,
0
the bound (6.3]) follows. Henceforth, we abbreviate g(a; P, R) to g(«).
We establish (6.4)) via the Hardy—Littlewood method. When 1 < X < P,
define the major arcs (X ) to be the union of the intervals

M(g,a; X) = {e € [0,1) : |ga — a| < XP77},
with 0 < a < ¢ < X and (a,q) = 1. Also, set m(X) = [0,1) \ M(X). Finally,
write P = M(PY?), Q = M(P?/®), p = m(P*®) and q = m(P>/?).
We begin by observing that, as a consequence of [4, Corollary 3.2], one
has

{1f(; P,R)®da + | |f(e; P/2, R)[® doa < PP,
0 9
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so that
| 9()|® do < PFF=.
9
Since |g(a)| = O(P), we find that whenever v > 6, one has
(6.5) | l9(a)|” da < PP73e,
Q

Suppose next that o € . By Dirichlet’s theorem on Diophantine ap-
proximation, there exist a € Z and ¢ € N with (a,q) = 1, ¢ < P'/5 and
lgqo — a| < P~1/5. An application of [4, Lemma 2.2] in concert with [4,
equation (2.1)] delivers the estimate

qsfl/ﬁp(log P)5/2+5
(1+ P3la —a/q))'/?
When « € p, it follows that ¢ > P*5, and thus g(a) < P%/19t¢. Meanwhile,

when a € B N q, we have either ¢ > P3/® or |[ga — a| > P~2'/3 and hence
lg()| < P1%/16+¢ Consequently, since ¢ = p U (B N q), we conclude that

(6.6) sup |g(a)| < P1o/16+e,
acq

We now turn to the main task at hand. Suppose that s > 6 and that Ag
is an admissible exponent. We consider the mean value
(6.7) Tp = | |g(e)|"** do.
q

g(a) < +P9/10+6.

By reference to (6.1)), an application of Cauchy’s inequality shows that

©68) To= > Y flg@Pelalz® —y*)da < PT{",
r€A(P,R) ye A(P,R) 4
z>P/2  y>P/2

where )

= Y [lg@lFea@® - y*)da
P/2<zy<P q
z,yeA(P,R)

We bound T above by removing the condition z,y € A(P, R), obtaining
n< S ({lg@g(8)Fe(a—B)@* - ) dads.
P/2<z,y<Pqq
Thus, again recalling (6.1)), we deduce by means of that
(6.9) 173 < P2\ 19()9(B)F|G(a — ) dardp.
aq

We analyse the mean value on the right hand side of by applying
the Hardy-Littlewood method. Let 9t = M(P3/4) and n = m(P3/4). Denote



94 T. D. Wooley

by x(q) the multiplicative function defined on prime powers by taking

r(™) =p7 R =37 k(P =p T (120).
Also, define the function 7'(v) for v € M by taking
(6.10) T(v) = w(@)*(L + P’ly — a/q|)™

when v € M(q, a; P*) C N, and () = 0 when v € n. Then it follows from
[15, Lemma 2.1] that G(7)? < P2Y () + P3/?*¢. Substituting this estimate

into , we deduce that

1
2
(6.11) 1§ < P72 (gl da) + P'T,
0
where

T, = || 7(a = B)lg(a)g(B)|* dadp.

q4q

By applying the trivial inequality |z1 - - - 2| < |21]" + - - + |25]™, we find
that

19(a)g(B)° < [g(a)g(B)* 1% + [g(B)g(a) .

Hence, by symmetry, we obtain the estimate

7 < (s 93))" §§ 70— Bla(®)a(a)’| dards.

qaq
By invoking , we thus deduce that

(6.12) Ty < (P15/16+5)874S |g(6)‘s+2
q
On recalling the definitions (6.1]) and (6.10]), we discern that
1

[7(a=B)lg(@)Pdo =\ T(Nlg(y + B)Pdy < DY k(g)*Ag),

Yo — B)|g(e)|* dadB.

O ey

0 N 1<q<P3/4
where
q p—9/4 9
Aoy =3 | (1+P3wy>—1( 3 e(x?’(ﬂ—l—ﬁ—i—a/q))‘ do.
a=1 _p-9/4 z€A(P,R)
(a,q)=1 z>P/2

Let ¢4(n) be Ramanujan’s sum, which we define by

cq(n) = Z e(an/q).
(@)=t



Sums of three cubes, 11 95

Then it follows that

S| Y @t = Y @ -e6+0E ),
a=1 zeA(P,R) P/2<x,y<P
(a.0)=1 z>p/2 z,y€A(P,R)

Thus, the well-known estimate |c,(n)| < (¢,n) yields the bound

p—9/4

A< D (g2 =y | a+Pop™

1<z,y<P _p-9/4

and consequently
1

[7(a - Blg(@)Pda < PPlog2P) Y k(@) Y (g.2% o).

