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1. Introduction. There are many approximate identities coming from
the theory of modular forms. Probably the most known is the result that

the so-called Ramanujan constant e™163 differs from 744 + 6403203 by less
than 10712,

The common point in most of these approximate identities, when ap-
pearing in number theory, is that they exploit a rapidly converging Fourier
expansion of a quantity with some arithmetical meaning. In the case of Ra-
manujan constant (which, by the way, is due to Hermite and does not ap-
pear in Ramanujan’s work, although there are some allied quantities in [14]),
what is employed is the Fourier expansions of the j-invariant and the in-
terpretation of special values of j as roots of the class equation (see [7]
for a self-contained explanation). The integral approximation of the Ra-
manujan constant corresponds to taking two terms in the Fourier expan-
sion.

We obtain here some approximate identities that are “exotic” in the sense
that they are not associated to the Euclidean harmonic analysis but to the
spectral resolution of the Laplace—Beltrami operator on Riemann surfaces
(spectral theory of automorphic forms). The arithmetical quantities to be
expanded here are series involving the number of representations as a sum of
two squares. In comparison with the approximations derived from classical
Fourier expansions, the role of positive integers is played by the discrete
spectrum. The continuous spectrum, when it exists, contributes as a finite
sum of integral terms.

To catch a glimpse of our approximate identities, we mention here two
examples.
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Consider the series (that can be seen as a special value of the L-function
associated to a shifted convolution) and the integral given by

n < 2
S = Z3+ M and I:_Lm\f(t)Ith,

where 7(n) = #{(a,b) € Z* : a® + v* = n} and f(t) = {(s)L(s,x)/¢(2s),

= 1/2 +it, with L(s, x) the Dirichlet L-function for the non-principal
character y modulo 4 (note that f is easily related to the Epstein zeta
function for 22 4 32). There are efficient numerical methods to approximate
f(t) (see for instance [5]) and I. Using several millions of terms in S one
can check that

E =3.141592....
I
We shall prove that this number is not 7 but exceeds 7 by an amount less
than 4 - 10~!4. This accuracy is related to the size of the third eigenvalue of
the Laplace-Beltrami operator on PSLy(Z)\H and to a special value of the
corresponding eigenfunction. In fact this is a two-sided relation: the value
of m — (S — 3)/I gives an approximation for a certain expression involving
these spectral quantities.
Our second example is the series

S = Z 'r‘ Sn _|_ 2 \/ﬁe—(log(n)/4)2
n=1

It turns out that S is very close to 72¢?,/7. In fact we shall prove that the
relative error is not zero but is less than 3 - 10~7. This figure is related to
the size of the first non-trivial eigenvalue of the Laplace-Beltrami operator
on the simplest Shimura curve, X (6,1) in the notation of [I], the one corre-
sponding to a quaternion algebra with smallest discriminant. By an instance
of Jacquet—Langlands correspondence that is explicit in this case (see [3],
[15] and [I1]), and is the same as the smallest eigenvalue for I(6)\H.

2. Some auxiliary results. We start by giving a brief overview of
the spectral theory of automorphic forms to fix some notation. For more
details, see [12]. We consider the Poincaré half-plane, i.e., the upper complex
half-plane, H, endowed with the metric ds = y~2(dz? + dy?). The induced
distance p is given implicitly by cosh p(z,w) = 1 4 2u(z,w), where

|z —wf?
u(zw) = 432w

The usual group action of G = SLa(R) on H gives rise to all the direct
isometries of the Poincaré half-plane. This action is not faithful, so we will
often think of G as PSLa(R) = SLa(R)/{£I}. We also consider Fuchsian



Ezxotic approzimate identities and Maass forms 29

groups F' that we assume to be of the first kind, i.e., discrete subgroups of
G having the extended real line as limit set.

We can associate with every cusp a (point at the infinity) of a Fuch-
sian group F' a scaling matriz. This is an element o, of G such that o400
= a and o,F,0;! is generated by the unit translation, where F, =
{g € F:ga=a}.

Given a function k : [0,00) — C, and a Fuchsian group F acting on H,
we define the automorphic kernel

K(z,w) = Z k(u(gz,w)).
geF
Under suitable regularity and decay conditions on k (as in [12}, (1.63)]), which
we implicitly assume along this paper, the previous definition makes sense
and the spectral resolution of the Laplace-Beltrami operator A = y? (8§+8§ )
gives the spectral expansion of automorphic kernels

(21)  K(zw) =Y h(t;)u;(z)u;(w)
=0

+ % ) OSO h(t)Eq(2,1/2 + it) Eq(w, 1/2 + it) dt,

a —oo

where h is the Selberg transform of the function k,

h(t) = S S k(x_"(yl))y?r/ﬂit dz dy;
0 —oo 4y
u;j(z) are the normalized Maass cusp forms with ordered eigenvalues \; =
—(1/4 + t?) completed with the constant function ug; and E,(z, s) are the
Eisenstein series associated with the cusps a of F. These series are defined
for s € C with s > 1 as the analytic continuation of
Eq4(z,s) = Z (Sogtgz)s.
gEF\I

If F' has no cusps (in this case F' is said to be co-compact), the last term in
the spectral expansion does not appear (it is an empty sum). Typically,
the main term in comes from the constant eigenfunction wug(z) =
|F\H|~/2, where |F\H]| is the area of the fundamental domain of F. Note
that the eigenfunctions u; and the eigenpackets E; depend strongly on F;
consequently, so does .

