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1. Introduction. Let A, B be coprime integers. The diophantine equa-
tion

(1) Az* — By? =1

has been studied extensively by many people, including Ljunggren [3] and
Cohn [1]. Ljunggren proved that (1) has at most two solutions. In a recent
paper in this journal, Le [2] proved some results on the diophantine equation

(2) a’z* — By? =1,

for example he proved that when max(a?, B) > 2.374-10'°, the diophantine
equation (2) has at most one integer solution. In fact, Ljunggren [4] proved
this result without that restriction. (The author would like to express his
gratitude to the referee for this reference.) The diophantine equation (2)
includes many interesting special cases such as 2* — By? = 1, 42* — By? = 1
and 92% — By? = 1.

In the present note we will prove the following two results:

(I) the equation (2) has at most one solution;

(IT) the solution, when it exists, occurs in the “first possible place”, i.e.,

comes from the least possible integer x for which z2 — By? = 1 and z is
divisible by a.

The result (I) is a new proof of Ljunggren’s result, and the result (II)
enables one to prove easily that many equations are not solvable. We will
prove

THEOREM. Let a > 1 and B > 0 be positive integers which are square-
free. Suppose € = u+vvV/B > 1 is the fundamental solution of Pell’s equation
z?2 — By? = 1. Define

" =up, + VB, n=12,...
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If (2) is solvable then it has at most one solution (x,y) in positive integers,

and then
ax® + v\/E =t

where t is the least positive integer such that uy =0 (moda).

REMARK 1. It is easy to see that we can “effectively” determine if the
equation (2) has an integer solution, because we can “effectively” determine
whether there exists a positive integer ¢ such that u; = 0 (mod a) is solvable
or not.

2. Preliminaries. In order to prove the Theorem we need some technical
lemmas. First we consider Pell’s equation
(3) 22 — By* =1.
Let ¢ = u 4 vv/B be the fundamental solution of (3), define = u — vV/B,
and for any integer n define
(4) e" =z, + ynVB.

Throughout the paper we always assume that a is a given positive integer
which is squarefree. If a?z* — By? = 1 has a solution then it is easy to
see that there must exist an integer n such that z,, = 0 (moda). The next
lemma shows which n satisfy this congruence.

LEMMA 2.1. Let x,, be defined as in (4), and let a > 0 be an integer. If

x, =0 (mod a), then there exists a positive integer t such that n = (2k+1)t,
k=1,2,...

REMARK 2. From Lemma 2.1 we see that ¢ is the least positive integer
such that z; = 0 (mod a).

Proof. Let ¢ be the least positive integer such that z; = 0 (moda).
Then for 0 < j < t, we have

(5) z; # 0 (moda).

Since ! = z;4+y:VB = 1V B (mod a), it is easy to verify that for an integer
k we have

(6) et = (3,v/B)** (moda) = (y?B)* = £1 (moda).
Here we have made use of the relations

(7) ¥} — By; =1

and

(8) z¢ =0 (mod a).

Similarly we have
9) ek = (4 /B! = (42 B)* (y,vVB) = +y,VB (mod a).
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From (9) we see that
(10) T(2p+1)t = 0 (moda).

Let n be an arbitrary positive integer. We write n as n = mt + r, where
m € Z and 0 < r < t. We will prove that if z,, = 0 (moda) then m is odd
and r = 0. If m is an even integer then from (6) we get

(11) e = ™ = "™ = (2, + y,VB)(%1) (moda).

From (11) we see that x,, = £z, (moda) = 0 (moda). So we are left with
odd m. For odd m we rewrite n as n = mt +r = (m+ 1)t +r — t; note that
m + 1 is even. Using a similar method we have

(12) e = glmHDitr—t — 4.7~ (moda).
Note that
(13) Erit =Tp_t + yr_t\/ﬁ.

