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On the quartic character of quadratic units
by
ZH1-HONG SUN (Huaian)

1. Introduction. Let Z be the set of integers and i = /—1. For any
odd prime p and a € Z let ( ) be the Legendre symbol. For a, b c,d € Z

with 2 { ¢ and 2|d, one can define the quartic Jacobi symbol (ZIZ:) as
n [S4]. From [IR] we know that (21'32)4 = (g:3§)4 = (3132)4 , where

means the complex conjugate of x. For the properties of the quartic Jacobi
symbol, see [IR], [BEW], [S2] and [S4]. In particular, for a,b € Z with 2 {a
and 2|0,

(11) ( i ,)4:(—1)“28%(1—(—1)%)/2 and ( ! ,)4:(-1).

a—+ b a—+ b

(SIS

Let D > 1 be a squarefree integer, and ep = (m + nv/D)/2 be the fun-
damental unit of the quadratic field Q(v/D) (where Q is the set of rational
numbers). Suppose that p = 1 (mod 4) is a prime such that (Q) = 1. As
m—i—n\/i m— nf m? Dn

( ) When the norm N(ED) (m? — Dn?)/4 equals —1, many mathemati-
(31ans tried to characterize those primes p for which €p is a quadratic residue
modulo p (that is, (ETD) = 1); see [Lem|. This general problem was finally

= 41, we may introduce the Legendre symbol

solved by the author in [S2| [S3]. The next natural problem is to determine
whether p is a quartic residue modulo p when (ETD) = 1. When the norm

N(ep) = (m? — Dn?)/4 equals 1, the problem was solved by the author
n [S2]. Now we assume N(ep) = (m? — Dn?)/4 = —1. Using the cyclo-
tomic numbers of order 4, in 1974 E. Lehmer [L] proved that for a prime

p=8k+1=2z +2y Wlthm ,y € Z, £9 = 14+ /2 is a quartic residue of p if
and only if 4|y and = = ¥ (mod 2). See also [S4, Corollary 3.1]. If p # 17
is a prime of the forrn 8k + 1 and so p = C? + 2D? for some C,D € Z, in
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[S5 Corollary 3.1] the author showed that ;7 = 4+ +/17 is a quartic residue
: : 2C—3D
modulo p if and only if p = 2? + 17y* (z,y € Z) and (—1)¥ = (¥22).
Let p=1 (mod 4) be a prime, b € Z, 21 b, p #b> +4 and p = ® + d? =
22 + (b% + 4)y? for some ¢,d, x,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy and
dp =1 (mod 4). If 4| zy, in [S4, Conjecture 9.5] the author conjectured that

71 -
bt (b+¢b2+4>p4_{(—1)[ZJ+4;(modp) if 4|z,

1.2 €50 =
A : (-1 (modp)  if4]y,

where [-] is the greatest integer function. For m,n € Z let (m,n) be the
greatest common divisor of m and n. For m € Z with m = 2%my (2 1 mg)
we write 2% || m. In the paper we use the results from [S4, [S6] to prove (1.2)
under the condition that (¢,x + d) = 1 or (dy,z + ¢) = 1. More generally,

5\ 21
we determine (@) T (mod p) for p = ¢® +d? = 2% + (b* + 4%)y?

(21b), see Theorem 2.2. We also determine (2a + v4a? + 1)% (mod p) for
p=c?+d? =22+ (4a® + 1)y? (a € Z), see Corollary 4.1.
For b, c € Z the Lucas sequences {U,(b,c)} and {V,,(b, c)} are defined by

U()(b, C) = 0, Ul(b, C) = 1,

(1.3) Un+1(b,¢) = bUp(b,c) — cUp—1(b,c) (n>1)
and
(14) ‘/O(bv C) =2, Vl(bv C) = b,

Vit1(b,¢) = bV, (b, ¢) — cVy—1(b,c) (n>1).

