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Large gaps between consecutive zeros
of the Riemann zeta-function. II

by

H. M. Bur (Zirich and Bristol)

1. Introduction. Subject to the truth of the Riemann Hypothesis (RH),
the nontrivial zeros of the Riemann zeta-function can be written as p =
1/2+1i~, where v € R. Denoting consecutive ordinates of zeros by 0 < v < v/,
we define the normalized gap

0(7) = (v =) 102%3-

It is well-known that

T T
l=—log— — — log T
= > Wog% 5o +0(ogT)
0<~<T
for T" > 10. Hence 6(7) is 1 on average. It is expected that there are ar-
bitrarily large and arbitrarily small (normalized) gaps between consecutive
zeros of the Riemann zeta-function on the critical line, i.e.
A:=limsupd(y) =oc0 and p:=liminfd(y) =
07 v
In this article, we focus only on the large gaps, and prove the following
theorem.

THEOREM 1.1. Assume RH. Then \ > 2.9.

Very little is known about A unconditionally. Selberg [15] remarked that
he could prove A > 1. Conditionally, Bredberg [2] showed that A > 2.766
under the assumption of RH (see also [13] 12l [7, 11l 6] for work in this
direction), and under the Generalized Riemann Hypothesis (GRH) it is
known that A > 3.072 ([I0]; see also [8, 14} [3]). These results either use
Hall’s approach using Wirtinger’s inequality, or exploit the following idea of
Mueller [13]:
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Let H : C — C and consider the functions

T
My(H,T) =\ |H (% +it)| dt
0
and
c¢/L
Mo(H.T;¢)= | N7 [H( +i(y+ )| da
—c/L0<y<T

where L = log % We note that if
MQ(H7 T7 C)
h(c) = ——"——=
)= "R, T)
as T'— oo, then A > ¢/m, and if h(c) > 1 as T' — oo, then u < ¢/7.
Mueller [I3] applied this idea to H(s) = ((s). Using

H(s)= ) d22£n),
nSTl—a

where di(n) are the coefficients of ((s)¥, Conrey, Ghosh and Gonek [7]
showed that A > 2.337. Later [§], assuming GRH and applying

H(s)=((s) Y, n"
n<T1/2—¢

they obtained A > 2.68. By considering a more general choice

d.(n)P(*EL")

ns

9

H(s)=((s) )

nSTl/Q—e

where P(z) is a polynomial, Ng [14] improved that result to A > 3 (using
r=2and P(z) = (1 —z)3). In the last two papers, GRH is needed to esti-
mate certain exponential sums resulting from the evaluation of the discrete
mean value over the zeros in My(H, T c). Recently, Bui and Heath-Brown
[5] showed how one can use a generalization of the Vaughan identity and
the hybrid large sieve inequality to circumvent the assumption of GRH for
such exponential sums. In the present paper we use that idea to obtain
a weaker version of Ng’s result without invoking GRH. It is possible that
Feng and Wu’s result A > 3.072 can also be obtained by this method just
assuming RH. However, we opt to work on Ng’s result for simplicity.
Instead of using the divisor function d(n) = da(n), we choose

h(n)P(loeu/n
(s) = o(o) 3 MO Cls).
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where y = TV, P(z) is a polynomial and h(n) is a multiplicative function
satisfying

(1.1) h(n) = { d(n) if n is square-free,
0 otherwise.

In Sections 3 and 4 we shall prove the following two key lemmas.

LEMMA 1.2. Suppose 0 <9 < 1/2. Then

1
M(H,T) = ‘W g (1 — 2207 P (x)? = 2P () Pa(x)) da
0
+O(TLY),
where

A:H<1+2><1—;>8 and Pr(x)::§t’"P(:c—t)dt.

