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1. Introduction. C. Mauduit and A. Sarkozy [3, pp. 367-370] intro-
duced the following finite measures of pseudorandomness of binary sequences.
For a binary sequence

En = {61, .. .,eN} S {—1,+1}N,

write

t
U(EN7 t? a, b) - Z ea+jb
and, for D = (dy, . ..,d;) with non-negative integers 0 < d; < --- < d,

V(EN,M, D) = Zen-i'dl s eTL-‘rdl‘

Then the well-distribution measure of E is defined as

W(E U(En,t,a,b)| = (
(En) = m,ax\ Nyt a,b)| = Tilglif Z%ﬂb

where the maximum is taken over all a,b,t such that a € Z,b,t € N and
1<a+b<a+thb< N, while the correlation measure of order | of Ey is
defined as

M
Ci(En) = max|V(Ey, M, D)| = max (Zl €ntdr ** Cntdy s
n=

where the maximum is taken over all D = (di,...,d;) and M such that
M+d; < N.
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In this paper we will study finite binary pseudorandom sequences which
are defined by a linear recursion over F,. More exactly, let z1,...,z, € )
be the first h elements of the sequence, c1,...,c, € F), be the coefficients in
the linear recursion, so for n > h,

(1) Tn = C1Tp_1 + C2Tp_2 + - + ChZp_p, (modp).

In order to transform the sequence {z1,zs,...} into a binary sequence
{e1,e2,...} we define

@) w{ (5) ot

1 if p|x,,

where (%”) denotes the Legendre symbol.

From the definition of z,, it is clear that the sequence {z,} is periodic
with a period T, and then the sequence {e,} is also periodic with period T
Considering only the first T' elements of the sequence {e,} we get a finite
binary sequence {ej,...,er} = Ep, and we will study the pseudorandom
properties of this last sequence.

Unfortunately we cannot estimate the pseudorandom measures of all
sequences E7 defined this way, but we will describe a large class of linear
recursions for which the sequence Er has strong pseudorandom properties.

It is well known that the elements of the sequence {z,} defined in (1)
can be expressed by the roots of the characteristic polynomial

h h—1 h—2

' — ez — o <o —¢p =0 (modp).

Suppose that this polynomial has h distinct roots in Fj: A1,..., Ay Then
there exist constants a1, ...,ay € ) such that

T = a1 Al + -+ ap A} (modp)

for all n € N. Let XA € I}, be such that all roots A\; (1 < i < h) are powers
of A (e.g. A can be a primitive root, or in the special case when all \; are

quadratic residues modulo p, then A\ can be the square of a primitive root
modulo p). Let \; = A\¥ for 1 <i < h and max{ky,...,k,} = k. Then

Ty = A" g\ = F(A™) (mod p),

where f(x) € Fp[z] is a polynomial of degree k. Then for the sequence
{e1,e2,...} we have

(3) en = (@) if pt f(A"),
1 if p| f(A").

The sequence {e,} is periodic with a period T, where now T can be the
multiplicative order of .
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Since not for every linear recursion {z,} can we write the sequence {e, }
in the form (3), it is more practical to define the sequence {e,} by (3), and
determine the linear recursion from this form. More exactly:

DEFINITION 1. Let p be an odd prime, A € F), be of multiplicative order
T and f(x) € Fplx] be a polynomial of degree k. Then we define the sequence
ET = {61, ey GT} by (3)

Throughout the paper we will use this definition and these notations:
the numbers p, k, A\, T" and the polynomial f(z) will be as in Definition 1.

The next question is how to determine the linear recursion for the se-
quence {x,} (where z, = f(A\") mod p) from the polynomial f(z) € F,[x]
and the number A € F,,. Write f(x) in the form

flx) = arz® 4+ - apate
Then by computing the coefficients —¢; of the characteristic polynomial
(z— Ny (= Moy =gl — g™l — gy,
we find that the linear recursion for the sequence {x,} is
Ty = C1Tp—1 + C2Tp—2 + - + CpTp_p, (modp).

We will give estimates for the pseudorandom measures of Fp defined in
Definition 1, but these upper bounds will be non-trivial only if k, the degree
of the polynomial f(z), is < p'/2~¢ for some & > 0. For the well-distribution
measure we obtain the following;:

THEOREM 1. Suppose that f(z) is not of the form cx®(g(z))? with
celF,, aeN, g(z) € Fplz]. Then

W (E7) < 5kp'/? log p.