Let p =1 (mod 4) be a prime, b € Z, 2{band p = c?+d? = 22+ (b?> +4)y? #
b% + 4 for some c¢,d, z,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2'yo and
do = yo = 1 (mod 4). In [S4, Conjecture 9.4] the author conjectured that
for 4 1 zy,

()BT (mod p) if 2o,
ULfl <b, _1) = z—1 94 r
4 (=1)"z = (mod p) if 21y,

and that for 4| xy,

_o(_1)[§+5d :
Vi1 (b, —1) = 2( 1«1)4; 1% (mod p) ?f4|$7
! 2(—=1)"¢ (mod p) if 4y

In the present paper we prove the above conjecture under the condition
that (c,x +d) =1 or (dp,z + ¢) = 1. We also establish similar results for
Up-1(b,—1) (mod p) and Vp-1(b,—1) (mod p) in the case b = 0 (mod 4). As
a ci)nsequence, we obtain a Zériterion for p|Up-1(b,—1), where b € Z, b # 2
(mod 4) and p is a prime of the form 8k + 1, sée Theorems 3.2, 3.4 and 4.2.
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1

2. Congruences for (l’*i Vb;“‘a)pT (mod p)

LeEmMA 2.1 ([S4, Corollary 6.1]). Let p = 1 (mod 4) be a prime and
p=c®+d® withc,d € Z and c = 1 (mod 4). Let b € Z, 21 b and p =

22+ (V2 +4)y? with x,y € Z, x = 2%z, y = 2y and o = yo = 1 (mod 4).
Then

cr \ P2
— & i
2

F(-1'T (452 (mod p)  if 2]y and (D) = +1,
F(-1T B+ 45 L (mod p)  if 2 || y and (UFEDE), = i,
$(—1)b;21(b2 +4)%1g (mod p) if 4]y and ((261::)53/3:)4 = =+1,
(1) T (2 + 45 (modp)  if 4|y and (EDTY 4,
=) )T R4+ 45 (mod p)  if 2| and (B, = +1,
F) S0+ )5 (mod p) if 2|« and (BSH), = i,
H(—1) T (2 + 9)'5° % (mod p) if 4|z and (DY = 41,
(1) T (12 + )52 (mod p) if 4]a and (25E/), = i,

LEMMA 2.2 ([S6, Theorem 4.5]). Let p = 1 (mod 4) be a prime, p =

c +d2—x +(a®+))y? # a®>+ V%, a,b,c,d,x,y € Z,a #0, 2| a, (a,b) =1,
¢ =1 (mod 4), d = 2"dy, y = Qtyo and dy = yo = 1 (mod 4). Assume
(c,z+d)=1 or (dy,z +c) = 1. Suppose ((acl;:?ji)/xh =™,
(i) If p=1 (mod 8), then
(—1)§+§ (g)m (mod p) if 4la and 2|z,
o a9y c\m .
(a® + b)) = (1) (dd)zfz(moii) ¥ 4laand 2fz,
(-1 =z tatT () (mod p) if 2|la and 2|z,
(— 1)b51 %“L%JFIT_I(g)m*l (mod p) if 2||a and 21 x.
(ii) If p=>5 (mod 8), then
(-1 41 (5) mfi% (mod p) if 4]a and 2|z,
z+l C m— .
@+ 1) (=1)7z ()" "% (mod p) if 4]|a and 21,
(= 1);*+1b;1 (£)™Y (mod p) if 2| a and 2|z,
(-1)= (£)™Y (mod p) if 2||a and 21 x.
THEOREM 2.1. Let p = 1 (mod 4) be a prime, b € Z, 21 b, p # b*> + 4

~—

and p = ¢ +d* = 2% + (b2 +4y2f0rsomecd:cy€Z Suppose ¢ = 1
(mod 4), d = 2"dy, © = 2°20(2 1 x0), y = 2'yo and dp = yo = 1 (mod 4).
Assume (c,x+d) =1 or (dg,z +¢) = 1.

—
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(i) If 4t zy, then

b+ (-1 @\ b (-1)
d
4

(i) If 4|zy, then

p=1
b+3\ 2
2

Proof. Since (ﬁéi)4 = —1 by (1.1), replacing = with (—1)®~1/2z in
Lemma 2.1 we get

CcCx p—1 2
(F5%) " = (D55 (mod p) i/ 4]z,
(—1)5%% (mod p)  if 4]y.