In the rest of the section, we focus on the Selberg transform. It is a kind
of hyperbolic analogue of the Fourier transform. Firstly, we state two general
results.

LEMMA 2.1. We have h(i/2) = 4n " k(x) dz.
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Proof. The result follows from the equalities

h(if2) = k(u(i, 2)) du(z) = 4 | { k(w) dudp = 47 | k(u) du,
H 00 0

where we have employed hyperbolic polar coordinates (u, ) (see [12), §1.3]). m

Given two functions k1 and ke, we define their hyperbolic convolution,
k1 * ko, as
(k1 # k) (u(z,w) = | K (u(z,0))ka(u(v, w)) dp(v).
H
Note that the integral depends only on u(z,w) because z — gz, w — gw
with g € G leaves it invariant.

LEMMA 2.2. If hi and hg are the Selberg transforms of k1 and ko, then
their product hiho is the Selberg transform of ki x k.

Proof. A basic result (the Fundamental Lemma 5.1 in [10]) asserts that
for any eigenfunction ¢(z) of the Laplace—Beltrami operator, we have

| k(u(z, w))d(2) du(z) = h(t)d(w).

H
The proof reduces to a double application of this formula for ¢(z) = (3z)*:

[ (k1 # ko) (ulz, 1)) dul2)
H
= [ ka(u(v,) (| ka(u(z,0))($2)/27 du(2) ) dp(v)

H H
— [ ka(u(v, ) (b (1) - (30)/2) dpa(v) = ha (Dhat).
H

Of course we implicitly assume that the regularity of k1 and ko ensures the
convergence of the integrals. m

To get accurate approximate identities from ([2.1]), we are specially inter-
ested in rapidly decreasing Selberg transforms. Due to the involved formula
defining this transform, it is not easy to find examples giving explicit results.

LEMMA 2.3. Let € C be a constant with R > 1. Then the Selberg
transform of k(u) = (uw+ 1)7* is
4
()

h(t) = D(u—1/2+it)(u — 1/2 — it).

In particular,

h(t) =

2 .
(u—l'QcoshTrt H (n—1/2 +1%) i pelp>1,
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and
_ p=3/2
T

_ 242 1
h(t) = ((’;M _3/2?,)2' jn;(m)t [1+2) ifu-1/2€z,p>1.
’ n=1

Proof. By the definition of the Selberg transform and the change of
variables « — (y + 1)\/z we have

00 0 2 —1)2 K )
h(t) = 2 S S <x +(y—1) n 1) Y324 g dy
4y
00
00 u—3/2+it © —1/2
=4 |7 v
) gt v
— 4RB(1/2, 1 — 1/2)B(u— 1/2 +it, i — 1/2 — it),

where B is the classical Beta function that admits the integral representation

0 u22—1
B(z1,2) = | EEEE du
0

and satisfies I'(z1)I'(z2) = I'(z1+22)B(z1, 22). Using this relationship as well
as the duplication formula for the Gamma function we obtain the result.
The well-known formulas

[L@/2+ i)l = COS;lT(ﬂ't)’ L+t = sin;lr(tﬂt)’
I(n+1/2) = m\ﬁr

give the particular expressions for p integral and half-integral. m

LEMMA 2.4. The Selberg transform of k(u) = e #*, with p > 0, is
4em?\/r [ Kit(11)2), where K, (2) is the modified Bessel function of the
second kind.

Proof. Manipulating the definition shows that

h(t) = S e—u(y—1)2/4y< S e hw? /4y dx>y—3/2+it dy
0 —00
(471'6“ 1/2 —-1/2 S (y—l—l/y)y—l-‘rit dy

0

and, by the integral representation (see [9, §8])

K, () = % [ ems1/0mv-1 gy
0
the result follows. »
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LEMMA 2.5. For o, 8 > 0, the Selberg transform of

() = vap o~ V/(@ B iafu
4y/(a+ B)? + 4aBu

18 Klt(a)KZ (B)

Proof. For p > 0, let us define k,(u) = \/pu/(87) e #(1+2W. Using the
previous lemma, the Selberg transform of this function is K (u). So, ac-
cording to Lemma we just have to prove that (ko * kg)(u) = k(u). As
both sides are SLs(R) point-pair invariant, we can restrict ourselves to the
points z = i and w = Ai for some A > 0. Then u(z,w) = (A — 1)2/4), and
we have

_ vap N @PAFB)(BaN)
4/ (/X + B)(B + a)

The last integral can be expressed as K 5(z), which is the elementary func-
tion e~%y/m/2z (see for instance [9, §8]). m

LEMMA 2.6. The Selberg transform of k(u) = u=2((1+2/u) log(1 +u) — 2),
with k(0) defined by continuity as k(0) = 1/6, is

1/4+ 12>
h(t) = 2n3 (| L—— ) .
(t) =2m (cosh(wt))
Note that k(u) is the derivative of u=2(u — (1 + u)log(1 + u)).

