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Small prime solutions of linear ternary equations
by

HoNGzE L1 (Jinan)

1. Introduction. In this paper, we consider the size of small solutions
of the following diophantine equation (1.1) in prime variables p;:

(1.1) aip1 + asps + azps = b.

In particular, we estimate the numerical value of a relevant constant in the
upper bound for small prime solutions of (1.1).
Let a1, as, as be any integers such that

(1.2) arazaz #0 and (a1,a2,a3) = ged(ag, az,az) = 1.
Let b be any integer satisfying
(1.3) b=a1+az+a3z (mod2) and (b,a;,a;)=1 forl<i<j<3.

Conditions (1.2) and (1.3) are plainly necessary in our investigation, for oth-
erwise, the equation (1.1) will either be insolvable or be reduced to fewer
than three prime variables. The problem of bounds for small prime solutions
p1, P2, ps of the equation (1.1) was first considered by A. Baker in connection
with his now well known work [1] on the solvability of certain diophantine
inequalities involving primes. Baker’s investigation raised immediately the
problem of obtaining the best possible upper bound for small prime solu-
tions. In [7] the following was proved:

THEOREM 0. Assume the conditions (1.2) and (1.3). If not all a1, a2, a3
are of the same sign, then there is an effective absolute constant B > 0 such
that the equation (1.1) has a prime solution p1,p2,ps satisfying

) < B,
(1.4) jpax p; < 3|b] + max{3, |a1], |az|, [as|}

Obviously, B is the only relevant constant in (1.4). It is easy to see ([8],
p. 125) that B must be larger than 1. The infimum B of all possible values
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of the constant B in (1.4) is now called the Baker constant. Plainly, the
determination of B will completely settle the Baker problem on the bound
for small prime solutions of the equation (1.1).

It was shown in [7] that Theorem 0 contains the well known Linnik The-
orem on the smallest prime in an arithmetic progression, namely, for any
positive integers [,q with | < ¢ and (l,q) = 1, the smallest prime P(l,q)
in the arithmetic progression | + kq satisfies P(l,q) < ¢* where L is an
absolute positive constant. The infimum £ of all values of L is called the
Linnik constant. It was shown in [8] that B > £. Many authors (see Ta-
ble 1 in [5]) investigated the numerical bounds for £. The first numerical
result for B was obtained by Choi [2]: B < 4190. In [9] Liu and Wang
proved that B < 45. In [3] Choi, Liu and Tsang proved that B < 4 under
the Generalized Riemann Hypothesis. In the present paper we prove that
B < 38:

THEOREM 1. Assume the conditions (1.2) and (1.3). If not all a1, ag,
as are of the same sign, then there is an absolute constant C > 0 such that
the equation (1.1) has a prime solution p1,ps2, ps satisfying

(1.5) max |a;|p; < C max{|b|, (max{|a1], |az|, |as|})**}.
1<5<3

That is, B < 38.

It should be noted that the constant 38 can be reduced a little by the
method of [3].

2. Some lemmas. As usual, let x (modgq) and yo (modgq) denote a
character and the principal character modulo ¢ respectively. L(s, x) denotes
a Dirichlet L-function, and € and ¢; are small positive numbers. Let

(2.1) o)== JI L%

9<Q x (mod q)
We consider the zero-free regions of the function I7(s) in the region [Im(s)| <
C,1/2 < Re(s) < 1, where @ is a given sufficiently large positive number,
C is any positive constant, and the * indicates that the product []" is over
all primitive characters x (mod¢q). We put

(2.2) L:=logQ.

