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The equation nyny = n3ny, the gcd-sum function and the
mean values of certain character sums

by

HuaNING Livu (Xi’an) and WENGUANG ZHAI (Beijing)

1. Introduction. For any real number B > 2, let N(B) denote the
number of solutions of the equation niny = nang with 1 < n; < B (j =
1,2,3,4). A. Ayyad, T. Cochrane and Z. Y. Zheng [I] proved

12
(1.1) N(B) = 932 log B + CB2 + O(BY/1310g7/13 B),

where C := 24y /7% — 6/n% — 2¢'(2)/¢*(2) — 2, and 7 is the Euler constant.
Suppose p > 2 is a large prime number. As an application of (1.1), in [I] it
is proved that the asymptotic formula

2
Y ‘Z ’ 732 log B + (C = )32 +O(BY/1310g7/13 B)
X#Xo n<B p
holds for B < /p.

Let d(n) denote the Dirichlet divisor function. The well-known Dirichlet
divisor problem is to study properties of the error term A(x), defined by

= Zd(n) —zloge — 2y — 1z (x> 0).

The latest upper bound of A(x) is due to M. N. Huxley [5], who proved that

131 26947

(1.2) A(x) = O(x 16 log 8320 ).

S. Shi [7] connected the evaluation of N(B) with A(z) and improved

(1.1) to
12 547
(1.3) N(B) = 932 log B + CB? + O(Biist%),
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which yields correspondingly
2
- Z (Z ) - —BQIOgB—i— <C—B>B2+O(B416 ®), B <. p.
X#Xo n<B p
In her proof, besides the Dirichlet divisor problem, Shi also used esti-
mates of sums involving the fractional part function {-}. The first aim of this
paper is to give a different and much simpler proof of (1.3), which depends
only on the estimation of A(z), not on sums involving the function {-}. The
new proof is connected with the so-called ged-sum function.
Pillai [6] defined the ged-sum (Pillai’s function) by the relation
n
g(n) ==Y (j.n),
j=1
where (a,b) denotes the greatest common divisor of a and b. This is Se-
quence A018804 in Sloane’s Online Encyclopedia of Integer Sequences. This
function was recently studied by several authors. In particular, the asymp-
totic behaviour of the partial sum Go(x) =), -, 9(n)n™® was studied in
[2H4], where « is any fixed real number. In [§] Y. Tanigawa and W. G. Zhai
proved the unified asymptotic formula

(1.4) Ga(x) = Na(z) + Cla) + O(a"H170%%),
where 0 := inf{a | A(x) < 2},

(22 %logx 20 1 ¢'(2)
15 Naw) - | 2@ T - (2 2-a <<2>> ez
« ]0g2x_ (C/(Q) " 2’)/ >10g$ Fo—2
L 2¢(2)  \¢3(2) (<2 ’
0 if a <1,
cla—1)/¢(c) ifl<a<?2,
o) = 0(1) 2¢7(2) = ¢(2)¢"(2)  27¢'(2) o
Wt 0w o et
Gla-1) .
| C(Oé if a > 2,
B\ A@x)z™" da if0<pg<1,
C(ﬂ) = 0 00
2y -1+ | A@)a2da if B=1.
1

Define the error term E,(z) by
Ey(z) := Ga(x) — No(z) — C(a).



The equation ning = nang 139

In [8] Y. Tanigawa and W. G. Zhai proved the asymptotic formula

T
(1.6) S 2222 (x) do = D702T3/2 + O(T%4+),
1 6
where
(L7)  Doi= Y h3mn =2, ho(n):= > p(m)d(lym=Y/2.
n=1 n=ml

The evaluation of N(B) is closely related to the mean value of g(n).
Actually we will show in Section 2 that

(1.8) N(B) = 4Gy(B) — 2B* + O(B).
Define
(1.9) E(B) := N(B) — %BQ log B — CB2.

The formula (1.8) implies that
E(B) = 4Ey(B) + O(B).
So as a corollary of (1.6) we have the following theorem.

THEOREM 1.1. The asymptotic formula

T
8Dy
E*(B)dB = —

holds, where Dy is defined by (1.7).