Proof of Lemma[2.6. By Lemmas [2.2) and the Selberg transform of
(u+1)"2 % (u+1)72 is exactly 87h(t). Then it is enough to check

(2.2) 8rk(u(z,w)) = | (u(z,v) + 1) (u(v, w) + 1) dp(v).

H
As in the previous proof, we can restrict ourselves to z = i and w = (2¢+1)q,
with ¢ > —1/2. With this choice, u(z,w) = ¢/(2¢ + 1)? and

(2c+1)2<c2+4c+2 (c+1)2 _2>.

k(u(z,w)) = 04 2 log et 1

On the other hand, the integral in (2.2)) is
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o
I=256(2c+1)* | y*J(y+ Ly +2c+1)dy,
0
where
< dx 7w A2 4+ 3AB + B2

J(A, B) =

L (22 + A2)2(22 + B2)2 9 A3B3(A + B)3

The change of variables y — y — ¢ — 1 gives
o0
5 2 2 —c—1 2
I=16n(et 1 | e T,
g =)
Evaluating this rational integral, we obtain the same expression as that for

8mk(u(z,w)), and (2.2)) is proved. m

3. The non-compact case. The most conspicuous examples of Fuch-
sian groups are the full modular group, I' = PSLy(Z), and the congruence
modular group IH(N). It will be convenient here to consider also I , defined
as the subgroup of I' such that aiy + a2z and a1z + a21 are both even. It is
easy to see that actually I" is a conjugate of I'H(2), namely

f—(i’ _11>1r0(2)<(1) _11>/{ild}.

A special feature of I" and I is that the automorphic kernels have a
rather direct arithmetic interpretation and (2.1]) provides a kind of Fourier
expansion for these arithmetical quantities.

PropPoOsSITION 3.1. We have the spectral expansions

o0

(a) Z r(n)r(n+ 1)k(n)

n=0
(e’e} 4 o0 ¢ 2
(g) dx+2Zh )|u; (i) Wﬁg h(t)‘H";(l/)M :
b) > B+ (—)"r(n)r(n + 4)k(n/4)
n=0
:96§ dm+82h )| (i) |2+§ | r)lf @) dt,
0 —00

where h is the Selberg transform of k, f(t) = ((s)L(s,x)/((2s) with s =
1/2+it, and 1/4 +t~32~ and 1/4 —|—tj2- are the non-trivial eigenvalues for I'\H
and I'\H, respectively.

For the proof we need two summation formulas (cf. [12, §12]) and an
explicit description of the Eisenstein series for I" and I
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LEMMA 3.2. We have the identities

(a) 2 k(u(vi i) =>_r(n)r(n+ 1)k(n),
'yef n=0

b) 8 k(u(vi,i)) =Y 3+ (=1)")r(n)r(n + 4)k(n/4).
yerl’ n=0

LEMMA 3.3. Let E be the FEisenstein sem’es~0f I' and E,, Ey the ones
corresponding to the cusps a =00 and b =1 of I'. Then

(31 E(,s) ="+ DEa(i;s) = (2" + 1) Ey(i, 5) = W

where x is the non-principal character modulo 4.
Proof of Lemma[3.3. Let v = (a;;) € G. Then

{ du(yi,i) = (a11 — a22)? + (a12 + a21)?,

(3.2) .
du(vyi,i) + 4 = (a11 + aze)? + (a12 — a21)?.

If v e I these quantities are multiples of 4, say 4n and 4n + 4, and
recalling that r(n) = r(4n) we derive (a).

For v € I', if n = 4u(yi,q) satisfies n = 1 (mod 4) then the squares
in each equation of have different parity, and a choice of the parity
of the squares in the first equation forces a fixed ordering in the second,
contributing 3r(n)r(n + 4) to the total number of solutions. If n = 0,2
(mod 4) then they have the same parity and we obtain r(n)r(n+4) solutions.
Hence

ZZk u(yi, 1)) % Z r(n)r(n+4)k(n/4) + Z r(n)r(n+4)k(n/4).
yer n=1(4) n#l1(4)

Noting that r(n) = 0 for n = 3 (mod 4), we get (b). =

Proof of Lemma [3.3 Taking z = ¢ in the definition of the Eisenstein
series yields

. 3i)° 1 & 1 v~ ()

NET\T Ocs ’7( c,d=—00 n:l
(Cv ):1

where r(n), the number of representations of n as sum of two squares, sat-
isfies 1r(n) = 1 % x(n), and this gives the equality between the extremes

of 1) that is classical. In the case of the group f, the scaling matrices are

(v ) (0
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they give rise to the same conjugate groups:
1= x % 1=
o, T'og = el'y =0, ['oy.
2n m