We begin by proving that for sufficiently large @ there exists an absolute
positive constant k£ such that none of the functions L(s, x) with characters
X (modgq), ¢ < @, have zeros in the rectangles

1-10/L<o0<1, 10*C < |t| <10**1C.
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As in Lemma 6.1 of [3], this is a consequence of the estimate

Y Y N(o,T,x) < (Q°T)*H90=9) (4/5 <0 <1,T > 1,6 >0)
4<Q x (mod )

due to Jutila. Let 0 = 1 — 10/L. Jutila’s bound implies that
YD N Lx) < (QL) 077 «(Q°£)* ) = 0(1)

9<Q x (mod q)

providing that @ is sufficiently large. Similarly to Lemma 6.1 of [3], on
choosing an appropriate k, we deduce the conclusion.
We proceed to number certain of the characters x (modgq) and zeros
= [+ iy of L(s,x) as follows. Let o denote any zero of II(s) in the
rectangle

(2.3) R={s=o0+it:1-10L7" <o <1, |t| <10*C}.

Denote by g1 one of the above zeros for which § is maximal, and let y; be
a corresponding primitive character in (2.1) such that L(g1,x1) = 0. Now,
remove L(s, x1) and L(s,Y;) from (2.1), and choose g3 to be one of the zeros
of IT(s)(L(s,x1)L(s,X;)) "} in R, for which 3 is maximal. We take y2 to be
a primitive character in (2.1) for which L(g2, x2) = 0. Then by arguments
similar to [5] we see that if a primitive character x # x1,X;, then every zero
o of L(s,x) satisfies

(2.4) Re(p) <Re(gy) or |Im(p)| > 10FF1C.
For convenience of notation we shall set
(2.5) ok =B +ive,  Bu=1-L"")\.

Suppose that L(s, x1) has a zero ¢’ # p1 in the rectangle R, given by (2.3)
(or a repeated zero ¢’ = p1); in case x7 is real and p; is complex we choose
such a zero ¢’ # 9, with Re(¢’) maximal, and put

Q/:ﬂ,+i7,7 5/:1_£—1>\/
in analogy to the above.

LEMMA 1. For any constant C > 0, there exists a K(C) > 0 depending
on C only such that if Q@ > K(C), then the function II(s) defined by (2.1)
has at most one zero in the region o > 1 —0.364/L, |t| < 10*C. Such a zero
B, if it exists, is real and simple, and corresponds to a non-principal, real,
primitive character X to a modulus ¥ < Q. (8 is called the Siegel zero or the
exceptional zero.

This is Proposition 2.3 of [9].

LEMMA 2. For any constant C > 0, there exists a K(C) > 0 depending
on C only such that if Q@ > K(C), then the function II(s) defined by (2.1)
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has at most two zeros in the region o > 1 —0.504/L, |t| < 10*¥C. Moreover,
the bounds in Table 1 can be applied.

Table 1. The lower bound for Ao

A1 A2 A1 A2
0.348 0.587 0.45 0.530
0.36 0.578 0.48 0.516
0.40 0.555 0.504 0.504

This is Lemma 2.5 of [9].

LEMMA 3. If the exceptional zero B i Lemma 1 does indeed exist, then
for any constant ¢ with 0 < ¢ < 1 and for any small € > 0 there is
a K(c,e) > 0 depending on ¢ and € only such that for any zero o = B+iy #
E (corresponding to x (modq)) of the function II(s) defined by (2.1) we

have
1— - 1- -

(2.6) 531—mm{fﬁ c)(8/9 E)10< (,fxw% ) )}

6" log([r,q]l) (1 =) log([r, q]|v])

if [7,q]ly| > K(c,€). Moreover, for any positive € there exists a constant
c(e) > 0 depending on € only such that

(2.7) 1-0.364/L < B<1—c(e)F ™.

Proof. By Lemma 2.4 of [6], if x is a non-principal character modulo g,
and ¢ = 3/8, then for any ¢ > 0 there exists a § = d(¢) > 0 such that

—Re<%(s,x)>§— Z Re(s_g> <§+E>E

|[1+it—p| <5

uniformly for
log £

o<1+

Llog
providing that ¢ is sufficiently large, where £ = log q(|t| +2). As in Lemmas
8.1, 8.5, 8.6 of [5], we can get Principle 2 of [5], p. 266, with co < 8/9
providing that ¢ is large enough and ¢ is small enough. Similarly to Lemma
2.6 of [9], the assertion follows.