0 1<g<P3/4 I<zy<P
From here, the treatment following [4, equation (3.2)] delivers the upper
bound

1
(6.13) |7 (a = B)lg(a)? do < P
0

Next, substituting (6.13]) into (6.12), we infer that

Ty < P (P16) =4 |g(B)[*T2 dB.
q
In view of and (6.11)), the hypothesis that Ay is admissible yields

whence
TO < PS*1+€(PA571/4+P7(S*4)/16).

On recalling (6.7)), application of Holder’s inequality and the trivial estimate
|g(a)| < P delivers the upper bound

Avdn. { 144,
[lg(a)|”da < Pr=C8a9 44 ([lg(a)|* da)
0
< Pv7578A5+€(P3+A575/4 + Psf(s+12)/16)4AS (Psf3+AS)174AS‘
Thus we deduce that whenever A; > +(8 — s), then

Sm(a)‘v do < PU—3+£(1 +P—A5+(8—s)/16)4A5 < pv—3+e.
q

But the latter condition on s is ensured by the hypotheses of the lemma,
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and thus we conclude via (6.5)) that
1
Vlg(@)|” da = | lg()|" da+ | |g(a)|" da < PP73F=,
0 Q q
This confirms the estimate (6.4)), and the conclusion of the lemma follows. =

7. Computations. We now address the problem of how to implement
the computation of associated exponents d; for 4 < s < 8. Let h be a small
positive number that we view as a step size, and put J = [16/h]. It is
convenient in what follows to assume that 1/h € N. We begin with an array
of known associated exponents din (0 < j < J). Thus, we have the associated
exponents 44 = 0 and s = 25 — 3 (s > 8) which follow from Hua’s lemma
(see [22, Lemma 2.5]). Making use also of the associated exponent dg = 1/4
due to Vaughan [2I, Theorem 4.4], one may apply convexity to deliver the
associated exponents

5S:max{0,%(s—4),85 ,28 3}
For the interesting values of j with 4 < jh < 8, one may now calculate new
associated exponents d;, by means of Lemmata and Here,
we note that associated exponents J; are related to admissible exponents
Ag by means of the relation d; = %s — 3 + A;. Should any of these new
associated exponents be superior to the old ones, they may be substituted
into the array of values d;;,. By iterating this process for 4/h < j < 8/h, one
derives new associated exponents converging to some set of limiting values.

We summarise the formulae delivered by the above-cited lemmata as

follows.

(i) Method As(t, ) We apply Lemma [4.2] for v = [h and ¢t = mh with

0<1<(4h)7!
2jh 6 + 8lh 2jh — 4
1 - < < .
(7.1) 1+2n = "= T112h
Thus one finds that the exponent 5;.,1 is associated, where
(7.2) 85 = Ojn—2(1 —0) + 5(jh — 2)8,

in which 6 = max{0, min{6p, 1/3}}, and

2jh —4 —mh + 2(jh — 2)0mp — 2mhdjn—o
6jh — 12 4+ mh — 4(lh)(mh) + 2(jh — 2)8,,1, — 2mhdjp_o
(ii) Method Bg(t). We apply Lemma for t = mh with 4 < mh < 8.

Thus, when 6,,, < #(mh — 4), we find that the exponent &; is
associated, where

6o =

5\ — 2max 8 — mh + 8,un 06
6 24 + mh + 86,5 4 + 06
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(ili) Method Cs. First, if i is the integer for which (j —2/h) € (4,i+1],
then convexity provides the associated exponent
Oan-2y3 = (1 + 1= 30 = 2/0))din + (30 = 2/h) = 1)8(i+1)n-
Next, Lemma shows the exponent 5§-h given by (7.2)) to be asso-

ciated, where
1+ 304(jn—2)/3 — 40jn—2

9+ 304jn-2)/3 — 4052

(iv) Process Ls(t). We apply Lemmal5.3|for t = mh with 1 <m < 1/h.
Thus one finds that the exponent 47, is associated, where &7, =

0

2O + O(j—m)n).

(v) Process Ws. We apply Lemma Thus one finds that (5;- h= % jh—3
is an associated exponent whenever d;5,_,,, is associated and satis-
fies

3 — %(] —m)h + Ojh—mh < %mh.

