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1. Introduction. Let X be a smooth projective variety over a finite
extension field K of Q,. We will consider the structure of the Chow group
CHo(X) of O-cycles on X. The degree map CHy(X) — Z and the Albanese
map Ker [CHyo(X) — Z] — Albx(K) have finite cokernels, and the struc-
ture of Albx (K) is well understood by Mattuck [Mat55, Theorem 7] since
the Albanese variety of X is an abelian variety. We denote by T'(X) the
kernel of the Albanese map on X; then the structure of the quotient group
CHy(X)/T(X) is well understood.

However, few results are known on 7'(X) when X has dimension greater
than 1. Colliot-Thélene |[CT95L 1.4(d), (e), (f)] conjectured that the group
T(X) is the direct sum of a finite group and the maximal divisible subgroup
of T'(X). This conjecture is known to be true for certain types of varieties.
For example, Raskind and Spiess [RS00, Theorem 1.1] proved it when X is
a product of curves whose Jacobians have a mixture of ordinary good and
split multiplicative reduction.

In this paper, we will consider (not only the finiteness but also) the
structure of T'(X)/p™ in detail when X is a product of two elliptic curves
which have ordinary good or split multiplicative reduction. Our main result
is as follows.

THEOREM 1.1. Let E1, E5 be elliptic curves defined over K. Assume that
their p"-torsion points are K-rational. Put X = E; X Ey and let T(X) be
the kernel of the Albanese map on X. Then the structure of T'(X)/p" is as
follows:

(1) If both Ey and Ey have ordinary good or split multiplicative reduction
over K, then

T(X)/p" = Z/p".
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(2) If one of E1, Ey has split multiplicative reduction over K and the
other has ordinary good reduction over K, then

T(X)/p" ~ (Z/p™)®>.

REMARK 1.2. The split multiplicative reduction case of (1) was proved
by Yamazaki [Yam05, Theorem 5.1].

As mentioned above, the structure of the quotient group CHoy(X)/T(X)
is well understood. Taking it into consideration, we find the structure of
CHy(X)/p":

COROLLARY 1.3. Let the assumption and notation be as in Theorem[L.1]
Let d be the extension degree of K/Qy. Then the structure of CHo(X)/p" is
as follows:

(1) If both Ey and Es have ordinary good or split multiplicative reduction
over K, then

CHo(X)/p" ~ (Z/pn)EB(Qd-‘rG).

(2) If one of E1,E> has split multiplicative reduction over K and the
other has ordinary good reduction over K, then

CHo(X)/p" ~ (Z/pn)®(2d+7).

Let the assumption and notation be as in Theorem To show the
main result we will consider the cycle map

(1.1) el T(X)/p" — He (X, u3?),

where p,» is the étale sheaf of all p"th roots of unity. In the case where E
and Es have the same reduction type as in Theorem [1.1}(1), (2), Raskind
and Spiess [RS00, Remark 4.5.8(b)] proved the cycle map is injective under
the assumption that the p”-torsion points of Fq and FEs are K-rational.
Note that the cycle map is not injective for certain types of varieties [PS95]
Chap. 8]. Raskind and Spiess explained how to calculate the image of
by analyzing the proof of their main result [RS00, Theorem 4.5]. (For any
integer m prime to p, they also considered the structure of T'(X)/m [RS00,
Theorem 3.5].)

They also introduced another approach to calculating the image, which
can be applied in the case where F; and Fs have any reduction type. They
showed the image is isomorphic to that of the composition of the connecting
homomorphism, the cup product and the norm map:

(12) P Eu(K)® Eo(K') — P H (K, Eip"]) ® H'(K', Eafp™)
K'/K K'/K

— P (K, E" @ Ep"]) — HX(K, Ei[p"] @ Esfp"),
K'|K
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where K’ runs through all finite extensions of K. Following this approach,
Yamazaki [Yam05, Theorem 5.1] obtained the result mentioned in Remark

In the same way as above we will show Theorem In Section 2, to
calculate the cup product of we consider the Hilbert symbol K* /p™ x
K> /p"™ — pym, which can be seen as the cup product H (K, p,n) @ H (K, pin)
— H?(K, pyn). In Section 3, to calculate the first arrow in we consider
the image of the connecting homomorphism 0 : E(K) — H" (K, E[p"]) for
an elliptic curve E over K. In Section 4, we calculate the image of the
composition of and complete the proof of our main result.

