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1. Introduction and statement of results. Recent works have illus-
trated that the Fourier coefficients of harmonic weak Maass forms of weight
1/2 contain a wealth of number-theoretic and combinatorial information.
After these works, it is known that many enigmatic g-series (the “mock
theta functions” of Ramanujan, and certain rank-generating functions from
the theory of partitions, for example) arise naturally as the “holomorphic
parts” of such forms. See, for example, Bringmann and Ono [5, 6], Bring-
mann, Ono, and Rhoades [7], Zwegers [19], Bringmann and Lovejoy [4],
Lovejoy and Osburn [12], or see the survey paper [13] for an overview. As
another striking example, Bruinier and Ono [9] show that the coefficients
of the holomorphic parts of weight 1/2 Maass forms determine the fields of
definition of certain Heegner divisors in the Jacobians of modular curves,
which in turn determine the vanishing or non-vanishing of derivatives of
modular L-functions.

Let p(n) denote the number of partitions of n, i.e. the number of ways to
express n as the sum of a non-increasing sequence of positive integers. The
rank of a partition is its largest part minus the number of its parts. Let 0 <
r < t be integers. We denote by N(r,¢,n) the number of partitions of n with
rank 7 mod ¢. In 1944 Dyson [10] conjectured that the rank functions with
modulus 5 and 7 provided a combinatorial explanation for the Ramanujan
congruences with these moduli. Dyson’s conjectures were proved by Atkin
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and Swinnerton-Dyer [3] in 1954 using the theory of modular functions. In
particular, Atkin and Swinnerton-Dyer showed that for all n and all r we
have

1

(1.1) N(r,5,5n+4)—5p(5n+4) =0,
1

(1.2) N(r,7,Tn+5) — ?p(7n +5)=0.

Additionally, Atkin and Swinnerton-Dyer produced many identities for
rank generating functions with modulus 5 and 7 (this work was continued
by Atkin and Hussain [2] for modulus 11). These identities express such a
generating function as a function h(q) which is (up to cosmetic changes)
a modular form of weight 1/2 on some congruence subgroup I (NV), with
poles supported at the cusps.

Recent work of Bringmann, Ono, and Rhoades (see Theorem 1.1 of [7])
shows that many of the identities of Atkin and Swinnerton-Dyer represent
particular cases of infinite families of identities which express rank generat-
ing functions as weakly holomorphic modular forms. These results depend
on the equality of the non-holomorphic parts of different weak Maass forms.

In this paper we obtain further infinite families of generating functions
involving ranks and partition functions, each member of which is a weakly
holomorphic modular form of weight 1/2 on some congruence subgroup
I'(N). When t = 5, 7, and 11, many of the identities of [3] and [2] give
examples of these results (we stress that the present work does not iden-
tify the particular weakly holomorphic modular form involved, but only the
space in which it may be found). To obtain the results, we begin with a
family of weak Maass forms (obtained by Bringmann and Ono) whose holo-
morphic parts are generating functions involving ranks and partitions. We
compute the non-holomorphic parts of these forms explicitly, and the results
follow from linear relations among them.

Before stating the results, we give two typical examples of the identities
of [3]. Define

oo
,',I(Z) — q1/24 H(l - qn), q:= e2miz.
n=1

Let P(t) := {t}?> — {t} + 1/6, and for integers r, t with 0 < r < ¢, define
ra(2) =g ORI (1-g).

n>0
n==4r (modt)
The modular transformation properties of the n,.;(z) are well-understood
(see, for example, Chapter VIII of the book [15] of Schoeneberg or the
paper [14] of Robins). The following identities are equivalent to (6.12) and
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(6.31) of [3], respectively:

n+1 n—+1 n+1
1.3 N{0,5 2N|1,5,—— )| —-3N (2,5, —— "
oy (fos 2 eev(us ) (e ),

n=4 (mod 5)
~ 1(6002)n10,25(242)

o (m55(242))2

1.4 N 1,7,W>+N<2,7,7“L1)—2N<3,7, "H)) n
(1.4) n%l:od?)( ( 24 24 21 ) )4
_ n(11762)114,49(242)

N7,49(242)121,49(242)

Using the criteria of [14] we see that the right sides of (1.3) and (1.4)
are weakly holomorphic modular forms of weight 1/2 on I7(14400) and
I1(28224), respectively. The results below show that a similar phenomenon
holds for any odd t > 3.

To state the results requires some notation. Suppose throughout that ¢
is an odd positive integer, and set

(1.5) t' = ged(t, 3).
Define

24¢2 ~ 4 2t
(16) gt = 77 t = ﬂ’ ft = ?