Eo(iys)= > (Sog'gi)*= > (Syo. ")

gef‘u\f‘ ’yefoo\cru_lf‘ou

Therefore

1 1
= s+1 Z 2 2\s”’
2 mne” (m tn )
(m,n)=1,2tm—n
and the same result is obtained for the corresponding series associated to
the cusp b of I'" using similar arguments. Further

2(2° + 1) Eq(i, 5)

1 1 _
= ¥ it > Ty = 229,

m,n=—00 m,n=—00
(m,n)=1,2{m—n (m,n)=1,2|m—n

o0

and we obtain the expected result. m

Proof of Proposition[3.1. Substitute the previous lemmas into the spec-
tral expansion of automorphic kernels (2.1)). The contribution of the triv-

ial eigenvalue is evaluated using Lemma 2.1 and taking into account that
|["\H| =7/3 and [["\H| =7. u

Taking k(u) = (u+ 1)"™ in Proposition with m an integer greater
than 1, we obtain approximations of m whose accuracy depends on spectral

quantities. Consider

o0

r(n)r(n+4) _ = r(n)r(n+1)
m = 3+ (-1)")—————= d sp,= —_—
° nzz()( =1 2(n+4)m ane s nz:() (n+1)m
Consider also the integrals
00 00 2
_ 2 ~ _ f(@)
Tm = iogm(tﬂf(t” dt and = &Ogm(t)'ml/%ﬂt )
where
m—1
gm(t) = sech(mt) [T (G — 1/2)* + %),
j=1
and f(t) is as in Proposition We define
0 22" m—1)sm —3 2 (m—1)3, -8

em = (m—1)! m =T T, €m=(m—1)! 6(m— 1),
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We show that these errors when approximating 7 can be theoretically es-
timated thanks to a recurrence formula involving a certain eigenvalue (and
implicitly the symmetries of the Maass forms).

THEOREM 3.4. For any integer m > 1,

Ym+1

((m —1/2)? + ) ym
where A3 = 1/4 + t%, with ts = 13.77975 ..., s the third non-trivial eigen-
value in I'\H.

Proof. Using Proposition [3.1f(a), with &y, (u) = 4~™(u + 1)™™, and re-
calling Lemmas [2.3] and 2.1} we have

0<en,<

em+1;

[e.o]

4
S = T m—1) —{—4Zh |u] m S gm(t)|f(t)|2dt7

—0o0

where we have used the fact that the area of the fundamental domain of I"
is /3. We have got an expression for the error term

4™ 2(m — 1)s,, — 3
(3.3) e = CE (m —1)! ng ) (4))2,

which is positive because u;(i) # 0 infinitely often (in fact it is known that
the set of these values is unbounded [12] §13.2]). Hence, using gm,+1(t) =
((m —1/2)% + ) g (t), we see that

e At S g OR s/
em+1 Ym 2ot Gmr1(t)ui (D)2 T (m—1/2)2 + 15
where we have taken into account that uq and us are odd eigenfunctions so

that w;(i) = 0, while A3 = 1/4 + ¢3 with t3 = 13.77975... corresponds to
an even eigenfunction [4]. m

THEOREM 3.5. For any integer m > 1,

f’?m-&-l
((m —=1/2)2 +13)3m
where )\1 = 1/4+t 1, with t1 = 8.92287 ..., is the smallest non-trivial etgen-
value in T'\H.

Proof. The proof is similar to that of Theorem [3.4] but in this case
km(u) = (u+1)"™ and the area of the fundamental domain of I is 7. This
gives

S = +22h () |us(3)) +

0< e, <

m+17

160 T ) P

(m—1)2 J gm(t)‘1+21/2+it
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and we obtain

€m :?m-i-l/%m
wi()]? > 0, — < =
ng s emi1 ~ (m—1/2)% + 12

proceeding as in the previous case. =

Numerical analysis and examples in the non-compact case. If
we think of u;(2) as essentially bounded [12} §13] in terms of the eigenvalue,
then at first glance one can expect e,, to be comparable to gy, (t1)/vm, but
numerical calculations show a better approximation and a substantial dif-
ference between e, and €,,. For instance, the values for m = 3, 4, truncated
to four decimal digits, are

e3 = 2.0086- 10712, &3 =17.2745-107",
eq =4.9016-107", &, =6.7890 - 1076,

The explanation is that, as mentioned in the proof of Theorem the first
and the second non-trivial eigenvalues correspond in I to odd eigenfunctions
so that uy(i) = ug(i) = 0, while A3 = 1/4 + 3 with t3 = 13.77975. ..
comes from an even eigenfunction [4]. On the other hand, for I'\H the first
non-trivial eigenvalue X; corresponds to an even eigenfunction (see [8]). The
large size of the quotient cosh(mts)/cosh(mt;) = 4.23 - 10 explains why the
approximations of 7 are about 6 orders of magnitude worse.

