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Hybrid mean value for a generalization
of a problem of D. H. Lehmer

by

HuaNING Liu and WENPENG ZHANG (Xi’an)

1. Introduction. Let ¢ > 2 be an odd number and ¢ be any integer
with (¢, q) = 1. For each integer a with 1 < a < ¢ and (a,q) = 1, we know
that there exists one and only one b with 1 < b < ¢ such that ab = ¢ mod q.
Let N(g,c) be the number of cases in which a and b are of opposite parity,
that is,

where >4 | denotes summation over all a such that (a,q) = 1. For ¢ = 1
and ¢ = p an odd prime, D. H. Lehmer [3] asked to find N(p, 1) or at least to
say something nontrivial about it. In [6] and [7], the second author proved
that

1
(1) N(g,1) = 5 é(g) + O(g"*d*(q) n* g),
where ¢(q) is the Euler function, and d(q) is the divisor function. For any
nonnegative integer n, let
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The second author [8] proved the following asymptotic formula:

1
(2n+1)(2n + 2)

N(g,1,n) = $(q)g™" + O(4"¢*" 12 d?(g) In® q).
For any fixed positive integer ¢ with (¢, q) = 1, let
1
E(g;¢) = N(g:¢) = 5 9(9).

The second author [11] showed that for any odd prime p,

iy 3 3lnp
> |E 2="p*+0 :
621! (pe)l* =77+ (peXp(lnlnp))

This proves the error term in (1) is the best possible. In [12], he found a
close relation between the error terms E(q, ¢) and the classical Kloosterman
sums

q

K= 3 (7278,

b=1 q

where e(y) = e?™¥ and obtained the following hybrid mean value formula:

- ' A, 4 1 2+4-¢
Czl E(q,0)K (e, 1,q) = — g0(a) [ [ <1 - p(—1> +0(g%*+9),

rlq p—1)
where 44 = 1 mod ¢, ¢ is any fixed positive number, and Hp” g denotes the
product over all prime divisors of ¢ with p|q and p?{q.
It is natural and interesting to study the hybrid mean value between the

error terms in this problem of D. H. Lehmer and other arithmetic functions.
Professor Todd Cochrane introduced a sum analogous to the Dedekind sum

as follows:
- (@)

a=1

where @ is defined by the equation aa = 1 mod ¢ and

x — [x] —1/2 if z is not an integer,

((z)) = o

0 if x is an integer.
Then he suggested studying the arithmetical properties and mean value
distribution properties of C'(h, q). The second author and Y. Yi [14] proved
that |C(h, k)| < Vkd(k)In® k, and obtained some interesting hybrid mean

value formulae between Cochrane sums and Kloosterman sums (see [9], [10]
and [13]).



A problem of D. H. Lehmer 3

Now we consider a generalization of this problem of D. H. Lehmer. For
any integer k > 1, let

p—1 p—1

M(p,k,c) = Z ZZCL1+ “+ar —b)?,

a;=1 ar=1b=1
aj-—-arb=cmodp
2ta1+-4ap+b
3k% —5k+4)p—2k—2
E(p, k,c) :M(p,k,C)—( 24) p(p — 1"

In this paper, we use the Fourier expansion for character sums and the mean
value theorems for Dirichlet L-functions to study the hybrid mean value of
E(p, k,c) and the k-dimensional Cochrane sums

et =55 ((5) - (GD(5))

a]1= 1

and give two interesting asymptotic formulae. Namely, we prove the follow-
ing:

THEOREM 1. For any prime p > 3, we have the asymptotic formula

p
)
ZE(Z% 1,¢)C(e,1,p) = _mp4 O,

where € 1s any fived positive number.