T7/2 + O(T13/4+E)

Furthermore, define

Mi(B) = Z Z Z Z n1M2M3N4,

n1<Bna<Bnz<Bns<B
nin2=nsng

EED S5 3 3 & Sy

n1<Bns<Bnz<Bny<B
n1N2=nsng

We shall prove the following theorems in Sections 3 and 5 respectively.

THEOREM 1.2. For any real number B > 2, we have

4
Mi(B) = 55 B"log B+ C1B° + O(B s +9),

4 1 "(2

where
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Let Fi(B) = My(B) — 2 B%log B — C1B®. Then

92

8Dy
186372

T
| Fi(B)dB = T/2 4 O(T*/e),
2

THEOREM 1.3. For any real number B > 2, we have

4
My(B) = ﬁBQ log B + CyB2 + O(B 15 t°),

where @
4 (2log2 1 (2
= w?( 3 1073 <<2>>'
Let Fy(B) = Ms(B) — % B*log B — C3B%. Then
T
S F dB — 27D2 T7/2 + O(T13/4+E)
2
where
S w* (k)d(l)
_ 2 —3/2
n=1 n=kl
. (k) if21k,
(k) = { )
2u(k) if 2| k.

REMARK 1.1. S. Shi did not study the mean value of E(B), and no
results on the integral S;F E?(B)dB are known.

From Theorems 1.1-1.3 we have
COROLLARY 1.1.
E(B) = Q2(B"Y, F\(B)=2(B*"), F(B)=2(B""), B-— .

Furthermore, by Theorems 1.2 and 1.3 we easily get the following asymp-
totic formulae for the mean values of certain character sums.

COROLLARY 1.2. Let B be an integer with 1 < B < /p. Then

4 6 B? 6 +e
72‘271)( ’ —B log B + C’l—FB+O(B416 ),
X#Xo n<B
4 o 2 S te
72 S (- ] — = Blog B+ C,B2 + O(Bi5 ).
X#Xxo n<B T

Notation. For any real number ¢, [t] denotes the greatest integer not
more than ¢, and {t} =t — [t]. We use d(n) to denote the Dirichlet divisor
function, and define oa(n) = > 4, d* so that d(n) = oo(n). The Mobius

and Euler functions are denoted by p(n) and ¢(n) respectively. We denote
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by 7 the Euler constant. Let € be a small positive constant, and let (a,b)
denote the greatest common divisor of a and b.

2. A new proof of (1.3). In this section we give a new and short proof
of S. Shi’s result (1.3).

Suppose first that B > 2 is an integer. We begin with the formula (4) of
S. Shi [7], which reads

B B 2
(2.1) N(B)=2)_é(n) [} - B*+0(B),
n=1

n

where ¢(n) is the Euler function.
The main ingredient of our proof is the following elementary formula:

(2.2) [t]2:2[t]22+[t]—[t]:2Zm—Zl,tzl.

Inserting (2.2) into (2.1) we get

B
(2.3) N(B)zQZqS(n)(Q S om- Y 1)—BQ+0<B)
n=1

m<B/n m<B/n
=45, -2y — B2+ 0(B),

where

B
Ti=>¢n) > m= > én)m,
n=1

m<B/n nm<B

B
5=Y6m ¥ 1= é(n)
n=1

m<B/n nm<B

It is easily seen that (2.3) also holds when B is not an integer by noting
that N(B) = N([B]). So from now on, we suppose B > 2 is any real number.
The identity n =) _ . ¢(l) implies that

1
(2.4) Sy=) n= 532 +0(B).
n<B
Pillai [6] proved that

o) =n > "D 5™ sioym,
din n=lm

which implies that

(2.5) o1 =Go(B) =) _ g(n).

n<B
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So from (2.3)-(2.5) we immediately get (1.8). Furthermore by (1.4), (1.5)
and (1.9) we easily have

(2.6) E(B) = 4Ey(B) + O(B).
LEMMA 2.1. Let Ey(z) = Ga(m‘) — Ny(x) — C(a). Then
(2.7) (z) = 2!~ O‘Z'u ( >+O( 1=alog ).