When either E; or Es has supersingular good reduction, the injectivity
of the cycle map ¢l is not known. However, in the same way as above the
image of the cycle map can be calculated. We have the following result
when n = 1.

THEOREM 1.4. Let 1, Es be elliptic curves defined over K and assume
that their p-torsion points are K-rational. Put X = E1 x Ey. Then:

(1) If one of E1, Ey has split multiplicative reduction over K and the
other has supersingular good reduction over K, then the image of
T(X)/p under the cycle map is isomorphic to (Z/p)®2.

(2) If one of E1, Ey has ordinary good reduction over K and the other
has supersingular good reduction over K, then the image of T(X)/p
under the cycle map is isomorphic to (Z/p)®2.

(3) If both Ey and Ey have supersingular good reduction over K, then
the image of T(X)/p under the cycle map is isomorphic to

(Z)p)®%  ifty #ty and ty +ty # p%y
€ e
Ziv ift1 =1y # 57— or |t1 #ly and t1 + 1o = ——|,
/ 2(196—1) p—1
P T o)

where e is the ramification index of K/Qp, and t1 and ty are respec-
tively the invariants of E1 and Fy defined in (3.4)).

This result is obtained by using Kawachi’s result [Kaw02, Theorem 1.1(2)]
on the image of  : E(K) — H(K, E[p"]) for n = 1. Theorem 1.4 generalizes
to the case of n > 1 once the image of § has been calculated for that n.

Notation. Throughout this paper, let K be a finite extension of Q,.
Let Ok be the ring of integers of K, Ug the unit group of O, and Mg
the maximal ideal of Of. Let Ul(?) = Uk and Ul(g) =14+ Mj for s > 1.
This gives a filtration K* D U}(?) D UI((l) D UI((Q) D --- on the unit group
of K. It also induces a filtration K*/p" D U;?}n D UI(({)n D UI(<2,)n Do,
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where UI((S,)n = US)/((KX)I’” N Ul(j)) for s > 0. Similar notation applies to
any discrete valuation field. For each positive integer k, let (,» be a primitive
pFth root of unity and ppr the group of all pFth roots of unity. Given an
abelian group A and a nonzero integer m, let A[m| (resp. A/m) be the kernel

(resp. cokernel) of multiplication by m on A.

2. The Hilbert symbol and a filtration on the unit group. We
fix a positive integer n, and assume that p,» C K throughout this section.
Then the Hilbert symbol over the local field K is defined by

pn
b
Q) (O KSR XE S g (0 o KO
T
where px : KX — Gal(K?®/K) is the reciprocity map of K.
LEMMA 2.1. Let a,b € K*. Then the Hilbert symbol has the following
properties:

(1) The Hilbert symbol is a nondegenerate bilinear pairing.
(2) (1-a,a),=(a,1—a),=1 fora#1.

(3) (av b)n = (bv a);l‘

4) (a, b)g: = (a,b)pn—r for each 1 <k <n.

Proof. See [FV02, Chap. 4, (5.1)]. =

We shall calculate the order of the image (U I((S)n’ U I(? )p» of the subgroup

U };)n xU g)n under the Hilbert symbol. To calculate them we shall investigate

ramification for the extensions K (*v/b)/K, where b € K*. Let L = K ("V/b)
and pr/x : K* — Gal(L/K) be the reciprocity map of L/K. By [[wa86,
Theorem 7.12],

(2.2) pry(UY)) = Gal(L/K)*

for all s > 0, where Gal(L/K)?® is the sth ramification subgroup in the upper
numbering for L/ K. We will calculate the Hasse-Herbrand function of L/ K,

which is used to define Gal(L/K)?® (cf. [EV02, Chap. 3, § 3]). This function

is the inverse function of
S

(2.3) dr/x(s) = |

0

1

(Gal(L K)o : Gal(L/K),) "

where Gal(L/K); is the sth ramification subgroup in the lower numbering
for L/ K. Note that the function ¢, is continuous and piecewise linear on
s> 0.