THEOREM 2. For any prime p > 3 and integer k > 2, we have
> E(pk,0)C(c, k,p)

21%2(/{2 k4 2)C2k+1(2)pk+3 k+1
- 2kt2 [ZC’““ Ci(i )]

I (-5)

p112p

2T R VP TS o gy D) 40 D27 +1)
- 2k+4 [ch(—Q) 93i+1 +ZCIJ€( 2)! 23j+4 ]
i=0 =0

x TT Dep1,0) +Op"5/2+%),
p112p

where ((s) is the Riemann zeta-function, [], ;,, denotes the product over
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all different primes p1 with p;12p,

. 1 1 ck
Crli) = 5y [(1 — 2—2>C,’§+i + 2—22’“]

i+n

CkJrn 2]0k 1
k+j—1°

and C)', = m!/n!(m —n)!.
2. Some lemmas. To prove the theorems, we need the following lem-
mas.

LEMMA 1. Let x be a primitive character modulo q with x(—1) = —1,
and q > 3 an odd number. Then

) S ax(@) = £ () L(1, %),
@ e = Ay,
@ ey = 2O 5,

s

6 Yo = TN s
#(5(2) - V)

+ 3

T(X)L(3,X) + O(¢*),

where L(s,x) is the Dirichlet L-function corresponding to x, 7(x) =
I x(a)e(a/q) is the Gauss sum, and |T(x)| = /4.

Proof. For any odd character x modulo ¢, it is easy to show that

> (D %Z
(6) o R
> (-1 =2x(2) > x(b).
b=1 b=1
From [2] we have the identity
q (g—1)/2
(7) (1-2x(2)> ex(e) =x(2)g > xle).

c=1 c=1
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On the other hand, from Theorems 12.11 and 12.20 of [1] we know that if
X is a primitive character modulo ¢ with y(—1) = —1, then

(®) =S bt = S0

This yields formulae (2)—(4).
For any odd primitive character y modulo ¢, we also have

9 D (=1)%’x(a) = a’x(a) = Y a’x(a)
o=t (12\:111 aQTal
=Y a®x(a) = > (a—a)’x(g—a)
=2 a’x(a)—2¢ Y ax(a)+¢* Y _ x(a)
a=1 a=1 a=1
2|a 2|a 2|a
Noting that
Zax Z +> (a—-a)x(g—a) =2 ax(a) —q ) x(a),
a2|:a1 (ZQTal leTal

=
2
/-\
\_/
Q
=}
(oW
/—\
£
@
0]
¢}
-+

(10) Y (=D%’x(a) =2 a’x(a) —q ) ax(a)

2|a
q/2 ey

@ P xto) - 0L

Noticing the Fourier expansion for character sums which was first given
by Pélya [5]:

Z X(n)sin 27my) +0(1) if x(—1) =1,

Z x(n) = (X)L Z X(n) cos 27my) +o()

0<n<qy i

where x is a primitive character modulo ¢, and y > 0 is a real number, by
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Abel’s identity we have

q/2 2 q/2

Yot =L Y xm)-2[u Y xn)du
n=1 4

0<n<q/2 0 0<n<u

2(2(9) — 2); q/2
= T2 a2 [ u Y ) du

= T D)1, x) - 24 s S s
= T D)
o § (LG _ 1y i Xeoox(2m) | o] o
_ q2(Y(i)r_ Vi VL,T) + 262 77(;?) g:l @ 1525008(277718) ds+0(¢?)
_PED 1 g4 £ 2 Xesen) =1 | g

n=1
2tn
- PO =z, m + B 00160+ 0@

so from (10) we obtain (5).

LEMMA 2. Let p be an odd prime. Then

T e

- ¥ 0 [(i ax(a))’

+ (i( 1)%a%x(a)) (bfjl<—1>b><<b>) - (;<—1>aax<a>)2}
+ O(p),
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where Zx(—l)zl,x#co denotes summation over all nonprincipal even char-
acters modulo p, and Zx(fl):fl denotes the summation over all odd char-
acters modulo p.

Proof. From the definition of M(p, 1,c) we get

p—1p—1 —1p—1
M(p,l,c)= > Y (a—1b) §j§j [1—(=1)""")(a — b)?

a=1b=1 a=1b=1

ab=cmod p ab=cmod p
2ta+b
p—1p—-1 1 = 1p—1

= — E E a—b — 5 E E a+b b)2

a=1b=1 a=1b=1

ab=cmod p ab=cmod p

By the orthogonality relation for character sums modulo p we easily deduce

M(p,1,¢) = pl;;p(p— - —X;O (azp;ax(a ) + Tl
x [(f(—l)aa%c(a)) (f<—1>bx<b>) - (i(—l)aana)ﬂ.
Note that - o -
(1) S =0 it x(-1) = 1
and -
(12) zp:lax(a) =0 if x(—1)=1and y # yo.