0

LEMMA 1.3. Suppose 0 < ¥ < 1/2 and P(0) = P'(0) = 0. Then

Z H(p+ia)H(1 — p —ic)
0<~<T
~ ATL(logy)”

67 (1)’ {i ialogy)’ B(j; )}dw+Og(TL9+€)

Jj=1

Ot/ﬁ}—‘

uniformly for a < L_l, where

y Pi(u)Pjya(u) | 20P(u)Pjyo(u) | 40P (u)Pjy3(u)
Bljsu) = - (j +]2) (3—1—2]). (]—i—?f).
e fQ)! ét(ﬁl — )72 P (u)P(u —t) dt
U
TG (S)t(z? L )y Py (u)P(u — t) dt

Y ﬁt(wl — t)? Ps(u)P(u — t) dt.
0

Proof of Theorem 1.1. We take ¥ = (1/2)~. On RH we have
Z ]H( +i(y+a)) Z H(p+ia)H(1 — p—ia).

0<~y<T 0<~<T

Note that this is the only place we need to assume RH. Lemma 1.3 then
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implies that

c/L
, 2
| > |HG +il+a)[da
—c/L0<y<T
AT (logy)? = (—1)ic%+! 1 \ ‘

~ - 1-— B(25; .
67 J; 22-1(25 4+ 1) §)( z)°B(2j; x) dx

Hence

JC2J+1

1 2= 1m§é(1—$)33(2j;$)d$
21§31 2)3(Py(2)? — Pi(2) Pa(w)) da

as T' — oo. Consider the polynomial P(z) = ZJAiQ cjz?. Choosing M = 6
and running Mathematica’s Minimize command, we obtain A > 2.9. Pre-
cisely, with

P(x) = 1000z* — 93322° 4 301342 — 404752° 4 1929229,

h(c) =

o(1)

we have
h(2.97) = 0.99725... < 1,

and this proves the theorem. m

REMARK 1.4. The above lemmas are unconditional. We note that in
the case r = 2, apart from the arithmetical factor as being replaced by A,
Lemma 1.2 is the same as [I4, Lemma 2.1] (see also [3, Lemma 2.3]), while
Lemma 1.3, under the additional condition P(0) = P’(0) = 0, recovers The-
orem 2 of Ng [14] (and also Lemma 2.6 of Bui [3]) without assuming GRH,
though Ng’s theorem and Bui’s lemma are written in a slightly different and
more complicated form. This is as expected because replacing the divisor
function d(n) by the arithmetic function h(n) (as defined in (1.1])) in the
definition of H (s) only changes the arithmetical factor in the resulting mean
value estimates. This substitution, however, makes our subsequent calcula-
tions much easier. Our arguments also work if we set h(n) = d.(n) when n
is square-free for some r € N without much change, but we choose r = 2 to
simplify various statements and expressions in the paper.

REMARK 1.5. In the course of evaluating My(H, T’ ¢), we encounter an
exponential sum of type (see Section 4.2)

h(n) P (1YL

3 nlogy) 3 a(m)e<_7:>

nly m<nT/2m

for some arithmetic function a(m). At this point, assuming GRH, Ng [I4]
applied Perron’s formula to the sum over m, and then moved the line of
integration to Re(s) = 1/2 4+ . The main term arises from the residue at
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s = 1 and the error terms in this case are easy to handle. To avoid being
subject to GRH, we instead use the ideas of [9] and [5]. That leads to a sum
of the type

p(n)h(n) P (2

Z logy
n

n<y

This is essentially a variation of the prime number theorem, and here the
polynomial P(z) is required to vanish with order at least 2 at x = 0 (see
Lemma 2.6). As a result, we cannot make the choice P(x) = (1 — x)3°
as in [I4]. Here it is not clear how to choose a “good” polynomial P(x).
Our theorem is obtained by numerically optimizing over polynomials P(x)
with degree less than 7. It is probable that by considering higher degree
polynomials, we can establish Ng’s result A > 3 under RH only.

NoOTATION. Throughout the remainder of the paper, we write

_ logy/n
[n]y T logy .
For @Q, R € C*(]0,1]) we define
Qr(x) =|t'Q(z —t)dt and R.(x)=|t"R(z—1t)dt.
0 0

We let € > 0 be an arbitrarily small positive number, which can change from
occurrence to occurrence.