Clearly, if f(x) is of the form c¢(g(x))?, then either the sequence Ep
contains only +1’s, or all but at most k/2 of the elements of Ep are —1’s,

since if g(i) = 0 (modp) then e; = 1 and otherwise e¢; = (M) = (%)

If f(z) is of the form cx(g(x))?, then e; = (%) (%)Z for g(i) # 0 (modp),
and thus the sequence E7p is almost (apart from at most k/2 pieces of e;’s)
periodic with period 2.

In the case of the correlation measure there is no non-trivial general
upper bound:

Let I|T and f(x) be of the form f(z) = ¢(x)o(A\T/'x), where ¢(z) €
F,[z] has no zero in F,. Then for the sequence E7 defined in (3) we will

prove that

T
CZ<ET) Z 77

which means that for small [| 7', the correlation measure of order [ is large.
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Indeed, by the definition of the correlation measure of order [, the equal-
ity go()\”JrTl) = (A"), the multiplicative property of the Legendre symbol
and (A" /1) £ 0 for i € N, we get

T/1
Ci(Er) > ‘Z enCntT/1Cn+2T/1"" 'en-i-(l—l)T/l}
n=1
T/l

3 (@(A”)w(”*m)) (sO(A"”/l)cp(A”“T/l))

p p

n=1

(QD()\”+(Z_1)T/l)QD()\n)> ‘
p
T/

AN/ - (A= DT/ N 2
> ; )

r
l )

n=1

which was to be proved.
Thus for [ | T there exists a polynomial f(z) for which C;(Er) is large.

This example shows that to ensure that the correlation measure of order [ is

small one needs further assumptions on the polynomial f(x) and the integers

T and [. We will use the following definition.

DEFINITION 2. We say that the polynomials op(x),¢(z) € Fplx] are
equivalent:

(4) P~
if there are ¢ € F), and v € N such that ¢(z) = cy(Nz).

Clearly, this is an equivalence relation. Next we give an upper bound for
the correlation measure of order (:

THEOREM 2. Let 3 € N be the largest integer such that x| f(z) (thus
P f(x)). Suppose that at least one of the following conditions holds:

(a) 1 =2, and f(x)/2? is not of the form g(x°) or c(g(x))? with o € N,
(0,T)>2,ceF, and g(x) € Fplz].

(b) f(z)/2P is not of the form c(g(x))? with c € F, and g(x) € Fplx], T
(the order of \) is a prime and either min{(4k)’, (41)*} < T or 2 is
a primitive root modulo T

(c) Consider the factorization f(x)/xP = gofl (x)-- ol () where 3; € N
and @;(x) is irreducible over Fp,. Suppose that there is an equivalence
class defined by the relation ~ in (4), which contains exactly one fac-
tor ¢; (1 < j <wu) amongst the irreducible factors of f(z)/28, more-
over the multiplicity of this factor in the factorization of f(x)/x” is
B =1.

(d) k — B (the degree of the polynomial f(z)/x?) and 1 are odd.
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Then
Cy(Er) < 5kip'/?log p.

In Theorem 2(a) we are able to handle the case I = 2 completely. Clearly,
if f(z) is of the form g(z7) with g(x) € Fp[z], 0 € N and (0,7T) > 2, then
the sequence Er is periodic with period T'/(T, o), and thus the correlation
measure of order 2 is greater than Zg;lT/(T’U) enenir/(To) =1 —T/(T,0).
(A similar situation occurs if f(x) is of the form zg(z?) since then e, =
“Cn+T/(T,0) )

In Theorem 2(b), (c) and (d) we study the case [ > 2, and while these
conditions are sufficient to ensure that the correlation measure is small,
they are not necessary. It is an important open question to describe all
polynomials f(x), integers T' and [ for which the correlation measure of
order [ is small. (We remark that a similar additive problem with a prime
modulus in place of T' was studied in [1].)