This yields the conclusion of Lemma 2.

LEMMA 3. Let p be an odd prime and k > 2 be an integer. Then
E(p,k,c)

ot X e n( @) (Do)

x(— 1)_71 a= b=1

= D vrexe) (Svaw)

a=1 b=1

—_
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Proof. From the definition of M (p, k, c) we get

M(p, k,c) = Z Z Z ai + -+ +ag — b)?

a1=1 ar=1b=1
ay---apb=cmodp
2ta1+--+ar+b

p—1 p—1 p—1
1

=32 Y Y (DT e — )2

a1=1 ak=l b=1
ai--arb=cmodp

=: P(p,k,c) + E(p, k,c).

By the orthogonality relation for character sums modulo p we deduce

p—1 p—1

P(p,k,c) = ;Z Zm—l— -+ ap —b)?

al1= 1 Q= 1b=1
ay---apb=cmod p

—%ZX Z

C2(p—1
(p x mod p a;=1 ar=1b=1

p—1 p—

p—1 p—1 p—1

1 )
=D IEED D) DRI,

a;=1 ar=1b=1

El p—1 p—1 p—1 p—1 p—1

T DN 3 SR SR Sh B
a1:1 ap=1b=1 p a1=1 ar=1b=1

k+1 k(k—3
:—p<2p—1><p—1>’f+gp2< _

12 8

3k%? —5k+4)p — 2k — 2
4 r p(p — 1)~

24
On the other hand, from (11) we have

p—1 p—1 p—1

x(a1) ar)x(b)(a1 + -

-+ak—b)2

SRS S5 T

=1 ap= 1b=1

ai
ai--arb=cmodp

p—1 p—1

1 = -
ST D T) IR wp S IERE

ap=1b=1

x x(a1) - x(ax)x(b) (a1 + - - - + ax — b)?
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= IDIRCICEI RO KOS

x(=1)=-1 a=1 b=1
(L 0ra) (L)

This proves Lemma 3.

LEMMA 4. Let p be an odd prime and h be an integer with (h,p) = 1.
Then

’ik+1

m Z Y(h)Tk+1(X)Lk+1(1,X).

x(—1)=-1

C(h,k,p) =

Proof. From the orthogonality relation for characters modulo p we have

(13)  C(h.k,p) = ::11 ' Z::ll ((%)) ((%k)) ((al%kh))
S ()

1 p—1 o  1\)F!
st S ol )
IR UIPWCICES

x mod p
For x(—1) =1, it is easy to prove that

(15) Zx (———) U5 ).

p a=1

Combining (8), (13), (14) and (15) we immediately obtain the conclusion of
Lemma 4.
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LEMMA 5. Let q, k, © be integers with ¢ > 3, k> 1 and i > 0. Then we
have the asymptotic formulae

S @)L P

x mod ¢
x(—=1)=-1
1\ 2k+1 1
e ronall(-5)” -5 0w
plg p pf2q p?

and

> Xx@HLM (L) LF (1L X)L, X) = 292&3)1 Di(2.4) [] Dr(p, 0)+0(c°).
xf‘—nf?ifl pf2q

Proof. We only prove the second formula, since the first one can be
deduced similarly. Let di(n) be the kth divisor function (i.e., the number of
positive integer solutions of the equation n; ---n; = n), and define 74 (n) =
> dln d?dy,(d). For any nonprincipal character Y modulo ¢, and parameter
N > ¢, applying Abel’s identity we have

L(s,x) = Z X + s | | vz dy

ys+1
1<n<N N

Z x (f]\lfzgq)

1<n<N

Noting that for (ab,q) = 1, by the orthogonality relations for character
sums modulo ¢ we get
%qb(q) if a = b mod ¢,

Z x(a)x(b) = —1¢(q) ifa=—bmodg,
x mod ¢ 0

X(—1)=—1 otherwise.