Note also that g, is increasing in m. Then we expect s9 to give the best
example to approximate 7 because for m = 2 we have the quickest decay of
the spectral expansion. In principle the half-integral case s3/, would be even
better, but actually it gives an approximate formula not involving 7. In both
cases, the convergence of the series is very slow and a direct computation is
unfeasible to control the error term. With the previous analysis, a result in
this direction can be deduced.

PROPOSITION 3.6. Let ey, and s,, be as above. Then

§ 7

dt < 1.55-1071,
sinh(rt) & <
—00

0<er<3.62-107",  0<s30— 12—

Proof. The integrals 7o and 3 are quickly convergent and with numerical
calculations we have 75 = 0.23223... and 3 = 0.80239. ... More extensive
calculations give the value of eg3 mentioned before, and substituting these
data in Theorem [3.4] with m = 2, we get the first part of the result.

For the second, note that Proposition (b) with k(u) = (u + 1)73/2

reads )
’u]( )’2+128 S |f( )‘

1653/ = 192 + 1287 Z A oG dt.

sinh( 7Tt ;)
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The function g(t) = ¢t 1(1/4 + t2)(9/4 + t?)tanh(nt) is increasing for
t > t3 =13.77975 and w; (i) = uz(i) = 0. Hence
HE) 8 i (1/4+13)(9/4 + 3)

—12 — dt
0 <32 Sio sinh(rt) © < g(ta) cosh(nt;)

12
|uj ()]
j=3
The last sum equals y3e3/72 by (3.3). Substituting the numerical values of
the quantities involved, we get the result. =

Theorems and also extend to the non-converging case m = 1
upon redefining e; = s1/4y; and €; = $1/167; where

)

o i B+ (ED)rmrin+4) —24 i r(n)r(n+1) —8
' 2(n + 4) oot n+1
n=0 n=0
which can be proved to converge.
We can use the same ideas with other kernels, for example,
oo 61—\/n—i-1
r(n)r(in+1) ——.

5 rlrn+ 1)y
The Selberg transform of k(u) = e!=V¥H/\/u +1 is h(t) = 8eK2(1/2) by
Lemma with @ = 8 = 1/2. Now, denoting the previous sum by S, we
get

T > , 32 T o P
S:64e§)k(:c)da:—i-lGez;h(tj)]uj(z)Q—i-W | Kft(l/z)‘H;l/)M dt.
1= —00

Let I be the last integral. With some chiliads of terms in S and approxi-
mating I, one obtains
S —16
321
which differs from e/m by less than 2.04 - 10711,

It is also possible to prove approximate formulas associated to general
congruence modular groups, but they have a less direct arithmetical inter-
pretation.

Since the pioneering works of H. Maass and A. Selberg, there are many
examples showing the influence of the eigenvalues associated to PSLa(Z)
or to congruence modular groups on some arithmetic quantities. A neat
example [12 Th. 12.3], motivating some of our results, is the error term in
the asymptotic formula

= 0.8652559794526 . . . ,

Z r(n)r(n+1) ~ 8z.

n<x

The novelty in this paper is to consider convergent series that approximate
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known constants in an extended setting that also covers co-compact ex-
amples.

4. The compact case. Let H be the indefinite quaternion algebra
(%) such that A and B are squarefree and A > 0. Then there is an

embedding of H into M3(R), given by

L M+ AVA A+ VA
@(A1+)\Qz+>\3]+>\4k):< pHAVA ‘“F).

B3 — MVA) A — VA

By Th. 5.2.13 of [13], given an order O C H, the image under @ of the
elements of norm one in O is a Fuchsian group of the first kind. Moreover,
it is co-compact if H is a division algebra.

The spectrum of these groups coincides, under certain conditions, with
the point spectrum of IH(N) with N depending on the discriminant and on
the levels of the order [3], [L1]. On the other hand, the Selberg trace formula
proves that the eigenvalues for I'h(IN) cluster at the conjectural bottom of
the spectrum 1/4 when N grows [12, (11.18)]. Therefore, to get approximate
formulas as before, it is advantageous to consider small discriminants and
levels.

Following [1] (see specially Proposition 1.60), we consider the orders

Z[l,z,j,Q(1+z+j+k)] C ( ] >,
1 L1 2,q
2fuidoen bin] < (22)
with p = 3 (mod 4) and ¢ = 5 (mod 8) prime numbers, that correspond to
the Shimura curves X (2p, 1) and X (2¢, 1) in the notation of [I].

A calculation proves that the corresponding co-compact groups under

the embedding & are, respectively,

1 b d
G, - {( atbyp et ﬁ) € SLa(R) :

2\—c+dp a—0byp
a,b,c,d € Z with the same parity}/{:l:ld}

and

G _{1( a+bvV2  c+dv2
207 2 qglc—dv2) a—bv2
a,b,c,dEZ;aEc,bzd(m0d2)}/{:|:1d}.