2. Various lemmas. The following two lemmas are [9, Lemmas 2
and 3].

LEMMA 2.1. Suppose that A(s) =Y >>_; a(m)m™*%, where a(m) <. m°,
and B(s) =3, <, b(n)n~*, where b(n) <. n°. Then

1 a+iT
— | x(1=s)A(s)B(1 - s5)ds

211
S 5 )eogi,

a+1
n<y m<nT/2m
where a = 1+ L1,

LEMMA 2.2. Suppose that A;j(s) =Y >, aj(n)n™° is absolutely conver-
gent foro > 1,1 <4 <k, and that
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Then for any l € N, we have

ia(ln): 5 ﬁ( 5 aj(zjn)>_
n=1 ne I=l..1 j=1 n>1 ne
(n1Hi<j li)=1

We shall need estimates for various divisor-like sums. Throughout the
paper, we let

Fr(n) =] +0(™)
pln
for 7 > 0, and the implicit constant in the O-term is independent of 7.
LEMMA 2.3. For any QQ € C*([0,1]), there exists an absolute constant
70 > 0 such that
: h(an)Q([an]y)
(i) Z AT R ANTY)

n
an<y

-1
= C(logy)*h(a) H<l + ;) Q1([aly) + O(d(a)Fr,(a)L),

pla

G Y Mem@eny)logn

n
an<y

-1
— Cllogy)*h(a) [] (1 i i) Qx([al,) + O(d(a) Fry (a)L%),

pla

2 1\?
C= 1+-)(1—=) .
I(5)(-3)
Proof. By a method of Selberg [I5] we have

h(an)  C(logt)? 2 -1
; = h@)%(up) +0(d(a) Fr,(a)L)

where

for any t < T. The first statement then follows by partial summation.
The second statement is an easy consequence of the first one. =

LEMMA 2.4. For any Q € C*([0,1]), we have

h(n)%*o(n)Q([nly) 2\
> MR T (142)

n<y pln

1
= DUBYL{ (1 e ar + 0(19)
0
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p=TIp- 52 03) 10-3)-

Proof. The proof is similar to that of the above lemma. =

where

We need a lemma concerning the size of the function F;,(n) on average.
LEMMA 2.5. Suppose —1 < o < 0. Then
di(n)F. 7
> () Py () <y> < L min {|o|7!, L}.
n n
n<y
Proof. By [4, Lemma 4.6],
d e
3 dr(n) <y> <5 L* " min{|o|™1, L}.
n \n

n<y
We have
Fry(n) < [0+ Ap~) = 3177040

pln lin

for some A > 0, where w(n) is the number of prime factors of n. Hence

di(n)Fry(n) (y\° dy (1) A*0) dr(n) (y/1\°
> n) ST X e
n<y I<y n<y/l

< LF Y min{|o|™t, L},

since dy (1) A*") < 170/2 for sufficiently large I.

LEMMA 2.6. Let F(n) = F(n,0), where

F(n,a) :H(l—piﬂ).

pln

For any Q € C*([0,1]) satisfying Q(0) = Q'(0) = 0, there exist an absolute
constant 1o > 0 and some v < (log log y)~! such that

21) Ay, Qiaba)= > pln Zna[l ") Fn, a0) F(n, as)
(Z’nyl
= ovi (S 20U | )

0,01+ 0. (P (L) 1)
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uniformly for a; < L7, 1 < j < 3, where Uy = Uy1(0,0) and Vi(n) =
V1(07n7Q)} with

o) = [ - PR (1 k)

-1
Vi(s,n,a) =[] [1 — 2F(Z’(Z§;i(ﬁa 043)] .

REMARK 2.7. For Q(m) =27, j > 0, the argument below shows that the
last error term in should be replaced by O.(Fr, (b)(y/a) "V L™I%¢) (see
(2.2)). To ensure that the contribution of this, averaging over a, is smaller

than that of the main term we need j > 2, i.e. Q(0) = Q'(0) = 0.

