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An asymptotic formula related to the divisors of
the quaternary quadratic form

by

L1QuNn Hu (Jinan and Nanchang)

1. Introduction. The quadratic forms
G(mi,mg) :=mi +m3,
G(m1,ma, m3) := mi +m3 + m3,
g(ml) ma,ms, m4) = m% + m% + mg + mi,

are important in number theory. They have been studied by using different
methods.

Let d(n), A(n) and p(n) stand for the Dirichlet divisor function, the
von Mangoldt function and the M&bius function respectively. In 2000, Gang
Yu [Y] studied the binary quadratic form above and obtained

(1.1) Z d(m? +m3) = A1z?logz + Agz? + O(2/%7).
1<mi,mo<z

Also in 2000, C. Calderén and M. J. de Velasco [CV] studied the divisors of
the quadratic form m? +m3 + m% and proved the asymptotic formula

_8(3)
5(4)

(1.2) > d(m3 4+ m3 +m3)

1<mi,ma,m3<z

3 logz + O(z).

The error term in (1.2) was improved to O(z%3) by Ruting Guo and Weng-
guang Zhai [GZ] with the help of the circle method.

In 2009, Friedlander and Iwaniec [FI] studied the number of prime vectors
among integer lattice points in the 3-dimensional ball. They proved that the
number 73(z) of points (m1,mg, m3) € Z3 with

(1.3) mi4+mi+mi=p<uz
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satisfies
A x3/2

14 . ~
(1.4) m3(2) 3 logx’

which can be viewed as a generalization of the prime number theorem. The
asymptotic formula (1.4) is proved by using Gauss’s formula for the function
r3(p) and the properties of L(1, x,), where r3(p) denotes the number of ways
p can be written as a sum of three squares, and L(1, ;) is the Dirichlet
L-function with the Kronecker symbol x,(n) = (_—4”).

n
In this paper, we study the quaternary quadratic form

2 2 2 2
G(m1, m2, m3, myg) :=mi +my +m3 +mj

and give some estimates by generalizing Guo—Zhai’s method. Our main re-
sults are as follows.

THEOREM 1.1. Define

S(z) = Z d(m? 4+ m3 +m3 +m3).

1<mi,m2,m3,ms<zx
Then for x > 2, we have
(1.5) S(x) = 2K, Liz*logx + (K Ly + KaoL1)at + O(27/7+9),

where

q
Kl—Zq*E’ZG‘lan) an:Zearz/q,
r=1

O<a<q
(a,9)=
—2logqg+2
Kg::Z# Z G*(a,0,q),
q=1 q 0<a<q
(a,9)=1
Li:= | iV d\, Ly:= | (V) d,
1 K.
Zi(N) = <S e(u?N) du) S e(—ul) du,
0 0
1 4
4
To(A) = (S e(u?\) du) Se( uM)logu du
0 0
THEOREM 1.2. Define
ma(z) = Z A(m? +m3 +m3 +m?).

m§+m§+m§+mi§x
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Then for any fized constant A > 0, we have
(1.6) ma(z) = 16K3L32% + O(a?log ™ ) (x> 2),

where

K3 ZZZ 41 ) Z G4(G,O,Q)Cq(_a),

1 21
I3(A) := (S e(u®X) du) Se(—u)\) du.
0 0
Notation. As usual, the letter ¢ denotes a positive constant which can
be arbitrarily small. Cy(r) denotes the Ramanujan sum. Finally, G(a,b,q)
denotes the quadratic Gauss sum

I ar? + br ,
G(a,b,q) = Ze(q), where e(t) := 2™,

r=1
2. Outline of the circle method. In this paper, x is a large positive
integer. In order to apply the circle method, we assume
(2.1) logez < P <z, 2P2<Q, Q>z'", PQ<a’

By Dirichlet’s lemma on rational approximation, each o € [-1/Q,1 —1/Q)]
may be written in the form

(2.2) a=a/qg+ A, [N <1/qQ,

for some integers a,q with 1 < a < ¢ < @ and (a,q) = 1. We denote by
M(a, q) the set of « satisfying (2.2), and define the major arcs M and minor
arcs C(M) as follows:

(2.3) M=) U M@a, ©cM)=[-1/Q1-1/Q1\M.

q<P 0<a<q
(a,9)=1
Let
(2.4) S1(asy) == Z e(m?a), Solay) = Z d(n)e(na).
1<m<y 1<n<y
By (2.4) and the well-known identity
1 .
1 if u=0,
(2.5) Se(ua) da = 1 "
0 ifueZ,u+#0,
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we have
(2.6) S(x) = Z d(m? 4+ m3 +m3 +m3)
1<my,mz,m3,mqs<x
1
= SS%(@; x)Sa(—a;42?) da = S1(z) + So(z),
0
where

Si(x) = S St (a; ) So(—a; 4z?) da,
M

So(x) := S St(a; ) So(—a; 42?) da.
c(M)

The problem is now reduced to evaluating S;(z) and giving an upper
bound of Sa(x).