2
(F(-1)"2 (1 +4)"5°Z (mod p) if 2|y and (/T = 41,
F)'T @+ TE (modp) 2] yand (), = 4,
:F(_l)%lJrlozTI (b? + >%% (mod p) if 4]y and ((ZC;ng/x) = =+1,
(1) T (B2 4+4)°F (mod p)  if 4]y and (2T — 4y
= p2_1 , zg—1 1 . c T
FD) T ) (modp) 2w and (U5E50), =
be—1 xog—1 —1 . C x -
F(-1) 28 (B2 4 4)%% (mod p) if 2|z and ((2 ,::)Zdz)/ ), = i,
(1) (O + 45 2 (modp)  if4]x and (ZHD) = 41,
| F(-1) (1 +4)"5 £ (mod p) it 4] and (cHbd/n) — 4,
Taking a = 2 in Lemma 2.2 we obtain
(_1)§+%+ZOT‘1(§)W1 (mod p)  if 2],
@ ayfl = (D2 (3)75 (mod p) s
(D)% (§)" % (mod p) if 4]z,
(—1)%”%*%*%271 (g)m_l (mod p) if4|y.
This together with (2.1) yields
. 1 —(~D)EHEE (mod p) if 2|,
cx \ B
(2.2) (b_(_l) 2 dy) o)1 (rrblodp) if 21|y,
2 ~Dl+Ee (mod p)  if 4]z,
)

(
(=1)i*4 (mod p) if 4)y.
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Since

1
b+ (—1)"2 < b—(—-1)"2 &  p2_ (244
O D Py

we see that

1 1 zg—1 p—1
b+ (-1) 7T N\ g (b= (1)
(2.3) ( 5 > =(-1)" < 5 y) (mod p).
Now combining (2.2) with (2.3) we deduce the result.

COROLLARY 2.1. Let p=1 (mod 4) be a prime, b€ Z, 24b, p # b> + 4
and p = ¢ + d* = 2% + (b® + 4)y? with ¢, d,z,y € 7 and 4|xy. Suppose
¢c=1 (mod 4), d =2"dy and dy = 1 (mod 4). Assume (c,z +d) =1 or
(do,x+c¢) =1. Then

1 -
<b+ VB2 +4)p4 _ (DS (mod p) if 4,
2 DT (mod p) if 4.

THEOREM 2.2. Let p =1 (mod 4) be a prime, o € {2,3,4,...}, b € Z,
21b, p#b2+4% and p = ¢ + d? = 2% + (b* + 4%)y? for some c,d,x,y € 7.
Suppose ¢ =1 (mod 4), d = 2"dy, x = 2510(2 1 x0), y = 2'yo and dy = yo = 1
(mod 4). Assume (c,z+d) =1 or (dy,x + ¢) = 1.

(i) If p=1 (mod 8), then
CcT E CcX L_l 2_ a— x
< B dy> - <b+dy> - (—1)b71+2 +Ea (mod p) if 4]z,
2 2 (=) (mod p) if 4.
(ii) If p=5 (mod 8), then
xzo—1 _ xg—1 —
b—(-1)"F EN\"T e b+ (-1)7F £\ T
2 - 2

{( 1)5’“) SR (mod ) if 2],
5 (o ) i 2y

Proof. It is clear that

(2.4) <b+2> < 633)1

2 2 a e _ _ -
_ <b<b+4> — (“1)E 25D = (L)' (mod p).

4
y [IR] p. 64] we have

B
cd
4 d\ 2
25) 275 = (2
(25) 2% ()

(d)g _ (—1)% (mod p) ifp=1 (mod 8),
B % (mod p) if p=5 (mod 8).
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Suppose that (%)4:Z - As (b+2a ) =1 we have (%)4

= i™. By [S4, Theorem 6.1], (2.5) and Lemma 2.2 we have the following
conclusions: If p =1 (mod 8) and 4 |z, then

o) D

(b— (—12) zlflg)f

(1) e

a_(_y(zg—1)/2,
%4_@_1)

e

<Ccl>m(22°‘ +01)5
(O o)

= (~1) T et _ (L)t

2047(71)(10—1)/2m
4

e

+(a-1)

(_1)”28%14-(04—1—1)

(mod p).