Proof of Lemma 2.6. This is essentially a variation of the prime number
theorem.
It suffices to consider Q(z) = ;-5 a;z7. We have

-Al(yuQ;a7b7Q)
:Z a;j! ' Z % S <y> ”(mh(n)F(n,az)F(n,ag);fl-

J Sta
2 ogyy o= 2mi ) \a) plmnetos
The sum over n converges absolutely. Hence

Ai(y,Q;a,b, )
—Z a;j! S (y> MF(TL’O[2)F(TL’OZ3) Sji%

J sta
(log y)I 2mi EACY p(n)nsto

The sum in the integrand equals

_ 2F(p,a2)F(p,as)\ _ Ui(s,a)Vi(s,b,a)
lpg <1 p(p)pste ) C (Otstan)

Let Y = o(T) be a large parameter to be chosen later. By Cauchy’s
theorem, A, (y, Q;a, b, a) is equal to the residue at s = 0 plus integrals over
the line segments C; = {s = it : t € R,|t| > Y}, Co = {s = 0 £ Y :
—c/logY <0 <0}, and C3 = {s = —c/logY +it : [t| < Y}, where c is some
fixed positive constant such that (1 + s+ «;) has no zeros in the region on
the right hand side of the contour determined by the C;’s. Furthermore, we
require that for such ¢ we have 1/((o +it) < log(2 + |¢t|) in this region [16]
Theorem 3.11]. Then the integral over C; is

< Fry (D)L (log V)2 /Y7 <, Fy(b) L2y 2=,
since j > 2. The integral over Cy is
< Fry (D)L (log Y)Y/ <. Fypy (b) L2y 3%,
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Finally, the contribution from Cs is

—j e —c/logY y —c/logY e
(2.2) < F,(b)L 7 (logY) o < Fr (D) o L .

Choosing Y =< L gives an error so far of size O.(Fr,(b)(y/a) VL™t +
O, (Fr,(b)L™4F¢).
For the residue at s = 0, we write it as

Z a;jl 1 ( > Ur(s,a)Vi(s,b,a) ds

< (log y) 2mi C1+s+ap)? sitl’

where the contour is a circle of radius < L' around the origin. This integral
is trivially bounded by O(L~2), so that taking the first term in the Taylor
series of ((1 + s + «) finishes the proof. =

LEMMA 2.8. For any Q, R € C*([0,1]), there exists an absolute constant
0 > 0 such that

Az(y, Q, R; ay, a2, 01)
:: Z h(aial)h(a1m)Q([a1m]y)R([a1a2l]y)Vi(a1azlm)

Imlta
arazl<y
aym<y
= Us(log y)*h(a1az)h(a1)Vi(a1a2)Va(a1)Va(az)Va(araz)
la1]y
x|y Q([an]y — ) Ri([arazy)dt + O(da(ar)d(az) Fry (a1az) L?)
0

uniformly for ap < LY, where

(-2 b)) ()

Va(n) = fg <1 + 2V;(p)>1, Vs(n) = g <1 n ;) <1 N QV;( )> 17
Vi(n) = g [1 n QV;(p) (1 N ;) (1 N 2V;(p)>_1] —1.

Proof. Use Selberg’s method [15] similarly to the proof of Lemma
One first executes the sum over m, and then the sum over [. =
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LEMMA 2.9. For any Q, R € C*°([0,1]), we have

(0 l; h<hla>h<ll>ﬁigilly>1%<[lllz]w
) Fly, a) F(lal, a3)Vi (i) Va (1) Va (1) Va(lala)
W log )" ({1 - 2y ™ 0Q()Re - t) dts do + O(L),
00
(i) Z - log p h(plil2)h(11)Q([l1]y) R([plila]y)

1+ayg _ 1 s 1+aq
plila<y )P hl

x F(ply, az)F(plila, as3)Vi(plilz) Va(l1) Va(pl2) Vi(plila)

71
_ Wosy) {1 gyyeati-eatasiiay,
3 0 thO
t1+t2<x

X Q(x)R(:L‘ —t1 — tg) dtl dtz dx + O(LG)

uniformly for a; < L71,1<j <5, where

6
. H( DO | SFOPHELLGLY (; L)

p p

p

Proof. We begin with the first statement. We start with the sum over [y
on the left hand side, which is

