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1. Introduction. Let s > 1 be an integer and I° be the s-dimensional
unit cube [0, 1]*. We consider (finite) point sets and (infinite) sequences of
points in I®, where the term “point set” is used in the sense of the combi-
natorial notion of “multiset”, that is, a set in which multiplicity of elements
is allowed and taken into account.

Constructing sequences with good equidistribution properties is an im-
portant problem in number theory and has applications to quasi-Monte
Carlo methods in numerical analysis (see [6], [7], [8], [15]). The precise
formulation of the problem leads to the concept of star discrepancy and
the requirement of constructing low-discrepancy sequences. A very power-
ful method for constructing low-discrepancy sequences is the construction
of (t,s)-sequences using global function fields in [12] and [19] (see also [15,
Chapter 8]). A relevant method for constructing low-discrepancy point sets is
the construction of (¢, m, s)-nets and digital nets. The concept of duality was
introduced in [11] and used in [10] for the construction of digital nets from
global function fields. We refer the reader to [8] and [9] for recent surveys
on constructions of (t,m,s)-nets and (t, s)-sequences. Recently Kritzer [2]
improved the star discrepancy bounds for (¢, m, s)-nets and (¢, s)-sequences.

In this paper we construct low-discrepancy sequences using the concept
of duality and global function fields. For certain parameters these sequences
give asymptotically better star discrepancy bounds than (¢, s)-sequences.
An important role in our construction is played by differentials of global
function fields. We note that a completely different construction of low-
discrepancy sequences using differentials of global function fields was re-
cently given in [4].
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The paper is organized as follows. We give some basic definitions in the
remainder of this section. Section 2 contains some preliminaries and aux-
iliary results. In Section 3 we present our construction of low-discrepancy
sequences. In Section 4 we obtain a star discrepancy bound for a class of se-
quences including those constructed in Section 3. We give concrete examples
and illustrate our improvements by numerical results in Section 5.

Now we present some basic definitions. For a subinterval J of I° and for
a point set P of N > 1 points xg,x1,...,xn_1 € I°, we write A(J;P) for
the number of integers n with 0 <n < N — 1 for which x,, € J. We put

A(J;P)

(1.1) R(J;P) = —7— = Asl)),

where )g is the s-dimensional Lebesgue measure.

DEFINITION 1.1. The star discrepancy D3 (P) of the point set P of
N > 1 elements of I° is defined by

DN (P) = Sl}p\R(J; P)l,

where the supremum is extended over all subintervals J of I% with one
vertex at the origin. For a sequence S of points in I and N > 1, the star
discrepancy D3 (S) is meant to be the star discrepancy of the first NV terms
of S.

Given an integer b > 2, an interval of the form

S
J = [Jlad~%, (a; + 1)p~%) C I?
i=1
with integers d; > 0 and 0 < a; < bk for 1 < i < s is called an elementary
interval in base b.

DEFINITION 1.2. For integersb > 2, s > 1, and 0 < t < m, a (t,m, s)-net
in base b is a point set P consisting of b points in /¥ such that R(J;P) =0
for every elementary interval J C I* in base b with \s(J) = b'~"™.

2. Preliminaries. We introduce some notation which will be used in

what follows. Let b > 2 be an integer and Z, = {0,1,...,b— 1} be the least
residue system modulo b. For a real number z € [0, 1], let

(2.1) T = Zyjb_j with all y; € Zy,
j=1

be a b-adic expansion of x, where the case in which y; = b — 1 for all but
finitely many j is allowed. Using the expansion of x in (2.1), for an integer
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m > 1 we define the truncation

[@]p.m = Z yjbfj.
j=1

Note that the truncation operates on the expansion of xz and it may yield
different results depending on which b-adic expansion of x is used. If x =
(M, ..., 2()) e I* and the (), 1 < i < s, are given by prescribed b-adic
expansions, then we define

(2.2) [Z]pm = (P ]pms -+ [29]pm)-

The concept of a (T, s)-sequence in base b was introduced by Larcher
and Niederreiter [3]. We use a slight variant of this concept which, at the
same time, generalizes the version of the definition of a (¢, s)-sequence in
base b used in [12] and [15, Chapter 8]. We write N for the set of positive
integers and Ny for the set of nonnegative integers.

DEFINITION 2.1. Let b > 2 and s > 1 be integers and let T : N — Ny
be a function with T(m) < m for all m € N. Then a sequence g, x1, ... of
points in I® is a (T, s)-sequence in base b if for all k € Ny and m € N, the
points [@,]p,m with k™ < n < (k4 1)b™ form a (T(m), m, s)-net in base b.

REMARK 2.2. The original definition of a (T, s)-sequence in base b in [3]
required that for all k € Ny and m € N, the points x,, with k0" < n <
(k4 1)b™ form a (T(m), m, s)-net in base b. For this earlier definition, all
points x,, need to be in the half-open unit cube [0, 1)®, whereas Definition 2.1
allows points from the closed unit cube I*. The device of truncation in (2.2)
and in Definition 2.1 guarantees that even though all the points x,, are in I°,
all the points [x,]p, are in [0,1)®. Note that it is a necessary condition for
a (t,m, s)-net P in base b that all points of P be in [0,1)%.

