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Congruences for ¢”/®/ (mod p)
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1. Introduction. Let Z be the set of integers, i = v/—1 and Z[i] =
{a+bi | a,b € Z}. For any positive odd number m and a € Z let () be

the (quadratic) Jacobi symbol. (We also assume (4) = 1.) For convenience

we also define (ﬁ) = (%) Then for any two odd numbers m and n with

m > 0 or n > 0 we have the following general quadratic reciprocity law:

m=1 n—1
(F) =072 2 ().
For a,b,c,d € Z with 2 1 ¢ and 2|d, one can define the quartic Jacobi

symbol (ZISZ) 4 as in [S4]. From [IR] we know that (gjr'g;) A= (a=bi) A=
(a+bi

o di)zl, where T means the complex conjugate of z. In Section 2 we list
the main properties of the quartic Jacobi symbol. See also [IR], [BEW]
and [S2].

For a prime p = 24k + 1 = ¢® + d? = 22 + 3y? with k,c,d,z,y € Z and
¢ =1 (mod 4), in [HW] and [H], by using cyclotomic numbers and Jacobi
sums Hudson and Williams proved that

Yy

75t +1 (mod p) if c=+£(—1)7 (mod 3),
+4 (mod p) if d=+(—1)% (mod 3).

Let p be a prime of the form 4k + 1, ¢ € Z, 2 1 ¢ and p t q. Suppose that
p=c?+d* = 2%+ qy? with ¢,d,z,y € Z and ¢ = 1 (mod 4). In [S4] and
[S5] the author posed many conjectures on ¢/?/® (mod p) in terms of ¢, d, z
and y, where [-] is the greatest integer function. For m,n € Z let (m,n)
be the greatest common divisor of m and n. For m € Z with m = 2%my
(2 1 mp) we say that 2% ||m. In this paper, by developing the calculation
technique of quartic Jacobi symbols, we partially solve many conjectures
from [S4] and [S5], and establish new reciprocity laws for quartic and octic
residues on the condition that (c,x +d) = 1 or (d,z + ¢) = 2. For the
history of classical reciprocity laws, see [Lem]. Suppose d = 2"dy, y = 2'yo
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and dp = yo =1 (mod 4). Assume (¢,z+d) =1 or (dp,z + c) = 1. We then
have the following typical results.

(1.1) If p= g =1 (mod 8), ¢ is a prime and ¢ = a® + b? with a,b € Z,

then
q—1
=l _ d+ﬂ£lm ac+bd\ & ém
gs =(—-1)4"1 (c) (mod p) & <ac—bd " (mod q).

(1.2) If ¢ =7 (mod 8) is a prime, then

1 )™ (mod p) if p=1 (mod 8),
(—1)2 (4™ (mod p) if p=5 (mod 8)

x
qg+1

c—di\ &
& (c—i—di) =" (mod q).

(1.3) If p=1 (mod 8), ¢ =a® + %, a,b € Z, 2|a and (a,b) = 1, then

)™ (mod p) if 4|a and 2|z,
)m (mod p) if 4|a and 2 1 z,
2 T (9)m*1 (mod p) if 2||a and 2|z,
R A a (g)m_l (mod p) if2]aand 21z

- () -

2. Basic lemmas

LEMMA 2.1 ([S4, Proposition 2.1]). Let a,b € Z with 21 a and 2|b. Then

< d ):i‘ﬁﬂz“:(_1)“28‘141—(—1)”/2)/27
4

a+ bi
< 14+ ) J(EDETVRa-b)-D/4 g,
] = eneD/2g_a-
a+bi), i%_l if2|o.

LeMMA 2.2 ([S4], Proposition 2.2]). Leta,b € Z with 2t a and 2|b. Then

— a—1
! -] =(-1)2 and 2 ) =02
a+bi/, a+bi),

LEMMA 2.3 ([S4, Proposition 2.3]). Let a,b,c,d € Z with 2t ac, 2|b and
2|d. If a + bi and ¢+ di are relatively prime elements of Z[i], we have the
following general law of quartic reciprocity:

a—+ bi _(_1)%-C;1+%-“+§’1 c+di
ct+di), a+bi),

[N
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In particular, if 4|b, then

a+ bi a1 d(c+di
- :(—1) 3 2 - .
c+di/, a+bi/,

LemMA 2.4 ([E], [S1) Lemma 2.1]). Leta,b,meZ with 2 {m and suppose

(m,a® +b?) = 1. Then
a+bi\®>  [a®+0°
m ), m )

LEMMA 2.5 ([S3, Lemma 4.3]). Let a,b € Z with 2{a and 2|b. For any
integer x with (z,a® + b*) = 1 we have

.112‘2 o €T
a+bi), \a®+b?)

LEMMA 2.6. Let a,b € Z with 2|b and (a,b) = 1. Then

b 1 if 4|0,
a+bi), \(=1)“Ti if 2]b.
Proof. By Lemmas 2.1 and 2.3,

<a—£bi>4_ <aj%bz’>4<a_+b§)i>4_ (a—i‘bi)4<ajbi>4 | |
- () o= (), - () G),

— (1) (_1)%5_(?%/2 .(_1)“28’1
1 if 410,
- { (—1)“z7i if 2| b.
Thus the lemma is proved.

For a given odd prime p let Z, denote the set of those rational numbers
whose denominator is not divisible by p. Following [S1, [S2] we define

Qf(p):{k‘kezp, (T) :z"”} for r =0,1,2,3.
4

LEMMA 2.7 ([SI, Theorem 2.3]). Let p be an odd prime, r € {0, 1,2, 3},
k€Z, and k* +1# 0 (mod p).
(i) Ifp=1 (mod 4) and t* = —1 (mod p) with t € Zy, then k € Q.(p)

if and only if (k+t)(p D/ _ g (

(ii) If p = 3 (mod 4), then k € Q.(p) if and only if (
i" (mod p).

mod p).

(p+1)/4 _
k:—i—z)

LEMMA 2.8. Let p be an odd prime, k € Z, and n®> = k? + 1 (mod p)

with n € Zy and n(n+ 1) # 0 (mod p). Then (%)4 — (@)



4 Z. H. Sun

p p

. P2
Proof. For k = 0 (mod p) we have (¢)4 = (1)4 =(—-1)"3 - (172)
So the result is true. Now assume k # 0 (mod p). Then (Z=1)(%tl) =
2
4

p

(:;11) = (%2) =1 kand SO ("le) = (”*1) By Lemmak24 (k“)
+ — +1 +1i
(T) = 1 and so (7) = =+1. By [S1, Theorem 2.4], (£ - ) 1

ke Qolp) < (%) — 1. Hence (%)4 _ (n(anrl)).