By a weakly holomorphic modular form of weight k/2 € %Z on the congru-
ence subgroup I7(N) we mean a holomorphic function f : H — C which
transforms with the usual automorphy factor in weight k£/2 (in the sense of
Shimura [16]) under I'1(NN). The poles (if any) of such a modular form are
supported at the cusps.

In the cases when ¢ is a prime with (%) = —1, the first result can be

found in [7].
THEOREM 1.1.
(1) Let t > 3 be odd and suppose that 0 < r < t. Then

> oy 030 () )

nZ—(142r)2 (mod t)

is a weakly holomorphic modular form on I (6f#t).
(2) Ifr=(t—1)/2 orr=(t+1)/2 then

>, lea) o))

nZ—4 (modt)

is a weakly holomorphic modular form on Iy (6f2¢;t).
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As an immediate corollary to the first part of this theorem, we obtain
the following, which is essentially equivalent to Theorem 1.1 of [7] when ¢ is
prime (via twisting, one can extract any particular arithmetic progression of
exponents from this sum while preserving modularity). This result explains
many of the identities of [3] and [2]; in particular, the identities 13-16, 23,
26-29, 32-37, and 42 from Section 6 of the first paper, and the identities
2-7, 9-11, 13-18, 20, 21, 23-29, 31, 34-37, 39-42, 45-48, 50, 52, 53, and 55
from Section 10 of the second.

COROLLARY 1.2. Let t > 3 be odd and suppose that 0 < ri,ro < t. Then

n+1 n+1 n
Z <N<r1,t,24>—]\7<r2,t,24>>q

nZ—(142r1)? (mod t)
nZ—(142r2)2 (mod t)

is a weakly holomorphic modular form on I (6f2{;t).

A similar statement can be made for the progressions r = (t+1)/2
(mod t). The next two results give other infinite families. Together with
Theorem 1.1, they can be used to explain (6.12), (6.18), (6.25), (6.31), and
(6.43) of [3] (and so in particular examples (1.3) and (1.4) above). Recall
that for all n, r, and t we have N(t —r,t,n) = N(r,t,n).

THEOREM 1.3. Lett > 5 be odd.
(a) If 0 <r < (t—3)/2 then
n+1 n+1 2 (n+1
N —— |+N 1,t, —— | —p| —— "
D O o A Gt Rl )
n#Z—(1-2r)? (mod t)
nZ—(342r)2 (mod t)

is a weakly holomorphic modular form on I'i(6f2{st).
(b) The generating function

t—3 , n+l t—1 n+4+1\ 2 (n+1
N - o - )\ _= - n
2 < < SRRNEY! >+N< 5 b 24) tp< 24 ))q
nZ—16 (mod )
is a weakly holomorphic modular form on I'y(6f2(st).
THEOREM 1.4. Let t > 3 be odd. Then

n+1 n+1 3 n+1
N S 2N(1.t,—— | — = n
2 ( (O’t’ 2 )* (’t’ 24> tp< 2 ))q

n#Z—9 (mod t)

is a weakly holomorphic modular form on I'\(6f2{st).

It is possible to combine the generating functions given by Theorems 1.1,
1.3, and 1.4 in various ways to obtain expressions (like those found in [3])
which do not involve p(n). We give one such example here.
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COROLLARY 1.5. Suppose that t > 3 is odd and that 0 < r <t. Then

n+1 n+1 n+1 n
> (N(O,t,m>+2]\7<1,t, 24)—31\7(7«,75,24))(1
nZ—(142r)? (mod t)
nZ—9 (modt)

is a weakly holomorphic modular form on I (6f2{t).

Note that the case t =5, r = 2, n = 4 (mod 5) gives the left side of (1.3)
above. The next result (whose proof in this context is quite simple) explains
the identities (1.1), (1.2) (in these cases, the weakly holomorphic modular
form in question is identically zero). It also explains identities (10.7), (10.18),
(10.29), (10.40), and (10.51) of [2)].

THEOREM 1.6. Suppose that t > 5 is prime and that 0 < r <t. Then

> tn + 1 1 (tn+1\) ,
2 (Ve ) () e

n=1

is a weakly holomorphic modular form on I'\(6f2(;).
We have one further result.

THEOREM 1.7. Suppose that t > 3 is odd, that m > 5 is prime, and
that 0 <r <t. Then

mn+ 1 1 mn+ 1
N = _ - n
S (w5 ) - (M) )

min

is a weakly holomorphic modular form on I'y(6f2¢ym?).