REMARK 2.3. If T is such that T(m) <t for some integer ¢ > 0 and all
integers m > t, then Definition 2.1 yields the concept of a (¢, s)-sequence in
base b. The smaller the value of ¢, the better the equidistribution properties
of a (t, s)-sequence in base b.

Next we recall the digital method for the construction of sequences of
points in I®. This method goes back to [5]. For our purposes, it is convenient
to follow the presentation in [15, Section 8.2]. We fix a base b > 2 and a
dimension s > 1. Let R be a finite commutative ring with identity and
of order b. We set up a map ¢ : R — [0,1] by selecting a bijection
n : R — Zp and putting

oo

Doo(T1,72, .. .) :Zn(rj)b_j for (r1,r9,...) € R™.
j=1
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Furthermore, we choose 0o x co matrices CV, ..., C®) over R which are
called generating matrices. For n =0,1,..., let

n= Z a;(n)b’
=0

be the digit expansion of n in base b, where aj(n) € Z; for j > 0 and
a;j(n) = 0 for all sufficiently large j. Choose a bijection v : Z; — R with
1(0) = 0 and associate with n the sequence

n = (Y(ao(n)), ¥(ar(n)),...) € R

Now we define the sequence xg, x1,... of points in I° by
(2.3) Z, = (poo(mCD) ... do(nC®)))  forn=0,1,....

Note that the products nC® are well defined since n contains only finitely
many nonzero terms.

Foreachi=1,...,sand m € N, let C’,(f;) be the mxm submatrix of C®
obtained from the first m rows and columns of CV. For j = 1,...,m, let

() . be the jth column vector of C() For any d = (dy,...,ds) € Nj with
d gmforlgzgsandd _Zzzld > 0, we define the m x d matrix

1 1 s s
(2.4) Cima = lef)y - hpla, eyl ]
whose columns are obtained from the indicated columns of 07(7%), ey 07(7‘:).

PROPOSITION 2.4. The sequence (2.3) is a (T, s)-sequence in base b if
and only if for any m € N with T(m) < m and any d = (d1,...,ds) € N
with Y7, di = m — T(m) the system of homogeneous linear equations

kCppq =0 € R™Tm
has exactly bT™) solutions k € R™, where Cy, q is the matriz in (2.4).

Proof. This is shown by the same argument as in the proof of [15, The-
orem 8.2.9]. Note that we need not check the condition in Definition 2.1
when T(m) = m since any point set consisting of b™ points in [0,1)® is an
(m,m, s)-net in base b. =

We now consider the special case where the ring R is the finite field [F, of

order ¢, with ¢ being an arbitrary prime power. As above, let Cg;?,p e ,c%{m
denote the column vectors of the matrix C’,(,?
call{c CE€FY 1 <j<m, 1<4<s}a(d,m,s)-system over Fy if for any

(dl,...,ds) e N with Y7, d; = d the vectors c() ,1<5<d;, 1<i<s,
are linearly independent over Fy (see [11, Deﬁn1t1on 3]).

. For integers 0 < d < m, we
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COROLLARY 2.5. Suppose that for any m € N with T(m) < m, {cy(;)j €
Foi:1<j<m,1<1i<s}isan (m—T(m),m,s)-system over F,. Then
(2.3) is a (T, s)-sequence in base q.

Proof. The given hypothesis guarantees that any matrix C, 4 in Propo-
sition 2.4 has rank m — T(m), and so the result follows immediately from
Proposition 2.4. =

We need some notation and concepts from the duality theory developed
by Niederreiter and Pirsic [11]. For m € N and a = (a1, ...,am) € Fy', we
put v(a) = 0 if a = 0, and otherwise

v(a) = max{j : aj # 0}.
For integers s > 2, we extend this definition to Fj'® by writing a vector
A € F;"® as the concatenation of s vectors of length m, i.e.,
A=@Y,. . a¥)eFm  witha® e FI" for 1 <i <s,
and putting
Vn(A) =) v(@?).
i=1

DEFINITION 2.6. For any nonzero F-linear subspace A of Fy", we define

the minimum distance

dm(N) = min V,(A).
AeN\{0}

For any Fy-linear subspace M of F;'*, we define its dual space M+ by
ML:{AG]FZLS:A-M:()forallME/\/l},
where “” denotes the standard inner product on F;**. Note that
(2.5) dim(M™*) = ms — dim(M),
where here and subsequently we write dim()V) for the F,-dimension of a

finite-dimensional vector space W over F,.
Let CM,...,C®) again be the generating matrices over F, in (2.3). For

eachi=1,...,sand m € N, let CT(,? be the m x m submatrix of C9) defined
above. Then we set up the m x ms matrix
(2.6) Con =[O 1CR ]| O]

over F; and let C,, be the row space of Cy,. It is trivial that dim(C,,) < m,
and so (2.5) shows that C;- has positive dimension whenever s > 2. Therefore
the minimum distance d,,(C;-) is defined in this case.