Z WF(lz,ag)Vl(b)VBU?)V‘l(b)'

12<y/l1 2
(lg,ll)ZI

As in the proof of Lemma this equals

23 T{mo(1- ;)2}<log YW (L)

p
(la]y
< |y oy R[]y - 1) dt + O(L),

where

pln
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Hence the required expression is

2 2
(2.4) H {Wl(p)_l <1—]13> }(log y)? IZ h(ll)lQl([ll]y)F(h, az)F(ly, az)
P 1<y
[l1]y
X Vi(l)Va(l) Va(li) Wi (lh) S y~ " R([lh]y — t1)dtr + O(LP).
0

Using Selberg’s method [15] again we have

Z h(llll)zF(ll,OéQ)F(ll7 ag)‘/l(ll)‘/'?(ll)w(ll)wl(ll)
L <t
H 4 o 4
B p {W2<p)_l (1 - 117) }(1 2g4t) + O(L3)
for any t < T, where

Wa(n) = H{l ; 4F<p>2v1<p>wp<pm<p>wl<p> }1_

pln

Partial summation then implies that (2.4]) is equal to

11 {Wl(p)_lwz(p)‘l <1 - ;)6}(1%263/)4

p
lxz

< || (1= 2Py "1 Q) R(x — 1) dty dx + O(L).
00
It is easy to check that the arithmetical factor is W, and we obtain the first
statement.

For the second statement, we first notice that the contribution of the
terms involving p~* with Re(s) > 1is O(L®). Hence the left hand side of (ii)
is

) Z h(l1l2) l1+oi?([h]y)F(h,az)F(lll%a3)v1(l1l2)v2(l1)Vg(l2)v4(l1l2)
hilz<y

(log p) R([pl1l2]y) 6
X Z p1+a4+a5 +O(L )
p<y/l1l2
(p,l1l2)=1

The same argument shows that we can include the terms p|iyle in the in-
nermost sum with an admissible error O(L%), so that the above expression
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is equal to

log p h(lil2)h(h)Q([l]y) R([phla]y)
2 Z 1+a4+a5 Z I l1+a1
p<y lil2<y/p 1%2

X F(ll, O[2)F(l1l2, Oéd)‘/l(l1l2)‘/2(l1)V3(l2)‘/4(l1l2) + O(LG)
We have
Z loi‘p =logt+ O(1).

p<t

The result follows by using (i) and partial summation. =

3. Proof of Lemma 1.2. To evaluate M;(H,T), we first appeal to
Theorem 1 of [1] and obtain

My (H,T) =

T 2
X <log (:an;":z) + 2y — 1> + Op(TL™B) + O.(y*T¢)

for any B > 0, where « is the Fuler constant. Using the Mobius inversion

formula
W) =S S uas(5).

lIm dll
ln

we can write the above as

d h(lm)h(in)P([im],)P([in

I<y d|l m,n<y/l

T _

T .
5=mm- Lhis produces an error

We next replace the term in the bracket by log
of size

< Tzd ”2( > d(nn)>2210§d < TILS.

<y n<y/l d|l

Hence M1(H,T) equals
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TZ o(l) Z h(lm)h(In)P([lm],)P([In],) (L —logm —logn) + O(TL®)

2 mn
<y m,n<y/l
_ (D) h(ln)P([In],)
R B I
<y n<y/l

—ry () Z/ i) Pl P(irlogn | s,
<y m,n<y/l

The result follows by Lemmas Here we use the fact (easy to verify)
that C?D = A. =

4. Proof of Lemma 1.3. We define H(s) =
sy = 3~ P )

nS

C(s)G(s), i.e.

n<y
By Cauchy’s theorem we have

Z H(p+ia)H(1 —p—ic)

0<~<T
1 S ¢’
T omi : ¢
where C is the positively oriented rectangle with vertices at 1 —a 44, a + 1,
a+iT and 1 —a+iT. Here @ = 1+ L~ ! and T is chosen so that the distance
from T to the nearest v is > L~!. It is standard that the contribution from
the horizontal segments of the contour is O, (yT/2+¢).
We denote the contribution from the right edge by N7, where