Let
(2.8) a=1-X/L for 0.364 < X <loglog L,
(2.9) D:={s=0c+it:a<oc<1-0.364/L, |t| <C},
(2.10) N(X, a, C') := number of zeros of L(s,x) in D,
(2.11) (o, Q,C) Z Z (x, o, C),

¢<Q x (mod q)

where > " denotes that the sum is over primitive characters.
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LEMMA 4. For any absolute constant C' > 0, let « =1 — /L. Then for
Q > K(C) which is a positive constant depending on C' only, we have

8.86706C (\)e*-31403A 0.504 < A < 0.696,

26.93C5(\)et-28374X 0.696 < A < 1,
N*(a,Q,C) < 50.36C3(N\)e? 75350“ 1<A<2,

167.67C4(N)e* 116796* 2 < \<6,

42.54(\ + 35.385)05(A) 2.87538% 6 < \ < loglog L,

where

£3-15402X _ ,2.32002)
Ci(\) = AL (1 _ p—4.31403) >7

0.834\
. 4oy €3 19233% _ 6242653
=N (1—-e"™
( 0.766 >’
. s rsasoe €2 TATI04N _ 21601047
=" (1—-e"
( 0.58\ >’
2.223794X _ ,1.869794\
— 211 — o—31167961E €
0.354\ ’
2.07176A _ ,1.92136A
— 211 — 2875381 ¢
0.1504\

This is Lemma 3.1 of [9

3. The circle method. From now on, we let N be a sufficiently large
positive number, and let

(3.1) 0:=1/(38/3—20e1), Q:=N? T:=@Q%2t3 .= N-1Q'ter,

where €7 is a fixed sufficiently small positive number. For 1 < j < 3, let

(3.2) N = Nlag| ™, N7 o= N(dlag]) Y,
(3.3) B := max{|a1], |az|, |as|}.
We always assume
(3.4) B3T3 « Q.

Denote by A(n) the von Mangoldt function, and define, for any real y,
(35) S = Y Amelany),

N/<n<N;

(3.6) I(b):= > A(m)A(ng)A(ns),

(n1,m2,n3)
where Z(m’nz’ng) denotes the summation over all triples (ny,ns,ng) satis-
fying >, j<3an; = b and Nj < n; < N;,1 < j < 3. For any integers
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h and ¢ with 1 < h < ¢ < @ and (h,q) = 1, let m(h,q) be the interval
[(h—7)/q,(h+7)/q]. Let M be the union of these mutually disjoint inter-
vals and M’ be the complement of M in [1,1 4+ 7]. By (3.5) and (3.6) we
have

3
1) 10 ={ [+ § pe(-b H Li(b) + Ix(b), sy,

MM

where I (b) and I5(b) are the mtegrals on M and M’ respectively. For any
integer n and any character x (mod ¢), denote the Gaussian sum by

q
ZX Je(nl/q) andlet G(n,q):= G(n,Xxo).

=1
If x € m(h,q), write
z=h/g+n, (ha) =1, [n<7¢"

From now on, we put L := log N. For any real n and any y (mod ¢) with
< Q,1<j<3, let

N; N;
Li(n) = | e(ane)de,  I;(n):= | 2" e(anz)d
N/ N!
(3.8) N
/
Lon) =\ e(anz) Y o 'da,
N lvIST

where B is the possible Siegel zero in Lemma 1 and the corresponding char-
acter is X (mod ), Zm <7 denotes the summation over all zeros o = 5+ i~y

of L(s, x) satisfying o # B, |v| <T and 1/2 < g < 1.
LEMMA 5. Let

(3.9) Gi(hyq,m) =Y Glajh,X)1;(x;m),

x (mod q)
(3.10)  Hj(h,q,n) := Glazh,q)I;(n) — 8(9)G(ajh, Xx0)I;(n) — G;(h,q,m),
where 0(q) =1 if 7|q and §(q) = 0 otherwise. Then for any x € m(h,q),
Sj(x) = p(a) " Hj(h,q,n) + O((L + Nn|)N;q' T~ L?).
This is Lemma 4.2 of [9].
LEMMA 6. For any x > 1 and y > 2, let