LEMMA 2.2. Let L = K(p%) and let Y1,k be the Hasse-Herbrand func-
tion of L/K. For each 1 < k < n, we put ¢, = ¢/(p — 1) + ke, where e is
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the ramification index of K/Q,. Then:
(1) If b is a prime element of K, then
r 0<r<e),
Y/ (r) = pir —kpfe (cp <r<cpy1) (k=1,...,n—1),
p'r —nple (r>cp).
In particular, the breaks of Gal(L/K)® occur at ¢y for each 1 < k

<n.
(2) IbeUI(?1\Ut+1 1<t<c andptt, then
" O0<r<e —t),
¢L/K(T) — pkr—kpke'i‘(pk_l)t (Ck_t§T§0k+1 _t)

(k=1,...,n—1),
p'r—npe+ (Pt — 1)t (r> ¢, —t).
In particular, the breaks of Gal(L/K)® occur at ¢, —t for each 1 <
k<n.

Proof. Since the proofs of (1) and (2) are similar, we shall prove only (2).
Let vz, be the normalized valuation on L. Since (» € K and b ¢ (K*)P,
we see L/K is a cyclic extension of degree p™. Let o be the generator of
Gal(L/K) such that 0(”%) = (pn V/b. Then

'

vap\[—l :Z Ujp\[—l :ivL(CIZnP%—l)
j=1 j=1
= uL(H@;n Vo-1)) = (b —1) = e(L/K),

j=1
where e(L/K) is the ramification index of L/K. Since p { ¢, the field ex-
tension L/K is totally ramified and vy, ("v/b — 1) = t. Therefore the ring of
integers of L is generated by a prime element of L. We can choose integers
g, h such that ¢ > 0 and gt + hp™ = 1. Then 7’ = (p% —1)97" is a prime
element of L, where 7 is a prime element of K. Therefore

==Y o) o] 1 8-
AT () () )

If p* divides j exactly, then vL((an —1)/("Wb—1)) = pFtle/(p—1)—t > 0.
Thus the valuation of the terms in the above sum assumes the minimum
for I = 1, and we have vp (o7 (n') — 7’) = dg41 + 1 — t, where we put dj, =
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pFe/(p — 1). Hence the order g, of Gal(L/K), is
p" (0<r<d —t),
G =3 p" " (dp—t<r<dpg—t)(k=1,...,n—1),
1 (r>d, —t).
By definition (2.3)), we see (2) is proved. =

COROLLARY 2.3. Let s > 0. For each 1 < k < n, the following are
equivalent:

(1) s> cg.

() Wih K ) = 1.

(3) U ()"

Proof. Since the Hilbert symbol is a nondegenerate pairing, (2) is equiv-
alent to (3). By [EV02, Chap. 1, (5.8)], if s > ¢, we have UI(?) C (Kx)pk
Assume that s < cj. Let L = K(”f/?r), where 7 is a prime element of K. By
Lemma (1), Y/ (s) < Y k(ck) = pFe/(p — 1). Therefore Gal(L/K)®
# 1. Hence (Ul(é)k,KX/pk)pk # 1 by and . .

LEMMA 2.4 (cf. [Kat79l Lemma 2 in §2]). Foralls,t > 1 and1 <k <n,
we have (Ul(f)k,U[(?k) K C (U[(?Zt L KX pP)

Proof. Let 1+ x e UI(() and 1 +y € U(t) Note that (1 —a,a),x =1 for
a # 1 (Lemma [2.1} - . Then

(2.4) ﬂ+x1+yw

1+x+x l+z+z -1
= (14214 y1+y STETI 4y
Pk 1+

1+x+ay 1+y>1

= (1 1
(14 2+ zy, +y)pk< T+ 2

pk

l+x+=x -1

= +ztay, l+yp(l+a+ay,—2z(l+y)), <1+xy’1+y>
P
l+z4x !