PROPOSITION 2.7. Let s > 2 and suppose that for any m € N with
T(m) < m, the dual space C;5 of Cp, satisfies

6m(Ct) > m — T(m) + 1.
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Then the sequence (2.3) with generating matrices cW ....C® over F, is
a (T, s)-sequence in base q.

Proof. For any m € N with T(m) < m, consider the system {c mj €
Fyt:1<j<m,1<i<s} of column vectors of the matrix G, in (2. 6). In
V1ew of [11, Theorem 1 and Definition 3|, the given hypothesis implies that
{cl) eFy:1<j<m,1<i<s}isan (m—T(m),m,s)-system over F,.
The desn"ed result now follows from Corollary 2.5. =

3. A construction from global function fields. Throughout this
section we assume the existence of a global function field F' satisfying the
following assumption.

ASsSUMPTION 3.1. Let s > 2 and g > 0 be integers and let g be a prime
power. Assume that there exists a global function field F' with full constant
field F, and with the following properties: (i) the genus of F' is g; (ii) there
exist s distinct places Pp,..., Ps; of F' of degree 1; (iii) there exists a place
Q of F' of degree 2.

Using places of F' of sufficiently large degree, we can find a divisor G of
F of degree g — 1 such that the support of G is disjoint from {Q, P, ..., Ps}.
For even integers 2m > g, let Asm, Gom, and Gomi1 be the divisors of F
given by
AQTW =G — mQ:
Gom :ZG—WQ-FQW(Pl—F'”—l-PS),
Gomt1: =G —mQ+ 2m+ 1)(P1 + -+ Ps).
For a divisor A of F, let £2(A) denote the F,-linear subspace of the space
(2 of differentials of F' given by
NA) ={we 2" : (w) > A} U{0}.
We refer to the book of Stichtenoth [18] for the theory of differentials of
global function fields and for other background on global function fields.

LEMMA 3.2. For all even integers 2m > g, we have 2(Asm) C 2(Azm2)
and

dim(£2(Asr)) = 27.

Proof. As Agmio < Ao, it is clear that 2(Asm) C 2(Azm+2). Note
that deg(Aszm) =g — 1 — 2m < 0 since 2m > g. Then we have

dim(2(Azm)) = —deg(Aam) + 9 — 1 = 2m,

and the proof is complete. =
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Using Lemma 3.2, let wy,wo, ... be a sequence of differentials of F' such
that for all integers 2m > g we have

(Wi, ..., wom) = 2(Am).
For a divisor A of F', let £(A) denote the Riemann-Roch space
LA)={z e F":(z)>—-A} U{0}.
LEMMA 3.3. For all even integers 2m > g we have the following:
(i) If w € 2(A2m) and x € L(G2m) are nonzero, then
(zw) > —2m(Py + - - - + Ps).
(i) If w € 2(Am) and x € L(Gam+1) are nonzero, then
(azw) > —2m+ 1)(P1 + - - - + Ps).
Proof. Note that
Ao — Gom = —2m(P1 + -+ - + Ps).

For nonzero w € 2(Azm) and = € L(Gam), we have (w) > Agm and (x) >
—Gam. Using also the fact that (zw) = (x) + (w), we complete the proof
of (i). The proof of (ii) is similar. =

For a differential 6 € £2 and a place P of F' of degree 1, let resp(d) € Fy
denote the residue of the differential  at P. Fori = 1,...,s, let ¢; be a local
parameter of F' at P;.

We will construct our low-discrepancy sequences in Theorem 3.7 below
by using the images of Fy-linear spaces (w1, ...,wy,) of differentials under
suitable Fg-linear maps formed from residues of some differentials at the
places Py,...,P; form > g+ 1. If m = 2m > g+ 1, then (w1,...,wn) =
2(A2m) and the image will be the image of (2(Asm) under a suitable Fg-
linear map depending on m. If m = 2m +1 > g + 1, then (wi,...,wp)
C 2(Agm+2) and the image will be the image of the proper subspace
(Wi, ..., wam41) of £2(Azmi2) under a suitable Fy-linear map depending
on m.

Now we define these Fy-linear maps for m > g+-1. The definitions depend
heavily on the parity of m. For even integers 2m > g+1 and fori =1,...,s,
let @om,; and pom1,; be the Fy-linear maps defined by

Qo+ (2(Aom) — F2,
w > (resp, (t; 'w), resp, (t;2w), . .., resp, (t; 2"w)),

and .
Vom+1,i : $2(Agms2) — Fgmﬂ7

w = (resp, (t; 'w), tesp, (t;2w), . . ., resp, (t; 2™ 1w)).
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Moreover, let ®om and ®om41 be the Fy-linear maps
(31) ‘PQm N Q(Agm) — Fgms,

W = (SOQT_n,l(w)a 902%,2(("))7 ey SDQTW,S (W)),
and

(3.2)  ®omi1 : 2(Asmig) — FETS
w = (P2mt1,1(w), Pam+1,2(W), - - -, Pam+1,s(W))-
Furthermore, we put
Mo = ®om(2(A2m)),  Moami1 = Pomr1((wi, - -, Womr1))-

LEMMA 3.4. For even integers 2m > g+ 1, the Fy-linear maps ®om and

®Pomi1 are injective and
lel(MQm) = 2m, dim(M2m+1) =2m+1.