If p=1 (mod 8) and 4 |y, then

zo p—1

<b—(—12) 2122> :

(_1)(a+1)%+(a—1)% <

d

C

d m d oy [ C m
_etDire-ng (E) it ©
( ) 1 1 . ( )4 1 y

d+

= (—1)Tya (mod p).

If p=>5 (mod 8) and 2 || y, then

zg—1 p—1

(b— (—12) 2 gif/>4

= (—1)b_71(0‘+1) (mod p).

If p=5 (mod 8) and 2 || x, then
b—(~1)"7 &\ 5
2

e <d

Cc

> m+(—1)0-D/2q4 -1
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—1)(b=1)/2 _
( . (b+2)29+2a2<d)m+( 1) ata—1 vo—1
—(— 8 —
C

e (6)"
d x
= (1) B e

Now putting all the above together we derive the result.

(mod p).

p

a2
REMARK 2.1. In [S4] Theorem 5.1(iv)], the number (—1) =" should

(ag+2)2—(b+2)2

p—4ao—b2 or—2 . )Te) —ome)
be (—1) 277 In [S4, Theorem 6.1(ii)], (—1) 8 should be
(_1)(a0+2> —(b+2)? 4or—2

—dag—b? a271 a a2—1 | o
[S4], (—1)p 2=+ Ghould be (—1 ) == Sy L
Taking a = 2 in Theorem 2.2 we deduce the following result.
COROLLARY 2.2. Letp=1 (mod 4) be a prime, b€ Z, 21b, p # b>+16
and p = ¢ + d? = x? + (b> 4+ 16)y? for some c,d,x,y € 7. Suppose c = 1
(mod 4) and d = 2"dy with dy = 1 (mod 4). Assume (c,x +d) = 1 or
(do,z+¢c)=1. Then

Inthecase2j(y,4|aand8|p 5 on page 518 of

(=1)Y (mod p) if b=1 (mod 8),

(b+ m> ) )" (modp)  if b=3 (mod 8),
2 ~ ] 1 (mod p) if b=5 (mod 8),

(—1)* T+ (mod p) if b="7 (mod 8).

REMARK 2.2. We conjecture that the condition (¢, z+d) = 1 or (dy, z+c)
= 1 in Theorems 2.1-2.2 and Corollaries 2.1-2.2 can be canceled. See [S4]
Conjecture 9.5].

3. Congruences for Up- 1(b —42~1) and Vp (b, —4%71) (mod p). Let

{Un(b,¢)} and {V,(b,c)} be “the Lucas sequences given by (1.3) and (1.4).
Set d = b? — 4c. It is well known that for any positive integer n,

(3.1) Un(b,c) = { ()" — (54)") ifd #o,
o n(3)" 1 ifd=0

and

(3.2) V(b c) = (b+2\/g>n v (b_Q‘/E)n.

From [S1, Lemma 6.1(b)] we know that if p > 3 is a prime such that p { bed,
then

(3.3) p|Un(b,c) < Vau(b,c) =2c" (mod p).
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THEOREM 3.1. Let p = 1 (mod 4) be a prime, b € Z, 21 b and p =
A+ d? =22+ (b2 +4)y? # b? + 4 for some c,d,x,y € Z. Suppose ¢ = 1
(mod 4), d = 2"dy, y = 2y and dy = yo = 1 (mod 4). Assume (c,z+d) =1
or (do,z +c¢) = 1.

(i) If 41 xy, then V 1 (b, =0 (mod p) and
[51+2+272 2y ;
Up-i(b,—1) = (-1) - 2d 7 (mod p) if 2|,
1 ( 1)~ = mod D) if 2]y.
(i) If 4|zy, then U ) =0 (mod p) and

d+y

2(=1) % (mod p) if 4]y.