Proof. This is equation (26) of [§]. m
From (2.6) and (2.7) we get

(2.8) N(B) = 1%32 log B+ CB? + E(B),
7'['

where

(2.9) —4By_ BT uin) < ) +O(Blog B).
n<B

With the help of (1.2) we deduce from (2.8) that

26749
E(B) < B416 log'ss20 B.

For completeness, we give a direct proof of (2.8) in this section. The
argument here is slightly better since the error term O(Blog B) in (2.9) can
be replaced by O(B).

From the relation

S dm =3 pbymd(m)

n=ml n=Ilm
we get
Y= Z w(n) Z md(m).
n<B m<B/n

For any ¢ > 1 by partial summation we have

(2.10) Y md(m) Sud(Zd ) Slogu+2~y)du+§um()

m<t m<u 1
£2 £2 ‘
= 5 (logt +27) — — +A(t) - | A@w) du+ co
1
- t?logt

A _t 8/4
5 +(7 4>t +EA() = 5+ O,

where ¢g is a constant and we used the estimate
¢
t
JA(u) du = 7 + O,
1
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which is a corollary of results of Voronoi [10} part II, Section IV, Chapter 39,
pp. 500-501].
Inserting (2.10) into X we get

(2.11)
1B*> B IN\B> B, (B B B3/4
o= —= log = S Y e .
= (e (3 )+ a(l) - oG
B?log B u(n) B? wu(n)logn 1\ o p(n)
= 2 ‘2Zm+<7‘4>3 2.y
n<B n<B n<B

5y (D) -7 L E vow)

n<B

= %32 log B + <76r7 5 _ <@ >32 +B ‘TA(;?) +0(B),

where we used the well-known estimate
Z p(n) < ue Vet (¢ >0)

n<u

and the fact that

)
2 2
2 = n

Now from (2.3), (2.4) and (2.11) we get

_432“ A< >+O(B).

n<B

3. Proof of Theorem 1.2. First we study the links between M;(B)
and Pillai’s function.

LEMMA 3.1. Define h(n) := 3 7 1n/(], n). Then

:§Zn4g Zn?’h )+ O(BY).

n<B n<B
Proof. It is not hard to show that

ME) =Y Y Y Y mmnn =3 (Y3 mm)

n1<Bna<Bn3<Bns<B a<Bc<B n1<Bn3<B
n1nz=n3ng (a,c)=1 ni/nz=ajc
9 2 2
=(Xw) 2 2 3 (X X mm)
n<B 1<a<B 1<c<a ni1<Bn3<B

(.a)=1 n;/ns=a/c
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:(Zn2>2+2 Z Z (Z Z Z n1n3)2

n<B 1<a<B 1<c<a m<B n1<B n3<B
(c,a)=1 ni=ma nz=mc
2 2
:<§ n2> + 2 g a’ E 62( E m2>.
n<B 1<a<B 1<c<a m<B/a
(e,a)=1
Define
k.
st(n) = E , s
1<en
(e,n)=1

we know that

p2(n) = é”2¢(n) + % H(l —p) forn>1.
Dl

Let N = [B]. We have

2 2 2 a
w(p) = SEEEVED o 57 a2 (Saro + £ [0 - 0)
Pl

36

BT el )
36
w2 3 (b + 2 o) B0 0
1<a<N pla

Noting that

n

1 1 1 " 1 1 5 1
Za3 =t 4 §n3 4 ZnQ’ Za5 _ 6n6 T+ oS 4t 2
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Therefore
2 1

m@B) = Y a <a2¢ )+ salJ0-») ><32b5+32b3)

1<a<N pla b<N/a b<N/a

4 2

= a‘p(a)p” + = Y a'p(a)b’?
9 9
ab<N ab<N
DI | CEVIET DO | (B
ab<N pla ab<N pla

On the other hand, we have

g(n) = Z = dé(n/d) =Y u(k)md(m),

(31) 7=1 dn km=n
h(n) = = dp(d) = > p(k)koa(m).
7=1 ‘7 dln km=n
Therefore
Z atp(a)b® = Z nt Z u(k)md(m) = Z ng(n)
ab<N n<N km=n n<N
Z atp(a)b® = Z n3 Z w(k)koa(m Z n
ab<N n<N km=n n<N
Za:sH(l—p)'bE’:Zn?’Zu( Ykoa(m Zn3h
ab<N pla n<N km=n n<N