1
=1+z+axy,— )p( i

pk

1+z+ay !
—1
I 1)

(1+:U+xy >_ <1+:1:—|—xy )_1
= (ST ) (R )
1+ Pk 14+ Pk

As (1+z+zy)/(1+x) € UI(fH), we have (Uf(;)k, Ul(é)k)pk - (Ul(gzt L KX/ pP)

(1—|—a:+:1:y,—a:) (1+x —Z) <
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PROPOSITION 2.5. Let s,t > 0 and ¢ = e/(p— 1) + ke for each 1 <
k <n. Then:

(1)
p" (s <e1),
#(U[(é)n,KX/p")pn: pnk (cp<s<cky1) (k=1,...,n—1),
1 (s > cp).
(2) Ifpts orptt, then
p" (3 +t< Cl):
UL UL =8 " (cn<s+t<cp) (k=1,...,n—1),
1 (s+t>cp).
(3) If p|s and p|t, then

P (s+t<cr),
#(US UL )= p"* (e <s+t<ag) (k=1,...,n-1),
1 (S +1> Cn)-

Proof. (1) By Lemma [2.1[4) and Corollary for each 1 < k < n, we

have (Ul(i)n,Kx/p”)pn C ppn—r if and only if s > c. Hence (1) follows by
decreasing induction on k.

(2) By an argument similar to (1), it is sufficient to show that for each
1 <k <n, (UI(?)k,UI({t)k)pk =1lifand only if s+t > ¢;. If s+t > ¢,
then by Lemma 2.4 and (1), (U, U)x C (U KX /pF) e = 1. We
shall prove the converse by induction on k. We may suppose that s+t = ¢,
and s > t. Then p t t, since p|cy. When k£ = 1 or 2, we have ¢t < ¢;.

By Lemma (2), we see Gal(K(p%)/K)s #1(be UI(? \ U]%H)). Hence
(U[(;)]C,UI(;’)k)pk # 1 by and . When k£ > 3, by induction on k,
there exist a € Ul(égi)l and b € U1(<t,)1c—1 such that (a,b)r-1 = (. Thus
(a?,b)r = (a, b)z’“ = (a,b),p-1 = G # 1. Since k > 3, we have s > ¢1. Hence
a? € Uy and (U, Uy )pp # 1.

(3) By an argument similar to (1), for each 1 < k < n, it is sufficient to
show that (Ul(i)kv Ul(é)k)pk = 1lif and only if s +¢ > ¢;. If s +¢ < ¢, then by
2), (U U 2 WD, U ) e # 1. Suppose that s + ¢ > cy. Since
Ul(g)k = Uf(é)k, we may assume s,t > 1. Let 1 +x € US) and 14y € U[(;).

Write 2 = un?®’, where 7 is a prime element of K, u € Ug and s’ = s/p. By

(2.4) in the proof of Lemma
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1+x+ay -t 1+z+xy -1
25) (1+,1 - (EEE ST
25 (e, = (S5 ) (MR

(1t ztay ¢ Ptz +ay u -1 1—|—a:—|—:vy1+ -1
- 1+z 1+z 14z ypk'

We see from s+t > ¢; that (1 + 2z +2y)/(1+2) € Ul(f'“). Therefore each
term in || vanishes by (1) and (2). Hence (Uf(?)k, Ul((tv)k)pk =1 =

k k

p p

3. Elliptic curves over K. Let E be an elliptic curve defined over K.
We fix a positive integer n and assume that the p"-torsion points of E are
K-rational. Then we see that p,» C K by using the Weil pairing.

The exact sequence

0-Ep—EPLE o
induces a long exact sequence
(3.1)

0 — Ep"] — B(K) 2L i) 2L 5K, Ep]) — HY(K,E) — -~ |
where 07 is the connecting homomorphism. If we choose an isomorphism
(32) Ep"] = ppr & pipn,
then we have an isomorphism

K HY (K, E[p"]) = H'(K, tyn ® pipn).
By Kummer theory, there exists an isomorphism
85 o KX /p" @ KX [p" = H' (K, pipn @ pypn).
Let
5" s B(K) — K* [p" & K* [p"

be the composite map (65)~* o k o 67. To investigate the image of §", we
choose the isomorphism (3.2)) more carefully. Let E[p"]° be the subgroup of
E[p"] consisting of the K-valued points of the maximal connected finite flat
p"-torsion subgroup scheme of the Néron model of E over Spec Ok. Then
choose an isomorphism E[p"] ~ py» @ pyn which maps E[p"]° onto the first
factor fu,n.

In the case where E has split multiplicative reduction over K, Yamazaki
[Yam05, Lemma 4.5] showed

(3.3) Imé" = K*/p" & 1.