REMARK 1. We recall that the “mock theta conjectures” (see [1], [11],
for example) involve identities for rank generating functions similar to those
studied here. In the case of these conjectures, the non-holomorphic part of
the functions involved is non-trivial.

REMARK 2. For any particular choice of parameters in these results, it
would be possible after some work to give an explicit bound on the pole
order of the corresponding weight 1/2 weakly holomorphic modular form.
Given this bound, one could provide a proof for any of the explicit identities
described here by checking that enough terms of the relevant g-expansions
agree (unless one is careful with the levels involved, the number of terms
which one is required to check to verify these identities can quickly become
impractical). One could also construct further explicit identities, although
the weakly holomorphic modular forms involved would become more and
more complicated to describe.

REMARK 3. These results imply that the rank functions in question
satisfy many arithmetic properties. For example, the results of the second



272 S. Ahlgren and S. Treneer

author [17, 18] guarantee the existence of infinitely many linear congruences
for the coefficients of these functions.

2. Preliminaries. We recall the definition of a harmonic weak Maass
form of half-integral weight k (see Section 3 of [8] for details). If we write
z = x + 1y, the hyperbolic Laplacian of weight k is defined by

02 0? 0 0
A= =y =— 4+ =— kyl — +4— |.
ke (<9:Jc2+8y2>+Z y<3w+28y>
Following Shimura [16] we denote by G the group of pairs £ = (v, ¢(2)),
where v = (¢ Z) € GLJ (Q) and ¢(2)? = +det(y)"2(cz + d). For £ € G
and k € Z, we define

fl€lkya(z) = f(€2)p(2)7F.

Defi b
T 1 if d=1 (mod 4),
e {2 if d=3 (mod 4).

For v = (‘Cl Z) € Iy(4), define j(v,z) € G by

§(v,2) =eg" <;> (cz+d)'/2,

and set 7 := (v,7(v,2)) € G.

Suppose that I' C Ij(4) is a congruence subgroup and that k& € Z.
A harmonic weak Maass form of weight k/2 on I' is a smooth function
f + H — C with the following properties:

(1) f[Alkj2(2z) = f(z) for all y € I.
(2) Agpaf =0.
(3) f(2) has at most linear exponential growth at the cusps.

For convenience, we will assume that the “shadow” of f (i.e. the modular

form y*/ 2%) vanishes at infinity (for us, the shadow will always be a cusp
form). Such f have a Fourier expansion of the form
oo oo
(2.1) f(z)= Z a(n)q" + Z b(n)I'(—k+ 1,4mny)q ",
n=ngo n=1
where the a(n) and b(n) are complex numbers, and the incomplete Gamma
function is defined by
o
I'a,z) := S e 't tat.
x
We refer to the two sums in (2.1) as the holomorphic and non-holomorphic
parts of f, respectively. If N is a positive integer with N = 0 (mod 4), then
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we denote by /Wk /2(IV) the C-vector space of such harmonic weak Maass
forms of weight k/2 on I'7(N).

If [ is a positive integer, then we define the operator U(l) as follows: if
f(2) is as given in (2.1), then

FIU@ =Y aln)g"+ > b(In)I(~k + 1, 4mny)g "
n=1

LEMMA 2.1. Suppose that N is a positive integer with 4| N and that | is
a positive integer. Define ly := Hp‘lp (where the product is over primes p)
and let 1y be the conductor of Q(v/1). Set N’ := lem(N,lo,1y). Then the
operator U(l) maps ka/g(N) to Mk/z(N’).

Proof. This follows in the same manner as Proposition 1.5 of [16], with
suitable modifications. =

We next consider the effect of twisting by a Dirichlet character. If x is a
Dirichlet character and f(z) is as given in (2.1), then we define the twist of
f by x via the formula

fR@x =Y x(nan)g"+ > x(—n)b(n)I(—k + 1,47ny)q "
n=ng n=1

LEMMA 2.2. Suppose that N is a positive integer with 4| N, and that
f(z) € Mya(N). Suppose that x is a Dirichlet character modulo r. Set
N’ :=lem(Nr,12). Then f ® x € Myo(N').

Proof. This follows by a standard argument. =

3. Rank generating functions as Maass forms. The results rely on
linear relations among the non-holomorphic parts of certain Maass forms,
which are developed in this section. We begin with the following theorem of
Bringmann and Ono (recall the definitions from (1.6)).