LEMMA 2.9. Suppose c¢,d,m,x € Z, 2t m, 2*> = ¢ + d* (mod m) and
(m,z(x+d)) =1. Then

<c+dz’> _ <:c(:c+d)>
m /), m

Proof. Suppose that p is a prime divisor of m. Then p{z(z+d). If p1d,
2
then (5)

= (%)2 + 1 (mod p). Thus, applying Lemma 2.8 we obtain

(50 (52),- (29)-(222)

When p|d, we have p { ¢ and so

(59 -6 ()-(52),

(2 M) - (59)

plm plm

Hence,

where in the products p runs over all prime divisors of m. The proof is now
complete.

LEMMA 2.10. Suppose ¢,d,x,y,q € Z, ¢ = 1 (mod 4), 2|d, 2 + d* =
v? +qy®, y = 2"yo, yo =1 (mod 4) and (yo, z(x + d)) =
. —1
(1) If?‘l‘, th@n (W) ( 1) (C+dl)
) =

. w d
(i) If 21, then ( (-1 i ()

(02+(90+d)2)/2

Proof. Since ¢+ (z+d)? = 2z(x+d) + qy* we see that (2 + (z+d)?, yo)
= 1. For even x we have 21 qy, ¢ + (z + d)? =1 (mod 4) and so

(i) - (5575) - (557)
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For odd = we have ¢ + (z + d)? = 2 (mod 8) and so

((62 + (ﬂfy+ d)2)/2>

- <<c2 m (itlfd>2>/2> =1 (CQHH?Q)/Q%((CZ e d)Q)/2>

027 xT 2 2 627 - 2
_ (_1)<8+d>t<2> <2x(az+d) +qy ) _ (_1)<8+d)t<x(zv—|—d)>.
Yo Yo Yo
Since 22 = ¢® 4+ d? (mod |yol), using Lemmas 2.9, 2.3 and 2.2 we find that

() = (50, = (), = () = (1)
Yo N Yo 4_ c+di 4_ c+di 4_ c+di),
-1
:th ) ‘
c+di),

Now combining all the above we obtain the result.
LEMMA 2.11. Let p be a prime of the form 4k +1 and p = ¢* + d?

with c,d € 7. Suppose ¢ € Z, p{ q and p = x> + qy?® with x,y € Z. Then
(z+d,c*) = (z+d,qy*) and

2
2 2 2y _ 2 ¢
(qy*,c" + (x+d)*) = (x+d,c )(2,x+d+ mm)
Proof. Since (z,y)?|p we see that (z,y) = 1. If p|z, then p|qy? and so
p | y. This contradicts the fact (x y) = 1. Hencepfx Since (z, 2+ (z+d)?) =
(z,c® +d*) = (z,p) = 1 and qy? —d2—m + 2=+ (z+d)? —2z(z+d),
we observe that (z +d, c?) = (z + d, 2% — d* + qy?) = (x + d, qy?) and

(@, + (z+d)?) = 2z(z+d), P+ (z+d)?) = 2 +d), + (z+d)?)

z+d 2 z+d

d,c”)| 2 d)——~

(z+ < ac—i-clc2 x+d,c2)+(w+ )(ar+d,02)>
x+d

d, 2 d)————
(@ +de <7 x+d c?) tet )(x+d,02)>

d, — d
= (v + C)< (x—i—d,c) + (xz + ))

Thus the lemma is proved.

LEMMA 2.12. Let p be a prime of the form 4k +1 and p = ¢* + d?
with ¢,d € Z and 2 | c. Suppose ¢ € Z, p1 q, p = 2*> + qy?, v,y € Z and
(28, = (~)EHE Then

ct+di/ 4
s — ) (1"
! { (-1 (

)k (mod p)  if p=1 (mod 8),

d
%)k% (mod p) if p=5 (mod 8).
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Proof. 1t is clear that (¢,d) =1, p{y and so

<x>pzl _ <x/i‘/)4 — (—1)[Blngk = (_q)lBlen <d>k (mod ¢+ di).

Y c+di c

Thus (%)I?T_1 = (—1)[§]+"(%)k (mod p) and so

_ M) (mod p)  if8[p -1,
L)) L (mod p) if 8| p— 5.
This proves the lemma.

c+(a:+d)i)4 or (df(x+c)i)4

3. Determination of ¢/?/8! (mod p) using ( . 7

THEOREM 3.1. Let p be a prime of the form 4k + 1, ¢ € Z, 2t q and
p1q. Suppose that p = c* +d? = x> + qy? with ¢,d,z,y € Z, c = 1 (mod 4),
d = 2'dy, dyp = 1 (mod 4), (c,z +d) = 1, 2|z, y = 1 (mod 4) and

(c/(x—;d)—&—i)4 — ik

(i) If p=1 (mod B), then

p_l _ (—1)%+%+%(%)k (mod p) if ¢=1 (mod 8),
T { (1) T (D (mod p) if ¢ =5 (mod 8).

(ii) If p="5 (mod B), then

s _ [ (DS (DM (mod p) if =1 (mod 8),
T { (_1)%+% (%l)kE (mod p) if ¢ =5 (mod 8).

T

q

Proof. Suppose 2™ || (x + d) and & = 2%z(2 { x0). Since 2|z we have
g =1 (mod 4). As (¢,x +d) = 1, by Lemma 2.11 we have (qy,z 4+ d) =1
and (qy?,c® + (z + d)?) = 1. Note that (x,y)?|p. We also have (z,y) = 1.
Using Lemmas 2.1-2.5, 2.10 and the fact that (%)4 =1 for a,n € Z with
24 n and (a,n) = 1, we see that

() () (),
—2z(z+d)+c r+d
(st ies) o)

c+ (z+d)i /. A+ (x+d)?
(a7 (),
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and

<—2:c(x+d)> _< 2 >m+5+1<—m0(x+d)/2m>
ct+(x+d)i), \c+(x+d)i), c+(x+di ),
_ iz;d(m+s+1)(1)zo(z+dg/2m+l.z;d< C+ (:L‘-'— d)z )

xo(z +d)/2m ),

=<—1>W-%%d<m+s+n<c+di>< c )
zo J,\(z+d)/2m ),

zo(x+d)/2M+1 a4d  z4d z0—1 d x
— (_1)0#'%2‘%("”5“)(_1) % ‘z( 0d'>
1 i

tar/y,
2 o x
c+diJ, \c+di/,
= (1) s ) ()" (T
c+di),

Therefore,

P ()Y e 2 s e s (/Y
c+di),

(z+d) /2™ +1 d d zo—1
S0 24 () )7

ol

Observe that

2 v . p—gq—4 .
(71)%1 B (71)q(y8 n (71)% (—1) z if 2|z,
(-1) =&  if4|x

and
7;2579““T+‘i(m+s+1) _ if””T*d(erl)f%s _ (—l)wiigs
( )( ) z
B R e Y €5 Ve A 1 3
(—1) = if 4.