It is easy to prove that
Yo dlJa-p <) at > <) <<N5
ab<N  pla a<N  b<N/a a<N

Thus we have

M;(B) = g Z atp(a)b® —f—% Z at¢(a)b?

ab<N ab<N
+3 Z a*[[(1-p)- b+ O(N?)
ab<N pla
4
S g+ 5w + 0.
n<B n<B

Now we prove Theorem 1.2. On noting that )
O(x?), we get

n<:c
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Zh Z Z k)koa(m Z,u(k)k: Z oa2(m

n<B n<B km=n k<B m<B/k
B? B? ¢(3) 13 2
_’Z;B ( k3+0<k2>) 302 )B + O(B*log B).

Then by Abel’s identity we have

(3.2) Zn%(n):(z h(n)) S(Zh )t%zt

n<B n<B et
CB) po 5 0 3 210 2
)t 3§ <3< gy O 1g(2t>)>t dt
¢3) 16 5
6(( )B + O(B”log B).

Now from Lemma 3.1, (3.2), (1.4) and (1.5) we get

My(B) = g n;g nig(n) + 227?5’2)) BS + O(Blog B)

4 4 2(3)
= §N_4(B) + §E_4(B) + 27C2)

4 1 (@2 2211,
g—BﬁlogB—i— o 2<2’y—6 — C((2)) +C(3)>B6+O(B a6 )

4
= 5B log B+ C1B° + O(B s +¢).
T

On the other hand, letting F1(B) = M1(B) — 5> 4,B%1og B — C1 B, we have

BS + O(B%log B)

Fi(B) = gE_4(B) + O(B®log B).

Therefore by (1.6) and the Cauchy—Schwarz inequality we obtain

~—

8Dy
FE(B)dB = g T + O(T1),

N e N

4. Some lemmas. To prove Theorem 1.3, we need the following lemmas.

LEMMA 4.1. Let N > 1 be an integer. Then

1 [2log2 1 C’(2)) 9
_~ N2 _— - _
2 Yt = @ g (U5 0y g )

2fa

+NZ“ < >+0(N10g N),
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where (k) = {u(k:) if24k,
s 2u(k) if 2| k.
Proof. Define
1 n=1,
1 if 2¢m, —4 n=2
= d — ’
x2(n) {O 2 n, and a(n) 4 ned
0 otherwise.
We get

XQ(n)nd(n): - 1
/ ns ( 25—1

n= n=1

147

Jewn 2= (1 5k)

>t ),
n=1
Then
Z md(m) = Z x2(m)md(m) = Z a(k)md(m) :Za(k) Z md(m)
r;z;ny m<y km<y k<y m<y/k
= Z md(m) — 4 Z md(m) + 4 Z md(m).
m<y m<y/2 m<y/4

So from (2.10) we have
1 1
> md(m) = 51/2 logy +y° (v - 4> +yA(y)

m<y
2fm
Lo o W1 LAY
4<8y log2—|— 777 +2A 5
+4 iy2logy+y—2 ’y—} +Za(Y + O(y)
32 4 16 4 4 4

1, 1 voo1N
= —4%1 “log2 4+ — —
Y 0gy+<4 0g2+ 16)y

FyA(y) — 2yA<g> +yA ('Z) +O(y).

Therefore by (3.1) we get

D sl@p=3" Y 5= > 2°Y 6(d)

ab<N n<N d|n 25n<N dln
2fa 2td s>0
2tn

= 3 2 Y (k) - md(m)

25n<N  km=n
s>0
2tn
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148
D2 ) Y uk) mdm)=Y 20 Y puk) Y mdm)
2°<N  n<N/2% km=n 2°<N  k<N/2¢ m<N/25k
>0 2n 520 24k 2tm

s 1/ N\? N 1 1\ [/ N\

= Z 2 Z ,u,(k)(8<25k) 10g<25k)+(410g2+4—16>< k)