Verp=Y ¥ Y 1

g<z x (mod q) =B+iy
Ivléyﬁza
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where o = [+ 47y is any non-trivial zero of L(s,x). Then

(3.11)  N(a,z,y) < (x2y8/°)20/90-0) o 1/29 <a <1,

(3.12)  N(a,z,y) < (z2y)@+a)-a) for 11/14 < a < 1.
See Theorems 1 and 2 of [4].

LEMMA 7. Under the notations and conditions of (3.1) to (3.4), we have

for1 <j <3,
o= Y S N«

q<Q x (modgq) |v|<T
Proof. Inview of Q > B3 and 6 = 1/(38/3—20¢;), we have for 1 < j < 3,
(313) N] > Q38/37205171/3‘

As in Lemma 4.5 of [9], note that T = Q2°31; by Lemma 6, the assertion
follows.

LEMMA 8. Under the conditions of Lemma 7, for 1 < j <3 we have

T/q Nj
=Y Y 3 (8 | L e etammde] an) " € 2401

9<Q x (modq) |v|<T —7/q N}
Proof. Similarly to Lemma 4.6 of [9], this follows from Lemma 7.

LEMMA 9. Let I1(b) be defined as in (3.7). Under the assumptions of
Lemma 7, we have

e i (——h) T e ]i[ (hyg,m) d + O(£21),

q<Q = —7/q
where Y% is the summation over all 1 < h < g, (h,q) = 1, and
(314) \Ql = N2Q2'5+€1 |a1a2a3|_1T_1L2.

Proof. As in Lemma 4.7 of [9], the assertion follows from Lemma 8.

4. The estimation of M; and Mj3. Multiplying out the product
H?:1 H;(h,q,n)in Lemma 9, we get 27 terms (if 3 exists). They are grouped
into the following three categories:

3
o Ji: the term [[;_, G(a;h, ¢)1;(n);
o Jo: 19 terms (if 5 exists), each has at least one G;(h,q,n) as a factor;

e Js: the 7 terms remaining (if 3 exists).
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For i = 1,2, 3, define

wn M= ey (o)

q<Q h=1
T/q

X S e(—bn){sum of the terms in J;} dn.
-7/q

Then by Lemma 9 we get
(42) Il(b) :M1+M2+M3+O(.Ql),

if one assumes (3.4). For the estimation of M; and M3, we need the following
notations. For any positive integer ¢, define

(4.3) A(q) = ¢ %(q) ZI 6<—éh> 1 Gah,a).

By Lemma 4.1 of [7], A(q) is multiplicative. For any prime p, put
(4.4) s(p) == 14 A(p).

Let r1,7r2,73 be any positive integers and denote by [ri,r2,r3] the least
common multiple of ry, 72, r3. For any primitive characters x; (modr;)
(1 <j<3)and [r1,re,73]|q, define

q

(4.5) Z(q) = Z(g; X1, X2, X3) = Z <——h) HG a;h, X;jX0),

= 7j=1
where x¢ is the principal character modulo ¢, and
(4.6) D= {(z1,22) : (4lay) ™" <25 <oy, j=1,2,3},
where z3 = agl(b]\f’1 —a1xr] — asx3).

LEMMA 10. Let x be a character modulo q, induced by a primitive char-
acter X* modulo ¢*, ¢ = q1q2, (42, ¢") = 1,p|q1 = p|q*. Then

G(m, x)

=X (mzn—,q))x* <Q*(ana q)>”(q*(§% @)90@90_1 <ﬁ> x7)

if ¢*=q/(m,q); otherwise G(m,x) = 0.