Ti= ) X)) LML X)L, X)

e
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- B 5T (5
x mod ¢ 1<n<N 1<mi<N 1<ma<N 2
x(=1)=-1

3/21 2]€N1
g~ log 0gq
o T s )
m/d)

_ ; X(M)di1(n) X(m) - di
IR D e D D) Dl

xmod g 1<n< Nk+1 1<m<Nk+1 d|m
x(=1)=-1

+o<q3/210g2kNlogq>

N

2

?(q) Z Z dj1(n) 2 gm di(m/d)/d?
1<n<NFFL 1<m< NF+T " m

(nzq)zl . (m,q):l
m=2'n mod q

9la) dyy1(n) Dgjm de(m/d)/d®
0y oyt R
1§n§Nk+l ISmSNk+1

(nuq)zl . (m,q):l
m=—2'nmod ¢

<q3/2 10g2’€ N log q>

+0 N

_ 9@ dr41(n) N~ di(2'n/d) ¢*/*log* Nloggq
== > 5t > & +0 ~

1<n<NFk+1 d|2in
(n,q)=1

ro(o ¥ ey

1<n< Nk+1

ro(o ¥ y)

1<n<Nk+1

where ‘
D dligrain di((lg +2'n)/d) /d?

21 = Z lg + 2in ’

_ ot k4+1_ 51
1§n§l§N q2n

10

Zduq—zin di((lg — 2'n)/d)/d?

22 = Z lg — 2in

142%n <1< NEk+142ip
q - - q
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= d 2! 3/210g?* N 1
5 9 3 k+1(n724m( n)+0<q ogN ogq>+O(N€)'

Now taking N = ¢%/2, we immediately get

(16) 2= ;;(g)l > —d’““(”gl’“(m +0(¢).
n=1
(n,q)=1

Noting that di(p") = C’,’jHl 1 (see [4, 6.4.12]), from the properties of
multiplicative functions we have

= dpy1(n)TR(2°0) = dpy1(n)TR(200)
n=1 n=1
(n,g)=1 (n,2q)=1
P 2n )7 (21 1) > dp1(270) (27 n)
+ Z o) ot nz::l @)t +
(n, 2q) 1 (n,29)=1
:[ i dk+1(n)7k(n)}
n=1 n4
(n,29)=1
L ey (2)Te(201 dipg1 (27) 73 (27
y [Tk(T)JF ke ( )24k( ) o e 24)17:( )+_”]
= Sl . 52.

By applying Euler products we get

(18) S = H -14_ W 4 g dk+1(];27'k(p") +]

k n 2 k—1
CkJrnZ Ck+j 1_'__._
p4n

Cl]§+nn 27 k—1
~T1[2 T et
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On the other hand, it is not hard to show that
dye11(2)7:(2°41) dpo1(2™)75(2)

(19) SQZTk(2l)+ + - 4 4.

24 24m
C Zerl 22]Ck 1
_ 25 k+1 k+j7—1
ZQ JO’H—J 1t 94

+m 525 ~k—1
CkerZ 2 Ck‘+] 1

24m + ..

i+n

Z CkJrn Z 22jCk+] 1= (27 Z)

n=0
Then from (16)—(19) we get the second formula of Lemma 5.
LEMMA 6. Let p be an odd prime. Then

S LwF =2 o0,

144
x mod p
x(—1)=-1
. !
> x@ILyt = %erO()
x mod p
x(—1)=-1
_ 117
S Y@L = e p+ O),
576
x mod p
x(—1)=-1
S L2(1,0L0L0LG ) = 1 p+ O)
’ ’ ’ 4320 ’
x mod p
x(—1)=-1
6
T
> x@LPLX)LLR)LEG,X) = 15552+ OF),
x mod p
x(—1)=-1
S @0 OLLOLEY) = 2Tt 06
X » X » X » X —2304010 p).
x mod p
x(—1)=-1

Proof. Taking k =1 in Lemma 5, we have

Y @)L = ahEp [] (1 1‘02> o)

p
x mod p p112p !

x(-1)=-1
0 @p ] ( —%) +0(r°)

p112p

13
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3 . 1 g
=-¢@aip]] 1+ 5 ) +00")
1
P1

444(2) . £\ __ 1 4 (S
= 2 Clip + OFF) = 2™ Cili)p +0").