Usually, for a fixed polynomial f(z) it is not easy to check whether con-
dition (c¢) in Theorem 2 holds. We will show that for a large class of poly-
nomials f(z) € Fp[z] condition (c) holds, and thus the correlation measure
is small. These polynomials will be characterized by their zeros:

COROLLARY 1. Suppose that f(x) has a zero ¢ # 0 € F, of multiplicity 1
such that no other zero of f(x) is of the form X' with 1 <i <T — 1. Then

Cy(Er) < 5kip'/?log p.
Using this corollary we get, e.g., the following:

COROLLARY 2. Suppose that the order of A is T = (p — 1)/2, all the
k zeros of f(x) are in Fp, and one of the zeros is a quadratic non-residue
modulo p, while the other k —1 zeros are quadratic residues modulo p. Then

Ci(E(p-1)/2) < 5kip'/*logp.

Finally, we would like to specify our results to the case when h = 2, i.e.,
the order of the linear recursion is 2:

COROLLARY 3. Assume that h = 2, i.e., (1) is of the form

(5) Ty = C1Tp—1 + C2Tp—2 (modp)

<C% +462> 1
p

Denote the zeros of the characteristic polynomial of the linear recursion (5)
by A1 and Ao ()\22 —c1A — c2 = 0 (modp)); then A\, A2 € Fp,. Suppose that
Ai Z x2/x1 (modp) for i = 1,2. Denote the multiplicative order of Aa/A\1

and assume that
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by T, and define the sequence Ep = {e1,...,er} by (2). Then
W (Er) < 9p**logp,  Ci(Er) < 9p**logp.

Here, the condition that zo/z1 is not a root of the characteristic poly-
nomial is necessary, since if \y = z2/x1 (modp), then z,, = 1A}, and thus
the sequence {e,} is periodic with period 2.

2. Proofs. The following lemma is a generalization of Lemma 3.3 in [4],
and the proof is also similar. Indeed, in [4] only that case is studied when A
is a primitive root, while Lemma 1 holds for all A € F}.

LEMMA 1. Let p be a prime, x be a multiplicative character of order d
with 2 < d € N, let A € F), be of multiplicative order T, and let M, K € N
with K <T. Suppose that f(x) € Fpy[z] has exactly s distinct zeros.

(i) If f(x) is not of the form cx®(g(z))? with ¢ € Fp, a« € N and g(z) €
F,[x], then

M+K
(6) | > x(FOm)] < dsp logp.
n=M+1
(ii) If f(z) = ca®(g(x))? with ¢ € Fy, a € N and g(r) € Fplz], where
Tj(p%‘lla, then

M+K

™) Y x| <

n=M+1

N

Proof. If p or T < 2, Lemma 1 is trivial, therefore we may assume that
p, T > 3. We will reduce the problem to estimating complete sums:

LEMMA 2. Let p be a prime, x be a multiplicative character of order d
with2 < d € N, and A\ € F; be an element of multiplicative order T'. Suppose
that f(z) € Fplx] has s distinct zeros, and f(x) is not of the form cx®(g(x))?

with ¢ € Fy, o € N and g(x) € Fplx]. Then

®) (ixuw»} < sp'l2

Proof. The order of X is T, so A" (for n = 1,...,T) runs over all the
T different ((p — 1)/T)th powers modulo p except 0. Moreover for fixed A
and n,
A" = (= 1)/T
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has exactly (p — 1)/T solutions in z. Thus replacing A* by z®=D/T in (8)
we get

(9) (iw(m )| = _1\Zx (@@ D/T))].

Now, we will need the following lemma:

LEMMA 3. Let p be a prime, x be a character of order d > 1. Suppose
that f(xz) € Fplz] has exactly s distinct zeros and it is not of the form

f(z) = c(g(x)? with c € Fp, g(x) € Fplz]. Then

‘ZX ’ (s —1)p'/2.

This can be derived from A. Weil’s theorem [6] (an elementary proof of
which can be found in [5]); see [2], [3].

Returning to the proof of Lemma 2, we now prove that f(z®=1/T) is not
of the form ¢(g(z))? with ¢ € 5, g(x) € Fy[x]. Consider the factorization of
f(z) over Fp:

flz) = clz —a)* - (= ag)™,
where ¢ € F,, and a1,..., 05 € Fp are different numbers. Let €1,...,€4,_1)/7
€ I, be the (p — 1)/T different solutions of the congruence
2P~ D/T =1 (modp)
in x, and for each a; (1 <1i < s) let g; € Fp be a number with

Qz(p—l)/T = o

Then the factorization of f(z®~1/T) over F,, is

flz pl/T_CH (p—1)/ pl)/T)

=c][(@—er0)" - (@ = egpo1y/roi)™
i=1

Suppose that in Fp,
(10) Euli = Ey0j
for some 1 <wu,y < (p—1)/T and 1 <i,5 < s. Then

(ew0i )(p n/T _ = (£40 )(p—l)/T7
and so o = ay, that is, i = j. If u # y (so €4 # &y), then from (10) we
obtain g; = ¢; =0 (i = j), so a; = 0.