We consider the case where F has ordinary good reduction over K.
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ProposiTiON 3.1. If E has ordinary good reduction over K and we take
the isomorphism (3.2) as above, then

Im 6" = Uy, @ A,

where A is the annihilator of Uf(?)n in the pairing 1' and is cyclic of
order p".

Proof. Let v be the map (K> /p™)®? — (Z/p™)®? induced by the nor-
malized valuation on K. We will show that the composition of v and §"
is the zero map. To see this we may replace K by the completion of the
maximal unramified extension of K, which is denoted by L. Since E has
ordinary good reduction over K, we have the exact sequence

E(My)/p" S E(L)/p" — E(F)/p" — 0,

where E is the formal group attached to F, E is the reduction of E, and
F is the residue field of L. Since the field F is algebraically closed, we have
E(F)/p™ = 0. Therefore it is sufficient to show that v 0 6" o s = 0. Since E
has ordinary good reduction, FE is isomorphic to the multiplicative group Gm
over Op, by [Maz72) Lemma 4.27] . We fix isomorphisms EMyp) ~ Gn(Myp)
and E[p"] ~ G[p"] = ppn such that the following diagram is commutative:

Cm(Mp) —— Gulp"] —— 7

R
E(Mp) «—— EPp"] —— Ep"]

where the map 4y is defined by ¢ +— ((,1) and the rightmost vertical iso-
morphism is the one of (3.2]). This is possible because of our choice of the
isomorphism ({3.2). Then we have the following commutative diagram:

Gm(Mp)/p" —— HYL,Gup") —— L*/p" —— Z/p"

5 - H H

EMy)/p" —— HYLEp") —— L*/p" —— L/p"

L I I
B(L)/p"  —s HYLEp")) — (L*/p")®2 —s (2/p)®?

where the maps io and i3 are defined by a +— (a,1) and N — (N,0), re-
(1) (0)
=Up

TL’

spectively. Since G, (My)/p" = we have vo ™ os =0 by the

)

,, that we have

above diagram. It follows from Ker [K */p" — Z/p"| = U I((
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Imo" C Ul(?,)n @ A, where A = Ker [K* /p" — L*/p"]. Since
A ~ Ker [Hl(Ka fpr) — Hl(Lvﬂp”)] = Hl(L/K7 pipn) = Z/p",
the group A is cyclic of order p™ and is the annihilator of U [(? )n in the pairing
(2.1)). Furthermore, by Mattuck [Mat55, Theorem 7],
E(K) ~ Z]%Bd @ (torsion),

where d is the extension degree of K/Q,. Since all p"-torsion points of E are
K-rational, the order of E(K)/p" is (p®)**2. On the other hand, the order
of U;?n @® A equals that of K* /p" ~ (Z/p™)®\@+2) Since 6" : E(K)/p"* —
(K> /p™)®? is injective, we have Im §" = U](?)n DA m

REMARK 3.2. When n = 1, the image of §” has already been calcu-
lated by Kawachi [Kaw02, Theorem 1.1] including the case of other types of
reduction. Her results are as follows.

Let E be an elliptic curve over K. Assume that the p-torsion points are
K-rational. Then:

(1) If E has split multiplicative reduction over K, then
Imdé' = K*/p@ 1.
(2) If E has ordinary good reduction over K, then
1 _ 700 (c1)
Imé" =Up) & Uféll )
(3) If E has supersingular good reduction over K, then
it = U 5 )
where ¢ is an invariant depending on E, which is defined below.
For i > 1, let B! = E(M}.) C E(Mg). We define
(3.4) t=max{i >1]|Q € E' for all Q € E[p]}.
Then 1 <t <e/(p—1) (see [Kaw02, Lemma 2.3]). Note that Proposition
is a generalization of (2) for arbitrary n > 1. The group Uf(gll) is cyclic
of order p, and is the annihilator of U 1(?)1 in the pairing 1) by Proposition
253).