We wrote a straightforward computer program to implement this it-
erative process. Our language of choice was the QB64 implementation of
QuickBasic, running on a Windows Surface Pro3 in Windows 8.1 (Intel Core
i3 processor at 1.5 GHz). All parameters were stored using double-precision
variables. The most time consuming method to apply is process As(t,7),
since there are many possible choices for t = mh and v = lh to test. It
is apparent that + should be chosen as small as possible consistent with
the constraint (7.1). However, applying process As(t,7) for each eligible
value of s = jh (4 < s < 8) nonetheless has running time with order of
growth A2, This limited our computation, in the first instance, to a step size of
h > 107"

Experimentation with this iteration makes it apparent that certain of
the processes dominate the others for different values of s. By refining
the program to select dominant processes for different ranges of s, the
running time is vastly improved to order of growth h~!. Note that the
array size limit effective for QB64 on the platform employed was at least
2 -10%. Thus, final computations with step size h = 107¢ were feasible for
4 < s < 6.5, and step size h = 1075 throughout 4 < s < 8, this being
limited only by running-time considerations rather than memory limita-
tions. We summarise below the parameters associated with these dominant
processes.

(i) 4 < s < 5. Process As(2s — 4,0), so that 0%, is determined according
to Corollary (4.3, Thus ¢7, is given by (7.2) with

o — 02jh—4
0= —F"F.
4+ 52jh—4



98 T. D. Wooley

(ii) 5 < s < 5.6462. Process A4(6,0), so that 0, is determined according

to Corollary Thus &7, is given by with
g, Jh =5+ (jh =2
3jh — 3+ (jh — 2)d

(iii) 5.6462 < s < 6. Process Ls(t), linear interpolation between 5 6462
and 56-

(iv) s = 6. Process Bg(5.392938).

(v) 6 < s < 6.081. Process Ls(t), linear interpolation between &g and
96.081-

(vi) 6.081 < s < 6.3395. Process A4(6, 1(s—6)), so that &, is determined
according to Corollary Thus 5;h is given by with

_ Jjh =54 (jh —2)0¢ — 65jh_2
33— 3jh+ (jh —2)d6 — 60,52

(vii) 6.3395 < s < 6.5. Process Lg(t), linear interpolation between &g 3395
and (56.5'

(viii) 6.5 < s < 7.06. Processes Cs and L(t).
(ix) 7.06 < s < 8. Processes Wy and L(t).

Some additional discussion seems warranted concerning the robustness
of these computations. The first point to make is that, while the above re-
stricted iteration may not be guaranteed to deliver optimal estimates, the
exponents that it delivers will at least be legitimate associated exponents.
Thus the exponents presented in Table 1 in the introduction may be consid-
ered upper bounds for optimal associated exponents. In this context, it is
worth noting that we experimented with adjustments to the step size h, and
found no improvement in the first eight digits of the decimal expansions of
the computed values of d,, even when h varied from 10~ to 1075.

The second point concerns the stability of the iteration. There is a po-
tential danger in iterations involving large numbers of cycles that round-off
errors may accumulate, leading to substantial cumulative errors and even to
unstable iterative processes. In our computations, we exercised some caution
concerning this issue by artificially inflating the newly computed associated
exponents by adding a small positive quantity 7 at the end of each iter-
ation. Thus, with 7 = 107°, we replaced the newly computed associated
exponent d; by ds + 7. This has the effect of slightly weakening our ex-
ponents, though round-off errors (which in double-precision arithmetic are
very much smaller) are swamped by this cushion of numerical security. This
device has the effect of permitting some control on the number of decimal
digits reliably computed.

We now interpret these computations in the context of the conclusions
presented in the introduction. First, Theorem follows from the com-

0o
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puted associated exponent §; = 0.14963020 for ¢ = 5.392938 that in turn
follows from the computations underlying Table 1 via convexity, and the
upper bound of Lemma Next, the exponent A7 = 0.06131437 is
admissible, according to Theorem and the associated Table 1. Then it
follows from Lemma [6.7] that

1

VI1£(e; P, R)[" do < P73

0

whenever u > 7.1 + 8A7 1 = 7.59051 . ... This establishes Theorem Fi-
nally, the proof of Theorem is a standard consequence of Theorem (1.2
following an application of Cauchy’s inequality. The proof of [26, Theorem
1.1] to be found in the final phases of [26], §2] shows, for example, that when-
ever g is an associated exponent, then N (X) > X1~%/3=¢_ The conclusion

of Theorem therefore follows on making use of the associated exponent
ds = 0.24871567. Note also that Theorem (1.5 for s = 4 follows from [12].
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