> € SLy(R) :

The spectral expansions resemble that of I' but are neater because the
integrals associated to the continuous spectrum do not appear.
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PROPOSITION 4.1. For p = 3 (mod 4) and ¢ = 5 (mod 8) prime num-
bers, the following spectral expansions hold:

> r(mr(pn +2)k(pn/2) = 192_41 V k() da +2 " h(ty)|u; (i),
n=0 0 j—l
qu n)rieq(n +4)k(n/4) = q241§k dq:—|—2Zh Mui(i/ /)|
0

where h is the Selberg transform of k, and r44(n) denotes the number of
pairs (a,b) € Z? such that n = sa® + tb?.

For the proof we again need an arithmetic expression for automorphic
kernels.

LEMMA 4.2. For p and q as above, we have

2 37 W(u(ri i) = S r(n)r(on + 2)k(n/2)

veGp n=0

2 ) k(u(v(i/va)i/Va)) qu n)r12q(n + 4)k(n/4).

V€G24

Proof. Note first that for v € Gp, 4u(vi,i) = p(b* + d?). In addition,
v € SLa(R) implies p(b? + d?) + 4 = a® + 2. Since a, b, c,d have the same
parity, 2|b% + d?. Moreover, this condition determines G up to the identi-
fication ++. Hence
(o.)
2 Z k(u(~vi, 1) Z r(2pn + 4)k(pn/2),

vEGp =

and, noting that r(n) = r(2n), the proof of the first equality is concluded.

For the second, given n, note that the numbers of solutions (a,b,c,d)
€ Z* of

{ n = 2b% 4 qc?,
n+4=a®+2qd?

is 79 4(n)r1,2¢(n +4). It is clear that a and c have the same parity, and this
implies that so do b and d. Then (a, b, ¢, d) gives rise to an element v € Ga 4
with 4u(v(i//q), i/1/q) = 2b*+qc?. Conversely, v € G2 4 gives two solutions
+(a,b, c,d) of the previous equations with n = 4u(y(i/\/q),i/\/q). =

Proof of Proposition[{.1. Use the previous lemma in the spectral expan-
sion (2.1). Note that, according to [3, (2.1)], the area of the fundamental
domain is |G,\H| = (p — 1)7/3 in the first case and |G2,\H| = (¢ — 1)7/3
in the second. =
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Numerical analysis and examples in the compact case. We illus-
trate Proposition with an explicit example (mentioned in the introduc-
tion) in which numerical and theoretical arguments are combined to control
the precision of the approximation. The underlying group is G3, which is
optimal in the sense that it has the largest spectral gap among the possible
choices of p.

PROPOSITION 4.3. Consider
(4.1) S = ZT r(3n +2)vne —(log(n)/4)*
n=1

Then

—7 S -7
1.29-107" <1 DX <3-107°.
For the proof we shall employ an explicit upper bound for the hyper-
bolic circle problem (the spectral analysis gives asymptotic formulas but
not explicit error terms [12] §12]).

LEMMA 4.4. Let p be the distance on Poincaré’s upper half-plane. Then
#{y € G3 : p(vi,i) < R} < 3(2+ V3)cosh R.

Proof. Let D be the fundamental domain of G3\H. By Theorem 5.46
of [1], D is the polygon with vertices

C R e (2 — V3)i,

V] = —, V9= —-—+, U=
' 2 Ty

L L U_\/§+i o
4 1+\/§7 5 2 ) 6 .

The distance from vg to any other vertex is at most cosh™ 2. Hence,
D C B(i,cosh™'2), where B(z,7) = {z € H : p(z,20) < r}. Let A =
{y € Gs : p(vi,i) < R}. Then

U yD C B(i, R + cosh™ 2).

yeEA
By the definition of fundamental domain, the interiors of the sets on the left
hand side are disjoint. Hence
|B(i, R + cosh ™' 2)|

D]

where we have used the formula for the area of the hyperbolic circle [12, §1.1]
and the fact that |D| = 27/3. =

Proof of Proposition[4.3 We split the sum as
S=>"+> =85+ with N=22-10"

n<N n>N

#A< = 3(2cosh R+ V3sinh R — 1),
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An extensive numerical computation shows that

-7 S 7
(4.2) 2.1077 < 1 29\F<3 10
For Sy we notice that Lemma [£.2] with cosh R = 1 + 3X and Lemma [4.4]
imply
> r(n)r(3n+2) <18(2 4+ V3)X — 6(1+ V3).
n<X
Subdividing into dyadic intervals yields

< S Ve S (30 4 2)
M=2iN n<2M
<36(2+V3) Y M2 (es M6
M=2iN
We extract the terms corresponding to j = 0,1, and bound the rest with an
integral:

S2<36(2+\/§)<38977 1074 49.1185 - 10—5+10g2 g e3$/2_z2/16dx>
2N
o 36(2+3) 8 T —12 2
< 6.4619 - 1 2 731/21/16d‘
S 6461910 T g =13 ) s ¢ !
log2N
This gives
52 _ < 7.0479.10-%.
< T2 /n

The result follows from these inequalities and (4.2]). m

Choosing suitable kernels, it is possible to get rather cheaply upper
bounds for the first non-trivial eigenvalue in G), with u;(i) # 0. For in-
stance, choosing the kernel

llw) — 0.7676 1.6153 0.6550
W= a2 " 1?0
in Proposition with p = 3, the left hand side and the integral term
cancel; and the Selberg transform, after Lemmal[2.3] is positive for ¢ > 3.377.
Hence, the first eigenvalue in G's with u; () # 0 is less than 3.377. The actual
value is about 2.592.