From the above we obtain

B {(_1)’W+2”2M-”“§”’+”22~;‘+”§4 e e N LS T Y P

zo(z+d)/2m+1_L+d zg—1, (m+1)(z+d) |
(—1) 2 7 T 1 ik

7t (<)

When 4| (z + d), we have (—1) = (—1)1T+d. For p = ¢ =

1 (mod 8) we have 4|d, 4|2z and 4|(x + d). For p = 1 (mod 8) and ¢ =
zg(x+d)/2+1

5 (mod 8), we have 2|z, 4|d, 2||(z +d), m = 1 and (—1)" S

z2+1

(—1)%9”0+%Jr = (—1)%“. For p = 5 (mod 8) and ¢ = 1 (mod 8), we have
2| d, 2||z, 4| (x+d) and m > 2. For p=¢ =5 (mod 8), we have 2| d, 4|z,

if 4|x.

(m+1)(z+d)
4
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2 (x +d), m = 1 and (—1) T2 = (C1)Feor T (Lq)F+
Now, from the above and (3.1) we deduce that
z/y
c+di/,
(1) H5 ik if p=¢g=1 (mod 8),
B (—1)%1*[1;75*%*%2@"““ if p=1 (mod 8) and ¢ =5 (mod 8),
(—1)%4'%"'%22'1‘3“ if p=5 (mod 8) and ¢ =1 (mod 8),
(—1)1%5'*'(1%54'%1'7C if p=¢g=5 (mod 8).

This together with Lemma 2.12 yields the result.

LEMMA 3.1. Let p be a prime of the form 4k +1, g € Z, 21 q and p1q.
Suppose that p = ¢ + d*> = 2% + qy?® with ¢,d,z,y € Z, ¢ = 1 (mod 4),
d=2"dy, y =20, do =yo =1 (mod 4), (c,r+d) =1 and 21 x. Assume
that (Mh = i*. Then

q
z/y
c+di),
P ) s g1 O ()T e, _
(FETEE e e 8| (p - 1),

-1
+1 . (=)
(— 1B+ ),

1*(;1)‘1 — %71176
AT s (p ).
Proof. As (¢,z + d) = 1, by Lemma 2.11 we have (qyo,z + d) = 1 and
(qu¢,c® + (z + d)?) = 1. Note that (z,y)?|p. We also have (z,y) = 1. It is
easily seen that

c+(x+d)i:¢%(1+i)<x+dic+i(xzd)_cz')

and so

<x+;l:tc>2+ (j:(x +2d) —c>2 _ 62+(:;+d)2‘

p—1

Set ¢ = (—1)T+%. Since4|d < 8|(p—1) we see that z+d = ¢ (mod 4)
and 4| (e(x+d) —¢). Using Lemmas 2.1-2.5, 2.10 and the above we see that

1—¢
2

ik — <C+(:U+d)l> _ <Z) <1+i> <:c+d2+ac n 6(z+2d)ci)
q 4 q/4 q 4 q A

—(h -, (FHe—1 1 elwid)—
— ()T e )
a:—l—té—&-SC_'_ 5($+2 )*CZ' 4




Congruences for q?/® (mod p) 9

and

<x+d2+5c+€($+2d)—ci " x+d2+sc $+d <, 4 x+d+ac 33+d) <; 4
Yy
4

(P + (z+d)? - 2z(z +d)
- stdtec | e(:c+2d)—c ~ ANE e (€<Z+d) €)2

1

I Y,
x+oé+ec+€($+2d)*ci 4 :c+d2+ac+5($+2d)*ci 4 (24 (x+d)?)/2

z+d+ec e(x+d)—c .
z(z+2d)+l.5(z+4d)fc ( 3 —+ 2 1,)
z(z +d) 4

( 1)((z+d+ec)/271)/2 e(z+d)—c

=i CSY

2 (mrd)2 —1
. (—1)(8”)%’%“( Y d.> .
c+ ar 4

. (_1\a r+d+tec—2 e(x+d)+c—2¢
vVious we have 17 an 4 = (— 4 =
Ob ly we have ¢(-1" = (—1)9b3® and 1
e(ztd)—c | 1—¢
(=1)" % T2 andso
ztdtec—2 x —c x —c — x —c x —c
i(—l)ﬁis( +4d> _ (_1)(6( +4d> +1Ts)s< +4d> Z,s( +4d>

1+e e(z+d)—c e(z+d)—c
4 .

:(—1)2' 1 7

z(z+d)+1 22— 027(1 d)2
Also, we lﬁve (—1)" 5 = ()T et = ()t and (1)
e(z
=(-1) . Thus,
(z+d+ec)/2—1 T —c z(z T —c 2—(z 2
(1) T 1) (eHd)41 e(atd) (1) i, gy
_ (_1)1742-5.s(x+4d)—cis(:c+4d)—c (_1)(%+1)5(x+4d)—c ) _1 5(9c+4d)—ctigt

1— d x+d)—c z+d)—c |, d
=(-1) 1354 g ) Sehe SRl 4y

It is easily seen that

ac+d+6c + E(x+d)fci
z(z +d) 4

r+d+ecH (e (x—i—d)—c)i) <z+d+ac+5r(dx+d)—c)z'>
T 4 Z 4

(
E )G - () ),

£

() - () ()
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5+¢

“(wwra), (ora) 07 (=a),

+
(@(d+2)?-1 s4e ()Y 2a(etd)—1 o1 d( x >
2 .
4

= (_1) B 2 g 1 (_1)T'

Now combining all the above we deduce that

qf(_Tl) 1—e , g—1 e(zt+d)—c .@
1

(3.2) =" 2t

% (_1)(%+%+t)%¢i%+§t

(@(d+2)?—1 54e  z—1 d (=D 22@+d-1 [ x
R e e T e
c+di),

It is clear that

(=1)

e(z+d)—c e(ztd)—c e(z+d)tc (:L‘+d)2—c2 2d2+2dz—qy2
4 4 2 8 8

= (-1)
_ (4)37 . if8[(p—1) andsod=y=0 (mod 4),
(-1) =z ' =(-1)"= 7z if8|(p—>5)andsod=y=2 (mod 4)

~(-1)

and
22 (mtd)2— 12— _14/2 (gmr1)—
(_ (+8d) 1:(_1)( 1) 4( +d) 1:(_1)( 1) (4d +1)—1
(=11 if 8| (p— 1) and so 4|d,
— doz+1
(—1)™F = if8|(p—5)andsod=y =2 (mod 4).