4. The structure of CHy(E; x E3)/p". Let E1, E3 be elliptic curves
defined over K and assume that their p"-torsion points are K-rational. We
put X = E; x E5 and consider the structure of CHo(X)/p". Let Ap(X) be
the subgroup of CHy(X) generated by the 0-cycles of degree 0 and T'(X) the
kernel of the Albanese map Ag(X) — X (K) (since the variety X is abelian,
the Albanese variety of X is identified with X). For any abelian variety X,
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since the degree map CHy(X) — Z and the Albanese map Ap(X) — X (K)
are surjective, we have
CHo(X)/T(X) = Z & X(K).
By Mattuck [Mat55, Theorem 7],
X(K) ~ Z;?Q[K:Qp] @ (torsion).
Since X (K) contains the p"-torsion points of both E; and Fs, we have

CHo(X)/p" = (Z/p")®4) & T(X) /p",

where d is the degree of K/Q,. Therefore we see that Theorem and
Corollary [1.3] are equivalent.

We will study the structure of 7'(X)/p". For that, we consider the cycle
map
(4.1) cl: T(X)/p" — HE(X, u5d).
When E; and E» have the same reduction type as in Theorem [L.1|(1), (2),
Raskind and Spiess [RS00, Remark 4.5.8(b)] showed that the cycle map is
injective under the assumption that the p™-torsion points of £ and F» are
K-rational. Furthermore by the argument similar to the proof of [Yam05,
Theorem 4.3], the image of T'(X)/p™ under the cycle map is isomorphic to
the image of the composition

(42) P BE(K) e B(K) - @@ H(K', Eyp"]) @ H(K', Bs[p"))

K'/K K'|K
R, D HAK' Eup"] @ Balp")) 2 HA(K, Bi[p") @ Ealp").
K'|K

where K’ runs through all finite extensions of K, 6} is the connecting ho-
momorphism, and N is the norm map. For each finite extension K'/K, by
[Ser79, Chap. XIV, Proposition 5] and py,n C K’ we have the following
commutative diagram:

H'(K',E\[p"]) @ H'(K', E5[p"]) ——— H*(K', EA[p"] ® Ex[p"])

: t

(K )22 @ ((BTY* fpm)e? o0 i

where the lower horizontal map is the direct sum of four Hilbert symbols.
Thus the study of T'(X)/p™ boils down to the calculation of the image of
the composition

(o)

n n
(4.3)  Ei(K') @ Bo(K') = ((K')*/p")* @ (K')* /p")® —"= !
for each finite extension K'/K.
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THEOREM 4.1. Let E1, Ey be elliptic curves defined over K. Assume that
their p™-torsion points are K-rational. Put X = Ey X Ey. Then T(X)/p"
has the following structure:

(1) If both Ey and Es have ordinary good reduction over K, then

T(X)/p" ~Z/p".

(2) If one of E1, Ey has split multiplicative reduction over K and the
other has ordinary good reduction over K, then

T(X) /o = (/")

Proof. (1) For each finite extension K'/K, by Proposition the im-
age of is isomorphic to the direct sum of the following four images:
(U;?,)’H,UI?,’n)pn, (UI(((')’),n’A)Pn’ (A, U;?,)n)pn and (A, A)pn, where A is the
annihilator of U 1(?’)771 in the pairing . By Proposition 3), we have
(U I(?/) ,UI(?/)m)pn = ppn. By the definition of A, we have

(U(O)

0
Kgn’A)P” = (4, U;((/),n)p" = (A, A)pr =

These images are independent of the finite extension K’/K. Therefore
T(X)/p™ is isomorphic to Z/p"™ by (4.2) and the injectivity of the cycle

map .

(2) For each finite extension K’/ K, the image of (4.3)) is isomorphic to the
direct sum of the following four images: ((K')* /p" UK, ) (K Jp™, A)pn,

(1,UI(?/)n)pn and (1, A)n by 1) and Proposition By Proposition
(1), we have ((K’)X/p",UI(?,n)pn = fipn. Since the group A is cyclic
of order p™ and the Hilbert symbol is a nondegenerate pairing, we have
(K")*/p™, A)pn = ppn. Hence T(X)/p" ~ (Z/p™)®? by an argument similar
to (1) =

When an elliptic curve E has supersingular good reduction over K, we
have not succeeded in calculating the image of §" yet. It is also not clear
whether the cycle map is injective in this case. However, when n = 1, the im-
age was calculated by Kawachi (Remark [3.2|(3)). Thus we have the following
result.