Since f(z) is not of the form cz®(g(z))¢ with ¢ € F;, o € Nand g(r) €

F,[z], it follows that f(z) has zero of multiplicity ¢, at a, # 0 (1 < v < s),
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where dtt,. Then €10, is a zero of f(z®~1/T) with the same multiplicity
ty, and since d{t,, we infer that f(z®~1/T) is not of the form c(g(z))? with
ceFy, g(x) € Fpla].

The polynomial f(z) has exactly s distinct zeros, so the polynomial
f(z®=1/T) (in z) has at most sp%l distinct zeros. Using Lemma 3 and (9)
we get

S 2y o2t o

which completes the proof of Lemma 2.

We now return to the proof of Lemma 1. Since the order of X is T, there
exists a character x1 of order p — 1 for which

(11) x1(A) = e(1/T).

Throughout the proof of Lemma 1, x; will denote a character of order p—1
satisfying (11). Since x is a character of order d, there exists an integer m
such that (m,d) =1 and

(12) x =X

First we prove Lemma 1(i). Let 1 < < p — 2 be an integer. We prove
that the polynomial 27 (f(z))™®~1/4 is not of the form cz®(g(x))P~! with
c € Fp, « € N and g(z) € Fy[z]. Indeed, f(z) has a zero 0 # 3 € F,
with multiplicity ¢, which is not divisible by d. Then the multiplicity of g
in 27(f(x))"™P=D/dis tm(p — 1)/d, and as dftm the integer tm(p — 1)/d is
not divisible by p — 1.

Using (12) and Lemma 2 we obtain

T-1 T-1
(13) |3 x| =[S a ()| < s 4 1p!2,
n=0 n=0

By (11) we have

T—1 )
> oy 7T
0 otherwise.

From this and K < T we get

M+K M+T M+K
S| = > e > le NG
n=M+1 n=M+1 y= M+1 =0

’ T-1 M~+T ’

1 M+K
fz(y:%lm(w))( > FOMaem)

v=0 n=M-+1
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T-1 M+K

_TZ‘ > xalA WHZX AM)xa(A™)|.

v=0 y=M+1
For 4 = 0 we have [S7=2x(fV) i) = [ST=2 x(F(A™)], which is

less than sp'/? by Lemma 2, and thus
M+K
(14) > x(fr(")
n=M+1
| To1 MAK T-1
<72 || ()| + spt?
=1 y=M+1 n=
By (13) we have
M+K Dpl/2 T=1 MK
15) | 3 xrom| < EEDEES S oo s

n=M+1 =1 y=M+1
Denoting the distance of « to the nearest integer by |||, and using
[1—e(a)] = 4flaf| and (11) we get [1 —x1(A7)] = |1 —e(y/T)| = 4|7/T]|.
By using this and the sum of a geometric progression we obtain
T-1 M+K T2 5
(16) Z( S a) }_ < Z < T(log(T/2) + 1)
2 2 4H7/TH Y
< 1.45 TlogT.
Since T' < p — 1, from (15) and (16) we get the statement of Lemma 1(i).
It remains to prove Lemma 1(ii). Suppose that f(x) = cz%(g(z))? with
c € F, a € Nand g(r) € Fy[z]. Since the order of the character x is d we
have

M+K M+K
> oo =| 3 x|,
n=M+1 n=M+1

Hence summing a geometric progression and applying (11), (12) and
1 —e(a)] = 4|, we get
M+K

2 2 1
17 A\? —
00| 30 XU < ey = ety < g

Since T'|p — 1 the quotient m(p — 1)a/T is an integer. On the other hand,
by the condition of Lemma 1(ii) we have T4 (p — 1)a/d, so df(p — 1)a/T.
As (m,d) =1 we also have dtm(p — 1)a/T'. Therefore
m(p — 1) - 1
dr —d
Using this and (17) we get Lemma 1(ii).
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Proof of Theorem 1. Assume that a,b,t e Nand1 <a+b<a+th<T.
We will give an upper bound for U(Ey,t,a,b).