Proof. It is well known that for a divisor A of F' with deg(A) > 2g—1 we
have dim(f2(A4)) = 0. Moreover, for i = 1,...,s and [ € N, if vp,((w)) > 0
and

resp, (t; 'w) = resp, (t; w) = - -+ = resp, (t;lw) =0,
then vp ((w)) > I. Assume that w € 2(Aam) is nonzero and Pom(w) = 0
€ F2™. Then
(w) 2A2m+2m(P1+“'+Ps) :G—WQ+2W(P1+"‘+PS).

Thus, w € 2(Agm +2m(P1+- -+ Ps)) and deg(Aom +2m(Pi+-- -+ FPy)) =
g—1+2m(s—1) > g— 1+ 2m > 2g, where we have used the facts that
s > 2 and 2m > g + 1. Hence dim(2(Aom + 2m(P1 +--- 4+ F;))) = 0, a
contradiction. This shows that ®o7 is injective, and so dim(Mazm) = 2m by
Lemma 3.2. Similarly, the injectivity of ®9m541 follows from the observation
that
deg(Agmyo+ 2m+ 1)(PL+--+ Ps))=g—1+(s—2)+2m(s—1) > 2g.
It is then obvious that dim(Mami1) =2m+ 1. =

For even integers 2m > g + 1, we define further F,-linear maps. For
i=1,...,s and x € L(Gam), let :Ul(»_l),xz(_Q),...,xE_2m) be the elements
of F, which are the coefficients in the local expansion

(*2n7)ti—2m+xl(f2m+l)ti—2m+1 L.

T =z
of z at P;. Similarly, fori = 1,..., s and x € L(G2m+1), we define ﬂ31(71)’ %(72)7
c E_Qm_l) € Fy. Let
Vomi s L(Gom) = F2, @ (2 al ™ a7,
Yom+1,i - L(Gamg1) — Fiml, T — (;gg—l)?%(—?)’ 7x§—2m—1))
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Moreover, let Wo5 and Waz 11 be the Fy-linear maps
o : L(Gom) — F2,
r = (Yom(x), Yom2(x), . .., Yom,s(T)),

and B
Womt1 + L(Gamr1) — FEHDs,

z = (Vomt1,1(2), Yoms1,2(2), - . ., Yomt1,s(T)).

Furthermore, we put
NQm = WQm(ﬁ(sz)), N2m+1 = ‘I’2m+1(£(G2m+1))-

LEMMA 3.5. For even integers 2m > g+ 1, the Fy-linear maps Wom and
Womi1 are injective and

dim(Nom) = 2ms — 2m,  dim(Naomt1) = (2m 4+ 1)s — 2m.

Proof. Assume that © € L(Gam) and Wom(x) =0 € IE‘Z”_“. Then vp, ()
> 0 for 1 < i < s and hence x € L(Gom — 2m(P1 + -+ + Ps)). Note that
deg(Gom —2m(Py + -+ + Ps)) = g—1—2m < 0 as 2m > g + 1. Hence
x = 0 and Wy is injective. We also have deg(Gam) = g — 1 — 2m + 2ms >
29 —1as 2m > g+ 1 and s > 2. Therefore by the Riemann—Roch theorem,
dim(Nom) = dim(L(Gaom)) = deg(Gaom) + 1 — g = 2mis — 2.

Next assume that x € L(Gam+1) and Womyi(x) =0 € IF((;mH)S. Simi-
larly, we have z € L(Gaom+1 — (2m+1)(Py+---+ Ps)) and hence x = 0 and
Womt1 is injective. Also deg(Gaomy1) = g—1—2m+(2m+1)s > s+2g—1 >
2g — 1 and then dim(Nom41) = dim(L(Gaomy1)) = deg(Gomy1) +1 — g =
2m+1)s—2m. =

PROPOSITION 3.6. For even integers 2m > g + 1 we have:

(i) lem = Nam.

(i1) lemﬂ C Nams1.

Proof. First we prove (i). We will show that for w € 2(Aam) and = €
L(Gom), we have ®om(w) - Wom(x) = 0, where the inner product is the
standard inner product on ]Fgms. This implies that Mom L Nom in ]Fgms.
Moreover, by Lemmas 3.4 and 3.5, dim(M ) +dim (N2 ) = 2ms and hence
we get My = Nam by (2.5).