5. Applying Hecke operators. In analogy with the classical the-
ory [I3] one can introduce the Hecke operators [12), §8.5]

T f(2 > ()
\/7761“\1%

acting on (non-holomorphic) functions f € L?(I"\H), where I}, are the inte-
gral matrices having determinant m. Note that they clearly commute with A.
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These operators are self-adjoint and the eigenfunctions {u;(2)}32, can be
chosen to be also eigenfunctions of T, with eigenvalues that we denote
{Aj(m)}52. In IH(N), the theory is identical for ged(/N,m) = 1 and there
is an Atkin—Lehner theory to cover the rest of the cases.

Hecke operators are also defined in the same way in co-compact groups
corresponding to indefinite quaternion algebras over Q (see [2], [13], §5.3]),
where now the summation runs over v € R(1)\R(m) and R(k) means the
image under the embedding in M3(R) of the elements of norm k of an
order R.

When we apply T}, to an automorphic kernel with respect to the full
modular group I, the sum unfolds as

Tm<Zk(7(-),w) z \F Z k(yz,w)

yer vELm

Then, formally, the application of the Hecke operator corresponds to consi-
dering, in the automorphic kernel, integral matrices of determinant m in-
stead of 1.

On the other hand, the action of T, on is

(5.1) ZA h(ts)u; (2)u;(w)
1 o0

+ - § n(m)h(t)E(z,1/2 + it)E(w, 1/2 + it) dt,

ab—m (/)" (see [12]).

Similar formulas apply in the case associated to quaternion algebras
when m is coprime to the discriminant of the algebra and to the level of the
order (of course the integral corresponding to the continuous spectrum does
not appear).

We focus here on the roup I" and on the order R=7 [1, i, 7, %(1+i+j+k)]
that was employed to define G,. In this latter case, we write the automorphic
kernel in terms of the correlation of r(n) with itself in arithmetic progres-
sions.

where 7;(m) is the divisor-like function

LEMMA 5.1. With I, as above, we have

8 ) k(u(vi,i) =Y 3+ (=1)™"r(n)r(n+ 4m)k<;;>.

YELm, n=0
And for the order R = 7Z[1,1, ], %(1 +i+j+k)],

2 3 ki) = 3 rtnyrtom + 2mpe( 2

YER(M) n=0
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where, as above, p = 3 (mod 4) is prime and R(m) denotes the image of the
elements of norm m.

Proof. For 7 € (ai;) with determinant m,

{47”“(72} i) = (a11 — a22)?® + (a12 + az1)?,
dmu(yi, i) + 4m = (a11 + a)? + (a12 — az1)?,
Using this, the first formula of the lemma follows by modifying appropriately
the proof of Lemma [3.2

In the same way, the second formula follows as in the proof of Lemma[1.2]
by noting that 4u(vyi,i) = p(b*> + d?)/m for v € R(m) and p(b? + d?) + 4m
=a’+c .

We have |I'\I},,| = o(m), the sum of divisors of m. Analogously, if m
and 2p are relatively prime (see p. 217 of [I3]) then |R(1)\R(m)| = o(m).
Therefore if the Selberg transform of k& decays quickly we expect (cf. Propo-

sitions and
52 306+ (1o + )i ( )

n=0

~ 960 (m) S k(x) dx + Siﬁ S ne(m)h(t)| f(t)|* dt

0 —00
and
(53) mem+mm@9m%T?wmm for 2{m, ptm.
n=0 p 0

For instance, consider

> 3
S = nzo(:s +(—1)")r(m)r(n + 2012)%,
I= _SOO Coigsf(gwi?g) (i + t2> <i + t2> |£(1)]? dt.

Then by (5.2) and Lemmawith m = 503 and k(u) = (u+1)"3, we infer
S~ 24192 + 167v503 1.

The actual numerical values give
S — 24192
167

which coincides wih 7/503 in all the displayed digits. In fact the actual
error seems to be comparable to 10712

= 70.45857658 . . .,
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Despite the accuracy achieved in this example, the formulas
and are not expected to be uniform in m because of the wild be-
havior of Aj(m) on the number of divisors of m. See [6] for an analysis of
the uniformity in a close context.