25<N  k<N/2°

s>0 24k
N N N N N N
Al =) = A
(o) - oA (gemg) + A (50
N
wo(Xr ¥ o)
2°<N  k<N/2°
520 2tk
1o 1 p(k) 1 5 log 2° (k)
vy Y Loy M Lye g e o ull)
25<N ° k<N/2° 25<N k<N/2s
520 2tk 520 21k

1 1 w(k)logk
LD ID Dl
25<N 7 k<N/2°
s>0 24k

( 10g2+—> Z 3 “

§<N k<N/23

5>0 24k
pk) (N p(k) N
+NZ Z k A<25k _2NZ Z L A 9s+1
>0 QJfk s>0 gfk
(k) N 2
+N Z Z kA<25+2k + O(Nlog” N)
25<N k<N/2¢
520 ok
1 1 (2log?2 '(2)
= N?logN + —— —
@ *34(2)( 3 7 (2 )
p(k) (N M N
N DD kA<25k —2N D D A G
s>0 QJfk 5>0 gfk
(k) N 2
+N DY k4(25+2k +O(Nlog? N)
2°<N k<N/2¢
s>0 24k
2log2 1 g’(z)) )
= 71\72 log N + = ( - —
& T2

3¢(2)
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sv > mPa(g
2°<N k<N/2°
s>0 24k

N

k
v Yy MHa(y

2°<N/4 k<N/25+2
520 24k

Noting that

vy Y MPa(g

25<N k<N/28
5>0 24k

>—2N >y Mhy

SR

25<N/2 k<N/25H1

N
23+1k

2°<N/2 k<N/25+1
520 24k

) + O(Nlog? N).

N
A(Qs—l—lk)

2k

ex Yy M0a()

28§N/4 kSN/25+2

>0 24k

_ k) A (N wk) (NN k) (N
_Zkz<k)+NZ P Alar) W 2 Al

k<N k<N/2 k<N/2

2tk 2tk 2tk
_ 1 N uk) (N
- EPa(5) v 3 A

k<N k<N/2

2tk 24k

pk) (N

=N -

> 5%

k<N

we have
2log 2 1 (2.0
> ba)p N20gN+< 2y — = — N
=, (@) 3@\ 3 27 (2
2ta
+NZ“ ( >+0(N10g N).
k<N

LEMMA 4.2. Let N > 1 be an integer. Then

> ¢(a) N2+O( ), Y éla) N2+O( ),

ab<N ab<N

2fa 24a, 24b

> dla —N2+O( ),

ab<N

2fa, 2|b

> ¢a) 7N2—|—O( ), > o(a) —N2+O( ).

ab<N ab<N

2|a, 2/b

2|a, 2|b
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Proof. Define
1 n=1,
B(n)=49 -1 n=2,2223 ..,

) 0  otherwise.
On noting that

S (3 ot~ —c-(1-50)

n=1 djn
2d

n) _(1_ 1 7
25 — 1
we have

dYodl@=> > dd= > Blkym=>Y k) Y m

ab<N n<N d|n km<N k<N m<N/k
2fa 24d
SY Y Y meiviom
m<N 25<N m<N/2¢

s>1

As Y pen @) =3 on Zd|N p(d) =, cnn= lNz + O(N), we get

> dla)= > dla)— Y ¢la) N2+0< )-

ab<N ab<N ab<N
2la 2ta
Therefore
_ _ L

S b= Y bla) = NP+ OW),
ab<N ab<N/2
2*{1,2‘[) 21’@

Y da)= > ¢la fN2+O< ),
ab<N ab<N/2
2|a,2\b 2|a

1

Y. dla)= D ola)— > éla) = N?+O(N),
ab<N ab<N ab<N
2fa, 21b 2fa 2fa, 2|b

> dla)=Y dla)— D d(a 7N2+0( ). =
ab<N ab<N ab<N
2|a, 2b 2|a 2|a, 2|b

LEMMA 4.3. For any integer N > 1, we have
N2 2 [2log?2 1 C'(2) ¢2)\. o
b(a [} N21ogN+< 27———)1\7
2 Y95 “ 5 X\ 3 2 @ 2
2fa

@7) + O(Nlog? N).