Now we prove that for w € 2(Azm) and x € L(Gam), we have Pom(w) -
Wom(x) =0. For i = 1,...,s, the local expansion of z € L(Gam) at P is

(3.3)  a=al Tgm g I 2ml Ly

where vp,(y;) > 0. For w € (2(Asm), using the Fy-linearity of the residue
map resp, we get

resp, (zw) = 272 resp, (t;Qmw) 4+ -+ xg_l) resp, (tg_l)w) + resp, (yiw).

7
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As vp(y;) > 0 and vp (w) > vp(A2m) = 0, we have resp, (y;w) = 0 and
hence

(3.4) resp, (2w) = pom,i(w) - ham.i(2),
where the inner product is the standard inner product on Fgm. Using the

Residue Theorem (cf. [1, Section III.5, Theorems 2 and 3]), Lemma 3.3(i),
and (3.4), we obtain

0= ZresP(ajw) = Z Vomi(W) - Yom,i(z) = Pom(w) - Wom(x),
i=1

P
where the first sum is over all places P of F'. This finishes the proof of (i).

Now we consider (ii). Let VW be the [y -linear subspace of FéQmH)S

given by
W = ®omi1(£2(A2m)).

By Lemmas 3.2 and 3.4, we have dim()/) = 2m and Mamy1 2 W. It
suffices to prove that W+ = Nomy1. Indeed, this implies that Mg, C
W+ = Momy1. Using Lemma 3.5, we deduce that dim(W) + dim(Nomy1) =
2m+ (2m + 1)s — 2m = (2m + 1)s. Therefore it remains to show that if
w € 2(Asm) and x € L(Gam+1), then Pomy1(w) - Pomy1(x) = 0, where the
inner product is the standard inner product on F((fmﬂ)s. We follow similar
arguments to those in the proof of (i). For i = 1,...,s, for z € L(Gam+1)
and w € 2(Aam), using the local expansion of x at P;, we obtain

(3.5) resp, (zw) = om+1,i(W) - Yom+1,:(T),

where the inner product is the standard inner product on ]Fg”_"‘*l. Note that

in the local expansion of z € L(Gam+1) at P;, we have the extra term
x(—QT?_%—l)t'—%ﬁ—l
(]

) , in addition to the terms in (3.3). Then, similarly to the
case (i), using the Residue Theorem, Lemma 3.3(ii), and (3.5), we complete
the proof of (ii). m

For an integer m > g+ 1, let ), be the m x ms matrix over F, given by
P, (w1)
P w2
(3.6) Cpp = m( )
‘I)m(wm)

Note that for an integer m > g + 1, if m is even (resp. odd), then ®,, is

defined by (3.1) (resp. (3.2)). Let C’T(,}), C’T(,%), e C? be the m x m matrices
over [F, defined by

(3.7) Crn=[CH1CP ... |CH).



Low-discrepancy sequences 89

We observe that for each ¢ = 1,...,s, Cq(f;) is the m x m submatrix of the

(m+1) x (m+ 1) matrix 07(7?+1 formed from the first m rows and columns

of C’T(;)Jrl. Hence, for each i = 1,...,s, we can build an co x co matrix C?)
over [F, such that for any integer m > g + 1 the m x m submatrix of c
formed from the first m rows and columns of C( is equal to C,(qi).

Our construction of low-discrepancy sequences now proceeds by the digi-
tal method described in Section 2. We use the matrices C(V ..., C®) over F,
defined in the previous paragraph as the generating matrices in (2.3). The
resulting sequence is a (T, s)-sequence in base ¢ in the sense of Definition 2.1,
with the function T : N — Ny given in the following theorem.

THEOREM 3.7. Under Assumption 3.1, let S be the sequence of points
in I° which is constructed in (2.3) using the generating matrices c®, . ...c6
over F, defined after (3.7). Then S is a (T,s)-sequence in base q with
T(m) =m for1 <m < g, T(m) =g for evenm > g+1, and T(m) =g+1
foroddm > g+ 1.

Proof. We proceed by Proposition 2.7. First let m = 2m be even. We
can assume that m = 2m > g + 1. Then by construction, the row space
Cm of the matrix C,, in (3.6) is given by C, = Mam. Hence it follows
from Proposition 3.6 that C;- = Nam. Now we apply [10, Theorem 3.1] with
N = Cp(Py,. .., Ps; Gomp) in the notation of that theorem and we observe
that N' = Nam. This yields, again in the notation of [10, Theorem 3.1],

6m(Ch) = 6m(Nom) > 65,(1,..., 1;ms —m +g —1).
Next we use [10, Lemma 2.1] to obtain
o (1,...,Iims—m+g—1)>m—g+1,
and so

Now let m = 2m + 1 be odd. We can assume that m =2m+ 1> g+ 2.
So we have C,,, = Moam+1, and hence Proposition 3.6 yields Cnl1 C Nomy1.
We apply [10, Theorem 3.1] with N = C,,, (P, .. ., Ps; Gomy1) = Nomy1 and
obtain

6m(CE) > 6 (Nomg1) > 05(1,...,1;ms —m + g).
By [10, Lemma 2.1] we get
o (1,...,Isms—m+g) >m—g,
and so
om(Cm) >m — (g + 1)+ 1.