So if z,, = 0 (mod a) then from (11) and (12) we have z;—,, = 0 (mod a) and
by (5) we must have r = 0. The lemma follows.
LEMMA 2.2. Let L > 0, M be integers, L —4M >0, (L, M) =1, and let
a, 8 be two roots of 2 —/Lx + M =0. If M = —1, L =0 (mod4), put
a” — ﬁn
Q=21
a—p

(n is an odd integer). Then for any odd prime p and integer z, we have

Qp # p2t.
Proof. See [6].

LEMMA 2.3. Let t be the least integer such that xy = 0 (moda). Then

a’z* — By? = 1 is solvable if and only if vy = au®, u € Z.

Proof. If ; = au?, then obviously a?z* — By? = 1 and thus equation
(2) is solvable. We now suppose a?z* — By? = 1 is solvable. Then there
exists an integer n such that

(14) T, = au’
and
(15) 2 — By? = 1.

Obviously x,, = 0 (moda), hence by Lemma 2.1, n = (2k + 1)t. Assume
n = (2k 4+ 1)t is the least solution of (14). If 2k + 1 = 1, the assertion
follows. So we assume that 2k + 1 > 1. We write 2k + 1 = ps, where p > 1
is an odd prime number and s is an odd integer. From (14) we have
€(2k+1)t + §(2k+1)t cpst _ zpst

16 = ag? = _
(16) Tp = ax 5 5
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Putting a = % and 3 = —&%, from (16) we get
P — P aP— P a—33
17 2 = = .
(17) a 2 a—p3 2

By Lemma 2.1 it is obvious that (o —3)/2 = 0 (mod a), hence from (17) we
have

o =P a—-p
a—B 2

()

h = , .

a—pf3 2a

It is well known that h = 1 or h = p. If h = 1, from (18) we have u? =

(o — B)/(2a) for some integer u, which contradicts the assumption that
n = (2k + 1)t is the least solution of (14). So h = p. From (18) we find

aP — 3P
a—pf
for some integer v. Note that a, § are roots of the equation

x? — \/4By?x — 1 =0.

By Lemma 2.2, (19) is impossible. This completes the proof.

(18) 2% =

Define

(19) pv® =

We quote a result from Rickert [5] as our next lemma.
LEMMA 2.4. For an integer N the numbers 01 = /1 —1/N, 05 =
V1+1/N satisfy
max(|01 — p1/ql, |02 — p2/ql) > 1/(27TINg' ™),
for all integers p1, p2, ¢ > 0, where

_log(12NV/3 + 24)
~ log(27(N2 —1)/32)°

Proof. See Rickert [5], p. 469.

(20)

LEMMA 2.5. Let u > 0 be an integer, au® > 25. Consider the simultane-
ous Pell equations

(21) ar® — (au? —1)zf =1, az® — (au® + 1)25 = —1.
Then all its positive integer solutions satisfy
(22) |Vaz|' ™ < 141.89(y/au)*+*,

where X is as in (20) and N = au®. Furthermore, if au® > 99 and x > u,

then \/ax > (2v/au)®°.
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Proof. Let z > 0 be a solution of (21). The equations (21) have an
obvious solution z = u, z1 = z2 = 1. So we assume z > u. Now we have

1 1
ax — 1V au? — 1| = < .
‘\/_ ! ‘ |\/ECC + zlx/au2 — ]_| 199\/55E

Hence

1 1
[vVa/(au? — 1) — z1 /x| < < 5
1.99v/az2vVau? —1  1.95aux

Multiplying this inequality by u we get

23 2/(au? — 1) — S
(23) | au?/(au ) Zlu/x’<1.95am2

Multiplying both sides of (23) by 1 — 1/(au?) we get

(24) WIZ /N — 21 (aw? — 1)/ (auz)| < ——

1.95az2"
In a similar way from the second equation of (21) we get

(25) |V 1+ 1/N — zo(au® + 1)/ (auz)| < ﬁ.
Then by Lemma 2.4 we get
(26) 271av?|aux | > 1.91az2.
From (26) we easily deduce that
217N < 141.89u3 T a T,