THEOREM 4.2. Let Eq, Eo be elliptic curves defined over K and assume
that their p-torsion points are K-rational. Put X = Fy X Ey. Then:

(1) If one of E1,Ey has split multiplicative reduction over K and the
other has supersingular good reduction over K, then the image of
T(X)/p under the cycle map is isomorphic to (Z/p)®?
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(2) If one of E1, Ey has ordinary good reduction over K and the other
has supersingular good reduction over K, then the image of T(X)/p
under the cycle map is isomorphic to (Z/p)®2.

(3) If both Ey and Ey have supersingular good reduction over K, then
the image of T(X)/p under the cycle map is isomorphic to

(Z/p)®* ifty # t2 and ty +t2 # Zﬁ’
Z/p ifti =ty # — or [ty £ty and t +t e
1=ty # —— 1 ) rra—
e
it =t = ——
0 if t1 = t2 2 1)’

where e is the ramification index of K/Qp, and t1 and ty are the
respective invariants of Fy and Ey defined in (3.4)).

Proof. Since the proofs of (1), (2) and (3) are similar, we shall prove
only (1). We argue as in the proof of Theorem[4.1] By Remark[3.2)(1), (3), it is

sufficient to calculate the four images (K> /p, U[((lzptﬂl))p, (K> /p, Ul((lirpt))p,
(1, Ul(g;ptﬂl))p, and (1, U[({I,Jlrpt))p. Since 1 < t < e/(p — 1), we have
(K [p, URP), = (K% Jp, UST™), = iy by Proposition [2.5(1). Hence
the image of T(X)/p under the cycle map is isomorphic to (Z/p)®2. =

Acknowledgements. The author wishes to thank Professor Takao Ya-
magzaki for his valuable advice. He is also grateful to Professor Yuichiro
Taguchi for his helpful comments.

References

[CT95] J.-L. Colliot-Thélene, L’arithmétique du groupe de Chow des zéro-cycles,
J. Théor. Nombres Bordeaux 7 (1995), 51-73.

[FVO02] I. B. Fesenko and S. V. Vostokov, Local Fields and Their Extensions, 2nd ed.,
Transl. Math. Monogr. 121, Amer. Math. Soc., Providence, RI, 2002.

[Iwa86] K. Iwasawa, Local Class Field Theory, Oxford Univ. Press, 1986.

[Kat79] K. Kato, A generalization of local class field theory by using K -groups. I, J. Fac.
Sci. Univ. Tokyo Sect. IA Math. 26 (1979), 303-376.

[Kaw02] M. Kawachi, Isogenies of degree p of elliptic curves over local fields and Kummer
theory, Tokyo J. Math. 25 (2002), 247-259.

[Mat55]  A. Mattuck, Abelian varieties over p-adic ground fields, Ann. of Math. (2) 62
(1955), 92-119.

[Maz72]| B. Mazur, Rational points of abelian varieties with values in towers of number
fields, Invent. Math. 18 (1972), 183-266.

[PS95] R. Parimala and V. Suresh, Zero-cycles on quadric fibrations: finiteness theo-
rems and the cycle map, ibid. 122 (1995), 83-117.

[RS00] W. Raskind and M. Spiess, Milnor K-groups and zero-cycles on products of
curves over p-adic fields, Compos. Math. 121 (2000), 1-33.


http://dx.doi.org/10.3836/tjm/1244208852
http://dx.doi.org/10.2307/2007101
http://dx.doi.org/10.1007/BF01389815
http://dx.doi.org/10.1007/BF01231440
http://dx.doi.org/10.1023/A:1001734817103

214 T. Takemoto

[Ser79] J.-P. Serre, Local Fields, Grad. Texts in Math. 67, Springer, New York, 1979.
[Yam05] T. Yamazaki, On Chow and Brauer groups of a product of Mumford curves,
Math. Ann. 333 (2005), 549-567.

Takashi Takemoto

Graduate School of Mathematics

Kyushu University

Fukuoka 819-0395, Japan

E-mail: takemoto@math.kyushu-u.ac.jp, subcaptain7@gmail.com

Received on 30.5.2007
and in revised form on 19.4.2011 (5452)



	Introduction
	The Hilbert symbol and a filtration on the unit group
	Elliptic curves over K
	The structure of CH0(E1 E2)/pn