Thus, the theorem is proved in all cases. =
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REMARK 3.8. Previous constructions of low-discrepancy sequences us-
ing global function fields over I, led to (¢, s)-sequences in base ¢ (see Re-
mark 2.3). For fixed ¢ and s > 2, the best previous constructions of this
type using a global function field F' satisfying Assumption 3.1 yield (¢, s)-
sequences in base ¢ with ¢ = g + 1 (see [4], [15, Theorem 8.4.1], [19]).
Theorem 3.7 improves on these constructions under Assumption 3.1. This
improvement is also reflected in better bounds on the star discrepancy of
the new sequences, as will be shown in Section 4. There are combinations
of values of ¢ and s for which the global function fields satisfying Assump-
tion 3.1 have given the best previous constructions of (¢, s)-sequences in
base ¢q, for instance when s = ¢ + 1. Examples of this type will be presented
in Section 5.

REMARK 3.9. Our construction of low-discrepancy sequences starts from
sequences of certain F,-linear spaces of differentials of F'. In order to con-
struct such low-discrepancy sequences, it is possible to use a dual approach
starting from sequences of certain Riemann—Roch spaces of F. Since we
start from differentials of F', in the proof of Theorem 3.7 we can estimate
the T-parameters of the low-discrepancy sequences by using results of [10],
which would not have been possible in a dual approach. Thus, the essential
points of our approach are using the Residue Theorem and reducing the
estimation of T-parameters to the results of [10].

4. Bounds on the star discrepancy. In this section we obtain bounds
on the star discrepancy of a class of sequences of points in I*, including those
constructed in Theorem 3.7. This will imply that the sequences in Theo-
rem 3.7 have asymptotically better bounds on the star discrepancy than
(t, s)-sequences for certain parameters. We will also illustrate our improve-
ments by some concrete examples in Section 5.

For integers b > 2, m > 1,0 <t < m, and s > 2, let Ay(t,m,s) be a
number for which

meZm (P) < Ab(tv m, S)
holds for any (¢,m, s)-net P in base b. We quote the following result in [2,
Corollary 4] in a simplified form.

PROPOSITION 4.1. If b is even, then we can take
bt+s
(b+1)2%(s —1)!

and if b is odd, then we can take
b'(b—1)"!
25(s — 1)!

Ay(t,m,s) = m*~t + O(b'm*?),

Ap(t,m,s) = m*~1 + O(btm*72).
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In both cases, the implied constants in the Landau symbols depend only on b
and s.

The following lemma allows us to use a star discrepancy bound for the
original concept of (T, s)-sequences in base b (see Remark 2.2) just as well
for the concept of (T, s)-sequences in base b introduced in this paper (see
Definition 2.1).

LEMMA 4.2. Let P be the point set consisting of the points y,,, n =
0,1,...,0™ —1, in I®. Suppose that the points [y, |pm, n =0,1,...,0™ —1,
form a (t,m, s)-net in base b. Then

b Dy (P) < Ap(t,m, s).
Proof. Forn=0,1,...,0™ — 1, we can write
Yo = Wnlom + 2n  with z, € [0,b7™]".
Let 0 < € <1 be given and let P(e) be the point set consisting of
Yn(e) = Wplom + (1 =€)z, n=0,1,...,0™ —1.

By Definition 1.2 and the assumption that the points [y,,]pm, 7 = 0,1, ...,
b™ — 1, form a (t,m, s)-net in base b, it is clear that P(e) is a (¢, m, s)-net
in base b. Therefore

b Dim (P(e)) < Ap(t, m, s).

Furthermore, for each n =0,1,...,b™ — 1, corresponding coordinates of y,,
and y,,(¢) differ by at most b=""e. Therefore, by a well-known principle (see
e.g. [6, Lemma 2.5] for the one-dimensional case, which can be immediately
extended to the multidimensional case),

0™ Dy (P) = 6™ Dy (P(€))| < s¢,
and so
b Dym (P) < Ap(t,m, s) + se.
Letting € — 04, we get the desired result. m

THEOREM 4.3. Let s > 2, b > 2, and t > 0 be integers. Assume that S
is a (T, s)-sequence in base b with T(m) =m for 1 <m <t, T(m) =1t for
evenm >t+1, and T(m) =t + 1 for odd m >t+ 1. Then for N > 2, the
star discrepancy D} (S) of the first N terms of S satisfies

D3(S) < By(b,1) % N 4%)

where the implied constant in the Landau symbol does not depend on N.