+2N Y “*]ik)

k<N
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Proof. By Lemmas 4.1 and 4.2 we easily get

qu(a)H S il R H

1<a<N a<N a<N
2ta 2fa 2fa
=2 $la)b— > ¢a) = SLN2 log N
ab<N ab<N C( )
2fa 2fa
2 (2log?2 1 @2 @) .o
G BRI )
+2Nz“( < >+O(Nlog N). =
k<N

LEMMA 4.4. For any integer N > 1, we have

> dla N2+O( ), Y ¢(a —N2+O( ).

1<a<N 1<a<N
2fa 2|a
24[N/a] 2{[N/al

Proof. Noting that
L
2 2 2] Lo if2][y],

> dla)= ¢<a><[§;+ﬂ_[ﬂ)

1<a<N 1<a<N
2fa 2fa
2t[N/a]
N 1 N
- X oy - 2 el
1<a<N 1<a<N
2fa 2fa
1
= >, da) - > #éla)= N +O(N),
1<ab<N 1<ab<N
Ha, 2tb Ha, 2|b
and N 1 N
Y o= 3 o0 [5+3] - [3))
1<a<N 1<a<N
2|a 2|a
21[N/a]
N 1 N
= > ¢(a)[2a+2] - > () {Qa]
1<a<N 1<a<N
2|a Z\a
= > - > ¢ fN2+O( ). m
1<ab<N 1<ab<N

2|a, 21b 2]a, 2[b

151
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LEMMA 4.5. Let y = T'~¢, and define

ri - 22 S 15,

n<y
Then
2T D 2T
| r*(B)dB = = | B2dB + O(1%%),
T T
where
S 1 (
,_ 2 —3/2
Dy = Zh*(n)n ) Z k:l/Q
n=1 n=kl

Proof. By the elementary formula

1
COSUCOSV = §(cos(u —v) + cos(u +v))

we may write

235/2 w(
(4.1) T*B >N kle 5/4 ZZ (n1na) 3/4

k1<y ka2<y n1<yna2<y

X cos| 4 nlB—z 4 HQB_E
N 1 NV 1

= S1(B) + S2(B) + S3(B),

where
2 3PP ! d(m)d(ny)
5 4 3/4
k2n1 k’l’I’LQ
_ B (1))
4 ‘ 3/4
anl#klnz
X cos<47r\/§<\/7]:?_ \/ZE))’
_ B d(n1)d(ns)
k1<y ko<yni<yna<y klkZ 5/4 (n1n2)3/4
X sin<47r\/§<\/k>l+ \/E))
We have
2T o
A(T)
4.2 B)dB = B2 4B
(4.2) ; S1(B) - ; 7
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where

Sy Y Yy dm)d(ny)
5 4 3 4 .
k1<y ko<ymni<yna<y klkZ / (ning) /
koni=king

It can be written as

a27r
RIS

n<y?
where
Z -
k1/2
k<y,l<y
Define
w*(
=> —ay A
1 2 ) 1/2°
n=kl k / n=kl k /

It is obvious that h.(n) = a(n;y) forn <y, and >, _, (%(n) < z1*¢. Thus

(4.3) A(T) = Z h2(n)n=3/2 + O( Z 52(n)n—3/2>

n<y y<n<y?
=Y a2+ 03 B mn )
n=1 n>y

=3 R oy ).

So from (4.2) and (4.3) we get

2T 2T
(4.4) | BB = = (Z h2(n *3/2) | B52dB +o(1%*).
T T

Now we consider SzTT Sa2(B) dB. By the first derivative test (see Lemma
4.3 of [9]) we get

(4.5)
2T ) 1
B)dB < T*
ZS“ k:lz<:y l;yn;yn;y k1k2 5/4 (n1n2) 3/4 ’\/nl/kl_\/nQ/k2

koni#king

1
AP IDIDIDS
3 4
k1<yk2<yn1<yn2<y klkznlng / h/%_\/m,
koni#kina
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22, es, (kenang)®t [V — Vgl

\vkznrvkmz\zé(lﬂkzmnz)l/“
d(ny)d(ng) 1
+T° :
Z Z Z Z (k1kaning2)3/%  |\/kani — Vkina|

k1<y ka<yni<yn2<y
0<|\/k2n1 Vking |< (k1k2n1n2)1/4

DI IDIDIE o ,ﬂ,mm

k1<y ko<yni1<yn2<y

1
+T3 Z Z Z Z k1k2n1n2 1/2 |k‘2n1 — k1n2|

k‘l <y k;2<y ni <y n2<y

koni#king
2
< T3 3 n kl ) < T3+€.
) IDIDID PEILLINEED o
k1<y ko<yni1<yn2<y n<y?