Since x + d =¢ (mod 4) and (—1)2 = (—1)% we also have

e(etd)—e | (—1)d/22(z+d)—1 14y

7 1
_ (71) (—1)d/2i(x+d)—1 is(x+4d)—c_ (—1)(p71)/44w(x+d)_1+gt
— (—1)M%¢i€(z+d)wfcll+%t
— (—1)(71>d/2f1<z+d)71+%1i1’(’1>(Z_1)/21+%1+gt

de—1_d, (=1 1/2
( 1)14_04 +Ztiwfx
1 cf(fl)(:t_l)/Qz
s 2

+do

I
™
—
|
—_
~—
IS
~

c—1 c—(—l)(zfl>/2z

= ()T T T i8] (p—5).

21 p—1—d?

Note that (—1)6%1 = (-1)5 = (-1)"5 = (=1L From the above
and (3.2) we deduce the result.
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THEOREM 3.2. Let p be a prime of the form 4k + 1, ¢ € Z, 2 1 q and
p1q. Suppose that p = c* +d? = 2 + qy? with ¢,d,r,y € Z, c =1 (mod 4),
d = 2"dy, y = 2o, do = yo = 1 (mod 4), (c,x +d) = 1, 2 { = and
(c/(erd)Jri) _ 4k

q 4 ’

(i) Ifp=1 (mod 8), then

(—1)%%%(%)’“ (mod p) if ¢=1 (mod 8),
p—1 (—1)%;0“'96;1“'g (‘Z)k_l (mod p) if ¢ =3 (mod 8)
( )
( )

)

¢s = \
(-5 g +71*'11(6)’6 ! (mod p) if ¢ =5 (mod 8),
(—1)i+Z (Uzl) (mod p) if ¢ =7 (mod 8).
(ii) If p="5 (mod 8), then
(1) (4" (mod p) if ¢ =1 (mod 8),
i = (—1)%(%)k_1% (mod p) if ¢=3 (mod 8),
(=15 (£)"% (mod p) if =5 (mod 8),
(—1)%*151 (%)k% (mod p) if ¢ =7 (mod ).
Proof. Suppose ¢#(—1)®"1/2z and 2 || (c— (—=1)@1/2z). Then m>?2
and 2" ||(c — x)(c + 7). As d? — qy®> = —(c — z)(c + x) we see that

2+ || (d? — qy?). We first assume p = 1 (mod 8). Since 4|d and 4|y we
have m > 3 and 273 || ((%)2 — q(%)2). Thus,

@=1/2, _n@-1)/2,_, o
T S L) T T o (L) = (c) P = (L
This is also true when ¢ = (—1)(*~1/2z. From the above and Lemma 3.1 we
deduce that

—(F) | g1

< z/y > B N e S I A T if ¢ = £1 (mod 8),
crdi/y (—1)%1“'(}_5( ! )“‘qﬂ TR jf g =43 (mod 8).
Now applying Lemma 2.12 we deduce (i).
Suppose p = 5 (mod 8). As qy?—d? = 4(qy3—d3) we get 2™ || (qy2—d3).

Clearly gqy2 — d3 = ¢ — 1 (mod 8). Thus

3 (mod 4) ifm=2,

g=14 5 (mod 8) if m=3,
1 (mod 8) if m > 3.

For ¢ =1 (mod 4) we have 8| (¢ — (—1)%1@ and

(_1)(171)/29:_6 (_1)(1*1)/296_0 gm=—3 g—1

T = ()T T = ) T = ()
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This is also true when ¢ = (—1)(*~1/2z, Thus, using Lemma 3.1 we deduce
that

c+di @3k

< z/y ) [ (—)EHEHERL g =1 (mod 8),
i+ (=) if g =5 (mod 8).

Now applying Lemma 2.12 we deduce the result in the case p =5 (mod 8)
and ¢ = 1 (mod 4). For ¢ = 3 (mod 4) we have 22| (¢ — (=1)®=1/2z) and
o

a-1 21 9
c— (=12 =z c— (=172 x
qqu%zQC- (4) —4< (4) > +d3
z—1
(-1
52-0(4)“”—4+1(mod8).
r— _ (ac—l)/2107C .
Thus, % = — %3 (mod 4) and so A = i~%3". Using

Lemma 3.1 we see that

< z/y > [ (=)FEEET i g =3 (mod 8),
ct+di), (—1)pT75Jrq%1+zT_1ik if ¢ =7 (mod 8).

Now applying Lemma 2.12 we obtain the result in the case p = 5 (mod 8)
and ¢ = 3 (mod 4).
Summarizing all the above we prove the theorem.

REMARK 3.1. We note that the k£ in Theorems 3.1-3.2 depends only on
(mod q).

c
z+d

COROLLARY 3.1. Letp = 1,49 (mod 60) be a prime and sop = c>+d*> =
22 + 15y% with ¢,d,x,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2y,
do =yo =1 (mod 4) and (¢,x +d) = 1.

(i) If p=1 (mod 8), then

y (=1)% (mod p) if =% =0,41 (mod 15),
15" =¢ —(-1)% (mod p) if ;%5 = +4 (mod 15),
+(—1)%9 (mod p) if -5, = +5,46 (mod 15).

(=1)"= £ (mod p) if 754 =0,%1 (mod 15),
15" =¢ —~(-1)"7 ¥ (mod p)  if 3%, = %4 (mod 15),
F(-1)7 % (mod p) if ;%5 =+5,£6 (mod 15).
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Proof. Clearly x is odd. Thus, putting ¢ = 15 in Theorem 3.2 and noting
that (see [S1, Example 2.1])

1 ifn=0,£1 (mod 15),

() 25,059, S
4 4 4 Fi if n=45,46 (mod 15),

we deduce the result.