This is Lemma 1.5 of [10].

LEMMA 11. Let Z(q) and s(p) be defined as in (4.5) and (4.4) respec-
tively, and let r = [r1,7r2,73]. Then under the conditions of (1.2) and (1.3),
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we have
(4.7) [Is) > 1,
p
and
(4.8) > o @) Z(q)] < 2140782 [ s(p
q<Q p

rlg
In particular, if two of r1,r9,r3 are 1, for example, 11 = r9 = 1,73 = r,
then
r
(4.9) v (@)Z(g)| < s(p).
Z (,O(T)QO( T )90( T )H

q<Q
rlq

If one of r1,72,73 is 1, for example, r1 = 1,[ro, 73] =7, then

<a’17 )
(4.10) ¢ ()| Z(q)| < Q°—==]] s(p).

Proof. (4.7) and (4.8) are Lemma 5.2 of [9]. Now we consider (4.9). By
the proof of Lemma 4.6 of [7] we have

(4.11) S @2l =Nz D> 1A
5 i
< MIZ) ] +1AW)])
ptr
If ry =ry = 1,73 =7, then by (4.5), for (h,r) =1 we have
(4.12) Z(r) = G(a1,x0)G (a2, x0)G (a3, x3)G(=b,X3)-

By Lemma 1.2 of [10] we have

r
G < -1
Glan ol < ()™ (1
By Lemma 1.6 of [10] we have

|G(a37X3)| < \/;7 |G(_b7Y3)’ < \/7_"
Hence by (4.11) and (4.12),

R GIGIES

)7 ’G(@%Xo)\SsO(r)gol( ! >

(a27 T)

r

S0(7,)90( (alT,r) )SO( (a:,'r) ) .
As in Lemma 5.2 of [9], (4.9) follows.
For (4.10), if rq y[r2,r3] = r, then by (4.5) we have

=1
(4.13) Z(r) = G(a1, x0)G (a2, x2x0)G (a3, x3X0)G(—b, X2X3X0)-
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Let (ra,r3) = 14,72 = rarh,r3 = rars. Then (r4,74) = 1. Let rh = rsr,
(7‘577‘é) =1, (7"477%) = 1,p|7"5 = p’nb Té = TGT‘é,(TG,T‘é) =1, (7"4,7"%) =1,
p|re = p|rs. Then r = ryrsrirer. By Lemma 1.2 of [10] we have

(4.14) Glar ol < el (s )

(al’ T)

By Lemma 10, if (ag,r276) = 76, then

_ T
(4.15) |G (az, x2x0)| < @(r)e™ ' —— | V2,
(aQ’ ’l“)
otherwise |G (a2, x2xo0)| = 0. Similarly, if (a3, rsrs) = r5, then
_ T
(4.16) |G (as, x3x0)| < @(r)e~" Vs,
(CL3, ’l“)
otherwise |G(as, x3xo0)| = 0. We may put
(4.17) X2 =Xi XsXsr X3 =Xy XeXe:

where y; mod r; and x} mod r} are primitive; thus we have

(4.18) XoX3X0 = Y4Y5Y6Y/5X/67

where x4 = Xil) Xf)- Hence by Lemma 10 we have

(4.19)  [G(=b,X2X3X0)]
< |G (=b,X4X5X6)G(—b, X5)G (b, Xs)|

< VTETE|G(=b, X X5 Xe)|

_ T4T5T6 47576
<\ TErep(Tarsre) e 1<( ) ( )S \/TETGTaTsT6.

b, rarsre) b, rarsTe
Hence
2
(4.20)  ¢73()|2(r)] € — V50 < (a1,7)\/T5Ts <o (a1,7)

@Q(T)SO(W;T)) B r vroo
So (4.10) follows.