THEOREM 3.1 ([6, Theorem 1.3]). If 0 <r <t are integers with t odd,
then

o 1 -

> (M0 ton) = ol )

n=0

is the holomorphic part of a weight 1/2 harmonic weak Maass form on
I (6f24;). Moreover, the non-holomorphic part of this weak Maass form is
given by

. 1/2 _
il Z _in
(31) t\t/§ A(T,t, m) ' ’Y(tay;n)q b 27
m (mod ft)

n=6m+1 (mod 6 f;)
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where
. j(6m + 1)
2 Alntm) = g mifm+1)
(3 ) (T7 7m ZCt sin < ) ( t
and . .
n i ~
7(25) Y; ’fl) = ‘n‘ ’ — F<2a 47T£tn2y>'
\/ 271'6,5
Define
1 if 3|¢
(3.3) a::{ [V3 i3t
1 if 34+.
Recalling (1.5), we see from Theorem 3.1 that
- 1 :
B4 3 (Nt = ol gm0
n=0

+iaV/8 > Al t,m) -yt ysn)g Y
m (mod 2¢/t)
n=6m+1 (mod 12¢/t’)

is a weight 1/2 harmonic weak Maass form on I (6f2¢;). Applying U (¢2/t')
0 (3.4), we see that:

(3.5) R(r,t;z) := i (N(r,t, ”;ﬁ) - 1p<n221>>q”

n=0

+ ) Ar tn) A(t oyt /tn)gT
ne”

is a weight 1/2 harmonic weak Maass form on I'1(6f2/;), where

(3.6) A(r,t,n) = io/8 > A(r,t,m).

m (mod 2¢/t")
n=6m+1 (mod 12¢/t')

PROPOSITION 3.2. Suppose that t > 3 is odd, let Av(rjt,n) be defined as
n (3.6), and let « be defined as in (3.3). Then the following are true:

(a) A(0,t,n) = {za\f( 1)(=D/bgtif n=e (mod t) with e € {£1},
o 0 otherwise.

(b) g<t_21,t, n) = g(t;l,t,n>

1Oy ey

_ V2
if n = 2¢ (mod t) with ¢ € {£1},

0 otherwise.
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(c) If0<r<tandr¢&{0,(t—1)/2,(t+1)/2}, then
o (—1)(=/6¢
A(r,t,n) = V2 o .
if n=¢e=£2r (mod t) with ¢ € {1},
0 otherwise.

Proof. Recall (3.6), and consider the case when 3{¢. Since n is fixed,
the double sum in (3.1) contains only one term A(r,t,m), where m €
{0,...,2t — 1} is the unique integer satisfying m = (n—1)/6 (mod 2t).
For this m we have

(3.7) sin<”j(6’?“>> . sin<n:‘j>.

If 3|¢ then (3.7) also holds. In either case m and (n — 1)/6 have the same
parity; it follows from (3.2) that

t—1 , :
(3.8) g(r, t,n) = ia\/é(_l)(nfl)w ; Ct—Tj sin(?) sin(ntﬂ-j).

Using sinz = (2i)~!(e”* — e~%*) and setting ¢; := €*™/!, we conclude

from (3.8) that
A(r,t,n) = iaV/8(—1)"~ 1/6ZC ”sm( ) i <mtr‘7>

_ i (_1)(n—1)/6 ZC;Tj(eiwj/t _ e—iwj/t)(eiwnj/t _ e—imzj/t)

V2

n4l— 2r

. t—1
_ o (n— J 2 j(n_lz_%)
= -5 1/6(th —Zlg
—z@ o +z<f =)

(note that each of tn+1-—2ris even). Using the fact that
ZC (nti=zr) {t— 1 ift](En+1—2r)/2,
-1 otherwise,
the result follows by considering the various possibilities for r and n mod t. =
PROPOSITION 3.3. Let t > 5 be odd.

(a) Suppose that 0 < r < (t —3)/2 and that n £ +(1 — 2r),+(3 4 2r)
(mod t). Then

A(r,t,n) = —A(r +1,t,n).
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(b) Suppose that n # +4 (mod t). Then

A ) == hen)

Proof. For part (a), suppose that 0 < r < (¢ — 3)/2 and that
(3.9) n# +(1—2r),£(3+ 2r) (mod t).

If n 2 +1 £ 2r (mod ¢) and n # +1 £+ 2(r + 1) (mod ¢), then by Proposi-
tion 3.2(c) we have

A(r,t,n) = A(r +1,t,n) = 0,

so the result holds.