For example, since 61 = 52 4 (—6)2 = (-1)2 4+ 15-22, (5,—1 —6) =

and —> = —5 (mod 15) we have
61—5 ~1-1 —6-2 12
158 =15"=(-1)"72 ——=-"2=92 d 61).

THEOREM 3.3. Let p be a prime of the form 4k + 1, ¢ € Z, 2 1 q and
p1q. Suppose that p = c® +d* = 2% + qy? with ¢,d,z,y € Z, c =1 (mod 4),

d=2"dy, y=2%o, dy=yo = 1 (mod 4), (do,z+c)=1 and (d/($c)_i)4 =ik,

(i) Ifp=1 (mod 8), then
(=) (4)" (mod p) if 2|,
()= T (DY (mod p) if 214
(ii) Ifp=5 (mod 8), then
(

k—
D
z+1

q -1

\+

mod D) if 2]x and so ¢ =1 (mod 4),
4 (mod p) if 2tz and ¢g=1 (mod 4),

T

L

¢'s = —(—1)? (4"

—(-1)" (g)kg (mod p) if ¢ =3 (mod 4).

Proof. Suppose x = 2°x¢(2 1 x¢) and 2™ || (z + ¢). As (x + ¢, dy) = 1, by
Lemma 2.11 we have (qyo, = +c¢) = 1 and (qy3, (x +¢)? + d?) = 1. Note that
(x,)?|p. We also have (z,y) = 1. If m < r, using Lemmas 2.1-2.5 and the
fact (%)4 =1 for a € Z with (a,q) = 1 we see that

oo (=522 () (3 (529
q 4 qa /J4\4/4 q 4
q271 g—1 d q
=(=1) s tz ()
e+ L)y
- (_1)(1281+(12'2m+1( ay’ ) ( y? )
GEE 4 g Ja\ 55 + 5k )

2 +d?— $2> ( Y >

22m

+m\
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If m = r, then clearly

oo (S5 - (0.5
q 4 qa /J4\4/4 q 4
B (2) (1 +i) (I;‘iﬁd - xr;ildz)
q q /4 q 4
If m > r, using Lemmas 2.1-2.5 we see that
4 4 or T Tor U/4
_ ()t ( v ) < v’ )
27_;1;24;% . 2@%_952-1;% .
_(_1)f121.2ﬁ-rc1<a:+c)2+d2—2$(:z+c)) ( y )
or 4

3 — 5 (5)2 + (55)*

- | )

27 27

By considering the three cases m < r, m = r and m > r and applying
lemmas from Section 2, one may deduce the result after doing horrible long
calculations. We only prove the result in the case m < r (including 2|z
and 4| (x — 1)). The remaining two cases can be proved similarly. For the
details in the cases m = r and m > r, see the fourth version of the author’s
“Quartic, octic residues and binary quadratic forms” at arXiv:1108.3027.

Now suppose m < r. Then

<62+d2—x2>
Bt ki /s
B <—2x(x+c)+d2+(x—{—c)2> B (—2$(IE+C)>
4 4

d - d -
G+ gt T+ gl

_( 2m+s+1 > < —Zo ) <($+C)/2m>
LEE ot Ja N5+ gi Ja \ G+ 5 )

zhe x 1 %_1
‘(_1)(2m 1)/22md+1(m+s+1)(_1)( 02+ +2 2 )Qm%

i
d ; d ;
x;nc + omt xQTnC + gmt
X z+c
0 4 om 4

— i(_l) %%_1)/22md+1(m+5+1) . (_1) %#;mo'gmdﬂ (:IZ—i—C—i—dZ) <Z> X
4 4

xo xT+c

2m
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Clearly (zic )4 = (é) and

2m 2

Thus,
2 2 2 m
_ (z+c) /2 += d zo—1 d
(W) = (-1 2 Comrr+ %
rTcC .
om T aml /4
% i(—l)((x+c)/2m71)/22md+1 (m+s+1)_gs<£c>< z ) )
o c+di),

As ((x+¢)2+d?)/22™ = 1+4d/2™! (mod 8) and 22 = 2 +d? (mod |yo),
using Lemma 2.9 we see that

((($+0)2€rd2)/22m> - <((w+0)§t4yrod2)/22m>
_ (_1)2md+1t<(x+c)2+d2> _ (_1)2md+1t<2x(x+c)>

Yo Yo

:(_1)2m‘ilt<2>(_d+“) :(_1)WC‘+1t<—i> <—d+0i>
d C+d’l/ d__4 Yo d_; yfl
= (—1 m+1t = (—1)2m+T = (—=1)2m+T 0
( )2 ( 7 >4 ( )2 <c—{—di>4 ( )2 o di )

t,—1 —1
:(_1)#15 2"y :(_1)2m%tigt Yy ‘
c+di/, c+di/,

From the above and (3.3) we deduce that

5.6) <d— (x +c)i>4

q
2 m
¢“—1_,g=-1 _d (z+c)/2M+zg _d zo—1 d 2
— (—1) B 2 ‘om+1 .(71) 2 om+1 2 2 <x+c>
2m

o f-DETOr —1)/22md+1(m+s+1)—gS(_l)#tigt :U/y‘ .
c+di),

If m =0, then 2t (z+¢), 2|z, 2ty and so ¢ =p =1 (mod 4). Thus,
from (3.6) we infer that

<d—(ﬂf+cﬁ> :(_1)T+<3+l>zi§(2 )( x/y,).
q 4 r+c)\c+di),




2 (z+c) 1 cf—1 (z/2)(xz/2+c) p—1—d (x/2)(x/241)
= (— (é = 8 2 2 = (— I) 8 2
xr + &

— (_1)[§]4r[”37+2]7
from the above and the fact dy =1 (mod 4) we derive that
( z/y ) — (—1)5 3G L (LB RS
4

c+di
(BRI = (—)EFEHELE if p =1 (mod 8),
(—1) B h—1 if p=5 (mod 8).
Now applying Lemma 2.12 we obtain the result in the case m = 0.
Ifm=1<r,thenx=1 (mod 4), s=0,4|d and p =1 (mod 8). Since
p=2?=1 (mod 8) we have 8|¢gy? and so 4 |y. Thus,

1— ¢ r+c_ (xz+c 270 :U—I—c_4 £l27 y2
2 —\ 2 2~ “\\1 4\ 4

z4<d+y> —d+y (mod 8)

4 4
and so ¢ = ¢ — d — y (mod 8). Therefore 3¢ =1 (mod 4) and
(?) B <C—§—y> = ()T = )T o )

Hence, from (3.6) we deduce that

(),

1,914 Hete g d p=1.d.y z/y
S (L) )Tt (L)t (c) .(Hdz
4
R /A
c+di),
. _ 2_
Since (@)4 = ¥, we get (i{gih = (—1)%+q81+q71 i+, Now
_ 2_
applying Lemma 2.12 we obtain q% = (—1)q sy (4) (mod p) as
asserted.