(s)C(s +ia)((l — s —ia)G(s + ia)G(1 — s — i) ds,

1 a+iT C/
(41) N = 5 S X(1—s— ia)z(s)C(s +ia)?G(s +ia)G(1 — s — ia) ds.
T
a+i
From the functional equation we have
C/ / C/
1-—s 1-s
c —(I-s)= . X1-s)- R = (s).
Hence the contribution from the left edge, upon replacing s by 1 — s, is
a—iT <'.,
% S i (1 —=5)((1 —s+ia)((s —ia)G(1 — s + ia)G(s — i) ds

SV (Ma-Ce)

271 S \X ¢
C(1—s+ia)((s—ia)G(l — s+ia)G(s —ia)ds
= —Na + N1+ O (yT'/?9),
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where

(4.2)
1 a+iT

N =5 | S8 = s+ ia)C(s — ia)G(1L — s+ ia)G(s — ia) ds.

a+1 X

Thus

(4.3) Y H(p+ia)H(1— p—ia) = 2Re(N}) — Np + O-(yT"/>+).
0<~y<T

4.1. Evaluation of AV5. We move the line of integration in (4.2)) to the
1

5-line. As before, this produces an error of size O (yT'/?+¢). Hence we get

T—«
1 X’ . . .\ |2 €
No=gz § (it —io)|H( o+ i)t + Oy /2),

—Q

From Stirling’s approximation we have

/
X (1 N\ t —1
Combining this with Lemma 1.2 and integration by parts, we easily obtain
AT L(logy)®

(4.4) Ny = 192

1
x | (1= 20" Pi(2)* - 2Py (2) Pa(w)) da + O(TLO).
0

4.2. Evaluation of V. It is easier to start with a more general sum

1 a+i(T+a) CI
NiB)=5= | x(1=9)>(s+B)(s +7)¢(s)
2 a+i(l+a) ¢

(35 MomEllm) ) (57 HP)

m<y n<ly

so that A7 = Ni(—ic,0). From Lemma we obtain
Na(pon) = X MR 5 agme( 1) 4 0.2,
n<y n m<nT/2m n
where the arithmetic function a(m) is defined by
! h, P o0
@5 St 3 M Pmh) g atm)

s
C m<y m m=1
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Following the methods of Conrey, Ghosh and Gonek [9, Sections 5-6 and
(8.2)], and of Bui and Heath-Brown [5], we can write

Ni(B,7) = Q(B,7) + E + O-(yT"/*+¢),

where
h(ln)P([In n
@s Q@ =y NP KOs
n o(n
In<y m<nT/2m
(m,n)=1
and
E <<B,8 TL—B +y1/3T5/6+E
for any B > 0.
Let
¢ -~ 9(n)
4.
(4.7) £ (5B +)¢ =

n=1

From ([4.5) and Lemma [2.2] we have
Z h l1m1 llml] )g(lzmg).

117:1?1;;2

(ma,l1)=1
Hence

h(lilon) P([l1lan]y) p(n)
4.8 ) =
(48) QB = ) e o)

l1lon<y

Z h(lymy)P([lima]y) Z g(lamya).

lim1<y mo<nT/2mm1
(m1,n)=1 (ma,lin)=1

LEMMA 4.1. Suppose a and b are coprime, square-free integers. Then

G(z;a,b) = Z g(an)

n<x
(nl7)
=1 /3 Z —B+2)C(1 = BYF (b, —B +7)F(azb, =)
v ¢ log p
+1_7a§2a3 2<< +B ’y_{_z 1+6’Y—1>

X ((1=7)F(b)F(azb, =)
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a7 1 logp
STy X gyt S NFEhFpad. )
7 a=paza3 p b
¢ log p
v ¥ =(taen) +3 rws  )C DFO ) Fles)
a= a2a3

1 log p
—z Y pPa1— o (L + M E b 1) F(pazb)
a=paza3

+ Op<((log ab)1+6x(log ;U)_B).