Multiplying this inequality by a*=*)/2 we get the conclusion.
We now prove v/ax > (2v/au)®®. Put

27 n = +Vau+Vauz -1, 7, =au— vVau? -1,
1

28 Ny = Vau+Vauz+1, 7, =au— au? + 1.
2

Then all the solutions (z,21) of az? — (au? — 1)22 = 1 are given by

(29) = vVax + z1\vau? — 1

for odd integers m > 0. All the solutions (z, 22) of az? — (au? + 1)23 = —1
are given by

(30) ny =+vaz + 29V au? + 1

for odd integers n > 0. Hence if (21) has another solution x, then

(31) mt =0 4

From (31) we get
(32) [nlog(n2/m) + (n —m)logm| < L1/nf™ + 1.1/n3".
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Noting that nlog(n2/n1) < n(ne —m)/m, from (32) we get
T2 — "

m
so n > 0.97y/aun; logn, > 570, hence

Var = (03 +73)/2 > (2vau)*®,

and the lemma follows at once.

n > |n —m|logn — 2.2/1n% > 0.99logm

REMARK 3. From the above lemma we can “effectively” solve the simul-
taneous equations as in the lemma when au? > 25.

3. Proof of the Theorem. In this section, we will prove our main
theorem and discuss some special cases of it. First from Lemmas 2.1 and 2.3
we see that if the equation

(33) a’z* — By? =1
is solvable, then
(34) au® +y,VB = ¢".

Since (¢2)! = 1, we get a®u® — By? = 1, thus we have

2, 4 _ D)
Vit —1= /By,
SO

au? + vVa2ut — 1 =&,

For brevity we write D = a?u® — 1, e; = &', & = &’ If (33) has another
solution (x,y), then by Lemma 2.3 we have

2k+1 | =2k+1
€ +é
35 2 _ &1 1
(35) ax B
We write
(36) el =X, +Y,vD

for non-negative integers n. Notice that X; = au?, Y7 = 1. Then (35) can
be written as

(37) ar?® = Xopy.

It is easy to verify that

(38) Xont1 = X1 X9, + DYoy,

(39) Xon = X2+ DY?2, Yo, =2X,Y,.

Combining (36) with (37) and (38), we get
(40) ar® = X, (X} 4+ DY) + 2D XYz
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Since X,f — DY,f =1, we have
ar® — 1= X1 (X} + DY) + 2D XYy, — (X7 — DY)

= (X; - D)X? + D(X1 +1)Y? +2DX,.Y,

= (X; — D(X? 4+ (X1 + 1)2Y2 +2(X1 + DX Ya)

= (X1 —1)(Xp + (X1 + DY3)? = (X1 — 1) 27
Here we have used the relation D = X2 — 1 = a2X* — 1. In a similar way
we have
(41) ar® +1= (X1 +1)Z2.
By Lemma 2.5 a solution x of the simultaneous equations

ar® — 1= (X, —1)Z}

and

ar® +1= (X1 +1)Z3
satisfies
(42) |Vaz|' ™ < 141.89(v/au)>

where A is just as in Lemma 2.5.
Note that for N = au® > 99, we have \ < 0.84630254. From (42) we get

(43)  |Vax| < 141.89" 07 (au) BTN/ < 1,01 10 (VVau) 0%,

But from Lemma 2.5 we have /ax > (2v/au)®%, a contradiction. This proves
the lemma.

REMARK 4. From the proof of the Theorem we see that au? > 99 can be
relaxed.

REMARK 5. By the same method, we can completely solve the equations
z* — By? =1, 42* — By? =1 and 92* — By? = 1.

Note added in proof. M. Bennett and G. Walsh proved the same result using a
different method (see Proc. Amer. Math. Soc. 127 (1999), 3481-3491). The author would
like to express his thanks to Professor Schinzel as well as Professor Walsh for telling him
about the above paper.
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