Now we assume 2 < m < r. Then x = 3 (mod 4), s = 0, 8|d and so
p=1 (mod 8). Since qy? = d* — (z + ¢)? + 2c(x + ¢) we see that

2
Y _gromelg2 _ gm-1 <5L” + C> 4 it

q om+1 om om :
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Asm >2and 2r > 2(m + 1) > m + 4, we must have 27+ || 42, 2| (m + 1),
t="H and g = =271 4 ¢ZEE (mod 8). Thus m > 3, Lk = (2™ 4+¢) =
c—1+2™"1 4 ¢ (mod 8) and so £ = ¢ (mod 4). Therefore, by (3.6) we
have

<d_ (321+ C)i>4

27 m
— (_1)%“1‘27716{%1'% 2 (_1)2md+1t .ili'/y
c—1+4+2m"14gq ct+di),

et 2y )
(-1)5 (Hdu

c— 627 - — y
Note that (—1)T1 =(—1)"s = (—1)%, (d (Z+C)Z)4 =¥ and
{1 if m >3 _{1 if t > 2
-1 ifm=3 -1 ift=2
i )4 = (—1)1%1‘*'%@"“. Recall that 8| d. Applying Lemma 2.12
we obtain ¢"5 = (—1)1 (d)k = (—1)%1'%+%(%)k (mod p). This proves the
result in the case 2 < m < r.
Summarizing all the above we obtain the theorem.

We then get (

4. New reciprocity laws for quartic and octic residues

THEOREM 4.1. Let p and q be primes such that p = 1 (mod 4) and
q =3 (mod 4). Suppose p = c*>+d? = 2> +qy?, ¢,d,z,y € Z, c =1 (mod 4),
+
d = 2"dy, y = 2'yo, do = yo = 1 (mod 4) and (=% d’) = "™ (mod q).
Assume (c,x +d) =1 or (dg,x +¢c) = 1. Then

/8 = { (—1)4 J:Hl = (4)™ (mod p) if p=1 (mod 8),
(_1)‘14 25t (d)m% (mod p) if p=>5 (mod 8).

(&

Proof. Since p =1 (mod 4) and ¢ = 3 (mod 4) we see that ¢ 1 x and = is
odd. We first assume (¢, 7 +d) = 1. By Lemma 2.11 we have (g, (z +d)(c* +
(x4 d)?)) = 1. Tt is easily seen that Zgiglz = Zgig;j = <% (mod g).
Thus, for £ =0,1,2, 3, using Lemma 2.7 we get

(c—l— (ai]+ d)i>4 _
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w2
=
B
Q
@
—~
7
&
~—
.
Il

i (mod q), from the above we deduce that

(c—i— (x + d)z) _mettt (—l)qgsz‘””rl if ¢ =3 (mod 8),
4 (—1)%1#” if g =7 (mod B).
Now, applying Theorem 3.2 we derive the result.
Now we assume (dg,z + ¢) = 1. By Lemma 2.11, (¢,x + ¢) = (q,d* +
c)?) = 1. It is easily seen that jtgigi = =% (mod ¢). Thus, for
=0,1,2,3, using Lemma 2.7 we get

-
<d (@ + c)i ) o

—d i\ T
T+c — -k
-4 e 7)) 0 2 d
S e @ (Zn) T = e
d+ (z+c)i\ T di\ T
T T cC _ .k c—ar — -k
_— = d = d
& <d—($+c)i> i” (mo q)@( _$> i" (mod q)
a5
— 1
<c Z> =T+ (mod q)
x

Since (=% d’) i™ (mod q), from the above we deduce that (@) =
g+1

4
o 4L a+1

i 2 = (—1)7 i™. Now applying Theorem 3.3 we obtain the result. The
proof is now complete.

COROLLARY 4.1. Let p=1 (mod 4) and ¢ = 3 (mod 8) be primes such
that p = ¢® + d®> = 2% + qy? with ¢,d,z,y € Z and q|cd. Suppose ¢ =
1 (mod 4), d = 2"dy, y = 2'yo and dg = yo = 1 (mod 4). Assume (c,d + x)
=1 or (dg,x +¢) = 1.

(i) Ifp=1 (mod 8), then
ol _ j:(—l)%‘*'% (mod p) if x = +c¢ (mod q),
B :F(—l)q%SJrz;lJr%g (mod p) if z =+d (mod q).
(ii) If p=>5 (mod 8), then

_— +% (mod p) if x = £c (mod q),

(m

+

4

qT = q;gd
F(=1)® £ (mod p) if x = =£d (mod q).

Proof. If x = +c¢ (mod q), then ¢|d and so (CTd’)
+1 (mod q). If x = +d (mod q), then ¢|c and so (del)ﬁ (:Fi)q41 =
$(—1)q%3i (mod ¢). Now applying Theorem 4.1 we deduce the result.

We note that Corollary 4.1 partially settles [S5, Conjecture 4.3].
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For example, let p be a prime such that p = 13 (mod 24) and hence
p=c?+d? = 2?+3y? with ¢,d, 2,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dp,
y =2y and dyp = yo = 1 (mod 4). If (c,z +d) =1 or (dy,x + ¢) = 1, then

g5t +% (mod p) if 2z = %c (mod 3),
$% (mod p) if z = +d (mod 3).
This partially solves [S4, Conjecture 9.1].

THEOREM 4.2. Let p and q be primes such that p = 1 (mod 4), ¢ =
7 (mod 8), p=c>+d* =22+ q? c,d,x,y €7, c=1 (mod 4), d = 2"dy,
y =2y and do = yo = 1 (mod 4). Assume (c,z+d) =1 or (dp,x+c) = 1.

., atl
Suppose (Z_Zi)qg =™ (mod q). Then

C

g8 = N
(—1) P (%)m% (mod p) if p=>5 (mod 8).
Proof. Observe that

%(4) (mod p) if p=1 (mod 8),

q+1

g+1 q+1 q+1 g+l
c—di\ 3 c—di) 4 c—di) 4 c—di\ ¢
( ) = (( ) L ( ) T = ( ) (mod g).

c+di 2+ d)s (22 + q? )qg T

The result follows from Theorem 4.1.