LEMMA 12. Let M; be defined as in (4.1). If not all the a;’s are of the
same sign and N > 3|b|, then

(4.21) M; = My + O(822),
where
(4.22) My := N2|a3|71<H s(p)) S dzq dxa,

p D
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with D given by (4.6), and

(4.23) My > N?|ajazas|™" H s(p), 029 := N2Q ' /4 a0as) 7t
P
See Lemmas 5.3 and 7.4 of [9].

LEMMA 13. If the exceptional zero 5 defined as in Lemma 1 exists, put

(4.24) w:=(1-p)L.
Then
20w My + O(7825 + N2Q~17#1) if 0.34 < w < 0.364,
24.3w3 Mo 4+ O(782; + N2Q71751)  if 0.326 < w < 0.34,
27.3w3 Mo + O(782 + N2Q71751)  if 0.306 < w < 0.326,
32.55w3 Mo + O(7§2 + N2Q~17¢1)  if 0.23 < w < 0.306,
68.5w3 My + O(782 + N2Q71751)  4f 0.2 < w < 0.23,
My + Ms > 95.7w3 My + O(7§2, + N?2Q~17¢1)  if 0.1 <w < 0.2,
355w3 Mo + O(762; + N2Q~'=51)  if 0.066 < w < 0.1,
600w3 Mo + O(T62 + N2Q~1751)  if 0.006 < w < 0.066,
1680w My + O(7625 + N2Q~17°1)  if 0.0025 < w < 0.006,
1791w3 Mo + O(7825 + N2Q~1751)  if 1076 < w < 0.0025,
1876w My + O(722 + N2Q~1751)  if w <1076,

Proof. By Lemma 1 we have w < 0.364. We only prove the lemma for
0.34 < w < 0.364. Noting N} > 471Q%/37202171/3 45 in Lemma 5.5 of [9]
we have for 1 < j <3,

(4.25) 1— NP1 > 2.7164w.

Hence the lemma follows.
LEMMA 14. We have My +Mz= M+O(£22+N?7"1log® L+N2Q~1*1).
This is Lemma 5.6 of [9].

5. Further estimates on triple sums

LEMMA 15. Let €5 be a fized sufficiently small positive constant and @Q >
K (e2), a positive constant depending on €5 only. Suppose that the exceptional

zero (B exists and satisfies w < e9. Then for 1 < j < 3,
* / _ 1/2
D= Y SN <l
q<Q x (mod q) |y|<Q*+e1g—1

Proof. Noting that N; > Q3%/3-2021-1/3 " a5 in Lemma 6.1 of [9], by
Lemmas 3 and 6 we may take

L 1-— €3 o 1-— €3
1@ = o7 o 755 )
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where €3 = e3(c, €,£1) is a positive constant depending on ¢, ¢, &1 only. And
£3 becomes sufficiently small if ¢, e and 1 are chosen to be sufficiently small.
Hence the lemma follows.

LEMMA 16. Under the notations of Lemma 15, for any positive constant
C >0 let Q@ > K(C,e2), a positive constant depending on C' and €y only.
If (i) B does not exist or (ii) [ exists and satisfies w > €2, then we have for

1<7<3,
Z= Y Y YN

¢<Q x (mod q) |y|<C

0.3511263 if 5 does not exist,

0.083376 if 0.306 < w < 0.364,

0.0302676 if 0.2 <w <0.306,
< 4 0.002229681 if 0.066 < w <0.2,

0.964773 - 106 if 0.0025 < w < 0.066,
0.29853221 - 10716 4if 1076 < w < 0.0025,
0.001w? if w <1076,

Proof. We first prove the lemma under the assumption that the excep-
tional zero O does not exist. By Lemma 1 and in view of the bounds for A
in Lemma 2, we can write

Ty = Nj~V2N*(1/2,Q,0)

11/14  1-£ 'loglog £ 1-6/L 1-2/£ 1-1/£ 1-0.696/L
LR L S A I IR
1/2 11/14 1-L£-1loglog L 1-6/L 1-2/L 1-1/C

1-0.504/L 1-0.364/L
+ 0+ }N*(a,Q,C)N;a—llogNJ’. da
1-0.696/L 1-0.504/L

9
=: Z C), say.
=1

As in Lemma 6.2 of [9], by Lemmas 4 and 6 we have
(5.1) 23 <0.3511263.