Proof. Suppose x = 2°xy with 2 t x¢. Since (%)2 = b? + 4 (mod p),
using (3.1) and (3.2) we see that

Uﬂ (bv _1)
4

blpz .
Voes (b, 1) = {2(_1)[4]+4d (mod p) if 4]z,

)Ll zg—1 p—1

and b4 cx p=1 cr\ 2L
o (PEENT (b &)
Vp% (b,—1) = ( 5 ) + ( 5 ) (mod p).

Now applying Theorem 2.1 we deduce the result.

REMARK 3.1. When p is a prime of the form 8k+1 and p = ¢>+d? = 2%+
d
(b2 + 4)y? with b € {1,3} and 4|y, the conjecture Vo1 (b, —1) = 2(—1) 1"
4
(mod p) is equivalent to a conjecture of E. Lehmer. See [Ll, Conjecture 4].

THEOREM 3.2. Let p = 1 (mod 8) be a prime, b € Z, 21 b and p =
A4 d? =22+ (b® + 4)y? # b? + 4 for some c,d,x,y € Z. Suppose ¢ = 1
(mod 4) and d = 2"dy with dy = 1 (mod 4). Assume (¢,x +d) = 1 or
(do,x 4+ c) =1. Then p| U%(b,—l) if and only if y = % +d (mod 8).

Proof. This is immediate from (3.3) and Theorem 3.1.
Using (3.1), (3.2) and Theorem 2.2 one can similarly prove the following
result.

THEOREM 3.3. Let p =1 (mod 4) be a prime, byao € Z, o > 2, 21 b,
p# 2 +4% and p = A+ d? = 22 + (b2 + 4%)y? for some c,d,x,y € Z.
Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2'yo and dy = yo = 1 (mod 4).
Assume (c,x +d) =1 or (do,z +¢c) = 1.
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(i) If p=1 (mod 8), then Up_1(b,—4%"1) =0 (mod p) and
4

21 ga—2 dtz )
vp_1<b7_4a—1)5{2<—1> ST (od ) if 4],
4

2(~1)7* (mod p) if 41y,
(ii) If p=5 (mod 8), then
0 (mod p) if 2],
UpT—l (b, =471 = 2(—1)<b+28)271+b71+w22 gg (mod p) if 2fa and 2| x,
2(~1)"% % (mod p) if 2fa and 2|y
and
0 (mod p) if 21 a,
Vims (b, —4°71) = 2(_1)%““ (mod p) if 2| and 2|,
2(=1)2 (mod p) if 2| and 2| y.

From (2.5), (3.3) and Theorem 3.3 we derive the following result.

THEOREM 3.4. Let p = 1 (mod 8) be a prime, bya € Z, o > 2, 2 1 b,
p# b24+4% and p = A2 +d? = 22+ (b2 +4%)y? for some c,d,x,y € Z. Suppose
¢=1 (mod 4) and d = 2"dy with dy =1 (mod 4). Assume (¢,x+d) =1 or
(do,z+¢c)=1. Then

_qo—1 p_l g
p|UpTT1(b, 470 & 5 +4

P02 4 2 (mod D) i 4],
Ya (mod 2) if 4]y.

4. Congruences for U,-1(4a,—1) and Vp-1(4a,—1) (mod p)
4 4
THEOREM 4.1. Leta € Z, a # 0 and let p =1 (mod 4) be a prime such
that p = ¢ + d* = 2% + (4a® + 1)y? with ¢,d,x,y € Z, c = 1 (mod 4) and
p # 4a® + 1. Suppose d = 2"dy, y = 2'yg and dy = yo = 1 (mod 4). Assume
that (c,xz+d) =1 or (dp,x+c¢) =1.