We note that if ¢ 1 d, then the m in Theorem 4.2 depends only on
¢ (mod q).

COROLLARY 4.2. Let p=1 (mod 4) and g =7 (mod 8) be primes such
that p = ¢ + d? = 2% + qy? with c,d,z,y € Z and q|cd(c®> — d?). Suppose
c =1 (mod4), d=2"dy, y =2y and dy = yo = 1 (mod 4). Assume
(c,x+d)=1 or (dy,z+c¢)=1.

(i) Ifp=1 (mod 8) then

(— 1) 1 (mod p) if qle,
S = <1ﬁamdm if qld,
B :l:(—l)%‘*'%% (mod p) if 16](¢ —7) and ¢ = £d (mod q),

(-1 o 1 (mod p) if 16](q —15) and ¢ = £d (mod q).

(-5 L (mod ) if qlc,
»s | (=1)"= £ (mod p) if qld,
H(-1)5 T Y (mod p) if 16](qg—7) and ¢ = +d (mod g),
(—1)q161+w51% (mod p) if 16| (g —15) and ¢ = +d (mod q).
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Proof. Clearly
—1 (mod q) if q]e,
c—di ] 1(modgq) ifq|d,
ct+di | —i(mod q) ifc=d (mod q),
i (mod q) if c = —d (mod q).

Thus the result follows from Theorem 4.2.

THEOREM 4.3. Let p and q be distinct primes of the form 4k + 1, p =
A+d:=22+q? q=0a*>+b, a,b,c,d,x,ycZ,c=1 (mod 4), d = 2"dy,
y =20 and dy = yo = 1 (mod 4). Assume (c,x+d) =1 or (dy,z+c) = 1.

1

Suppose (%Ibd)% = (g)m (mod q).
(i) If p=1 (mod 8), then
OO 0
(—1)z 3 tat: (%)m (mod p) if 21 .
(ii) If p="5 (mod 8), then
s _ [ (=DE()™L (mod p) if 2|z,
s Y e ot

Proof. Clearly ¢ 1 x. We first assume (c,z + d) = 1. By Lemma 2.11,
(q,(x + d)(c? + (z + d)?)) = 1. It is easily seen that Z?—ngigg = acthd .

g (mod ¢). Thus, for k =0,1,2,3, using Lemma 2.7 we get

<H@ﬂmk:ﬁ©CEQWQ@<§ﬁ§>JE<Dk@w@

q x+d o2
Yo+ d)\T 0\
ac z
< <ac—b(x+d)> - <a) (mod q)
+bd b\T /b\*
o (22" 3 i
ax a a
g—1 k_qfl

- <ac;;bd>4E <Z> T (mod g).

—1 .
Since (%ﬂcbd)qT = (%)m (mod q), from the above we get (7c+(gcq+dﬁ)4 =

T Now the result follows from Theorems 3.1 and 3.2 immediately.
Suppose (dy, r+c) = 1. By Lemma 2.11, (q, (z+c¢)(d*+ (x+¢)?)) = 1. It

is easily seen that ZZ;Z%iig = 9¢tbd (104 g). Thus, for k= 0,1,2,3, using

imt

Lemma 2.7 we get
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d—(x+c)i\ 4 d
< . )4—2@ :L‘—I—CGQk(Q)
d | by k
e ta) * b
& (_ ; — b) (a) (mod q)
T+c a
ad—bz+)\'T _ [(b)*
< <ad+b<x+c)> - <a> (mod ¢)
al k
& (ac+bd> ! = <b) (mod q)
—ax a
g=1 ‘1%1_~_]c
& <ac—|—bd> f = <b> (mod q).
ax a

1 :
Since (“Tf;’d)qT = (2)™ (mod ¢), by the above we get (d_(z+c)l)4 =
.m IE2 CQ_qu_;’_dZ

s Thus, applying Theorem 3.3 and the fact § = - = —4—— =

% +% (mod 2) for even x we derive the result. The proof is now complete.

COROLLARY 4.3. Let p=1 (mod 4) and ¢ =5 (mod 8) be primes such
that p = c® + d*> = 2% + qy? with ¢,d,x,y € Z and q|cd. Suppose ¢ =
1 (mod 4), d = 2"dy, y = 2'yo and do = yo = 1 (mod 4). Assume (c,z + d)
=1 or (dy,x +¢) = 1.

(i) If p=1 (mod 8) then
(—1)4 i (modp) if 2|z and x = £c (mod q),
(— 1) +1 (mod p) if 242 and x = +c¢ (mod q),
(-1 2+g +x+2% (mod p) if 2|z and x = £d (mod q),
(-5 St 1+%% (mod p) if 21z and x = £d (mod q).
(ii) If p=>5 (mod 8), then
p=5 ié(m)% (mod p) if *=+c (mod q),
T {:F(—l)qsr)é(x)g (mod p) if x = =+d (mod q),

where §(x) =1 or —1 according as 8| x or not.

S
L
H— H—

ww

q—1

Proof. If # = +c (mod q), then ¢|d and so (%xbd)q%1 = (&) * =

T

— g-1
(:I:l)qT1 = +1 (mod g). If # = £d (mod ¢), then ¢|c and so (2t24) T =

axr

(M)qT = (j:%)qu = +(-1)"% % (mod ¢). Now combining the above with

axr
Theorem 4.3 we deduce the result.

THEOREM 4.4. Let p and q be distinct primes such that p =1 (mod 4),
¢g=1(mod8), p=c®+d® =2>+q? q=a®+b? abecduxycZ,
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1 (mod 4), d = 2"dy, y = 2'yg and dy = Yo = 1 (mod 4). Assume
c,x+d) =1 or (do,x+ c) = 1. Suppose (Zi*gg) 5= (%)m (mod q).
i)

If p=1 (mod 8), then

/5= (_1)%+% (d>m (mod p).

c
(ii) If p=>5 (mod 8), then

ps _ [ (=1 (9" (mod p) if 2],
B (—1)%1(%)77”1% (mod p) if 21 .

Proof. Observe that b = —a? (mod q), p = 22 (mod ¢) and so

<ac+ bd)qs1  (ac+bd)' T (ac+bd)'T
(

ac — bd a2c2 — bzdz)q%,l (azp)q,%l
q—1
bd\ T
= (ac—i— ) (mod q).
ax

The result follows from Theorem 4.3.

We note that if ¢ 1 d, then the m in Theorem 4.4 depends only on
¢ (mod q).