Now we come to estimating Y3 under the assumption that 5 exists.
We separate the arguments in six cases according to the value of the upper
bound for w: 1076,0.0025, 0.066, 0.2, 0.306 and 0.364. We only prove the case
g9 < w < 1075, other cases can be proved in the same way as in Lemma 6.2
of [9]. If w < 107, then by noting w > &g, for any zero ¢ = 3 + iy (# 3),
we have

(5.2) B<1-n(Q),
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where 1(Q)) is defined in Lemma 15. Hence

(5.3) X3 < (log£)%w?
1-n(Q)
+ S N* (Oé, Q’ C)Q(38/3720€171/3)(a71) lOgNdOé
1—-L-1loglog L

To estimate the integral, we consider two cases according as 1(Q) > 6/L or
not. When n(Q) > 6/L, we get w < (4/9) exp(—27/2—¢). Thus by Lemma 4
the integral in (5.3) can be estimated as

log log £

—1

< | (38/3)(42.54)(1 + 35.385/6)exp(2.87538))Q ~ (B8/8721e1 /3L gy

(@)L

(1—e3)((38/3—21e1 —1/3—2.87538)4) /9
<304 (M)

1-— €3
(9/4)w
1-— €3

4.2
< 394< > < 0.0005w3.

When n(Q) < 6/L, we get w > (9/4 + e3) 'exp(—27/2 — e3). Thus in view
of Cy < 0.873-10722, the integral in (5.3) is

0.873 - 10722 5
G4 < AT ) T e (22— 5"
1-n(Q)
+ X N* (a’ Q, C)Q(38/3—2061—1/3)(a—1) lOgNdOé

1-6/L

1-n(Q)
<0.0004 + | N*(0,Q,C)Q/3720271/5) 0D 160 N da.

1-6/L

By page 374 of [9] we have 3 < 1—4.55/L; by Lemma 4 the last integral in
(5.4) is

6
< | (38/3)(167.67)(4.55) "exp(3.116796X)Q(3/3 2021 —1/3/ (AL

n(Q)L
4 4.09
< 52<(19/ i‘”) < 0.0005w°.
—c3

Hence X3 < 0.001w?.

LEMMA 17. Under the notations of Lemma 14, for any positive constant
C >0 let Q > K(C,e2), a positive constant depending on C' and €4 only.
Then we have for 1 < j <3,
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o= Y Y SN <0366 1077,
q<B'Te2 x (modq) |y|<C
= Y Y SN <o012022.

q<B?*e2 x (mod q) |[v|<C

Proof. This follows in the same way as in the case where the exceptional
zero 3 does not exist in Lemma 16.

6. The estimation of M,

LEMMA 18. For any absolute constant C' > 1, we have for 1 < j < 3,
N;

y T/q j
Sem Y 3 (| e ttagem o] i)

9<Q x (modgq) C<|y|<T —7/q Nj
< 0_1/6N2/3|a]‘|_1.
Proof. This follows in the same way as Lemma 7.1 of [9].

LEMMA 19. We have for 1 < j <3,

s X S S (1| ) <

9<Qx (modq) |v|<T  —7/q Nj

1/3

Proof. Just as in Lemma 7.2 of [9], this follows from Lemma 7.

LEMMA 20. For the e2 > 0 given as in Lemma 15, let Q > K(e2),
a positive constant depending on €2 only. If B erists and satisfies w <
€9, then S3; defined as in Lemma 19 can be estimated further as S3; <
5§/2w3N2/3|aj|’1.

Proof. This follows from Lemma 15 as in Lemma 7.3 of [9].

Now we come to estimating M>. We consider two cases according as the
exceptional zero (3 exists or not.