92 H. Niederreiter and F. Ozbudak

Here
(b _ 1)bt+s
25125l (log b)®
(b—1)5(b+ 1)b
25125l(log b)*
Proof. For a given N > 2, let k € Ny be such that ¥ < N < pFt+l
and let » € Ny be maximal such that " divides N. Note that r < k. In

view of Lemma 4.2, we can apply [3, Lemma 2|. Putting T(0) = 0 and
A4(0,0,s) = 1, this yields

if b is even,
Bs(b,t) =

if b is odd.

k

NDxN(S Z m), m,s)

B 1
+ 3 Ab(T(T),T, s) + 3 Ap(T(k+1),k+1,s).

Now we use the values of Ay(¢,m,s) in Proposition 4.1. The case k = 0 is
trivial, and so we can assume k > 1. Then we obtain
k
ND#(S Z ),m, s) + OB k),
m=
where the implied constant in t he Landau symbol depends only on b and s.
If b is even, then we get

ND(S (b bt+s
G (b+ )23+13—1 Z m

meven

(b )bt+s+1

5— 1 t7.5—1
+(b+1)28+1(8_1 ! Z:l m O(bk )
modd
(b—1)btts k* (b — 1)btHs+1 e .
< L k*
>~ (b"‘ 1)23+1(S_1)! 28+ (b+1)25+1(8—1) 2$+O(bk )
_ (b—1p'te

serzg K HOWET.

If b is odd, then we similarly get

(b— 1)%(b+ 1)t
925+24)

Using k < (log N)/(logb), we arrive at the desired result. =

ND%(S) < E* + OO0k,

Using Theorems 3.7 and 4.3, we obtain the following corollary.

COROLLARY 4.4. Let s > 2 be an integer and q be a prime power. Sup-
pose that there exists a global function field F' of genus g satisfying Assump-
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tion 3.1. Let S be the (T, s)-sequence in base q constructed in Theorem 3.7
using the global function field F'. Then, for N > 2, the star discrepancy
D3,(S) of the first N terms of S satisfies

o s o s—1
D3 (S) < By(q,q) L8N o(%)

N N
where the implied constant in the Landau symbol does not depend on N.
Here ( e
q—1)¢?° e
_ if q is even,
251t25!(log q)*
Bs(q,9) = (log q)

(¢ —1)%(¢ +1)¢*
25125l(log q)*
REMARK 4.5. According to the currently best bound (see [2, Corol-
lary 11]), the star discrepancy D3 (S) of the first N > 2 terms of a (¢, s)-
sequence S in base b satisfies

D/(8) < Cs(b,1) % N O(%)

where the implied constant in the Landau symbol does not depend on N
and where

if q is odd.

(b _ 1)bt+s
(b+1)25t1s!(logb)®
(b— 1)t
25+ 151(log b)®

if b is even,
Cs(b,t) =
if b is odd.

5. Examples. In this section we give some concrete examples and we
illustrate our improvements by numerical results. First we give some exam-
ples of global function fields satisfying Assumption 3.1. For d = 1,2, we
write Ng(F') for the number of places of F' of degree d.

ExaMPLE 5.1. Let ¢ be any prime power, g =0, s = ¢+ 1, and F =
F,(x) be the rational function field over F,. Then F is a function field
with full constant field F, and the genus of F' is 0. Moreover, Ny(F) =
q+ 1 and Ny(F) = (¢*> — q)/2. Therefore F satisfies Assumption 3.1. By
Corollary 4.4, we obtain the coefficient Byy1(g,0) of the leading term in
the star discrepancy bound. On the other hand, for s = ¢ + 1 the smallest
possible t-value of a (¢, s)-sequence in base g is t = 1 (see [6, Corollary 4.24]
and Remark 3.8). By Remark 4.5, this yields the coefficient Cy11(q,1) of
the leading term in the star discrepancy bound. It is now easily seen that
By1+1(¢,0) < Cy+1(g, 1) for any prime power ¢. Thus, for any prime power g
and s = ¢+ 1, we always get an asymptotic improvement on the previously
best star discrepancy bound for a (T, s)-sequence in base g by using the
construction in Theorem 3.7.
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EXAMPLE 5.2. Let ¢ =3, g =2, s =8, and F = F3(x,y) with
v =a2%—2?+1
(cf. [13, Example 3.2] and [15, Table 4.2.1, F.13]). Then F is a global function
field with full constant field F5 and the genus of F' is 2. Moreover, Ni(F) = 8
and Na(F') = 2. Therefore F' satisfies Assumption 3.1. By Corollary 4.4, we
obtain the coefficient Bg(3,2) of the leading term in the star discrepancy
bound. On the other hand, the smallest known t-value of a (¢, 8)-sequence
in base 3 is t = 3 (see [8, Table 1] and [16]). By Remark 4.5, this yields the

coefficient Cg(3,3) of the leading term in the star discrepancy bound. We
have Bg(3,2) < Cs(3,3).