The order of A’ is T'/(T, b). Clearly, for fixed a and b, f(A\%z) = 0 (modp)
has at most k solutions in z, and thus f(A**%) = 0 (modp) has at most
k solutions in j with 1 < 5 < ¢ < T/(T,b). Write h(x) = f(A\x). Then
defining ( ) to be 0 for p|a, we have

(18) [U(EN,t,a,b)| = ‘ileaﬂb‘ < i(ﬂ%ﬁv))%rk
iz iz
()

ow f(x) and h(z) are of the same degree, and if f(z) is not of the form
( z))? or cx(g(x))? with ¢ € [, and g(x) € Fp[z], then this also holds
for h(z). Thus we may apply Lemma 1 with ( ),2,A%,T/(T,b) and h(z) in
place of x(n),d,\,T and f(x), to obtain
t—1 ;
h((AP)J
Z <4((p ) )> ‘ + k < 4kp*?logp + k < 5kp'/?logp,
j=0

|U(En,t,a,b)] <

which completes the proof.

Proof of Theorem 2. Consider any D = (di,...,d;) with non-negative
integers di < --- < dj, and a positive integer M with M +d; < T. Clearly for
fixed d, f()\"er) = 0 (modp) has at most k solutions in n with 1 <n < T,
o (deﬁnlng ( ) to be 0) we have

(19)  |V(En,M,D)|

:‘éen+d1"'en+d1}< %( )\”+d1)> ..<M>‘+kl
M

n=1 p
)\n—l—dl .
3 (f ( )

'fwﬁdl)) ' + kL.
n=1 p

If o*(z) | f(z) for a p(z) € Fyz], then in Definition 1 the polynomials f
and f/¢? generate almost the same sequences:

(5) - () (22 - (1)

if (A™) # 0 (modp), so if f(A™) # 0 (modp). It follows that (19) also holds
with f/@? in place of f, hence throughout the proof of Theorem 2 we may
suppose that f is squarefree. We will use the following lemma.
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LEMMA 4. Suppose that f(x) is squarefree, and at least one of the con-
ditions (a), (b), (c), (d) of Theorem 2 holds. Then the polynomial

h(z) == f(AN) - f(X"z)
cannot be of the form c(g(x))? or cx(g(x))? with ¢ € Fy, and g(z) € Fp[z].

We will prove Lemma 4 below. The degree of the polynomial h(x) is ki,
so from (19), by using Lemmas 1 and 4, we obtain

\V(Ey, M, D)| < 4klp*/?logp + ki < 5klp*/?log p,

which was to be proved. Thus to complete the proof of Theorem 2 it remains
to prove Lemma 4.

Proof of Lemma 4. Write f(z) in the form 2°¢(z), where z{¢(z). Then
rtq(A"z) - q(Az), so h(z) = f(AD2)--- f(A\%x) is of the form c(g(x))?
or cx(g(z))? with ¢ € F,, and g(z) € Fp[z] if and only if g(A%z) - - g(\%z)
is of the form c(g(x))? with ¢ € F,, and g(z) € Fp[z].

In order to complete the proof of Lemma 4 we will prove that

h(z) == q(\"x) - q(\ ")
is not of the form c(g(z))? with ¢ € F, and g(z) € F,[z].

First consider the case when condition (a) of Theorem 2 holds. We prove
that the polynomial h(z) = g(A"z)q(A%z) cannot be of the form ¢(g(z))?
with ¢ € F, and g(z) € Fp[x].

Let L denote the splitting field of ¢(z). Then

k
x) = cH(x — )
i=1

with ¢ € Fp, a; € L, i = 1,...,k and o1,...,a; are pairwise distinct. It
follows that

q(Aiz) = Ak H — a; /AN,

g(A2z) = AP H — a;/2%).

We have a; /A4 # «j/A% whenever i # j. Assume that h(z) = c(g(z))?.

Then all the roots of ﬁ(m) have multiplicity 2 and there exists a permutation
m:{1,...,k} = {1,...,k} such that

Oél'/)\dl :aﬂ(i)/)\d2, 1§2§k‘

‘We obtain

(i) = N2=di g 1< <E.