If 8 does not exist, then there are 7 terms in the integrand of My and
they are the first, fourth and sixth type in case (I) of p. 376 of [9]. For Moy,
as for Moy of [9], we get

Moy = Z Z* ZI Z ©(9)Z(¢; X0, X0, X3)

r3<Q x3 (modr3) |v3|<C ¢<Q

_ - r3lq .
S (H S e(ajzn) da:)( S 1’93_16(0,31}7’]) dx) dn
% =1 N ;

+ O(N layagas|~tC /6 H s(p)).
p
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By Lemma 11 we get

My = > ST S oM 00200 v0 x00 )

rg<B1t2¢1 x5 (mod r3) [v3|<C ¢<Q

ral
oo 2 Nj ' Ns
X S e(—bn)(H S e(ajzn) d:r)( S % Le(azrn) dl‘) dn
—oo J=1 N/ N}

+ O(N2]a1a2a3]*1071/6 H s(p)) + O(Nzlalaga?,]*lQ*El H s(p)>.
P

p

Hence we have

| Moy | < N21a31*1(2.140782)(24)(ﬂ S(p)) | dey das
p D

+ 0<N2\a1a2a3|71 H s(p)>

< (2.140782 + ¢)(X4) M.
Similarly, we have

| May) < (2.140782 4 £)(X5)2 Mo,
| Mag| < (2.140782 + £)(Z3)* Mo,

providing that C' is large enough. Consequently,

(6.1) My < (2.140782 +¢)
x (3(0.366 - 107°) + 3(0.012922)? 4 (0.3511263)) M,
< 0.096 M.
If the exceptional zero exists, then as on page 376 of [9], there are 19

terms in the integrand of M, and they are of 6 types; the treatment of these
six types is quite similar to be above, so we have

|Ma1| < (2.140782 + €)(24) My,

| Mas| < (2.140782 + €)(Z5) My,

| Mas| < (2.140782 + €)(23) My,

| Moy| < (2.140782 + ¢)(X5)% My,
)(Xs)
)(Xs)

(
(
(
(
| Mos| < (2.140782 + £) (55

(

2
’M26| < 2.140782 + ¢ 23 3]\4'0,

(6.2) My < (2.140782 + ¢)
X (3(Z4) +6(Z5) + 3(Zs) + 3(X5)% + 3(X3)% + (X5)3) M.
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Note that trivially we have
Yy < X5 < X3,
By Lemmas 16 and 17 one can deduce the following.

LEMMA 21. For the e2 > 0 given as in Lemma 15, let Q@ > K(ea), a
positive constant depending on €2 only. Under the assumptions in Lemma
12, we have

0.096 if 5 does not exist,

0.749 if 0.306 < w < 0.364,

0.368 if 0.2 <w <0.306,
Ms < < 0.0431 if 0.066 < w < 0.2,

0.2479 -10~*  4f 0.0025 < w < 0.066,
0.767-10~*  4f 1075 < w < 0.0025,
0.05w3 if €9 <w <1076,

7. Proof of Theorem 1

LEMMA 22. Let I5(b) be defined as in (3.7). Then
L (b) < N2Q7Y2|ayagas| "2 L.

This is Lemma 8.1 of [9].

LEMMA 23. Let I;(b) be defined as in (3.7) and 0 be given as in (3.1).
Under the assumptions of Lemma 12 and (3.4), we have I (b) > w®Mj.

Proof. Just as in Lemma 8.2 of [9], this follows from Lemmas 9, 12, 13,
14, 21, and (4.2).

Proof of Theorem 1. By (3.7), Lemmas 22, 23, 12, and noting w > Q ¢,
we get
I(b) = I, (D) + I(b) > w3 N?|ajasas| ™"

providing that Q> B3+321 that is, N >> B(3+321)(38/3-2021) 5, p38—22¢1 —60<7
with g1 small enough. Noting the assumptions of Lemma 12, the proof of
Theorem 1 is complete.
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