Suppose then that one of n = +1 4+ 2r (mod t) or n = £1 £ 2(r + 1)
(mod t) holds. By (3.9) we conclude that there exists ¢ € {£1} such that
n = e(1+2r) (mod t); it follows that n = —e+2¢(r + 1) (mod t). Therefore

A(r,t,n) = —A(r + 1,t,n) by Proposition 3.2(c).
For part (b), we assume that n #Z +4 (mod t). If n Z £+2 (mod t), then
by Proposition 3.2 we have

~(t—3 ~(t—1
Al — =A( — = 0.
< 2 ,t,n) ( 5 ,t,n> 0

If n = 2¢ (mod t) with € € {1}, then n = —¢ — 2¢((t — 3)/2) (mod ¢), so
the result follows from Proposition 3.2.

PROPOSITION 3.4. Suppose that t > 3 is odd and that n # +3 (mod t).
Then B B
A(0,t,n) = —2A(1,t,n).

Proof. Assume that n # +3 (mod t). If n # £1 (mod t), then by parts
(a) and (c) of Proposition 3.2 we have
A(0,t,n) = A(1,t,n) =0,

so the result holds. If n = ¢ (mod t) with ¢ € {£1} then the result also
follows from Proposition 3.2. =

4. Cancellation of the non-holomorphic parts. We prove the re-
sults stated in Section 1.

Proof of Theorem 1.1. By (3.5) and Proposition 3.2 the non-holomorphic
part of R(r,t; z) is supported on terms with exponent —n?, where n = ¢42r
(mod t) with e € {£1}. It follows from Lemma 2.2 that
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n+1 1 n+1
N - _ - n
(T’t’ 24 ) tp( 24 ))q
nZ—(142r)2 (mod t)

— R(rt2) — —— Y X(—(L+2r)*)R(r,t;2) @ x

(b(t) X (mod t)
1
——— > X~ =2r)R(rt;2) ® x
¢(t) X (mod t)

is a weakly holomorphic modular form on I';(6f2¢;t). The second assertion
follows in a similar way from Proposition 3.2 by removing the progression
n=—4 (modt). m

Proof of Theorem 1.3. If 0 < r < (t — 3)/2 then by (3.5) we have
(4.1) R(rt;z)+R(r+1,t2)

n—l—l n+1 2 (n+1 n
=X () (e t) b))
n>0
2

+ Z rot,n) + A(r +1,t,n)) - y(t,yt' /t2n)g "
neZ

Suppose that r < (¢t — 3)/2. Via twisting, we remove the progressions n =
—(1-2r)? (mod t) and n = —(3+2r)? (mod t) from (4.1). By Proposition 3.3,
the remaining non-holomorphic part in (4.1) vanishes, and we are left with
the weakly holomorphic modular form

n+1 n+1 2 (n+1 "

E (N(rt 24>—|-N<r+1t 24>—tp< 2 ))q
#—(1-2r)2 (mod t)

nZ—(342r)2 (mod t)

If r = (t — 3)/2 then we remove the progression n = —16 (mod t). By part
(b) of Proposition 3.3, the remaining sum

t—3 n+1 t—1 n+1 2 (n+1
L (i sy Y (S G n
2 <<2’t’24>+<2’t’24> tp<24>>q

n#Z—16 (mod )
is a weakly holomorphic modular form. =

Proof of Theorem 1.4. From (3.5) we see that
R(0,t;2) +2R(1,t; 2)

n—|—1 n+1 3 (n+1 n
xR () (et o))
n>0
2

+ 3 (A0, t,n) + 2A(1, t,n)) -y (t, yt 12 m)g "
neL
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Via twisting, we remove the progression n = —9 (mod ¢) from this sum; by
Proposition 3.4, the remaining non-holomorphic part vanishes. Therefore

n+1 n+1 3 (n+1 n
> <N<pj,2m>+2N(LL21)——tp< 24_))q

n#Z—9 (mod t)

is a weakly holomorphic modular form. =

Proof of Theorem 1.6. Suppose that t > 5 is prime. Applying U(t) to
R(r,t; z), we obtain

> tn+1\ 1 [tn+1\) ,
n=0

+ Z A(r,t,tn) - ~(t,yt' /1% tn)qit"Q.
nez
If 6m + 1 = tn (mod 12t), then sin(7j(6m + 1)/t) = 0. Using (3.2), we
conclude that A(r,t,m) = 0 for all such m; the result follows from (3.6). m

Proof of Theorem 1.7. Suppose that m > 5 is prime. Applying U(m) to
R(r,t; z), we obtain

(42)  R(rt:2)|U(m) = i <N<r,t, ”’T) _ 1p<”’m24+1>)qn

n=0

+ > Al t,mn) - y(tyt! Hmmn)g ™
nez

We have R(r,t;z)|U(m) € Ml/Q(GftzEttm). Theorem 1.7 follows by twisting
this form with the trivial character modulo m. =
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