EXAMPLE 5.3. Let ¢ =3, g =4, s =12, and F = F3(x,y) with
3 ot —u
Yy Yy = (1’2 + 1)2
(cf. [13, Example 3.4]). Then F is a global function field with full constant
field F3 such that the genus of F'is 4 and Ni(F') = 12. Moreover, No(F') > 1
since £2+1 is totally ramified in the extension F/F3(z). Therefore F satisfies
Assumption 3.1. By Corollary 4.4, we obtain the coefficient B12(3,4) of the
leading term in the star discrepancy bound. On the other hand, the smallest
known t-value of a (t,12)-sequence in base 3 is t = 5 (see [8, Table 1] and
[16]). By Remark 4.5, this yields the coefficient C2(3, 5) of the leading term

in the star discrepancy bound. We have B12(3,4) < C12(3,5).
EXAMPLE 5.4. Let ¢ =5, g =1, s =10, and F = F5(z,y) with
y? =3(zt +2)

(cf. [13, Example 5.1]). Then F' is a global function field with full constant
field F5 such that the genus of F' is 1 and N;(F') =10. Moreover, No(F')>1
since there is a place of F' of degree 2 lying over the infinite place of the
rational function field F5(x). Therefore F' satisfies Assumption 3.1. By Corol-
lary 4.4, we obtain the coefficient Bjo(5,1) of the leading term in the star
discrepancy bound. On the other hand, the smallest known t-value of a
(t,10)-sequence in base 5 is t = 2 (see [8, Table 1] and [16]). By Remark 4.5,

this yields the coefficient C'1¢(5, 2) of the leading term in the star discrepancy
bound. We have Bjo(5,1) < Ci0(5,2).

EXAMPLE 5.5. Let ¢ = 8, g = 3, s = 24. Then it is shown in [14, Example
4.2] that there exists a global function field F' with full constant field Fg such
that the genus of F' is 3 and N;(F') = 24. Moreover, No(F') > 1 since it is
noted in [14, Example 4.2] that 2% +x +1 is totally ramified in the extension
F/Fg(x). Therefore F' satisfies Assumption 3.1. By Corollary 4.4, we obtain
the coefficient B24(8,3) of the leading term in the star discrepancy bound.
On the other hand, the smallest known ¢-value of a (¢, 24)-sequence in base 8
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is t = 4 according to [16]. By Remark 4.5, this yields the coefficient C24(8,4)
of the leading term in the star discrepancy bound. We have Bgy(8,3) <
C24(8,4).

EXAMPLE 5.6. Let ¢ =8, g =17, s =34, and F = Fg(z,y1,y2) with
2, —l—i- w(x + w3) w?(x + w")
= T eyt w 22 + wdx + w?’

where w € Fg with w3 +w+1 = 0 (cf. [17]). Then F is a global function field
with full constant field Fg and the genus of F' is 7. Moreover, N (F) = 34
and Na(F') = 14. Therefore F' satisfies Assumption 3.1. By Corollary 4.4, we
obtain the coefficient B34(8,7) of the leading term in the star discrepancy
bound. On the other hand, the smallest known t¢-value of a (¢, 34)-sequence
in base 8 is t = 8 according to [16]. By Remark 4.5, this yields the coeffi-
cient C34(8,8) of the leading term in the star discrepancy bound. We have
334(8, 7) < 034(8, 8)

EXAMPLE 5.7. Let ¢ =9, g =5, s = 32, and F = Fy(x, y1, Y2, y3) with

9 1
Yo +Yy2=—+
x

vi = a(z +w),

y2 = (2 + D@+ ),

vi = (2 +w)(z + ),
where w € Fg with w?+2w+2 = 0 (cf. [17]). Then F is a global function field
with full constant field Fg and the genus of F' is 5. Moreover, Ni(F) = 32
and No(F') = 12. Therefore F satisfies Assumption 3.1. By Corollary 4.4, we
obtain the coefficient B32(9,5) of the leading term in the star discrepancy
bound. On the other hand, the smallest known ¢-value of a (¢, 32)-sequence
in base 9 is t = 6 according to [16]. By Remark 4.5, this yields the coeffi-

cient C32(9,6) of the leading term in the star discrepancy bound. We have
332(9, 5) < 032(9,6).

Table 1. Numerical comparison of our improvements for some values

s g Cs(q) Bs(q)

3 2 0.166821150 0.125115863

4 3 0.0429044370 0.0286029580

5 4 0.0624989462 0.0390618414

6 5 0.0127862185 0.00767173109

8 3 0.000157782061 0.000105188041
12 3 8.20551574 x 107%  5.47034383 x 10~®
10 5 3.02485570 x 1075  1.81491342 x 107>
24 8 1.69121346 x 107**  9.51307572 x 10~ *°
34 8 1.00979263 x 1072%  5.68008355 x 10~
32 9 213890104 x 10722 1.18827836 x 1022




96

H. Niederreiter and F. Ozbudak

For a prime power ¢ and an integer s > 2, let Cs(q) = Cs(q, to) with the

smallest currently known ¢-value ¢y of a (¢, s)-sequence in base ¢ according
to [16]. Let Bs(q) = Bs(q,¢9) with g as in the examples above. In Table 1,
we illustrate our improvements by comparing Cs(q) and Bs(g) numerically
using Examples 5.1- 5.7.
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