It is interesting to note that the multiplicative properties of Hecke eigen-
values can be observed numerically and employed to improve approxima-

tions. Consider for instance
[o@)

S = Z r(n)r(7n + 2m)g(7n/2m)
n=0
where ¢ is the function k in Lemma According to (5.3)), it should ap-
proximate 20 (m) but the approximation is poor because of the existence of
small eigenvalues at the bottom of the spectrum. In fact we have

S1—2=0.047039, S3—8=—-0.109461, S — 26 =0.119267.
The spectral expansion (5.1)) and Lemma suggest that
Sy & 20(m) + 2¢/m Ay (m)h(ty)|ug (3) |
with h as in Lemma [2.6] is a better approximation. On the other hand, the
multiplicative properties of Hecke eigenvalues [12, §8.5] ensure (\;(3))? =
1+ X;(9) that translates into (8 — S3)% ~ 3(2 — S1)? + (26 — S9)(2 — S1).
Hence, we expect the improved approximation
S5+ 1/3(2 = S1)2+ (26 — Sg)(2 — 5y) ~ 8.

In fact the left hand side is 8.001211, improving the previous approximation
S3 = 8 by two orders of magnitude.

Acknowledgements. We thank A. Strombergsson for his helpful com-
ments and for pointing out the reference [11], and A. Ubis for his interest-
ing suggestions. This work was completed during a visit to the Universitat
Politecnica de Catalunya. The first named author thanks J. Jiménez for
the invitation and we all acknowledge the hospitality and are indebted to
F. Luca for the interesting course taught during our visit.

The first and the third named authors are partially supported by the
grant MTM2011-22851 of the Ministerio de Ciencia e Innovacién (Spain).

References

[1] M. Alsina and P. Bayer, Quaternion Orders, Quadratic Forms, and Shimura Curves,
CRM Monogr. Ser. 22, Amer. Math. Soc., Providence, RI, 2004.

[2] A. Arenas, Operadors de Hecke. Férmula de les traces, in: Corbes de Shimura,
Publicacions de la Universitat de Barcelona, 2005, 75-90.

[3] J. Bolte and S. Johansson, A spectral correspondence for Maafi waveforms, Geom.
Funct. Anal. 9 (1999), 1128-1155.


http://dx.doi.org/10.1007/s000390050109

46 F. Chamizo et al.

[4] A.R. Booker, A. Strombergsson, and A. Venkatesh, Effective computation of Maass
cusp forms, Int. Math. Res. Notices 2006, art. ID 71281, 34 pp.

[5] P. Borwein, An efficient algorithm for the Riemann zeta function, in: Constructive,
Experimental, and Nonlinear Analysis (Limoges, 1999), CMS Conf. Proc. 27, Amer.
Math. Soc., Providence, RI, 2000, 29-34.

[6] F. Chamizo, Correlated sums of r(n), J. Math. Soc. Japan 51 (1999), 237-252.

[7] F. Chamizo and D. Raboso, Modular forms and quasi-integers, Gac. R. Soc. Mat.
Esp. 13 (2010), 539-555 (in Spanish).

[8] D. W. Farmer and S. Lemurell, Maass form L-functions, preprint, http: //www.
math.chalmers.se/"sj/forskning.html.

[9] 1. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series, and Products, 5th
ed., Academic Press, Boston, MA, 1994.

[10]] D. A. Hejhal, The Selberg trace formula and the Riemann zeta function, Duke
Math. J. 43 (1976), 441-482.

[11] D. A. Hejhal, A classical approach to a well-known spectral correspondence on
quaternion groups, in: Number Theory (New York, 1983-84), Lecture Notes in Math.
1135, Springer, Berlin, 1985, 127-196.

[12] H. Iwaniec, Spectral Methods of Automorphic Forms, 2nd ed., Grad. Stud. Math. 53,
Amer. Math. Soc., Providence, RI, 2002.

[13] T. Miyake, Modular Forms, Springer Monogr. Math., Springer, Berlin, 2006.

[14] S. Ramanujan, Modular equations and approzimations to m [Quart. J. Math. 45
(1914), 350-372], in: Collected Papers of Srinivasa Ramanujan, AMS Chelsea, Prov-
idence, RI, 2000, 23—39.

[15] A. Strémbergsson, Some remarks on a spectral correspondence for Maass wave-
forms, Int. Math. Res. Notices 2001, 505-517.

Fernando Chamizo, Serafin Ruiz-Cabello Dulcinea Raboso

Departamento de Matematicas Departamento de Matematicas

Universidad Auténoma de Madrid Universidad Auténoma de Madrid

28049 Madrid, Spain and

E-mail: fernando.chamizo@uam.es ICMAT CSIC-UAM-UCM-UC3M

serafin.ruizQuam.es 28049 Madrid, Spain
E-mail: dulcinea.raboso@uam.es

Received on 28.5.2012
and in revised form on 25.1.2013 (7078)


http://dx.doi.org/10.2969/jmsj/05110237
http://www.math.chalmers.se/~sj/forskning.html
http://www.math.chalmers.se/~sj/forskning.html
http://dx.doi.org/10.1215/S0012-7094-76-04338-6

	1 Introduction
	2 Some auxiliary results
	3 The non-compact case
	4 The compact case
	5 Applying Hecke operators
	References