(i) If p =1 (mod 8), then

atl  d z—2 .
Up-i (4a —1):{(—1> >t (mod ) if 2t ay,
=

0 (mod p) if 2]ay
and
2(~1)1*3v+ % (mod p) if 2]a,
VpT—l (4a,—1) = 2(—1)%+% mod p) if 2ta and 2|y,

0 (mod p) if 2t ay.
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(ii) If p=>5 (mod 8), then

(— 1)%+ a (mod p) if 2|a and 21ty,
ol gy .
Upr (da, —1) = (— Uig’" (mod p) if 2|a and 2|y,
4 (=1)2 ¥ (mod p) if 2fa and 2|y,
0 (mod p) if 2fay
and
0 (mod D) if 2]ay,
24, —1) = {2( )7 *54 (mod p) if 21 ay.
Proof. Clearly (4a? + ) | p and so (4a2 +1,2) =1. As (d — 2ac)(d +
2ac) = d? — 4a*c? = x2 — da%c? = (mod 4a® + 1), we see that
(d—2ac,4a®+1) = 1. Suppose (%)4 ™ and x = 2%z (21 ). Since

(15537)4 = (=1)* by (1.1), replacing 2 with (* Y@o=1)/24 in [S4, Theorem
7.3] we see that for p =1 (mod 8),

a+1 m+1 p=1 .
Uypor (40, —1) = (-1)2 z( )" (46 +1)"5 (mod p) if 24 ay,
1 0 (mod p) if 2| ay
and
% (%) 4(12 + 1 gt (mod p) if 2| a,
Vioi (da, 1) = : 1(g)m+1 2+1) 5 (modp) if2{aand 2|y,

0 (mod D) if 21 ay,
and that for p =5 (mod 8),

(~1)2(9)"(4a> + 1)'S" (modp)  if2]a,
UP%I(‘LQ»_DE (-7 ()m+1(4a2+1)% (mod p) if24{a and 2|y,

0 (mod p) if 2t ay
and

0 (mod p) if 2| ay,
Vet =)= {2<—1>"31;(§)m“<4a2 +1)" (mod p) if 21 ay.

. (-1)?%2(5)’” (mod p) if 2|a,
(40 +1)'F = (=155 ()™ (mod p)  if21ay,
(—1)%"'27_1"'% (g)mfl (mod p) if2{aand 2|y,
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while for p =5 (mod 8),

(—1)7(3)"171& (mod p) if 2|a and 21y,
(=172 ()™ Y (mod p) if 2|a and 2]y,
(_1)4+1(§)m% (mod p) if 2 1 ay,

(§)"Z (mod p) if 2+ a and 2|y.

Now putting all the above together we deduce the result.

COROLLARY 4.1. Let a € Z, a # 0 and let p = 1 (mod 4) be a prime
such that p = ¢ + d? = 2% + (4a® + 1)y? with c,d,z,y € Z, c = 1 (mod 4)
and p # 4a® + 1. Suppose d = 2"dy with dy = 1 (mod 4). Assume that
(c,x+d)=1 or (dy,z+c)=1. If 4| zy, then

(15 (mod p) i 2|a,
—1
(2a 4 V4a2 +1)"T = (—1)%+% (mod p) if 21a and 4|y,
(—1)a51+§g (mod p) if 2ta and 4|z.
Proof. Suppose 4|zy. By Theorem 4.1, p|Uyp-1(4a,—1). Hence, using
4
(3.1) and (3.2) we see that

(2a + v 4a? + 1)% = V4a? + 1Up-1 (4a,—1) + $Vp-1 (4a, —1)
4 4

= 1V,-1(4a,—1) (mod p).
4

Now the result follows from Theorem 4.1 immediately.

From Theorem 4.1 and (3.3) we deduce the following result.

THEOREM 4.2. Let a € Z, a # 0 and let p = 1 (mod 8) be a prime
such that p = ¢ + d? = 2% + (4a® + 1)y? with ¢,d,x,y € Z, c = 1 (mod 4)
and p # 4a® + 1. Suppose d = 2"dy with dy = 1 (mod 4). Assume that
(c,x+d)=1 or (dy,z+c)=1. Then

—1 di ey 4+ (mod 2) if 2|a,
p|UpT31(4a,—1) & 4oy and L=~ = §+§y+ 1 (mod 2) Zf o
9+ % (mod 2) if 21a.

8
REMARK 4.1. We conjecture that the condition (¢, z+d)=1 or (dy, z+c)
= 1in Theorems 3.1-3.4, 4.1-4.2 and Corollary 4.1 can be canceled. See also
[S4, Conjectures 9.4, 9.10, 9.11, 9.14 and 9.19].
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