(2]
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This implies
A (iy = A B ey

forany s€ Z and 1 <1i < k.
Let o denote the multiplicative order of A2~ je. let \7(d2—d1) — 1,
Then 77 is the identical permutation and we obtain

(z — a;)(x — AW q,) (g — AeTDd=d)
=z’xaf, i=1,...,k

Thus o |k and o > 1 because \2~% £ 1. Hence ¢(z) splits into factors of
the form 27 — af, i.e. ¢(z) = g(z7) with o > 1.

Since o is the order of A2~ % and T is the order of A\, we also have
T|o(dy—dy). As |da — di| < T, it follows that (o, T) > 2, which contradicts
condition (a) in Theorem 2.

In order to prove Lemma 4 if (b) or (c¢) of Theorem 2 holds, write g(x) as
the product of irreducible polynomials over F,,; then these irreducible factors
are distinct. Let us group these factors so that in each group the equivalent
irreducible factors are collected (under the equivalence relation described in
Definition 2). We will use the following lemma.

LEMMA 5. Suppose that q(z) is squarefree and h(z) = q(A%z) - - - g(A% )
is of the form c(g(x))? with ¢ € F and g(x) € Fplx]. Let

crp(Ax), ..., cp(Ax)

be a group formed by equivalent irreducible factors of q(x), and write A =
{a1,...,a,}, D={dy,...,d;}. Then for all v € Zp the congruence

a+d=v (modT), a€A deD,
has an even number of solutions.

Proof. 1f we write h(z) = ¢(A"z) - - - (A% z) as the product of irreducible
polynomials over F,, then all the polynomials e(A\4tdig) with 1 < i <r,
1 < j <l occur amongst the factors. All these polynomials are equivalent,
and no other irreducible factor belonging to this equivalence class will occur
amongst the irreducible factors of h(x).

Since distinct irreducible polynomials cannot have a common zero, each
of the zeros of h(x) is of even multiplicity if and only if in each group
formed by equivalent irreducible factors of ﬁ(m), every polynomial of the
form p(A7x) occurs with even multiplicity, i.e., for an even number of pairs
(a;,dj). From this the statement of the lemma follows.

Next we return to the proof of Lemma 4. Clearly, if (b) or (c) of The-
orem 2 holds, then there exists a group for which one of the following
holds:
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(i) T (the order of \) is a prime, and either
Al =7, |D|=1 with min{(4r)},(4)"} <T
or 2 is a primitive root modulo T,
(i) |A] =1.
In cases (i) and (ii) we may use the following addition theorem type
lemma:

LEMMA 6. Let A, D C Zz with |A| =r, |D| = l. Suppose that one of the
following conditions holds:

(a) min{r,l} =1,

(b) T is a prime and min{(4r)!, (41)"} < T,

(c¢) T is a prime and 2 is a primitive root modulo T

Then there exists a v € Zr such that
a+d=v (modT), a€A deD,
has exactly one solution.

_ Using Lemma 6 we see that the conclusion of Lemma 5 cannot hold, so
h(z) = q(A%z) - q(A"z) cannot be of the form ¢(g(x))? with ¢ € F} and
g(x) € Fplz] if (a), (b) or (c) of Theorem 2 holds. This proves Lemma 4 in
these cases, but it remains to prove Lemma 6.

Proof of Lemma 6. (a) If min{r, [} = 1 without loss of generality we may
suppose that » = 1, so A = {a;} and D = {d;,...,d;}. Then all the sums
of the form a + d with a € A and d € D are a; + d1,...,a; + d; and they
are different modulo T', which proves the assertion.

(b) See the proof of Theorem 2 in [1].

(c) See the proof of Theorem 3 in [1].

This completes the proof of Lemma 6. Thus we have verified the con-
clusion of Lemma 4 if (a), (b) or (c) of Theorem 2 holds. If (d) holds,
then the assertion of Lemma 4 is trivial, since the degree of the polynomial
h(z) = f(A"z)--- f(A%z) is odd as k and [ are odd, hence h(z) cannot be of
the form c(g(x))? with ¢ € F, and g(z) € Fy[z]. So Lemma 4 always holds,
and as we have seen, from this Theorem 2 follows.

Proof of Corollary 1. Since g is a root of f(x) of multiplicity 1, there is
an irreducible factor ¢(x) of multiplicity 1 in the factorization of f(x) for
which g is a root: ¢(z) | f(x) but ¢*(z)1 f(x) and () = 0.