COROLLARY 4.4. Let p = 1 (mod 4) and ¢ = 1 (mod 8) be distinct
primes such that p = ¢* +d? = x>+ qy? with ¢,d, z,y € Z and q| cd(c* —d?).
Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2'yy and dy = yo = 1 (mod 4).
Assume (c,x +d) =1 or (do,z +¢) = 1.

(i) If p=1 (mod 8), then
(— 1)QBIJr 7 (mod p) if qlc,

b1 (=) (mod p) if qld,
g5 = :
(— 1)q % 7 (mod p) if 16|(¢—1) and ¢ = £d (mod q),
+(-1)'% S+t Tyg (mod p) if 16|(¢ —9) and ¢ = £d (mod q).
(ii) If p =5 (mod 8) and e(x) = (—1)122 or (—1)% according as 2| x
or 2t x, then
(-5 e(@)@ (mod p)  if qle.
p—5 5(33)% (mod p) if q|d,
¢S =

(—1)'F (@)% (mod p) if 16](¢—1) and ¢ = %d (mod g),
¢(—1)%6(x)% (mod p) if 16|(¢ —9) and ¢ = +d (mod q).
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Proof. Suppose that ¢ = a® + b? with a,b € Z. Then clearly

q—1

(=1)"s (mod q)  ifq]c,
<ac+bd>q§1: 1 (mod q) if q|d,
ac —bd (—1)(11;61 (mod ¢)  if 16| (¢ — 1) and ¢ = +d (mod q),

:l:(—l)%g (mod ¢) if 16| (¢ —9) and ¢ = £d (mod q).
Thus the result follows from Theorem 4.4.

COROLLARY 4.5. Let p = 1 (mod 4) be a prime such that p # 17 and
p=ct+d® =22 +17y? with c,d,x,y € Z. Suppose c =1 (mod 4), d = 2"dy,
y =2y and do = yo = 1 (mod 4). Assume (c,z+d) =1 or (dp,x+c) = 1.

(i) If p=1 (mod 8), then

(—1)%+% (mod p) if 17|cd,
1 =
175 = —(—1)%“'7‘1/ (mod p)  if ¢==+d (mod 17),
+(=1)i%S (mod p) if ¢=+5d,+10d (mod 17).
(ii) If p=>5 (mod 8) and e(z) = (—1)JCT_2 or (—l)mT+1 according as 2| x
or 21 x, then

e(x)% (mod p)  if 17|cd,

cx

175" = { —e(2)% (mod p) if ¢ = +d (mod 17),

Ccx

t+e(x)2 (mod p)  if ¢ = £5d,£10d (mod 17).

17-1
8 —

17-1
Proof. Since 17=12+4% and (£2H) 5 = (&) = F4 (mod 17),

+5—4 +10—4
from Theorem 4.4 and Corollary 4.4 we deduce the result.

THEOREM 4.5. Let p =1 (mod 4) be a prime, p = ¢ +d?> = 2% + (a® +
bV y? # a® + b2, a,b,c,d,x,y €Z, a #0, 2|a, (a,b) =1, c =1 (mod 4),
d = 2"dy, y = 2o and dy = yo = 1 (mod 4). Assume (c,z +d) = 1 or

(do,x + ¢) = 1. Suppose (%)4 =1

m

(i) If p=1 (mod 8), then

dyz o\m .
(_1)4+4(3) (mod p) if 4la and 2|z,

dy ¥ ro\m .
(a2+52)% = (_1);:24 (dE) 72(mod Pl) if 4]a and 21z,
(_1)T+Z+T(§)m_ (mod p) if 2]la and 2|z,
(_1)17—71+%+%+%_1 (ﬁ)mf1 (mod p) if 2| a and 21 x.
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(ii) If p=>5 (mod 8), then

(_1)¥(§)m_1% (mod p) if 4|a and 2|z,
sy e ) (CUF(S)" Y (mod p) if 4] and 21 a,
=5 _
(@Hb)T = e my ,
(=1) (5)™% (mod p) if 2| a and 2|z,
(_1)%(5)77@ (mod p) if 2]a and 21 .

X
Proof. Set ¢ = a® + b%. Then clearly 2 { ¢ and p { ¢. We first assume
(c,v +d) = 1. By Lemma 2.11, (¢,x +d) = (q,¢* + (z + d)?) = 1. Since

— +d > o *d‘
§+E§+d§§ = &% (mod q), we see that

<c/(:1: +d) + z> _ <c + (z + d)i) _ <c +b(m —i-‘d)i) (c +b(x +.d)i>
q 4 q 4 + ai 4 —ar 4
- (c +b(i ;d)i>4 <C _b(ji :id)i>4 - (c +b(i Zz’d)i)4 (C _b(ji ;’d)i>;

c—(z+d)i

| Fla+ayi _1_ C%fi _1_ ai (ac — adi)/x -1
b+ ai 4 C\b+ai 4  \b+ai 4 b+ at 4
-1
_ b ) ((ac+bd?/$> _ (_1) g<b+az) i-m
b+ai/, b+ ai 4 b 4

. .
= (~1)F % (Z) M= (—1) s
4

a2
= (—1) S = (),

This together with Theorems 3.1 and 3.2 yields the result in this case.
Now we assume (dg,x + ¢) = 1. By Lemma 2.11, (¢,z + ¢) = (¢, (x +

c)? 4+ d?) = 1. Since % = C:—;“ (mod ¢q), using Lemma 2.6 we see that

(), - () - () (),
| . . i
- () (), - () (),
A (z4e)i . _ e—di ~ — , _
- (S (=), ( o), (o)
= (_1);<bfai>4< acbtbjz ) ;<bfai>4im
].

{_(_1)17512'.2'—7”:( 1) if 2| a,

1-1-¢™m=4"" if 4| a.

l\.’)
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Combining this with Theorem 3.3 we deduce the result. The proof is now
complete.

REMARK 4.1. Let p be a prime of the form 4k +1, ¢ € Z, 2t q, p 1t q,
and p = ¢ + d? = 2% + qu? with ¢,d, 2,y € Z, c = 1 (mod 4), d = 2"dy
and dyp = 1 (mod 4). We conjecture that one can always choose the sign of z
such that (¢,x+d) = 1 or (dy, z+¢) = 1. Thus the condition (¢,z+d) =1 or
(do,z+¢) =1 in Theorems 4.1-4.5 and Corollaries 4.1-4.5 can be canceled.
See also related conjectures in [S4] and [S5].
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