3. Some lemmas. We need some classical results. Lemma 3.1 can be
found in [H] and Lemmas 3.2 and 3.3 in [PP].

LEMMA 3.1. Suppose ¢ €N, a,b € Z, ¢ >3 and (a,q) = 1. Then
G(a,b,q) < \/q.
LEMMA 3.2. Suppose f(-) is a real-valued continuously differentiable

function on [t1,ta] such that |f'(t)] > A >0 for allt € [t1,t2]. Then

fe(f(t)) dt < 1/A.

t1
LEMMA 3.3. Suppose f(-) is a real-valued twice continuously differen-
tiable function on [t1,ts] such that |f"(t)| > A > 0 for all t € [t1,t2]. Then

t2

Ve(f)dt < 1/VA.

t1

4. Estimating Si(o;x). The estimation of S;(a;z) is similar to that
in |[GZ, Lemmas 4.1 and 5.1], and leads to:

LEMMA 4.1. Suppose « = a/q+ X € M with0 < a < q < P, (a,q) =
1, |\ €1/PQ and PQ < 2%, Q > x'7¢. Then

G(a,O,q)$§

(4.1) Si(o;x) = . )

e(u?x?\) du + O(y/qlog(q + 1)).
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LEMMA 4.2. Suppose o = a/q+ X € C(M) with 1 < a < gq, (a,q) =1,
A <1/¢Q and P < q < Q. Then

(4.2) Si(;x) < xP7V2 4 QY2 10g"? 1
5. Estimating S>(—a;47?) on the major arcs. Suppose o = a/q+ z

eEMwith0<a<qg<P,(aq) =1and |z] <1/¢Q. Using some results
of |GZl, Section 7], we have

Z d(n =J1 + Jo,
1<n<4z2
where
9,21 4 94
lewSe(— du—i—x Se —uz?\) logu du
b 9 159

4
—21 2
+ —2l08q T 27 2 S e(—uz?)\) du,
q
0

Jy <<335(q1/2:v2Q_1 + g32/3y,

Thus we get the following lemma.

LEMMA 5.1. Suppose a = a/q+ X € M with PQ < 22 and Q > x'*¢
Then

94
e(—uz“A) du+ — i Se M) log u du

So(—a;4a?) =
O 0

222 loga: S

4
—21 2
n ogqq + ’nySe(—uxQ)\) du + O(q1/2x2+eQ—1 i q2/3x2/3+a).
0

6. Proof of Theorem 1.1. We first treat the integral on the major
arcs. We have

(6.1) S St (a; ) So(—a; 42?) da

M
a/q+1/9Q

Z Z S St (e; ) Sa(—a; 427%) da.

1<q<P 0<a<q a/q—1/qQ
(a,9)=1

Suppose @ = a/q+ A € M. From Lemmas 4.1 and 5.1 we get
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(6.2) Sf(a;x)Sg(—a'4x2)
0 1 44
:2x610gx (9,0,9) (Se z2)\) du) Se(—uxz)\) du
0 0
44

e(u?z?)\) du) S e(—uz\) logu du
0

+.’IJ6G (a707q)<

q5

O ey =

4

4 _ 1 4
+ xGG (a707Q)( 5210gq + 27) (SG(U2$2)\) du) Se(—ux2)\) du
q 0 0

+ O($6+Eq_3/2Q_1 + x14/3+€q_4/3 + l’5+€q_2).

Thus
a/q+1/q@Q

(6.3) | SHo;2)9(—;42%) da
a/q—1/qQ

1
= 22%log xw S (S e(u?z?\) du)4 S e(—uz?\) du d\
0

1/4Q 1 .
S (S e(u?z?\) du) S e(—uz?\) log u du d\
—-1/qQ 0 0
L 0G4(@:0,0)(=2log g +27)
e

1/qQ 1 T
S (Se z2)\) du) Se(—ux2)\) du d\
—-1/qQ 0 0
4 O(a8+eqP2Q 2 4 M3+ GTTBQL 4 g3
2
4 z/qQ 1 K.
= 2z% logx%g)o’q) S (S e(u®\) du) Se(—u)\) du d\
1 —z2/qQ 0 0
2
4 ©2/qQ 1 44
+$4%50,q) S <S e(u?z\) du> Se(—u:I:Q)\) log u du dA
1 —22/qQ 0 0
4 —21 2
L 26 0.9)( : 0gq + 27)
q