For SZTT S3(B) dB, by the first derivative test again we get

2T
(4.6) 553( )dB

3 ) !
<T Z Z Z Z kle 5/4 (n1ng) 3/4 \/n1/k1+\/n2/k2|

k1<y ka<yni1<y n2<y

d(nl)d(ng)
< T3 Z Z Z Z Z (k1ks) 5/4 n1n2)3/4(n1//€1)1/4(n2/k2)1/4

k1<y ka<yni1<yn2<y n2<y

< T3 Z Z Z Z klean < T3,

k1<y ka<yni1<yn2<y

Now from (4.1), (4. 4)7(4 6) we immediately have
2T 27
S 2(B (Z h2(n —3/2> S B2 4B + O(T*+)
T T
p. 2T
=— | BY?dB+O(T*"). »
T

s

5. Proof of Theorem 1.3. Let N = [B]. We have

(5.1) MQ(B): Z Z Z Z(_l)n1+n2+n3+n4

n1<Bna<Bn3<Bns<B
nine=nsng

=S (X )’

a<N c<N ni<Nn3<N
(a,c)=1 ni/ns=a/c
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N2 3 (8 )’

1<a<N 1<c<a m<N/a

(c,a)=1
2 N ?
vy Yy Yiey v
1<a<N 1<c<a a 1<a<N 1<c<a 1<a<N 1<c<a
2fa 2fc 2fa 2le 2|a 2fc
(c,a)=1 24[N/a] (c,a)=1 2{[N/a] (c,a)=1

Since (C,a) = (¢,a) if ¢+ C = a, it follows that if a is an odd integer with

a > 1, then
dooi= ) 1=4¢(a)/2

1<c<a 1<C<a
2le 21C
(c,a)=1 (Cya)=1

It therefore follows from (5.1), Lemmas 4.3 and 4.4, and Huxley’s bound
(1.2) that

2
62 @) =N+ Y o] ¢ X sz 3 s

1<a<N 1<a<N 1<a<N
2fa 2fa 2|a
2{[N/a] 24[N/a]
N 2
- Y T+ T sz ¥ oelw+on)
1<a<N a 1<a<N 1<a<N
2ta 2fa 2|a
2{[N/a] 2{[N/a]
2 2 [2log2 1 g’(2)> )
=_——_N?lo N—|—< +2y— = — N
3@ U@\ 3 T T2 ()

+2N Y “]ik)A<];j> +O(Nlog? N)
k<N
4 2
= —N%logN + ——
w2 T (
+ O(N547/416+€)

4
= — B?log B+ CyB* + O(B*7/416+¢),
™

2log 2 1 (2)) .
5 73 <(2>>N

As in the statement of Theorem 1.3, let F5(B) = MQ(B)—%B2 log B—CoB2.
Then from (5.2) we have

_ M*(k) E o2
FQ(B)—2B];3 - A<k>+O(Blg B).
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To prove Theorem 1.3, it suffices to evaluate the integral SQTT F}(B)dB.
Letting y = T ~¢, we get

=23y = A < ) +O(T).

k<y

Then from the well-known Voronoi formula (see (12.4.4) of [9])

xt/4
Ax) = 77\[ Z Y2 cos<47r\/7?—> + O(af 4 pl/2He N 1/2)

we have
VB (k) = d(n) nB « .
F2<B): . Z k5/4 Zn3/4 COS<47T k 4> +O(T a)
k<y n<y
=T(B) + O(T").

Now from Lemma 4.5 we get

2T 2T D oT

| F2(B)dB = | T*(B)dB + O(T"***%) = = | B2dB + O(T"*/**%),
T T T

which implies Theorem 1.3 by a splitting argument.
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