Noting that

. 1 1 C
C1(i) = 5y [(1 — §>c§+l + 2—3]

1 [3(1+i) 2] _5+3i

= 9itl 4 + 4 9i+3

we obtain the first three formulas of the conclusion.
On the other hand, from the definition of Dy (p,i) we have

i+n

D (p7 _ Z Cl+n Z 27

n=0

-

n+1 p2ntith) _q

n=0 p -l
S P ey
n=0 p n=0 p !
1 2i42 1 !
T P21 [p 1-1/p?? (1- 1/1)4)2].
Therefore
1 1 1
Dilen 0= 2 {pi (1—-1/p})? (1- 1/29‘1‘)2]
_ 1 [1 = ! }
-1/ L s+ 1/p7)2
B 1—1/p8
C(A=1/p) (A +1/p7)?
and

1 2i+2 1 1
22—1[ (1—-1/22)2 (1—1/24)2}

2211600 — 256
675 '

D1(2,i) =
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Then we get
i p . (5
Z X(2)L*(1, ) L(1,%)L(3,X) = 2371 D1(2,4) H D1 (p1,0)+O(p°)
x mod p p112p

x(=1)=-1 .
22.1600 — 256 1—1/p§
= - O £
ws-o L e 00

220 25 4 1—1/p§
= +O(p°
2% . pH —1/p1)*(1 +1/p})? ")

254 <2<2><2<4>
231,42 ¢(6)
This yields the last three formulas of Lemma 6.

(2% .25 — 4)7®
20 .6-2160 *

p+O(p°) = + O(p°).

3. Proof of the theorems. In this section, we complete the proof of
the theorems. For any prime p > 3, note that

T(x)7(X) = px(=1).

Then from Lemmas 1, 2, 4, 6 and the orthogonality relation for character
sums modulo p we get

Z E(p,1,¢)C(c,1,p)

= ﬂQ(pl_ » %::172(X)L2(1, X) [(azi:lax(a))Q
4 (i(—naa?x(a)) (i(—l)bxw)) - (Z_;(—l)aax(a)f]
+ OC(;"’/“&) 7 .
_ #“_1) X<—%:—1<_2 +4x(2) — 4x(4)|L(L, D)
" #4_1) X(%:ZIQ —20x(2) + 32x(4))L*(1, X)L(1, %) L(3, X)
+O(p™/*e)

5
- _ v 7/2+e
14419 +O(p ).

This proves Theorem 1.
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For any prime p > 3 and integer k > 2, from Lemmas 1 and 3-5 we have

p—1 .
Zk+1

ZE(pakaC)C(Cak‘»P):—m > I, )

c=1 x(—1)=—1
< [+ D (X0 @) (0
a=1 b=1
Fhk -3 (D Drax@) (L -n®) ]
a=1 b=1
B 2k72(k.2 — k4 2)pk+3
T T o)
<Y @)L + O
x(—=1)=-1
Qk_l(k+1)pk+3
A (p — 1)
<Y (= 22— 8 (@)L 1L )L (L LG )
x(—1)=-1
k—2(1.2 _ k+3 k+1 ‘ A
- = Y G Y @)L P
i=0 x(—1)=—1
+ O(pk+5/2+€)
k-1 k43 koo Sk ‘ .
o 5 [ G+ Y cl-2r @]
x(—1)=—1 i=0 )

x LFH(1, %) L*(1, %) L(3,%)

2k72(k2_k+2)c2k+1(2)pk+3 k+1

_ aiu [ch+1 yiew] I1 (1 1- Cé“k)

p1
p1f2p
2" (k 4 1)phts
ﬂ-2k+4
k
i i Dr(2,1) j s Di(2,7+1)
x [ch(— T304l ZC ) o354 H Dy (p1,0
i=0 p1f2p

FOHEI,
This completes the proof of Theorem 2.
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