All polynomials equivalent to ¢(x) are of the form cp(AVz). These ir-
reducible polynomials (except ¢(z)) cannot be in the factorization of f(x):
co(Nx) | f(z) is not possible for T'{~, since f(z) has no root of the form
Ao other than p, but co(A\7z) has a root of this form: x = AT ~7o. Thus
condition (c¢) of Theorem 2 holds, so Corollary 1 follows from Theorem 2.
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Proof of Corollary 2. Let o be the unique root which is a quadratic
non-residue modulo p. Since the order of A is (p — 1)/2, A is a quadratic
residue modulo p. Thus \p is a quadratic non-residue modulo p, but f(z)
has no quadratic residue root other than g. Using Corollary 1 we get the
statement.

Proof of Corollary 3. First we slightly extend Lemma 1 in the special
case when the multiplicative character is the Legendre symbol.

LEMMA 7. Let p be a prime, vi,v2 € F, where vy is of multiplicative
order T, and K, M € F), with K <T. Suppose that f(x) € Fplz] has ezactly
s distinct zeros, xt f(x) and f(z) is not of the form c(g(x))* with ¢ € F,
and g(z) € Fplz]. Then

M+K

Z <V{lf]§V§)>‘ §8sp1/210gp.

n=M+1

Proof. Using the triangle inequality, the multiplicative property of the

Legendre symbol and }(%) =1, we get
M+K noilom M+K noilom M+K noilom
Z <V1f(’/2)>‘< Z <V1f(’/2)>‘+‘ Z <V1f(’/2)>‘
n=M+1 p n=M+1 p n=M+1 p
n=0 (mod 2) n=1 (mod 2)
M+K " M+K n
15 e )
n=M+1 p n=M+1 p
n=0 (mod 2) n=1 (mod 2)

From this by using Lemma 1 we get the statement of Lemma 7.

2
Next we return to the proof of Corollary 3. Since (#) = 1, the two
roots of the characteristic polynomial: A\ and A2 are different and in [F).
Thus z,, is of the form

Tn = a1 A + a2Ay =AY (a1 + az(A2/A1)") (modp)

with a1,as € Fp. Since xo/x1 is not a root of the characteristic polynomial,
we have a; Z 0 (mod p) for i = 1,2. Define f(z) € Fp[z] by f(z) = a1 + asz.
Then

zn = A f((A2/M)") (modp).
Assume that a,b,t € Nand 1 < a+b < a-+th<T. We will give an
upper bound for U(Ep,t,a,b).

For fixed a and b, 4 jp = A gy + ag(Aa/A1)*T9%) = 0 (mod p) has at
most one solution in j with 1 < a+ jb < T. Then similarly to (18) we get
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S <xf”bf<<A2/A1>““”>> ‘ 1.

b

‘U(EN, t, a, b)| S

j=1
Using Lemma 7 we get
U(En,t,a,b)| < 8p'/*logp +1 < 9p'/*log p,
which was to be proved.
Consider any D = (d1, . ..,d;) with non-negative integers d; < --- < d,

and a positive integer M with M + d; < T. We give an upper bound for
V(En, M, D). Similarly to (19) we get

M nj 11 1 n+dp n+d;
< 231()‘1 A f((>\2/>\1)p+d )= f(Ma/ A1) +Cl))‘ +1.

If f((A2/X)%x) - f((A2/M)%2) is not of the form c(g(z))? with ¢ € F,
and g(x) € Fp[z], then we can use Lemma 7 to obtain
V(Ey, M, D)| < 8Ip'/*logp +1 < 9Ip'/* logp,

which was to be proved.
In order to complete the proof of Corollary 3 we prove that

F(Qa/A) ) - f((Aa/ M) )
is not of the form c(g(x))? with ¢ € F, and g(x) € Fplx]. The degree of
each of the polynomials f((A2/A1)%x) (1 < i < 1) (in z) is 1, so they are
irreducible. Their product is a constant multiple of a square of a polynomial
only if there exist 1 <i < j <[ and c € F, with

F((2/M)%a) = ef (ho/ M)V ),
a + ag()\g/)\l)d"m = caj + cag()\g/)\l)djx.
Since a; # 0 (mod p), it follows that ¢ = 1 (modp) and thus
d; = dj (modT),
which is impossible, since 1 < d; < d; < T'. This completes the proof.
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