@?/4Q 1 K
X S (S e(u?z?\) du) Se(—quA) du d\
—22/qQ 0 0
+O(x6+eq75/2Q72 +x14/3+€q77/3Q71 +x5+6q73Q71)
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z?/qQ z?/qQ
G4 CL,O, G4 CL,O,
=2z log ¥ S Hi(z)dz + 334% S Ha(z) dz
—z2/qQ —22/qQ
2
4 921 9 z?/qQ
+$4G (CLaOa(J)( - qu+ ’Y) S Hl(Z) dz
? -22/qQ

+ O(x6+€q_5/2Q_2 + 3:14/3+Eq_7/3Q_1 + x5+6q_3Q_1),

where H;(A) and Ha(A) were defined in Theorem 1.1.
We can choose P and @ to satisfy .7}2/PQ > 3. So we first give upper
bounds of H1(\) and Hz(\) for |A] > 3. Using Lemmas 3.2 and 3.3, we get
Y
Ga(y) =Y e(~ud) du < 1/]A| - (y > 0),
0
(6.4) .
Ve(u\) du < 1/|A[V2.
0

By partial summation and (6.4) we have

1 /|l 1
(6.5) Se(—u)\) logudu = S e(—uA)logudu + S e(—u)logu du
0 0 IVAPN
/Al 1
= S e(—u) logudu + S log u dG(u)
0 /1Al
1/]A] 1
= S e(—u) logu du + Gx(u) log UH/M\ - S Ga(u)u™" du
0 1/|A]
< |\t log Al

Hence we get
Hi(\) < [A7% 0 Ha(N) < [A[Plog Al (]A] > 3),
and for U > 2 we have

| mvyarx< | Paa<u?,

(6 6) IAI>U IAI>U
' | Handr< | 2PlogAdr < U 2logl,
[A>U [A>U

which means that the integrals {* Hi(X)dA and §{* Hy()\)dA converge.
Taking U = 22/¢Q in (6.6), we get
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| mde< | A Pan<a Q7

AI>22/qQ [AI>22/qQ
| HaMdz< | A Ploghdd < 27 (logz)gQ%.
IAI>22/qQ [AI>22/qQ
Inserting the above two estimates into (6.3) we have
a/q+1/q@Q
(6.7) S SH(ev; 1) So(—a; 422) dox
a/q—1/qQ
2?/qQ 2?/qQ
G*(a,0 G*(a,0
= 2x4logxw EATeY dz+x4w | #Ha(N) dz
1 —2%/qQ 1 —22/qQ
2% /qQ
G*(a,0,q)(—21 2
1:4 (a’ aQ)( - 0ogq + ’7) S Hl()\)dz
4 —2%/qQ

+ O(QZq_l log z + $6+6q_5/2Q_2 + xl4/3+6q—7/3Q—1 + 1’5+5q_3Q_1).
Combining (6.1) and (6.7) we get

6.8) | St 2)S2(—a;42%) dav
M

[e o]

=2z log Z g Z G*(a,0,q) S Hi(AN)dz
1<q<P 0<a<gq —00
(a,9)=1

+ 2t Z q® Z G*(a,0,q) S Ha(N) dz

1<q<P 0<a<q —oc0
(a,9)=1
oo

+ 2 Z w Z G*(a,0,q) S Hi(A)dz

1<q<P q 0<a<gq —00

(a,q)=1
+ O(QQPIng 4t 4 1,14/3—1-6@—1 + x5+eQ—1)
= 2K Lzt logx 4 (K1Ly + KaLy)x!
+0(@*P ' og P + Q*Plogx + 257Q ™2 4+ 2M/3+ Q™1 4 25%<Q71).
We take P = z'/2/12 and Q = 323/2 and insert them into (6.8), to get
6.9 | SHe:2)Sa(—a;42%) dav

M
= 2K Lzt logz + (K1 Ly + KoL)z + O(27/%7¢),

where K1, Ko and L1, Lo were defined in Theorem 1.1.
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Now we study the integral on the minor arcs. We have

(6.10) S St(a; ) So(—a; 4z?) da
(M)
1
< |51(ay; 1’)’2(8)|51(Oé;33)|2|52(—&;4$2)|da
1/2
aceC(M) 0

> )X dw)

m1+m2 m3+m4 1<n<4x?
1<mi,m2,m3,ms<z

<« max |Si(e; x)lz( > 1>1/2( > d(”)>

m? m%*mi—m% 1<n<4x?
1<my,ma,m3,my<z

< aenéa(hj\{/t |S1(0; ) (Z d*(n ) /2( Z d(n)>1/2

n<2zx2 1<n<4x2

P 1/2
< max |Si(o;x)]

< max |Si(agx ]2< |51 (e x)\4d04> /2<§’SQ(—04;4$2)’2610Z>
acC(M) (

1/2

< max |S)(a;z)?2?log? x < 27/*Fe,
acC(M)

where we used Lemma 4.2 and the well-known estimates

Z d*(n) < xlog® x, Z d(n) < zlogx.

n<lx n<lx

From (2.4), (6.9) and (6.10) the proof of Theorem 1.1 is complete.