Proof. An argument similar to that for the prime number theorem im-
plies that, up to an error term of size Op .((logab)! ™z (log x)~P) for any
B > 0, G(x;a,b) is the sum of the residuesat s =1—-f,s=1—yand s =1
of

g(an

(n,b)=1
Combining (4.7) and Lemma [2.2| shows that the above expression is

> ) 2w (2 )

S

NG

a=a1a2a3 (n,b)=1 (n,a1b)=1 (n,a1a2b)=1
ot 1 < Z A(a;m))
T s Z N +
s a=aiaza3 alfa’g (n,b)=1 nt?
X C(s +7)C(s)F(aib,s +~v —1)F(ajazb,s — 1).
We have
< logp _
Alain) ] ¢ (s ;: B+ 2 iy o =1,
- Z ns+t8 —1_1),% if a1 = p,
(n,b)=1 0 otherwise.

The result follows. =
In view of the above definition, the innermost sum in (4.8]) is
G(nT/2mmy;la,lin).

We then write
6
v => 987
j=1

corresponding to the decomposition of G(x;a,b) in Lemma 4.1.
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We begin with Q1(8,7). Writing lal3 for I3, and m for m;, we have

T 1-8
TR 1 -8+ - 6)

Z h(lilal3)h(Lim)P([lym]y)

1115 13m1 =8

Ql(ﬁ”)/) - -

F(ly, =B +7)F(ll2, —p)

l;l2l3<§y
1My
1(n)h(n) P([l112l3n],)
; n<§lzl3 (P(n)nﬁ F(n’ —B+ V)F(na _5)

(n,l1lgl3m):1

From Lemma [2.6], the innermost sum is

P”([leglg]y) Qﬁpl([llbli’»]y)
(log y)? logy

ULV (lslm) ( n 62P<[11z2l31y>>

+ O(Fyy (I1lalzm) L) + O- <F70(l1l2l3m) ( I Z z3> L2+€>.

By Lemma the contribution of the O-terms to Q1(3,7) is O (TL%*¢).
Hence

Qi1(B,7) = —Ui(T/2m)'F¢(1 = B+ 7)¢(1 = B)
> Z F(l17_6+7)F(l1l27_6) (AQ(y7P7 P”;llal%_ﬁ)

A (o8 07
2 A 7P7 Pl7l 7l y
+ BA2(y - 1,12, —B) + B2 As(y, P, P llJz,—ﬁ)) + O.(TLY).

Using Lemmas we obtain

CA=B+7)c(1-5)

6
lxx
< J{§ (=)0t Ple — 1)
000
Pz — 28P\(1 —
% < (l’ th) + B 0(1' tl) +/82P1(x_t1)> dtdtl dx+OE(TL9+E).
(logy) log y

Here we have used the easily verified fact that U;UsW = A.
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For Qy(8,v), we write the sum }_ ; , as >, + 3, since the function

h(n) is supported on square-free integers. In doing so we have
T/2m) 7
RN

5 h(lllzlg)h(llm)P([llm]y)F(ll)F(th, -7)

1+ _
l1l2 ngml v

(4.10)  Qa2(B8,7) =

l1l2l3<y
lim<y
¢ log p
(C +6-7) +p§|l: 5 v_1>
p)h(n) P([hlalsnly) poy e
« ng%@g o (n)F(n,—v)

(n,l1lalam)=1

N w((l B ’7) Z h(lll2l3)h(llm)P([l1m]y)F(ll)F(hZQ, _,7)

_ 1+ _
-~ i<y lily Y lgmi—y
lim<y
logp  p(n)h(n)P([lilslsn]y)
F(n)F —7).
D P el
n<y/l1lal3

(n,lilalzm)=1

We consider the contribution from the terms )
sum over n is

ol From Lemma the

< L2 4 Fp (ilglsm) L™ + O, <F70(l1l213m) ( z ly z > L‘2+5>.
123
Hence the contribution of the terms 3, to Q2(8,7) is