7. Proof of Theorem 1.2. The proof of Theorem 1.2 is easier than
the proof of Theorem 1.1.

Suppose P} and @ are two large real numbers to be determined later,
which satisfy

log\/ﬂf <P < \/.E, 2P12 <@, Q1> $1/2+E, PO <.
Each o € [-1/Q,1 — 1/Q] may be written in the form
(7.1) a=a/qg+ A |\ <1/qQ,

for some integers a,q with 1 < a < ¢ < @ and (a,q) = 1. We denote by
M'(a,q) the set of « satisfying (7.1), and define the major arcs M’ and
minor arcs C' (M) as follows:

U U Mlag, CM)=[-1/Q1,1-1/Q:]\ M
1<g<P, (0552%
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Let

(7.2) Ss(ay) == Z e(m?a), Sila;y) := Z A(n)e(na).
Im|<y 1<n<y

It is easily seen that

(7.3) S3(eny) = 251(esy) + 1.

By (2.4) and (7.3), we have

1

(7.4) mA(z) = SS;L(O@ VT)Sy(—a; x) da
0
1

16 S St(a; V) Sy(—a; ) do + O(2* log ).
0
Suppose @ = a/q+ X € M’ with0 <a < q< P, (a,q) =1, |\ < 1/P1Q
and PiQ; < x, Q; > x'/?*¢. In much the same way as for Lemma 4.1, but
more easily, we obtain

1

(7.5)  Si(a;v/z) = Mﬁs e(u’z ) du+O((1+z|A|)v/qlog(g+1)).
0
For S4(—a; ), similar to [PP) (6.21)] we have
Cy(—a)

(7.6) Si(—a;x) ==z

1
e(—ux)) du + O(zeeVios®),
¢(q) § ( ) ( )

where ¢ > 0 is an absolute positive constant and Cy(r) is the Ramanujan
sum. From (7.5) and (7.6) we get, as in the proof of Theorem 1.1,

(77) | Sl va)Si(—asz) da
v

_’$2<w 44}44* 4 a —a
- ;q‘lcp(q) Z G ( ,07Q)Cq( )

0<a<gq
(a,q)=1
oo 1 41
X S <Se(u2)\)du> Se(—u/\)dudz
—oo 0 0

+O@2P 4+ Q2P 4 aPHeQy e oVI08T 4 g T/2He 1 ?)
= KsLsa® + O(@P ! + Q3P + 2¥+eQy e VI8 4 y7/2+eq2),

where K3 and L3 were defined in Theorem 1.2.
Now consider the integral on C(M’). According to Dirichlet’s lemma,
each a € C(M'’) can be written as a = a/q + XA with 1 <a < ¢, (a,q) =1,
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|z| <1/qQ1 and P; < g < @;. Lemma 4.2 still holds. So we have
Si(a;va) < Vo PTY?+ Q1 logt 2w < o P2,

Hence similar to (6.10) we have

(78) | Si(asva)Si(~asz) da

C(M’)

1
< e 151 (s V@) |? {181 (05 v/2) [P Sa(— s )| dax

(1S 0
2 ‘ 4 ‘ 2 1/2
< |10 V)] (gysl( N da> Q’S‘* - da)
2 9 1/2
< gy e () (3 a)
< max |81 (a;v2)|?xlog?x < 22 P log? .
acC(M’)

Now take P; = log"*? 2 and Q1 = xlog~ 8478 . Combining (7.4), (7.7) and
(7.8) we have

1
ma(z) = SSg‘(a; V) Sy(—a; x) do = 16 K3 L3z + O(2?log™ ).
0

Then the proof of Theorem 1.2 is complete.

8. Remark. Apart from the above results, we can find many similar
results for

> fmi+m3+mi+mi)
mi,m2,ms3,mq
and

> f(mi+m3 +m3 +mi)gi(ma)ga(ma)gs(ms)ga(ma),

mi,m2,ms3,mq
where f, g1, g2, 93, g4 are arithmetic functions which have good value distri-
bution in residue classes to large moduli.
Here are some results which can be proved by similar methods:

Sn(z; p) == Z p(m? +m3 +mi+m3) < aztlog ™z,
1<m1,ma,m3,mq<w
Sz(a;p) == > p(mf +m3 + mj + m3) < a?log™

m% +m§+m§+mi§x
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Se(wip) = Y. plpi+ps+pi+pi) <a'lg
1<p1,p2,p3,pa<z

Sn(zsd):= Y d(pi+p5+pi+pi) ~ cox'log x,
1<p1,p2,p3,pa<z

Sn(w;d) = > d(m3 + m3 + m3 + m3)d(m1)d(ma)d(m3)d(ma)

1<mi,m2,m3,ms<zx
~ 1zt log® z.
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