$ logp dy(l1)d(l2)d(l3)d(m)

p— 1 l1l213m

(14 Fry (lilalym) L~ + Fry (Lilalym) | —2 Lf
I1lals

1 dy(l
<, TL5 Z ogp 4l( 1) (1 + FTO (ll)L—l-i-E) <. TL9+8.
P|11 !
1<y

The same argument shows that the last term in (4.10]) is also O (TL%**).
The remaining terms are
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(T/2m) =7 ¢ h(l1l2l3) h(lym) P([lim]y)

=(1+B=7)C1=7) >

1—7x ¢ Ly lll%+’}’l3m1—y
llmg_y
p(n)h(n) P([lilalsn]y)
x F(I)F(hly,—y) Y oL F(n)F(n, ).
n<y/lilal3
(n,l1l2l3m):1
Similarly to Q1(/3,7), we thus obtain
A(T/2m)1 =7 (log )10 ¢’
@11)  Qa(y) = A B S g e )
lzx
X S S S (1-— a:)3y7(t7t1)tt1P(x —t)
000
Pz — v Pl —
x < (1' t21) + Y 0(1' tl) +72P1(x —t1)> dtdtl dx+OE(TL9+E).
(logy) logy

The fourth term Q4(/5,~) is in the same form as Q2(3,7). Similar cal-
culations then yield

A(T/27)(logy)® ¢’

@12) Qu(p.) = STLREL S 1y gy
lx
X S S (1 — l’)gy_’ytltlpl(.%')P(x — tl) dt1 dx + Og(TL9+€).
00

To evaluate Qs(f3,7), we rearrange the sums and write Q3(3,7) in the
form

(T/2m)' log p h(plilal3)h(lam) P([lym]y)
11— C(1—=7) Z (pl+B8=7 —1)p L a1 — :
i plil2ls<y p p iy L3m

lim<y

X F(pl)F(plila, —v)

P
5 () P(phlalsnly) poy
@(n)n?

n<y/plilals
(n,pl1lalzm)=1

By Lemma 2.6 the innermost sum is

P"([plilals],) | 2vP'([plilals]y)
(logy)? logy

UL Vi (plalalsm) ( T 72P<[pz1z2z3]y>)

+ O(Fry (phlalsm)L™°) + O- (Fm (plilalzm) < Y ) L—2+6>.
plilals



120 H. M. Bui

The contribution of the O-terms is O.(TL%*¢), by Lemma The remain-
ing terms contribute

_Ul(T/QW)l_”g(l_,y) 3 - logp  F(ph)F(plily, —)

(=) plila<y AT = 1) Ly
" <A2(y7P7 P": 11, pla, =) n 2vAs(y, P, P'; 11, pla, —7)
(log y)? logy

+ 72-’42(3% Pv Pa llapl27 7)) .
In view of Lemma this equals

1 h(plila)h(l
e R S e
2

plil2<y

X F(ply)F(plila, —y)Vi(plil2) Va(l1) V3(pla) Va(plila)

1]y
x| Zﬂttp([ll]y—t)<P([pl1l2]y) 21 Pollphialy)

0 (log y)? log y

+ ’Y2P1([plll2]y)> dt + O(TL).

From Lemma 2.9(ii) we obtain

A(T/2m)' " (log y) !
3

(4.13)  Q3(B,7) = — (1 —=7)

1
|| @@=y tt-Pe, p(z — v
0

t,t; >0
t<x
t1+ta<zx
% (P(J}—tl —tg) 27P0(.%’—t1 —tg)
(logy)? log y

+ ’72P1 (SU — 11— t2)> dt dtl dtg dx + OE(TL9+€).

The term Q5(f3,y) is in the same form as Q3(3, 7). Therefore calculations
give

1
(4.14)  Qs5(8,7) = (T/%?z(logy @+ | -2y ey
0

£;>0
t1+to<z

x Py(z)P(x — t; — tg) dty dty dz + O (TLTe).
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Finally, we have Qg(3,v) = Og(TL™®) for any B > 0.
Collecting the estimates (4.3)), (4.4), (4.9), (4.11)—(4.14)), and letting

8 =—ia, v—0,

we obtain Lemma 1.3. =
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