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0. Introduction. Let p be a prime and u an integer coprime with p.
The Fermat quotient qp(u) is the unique integer satisfying

|
(0.1) gp(u) = e modp and 0<gy(u)<p-—1.

If p|u, we set g,(u) = 0.

The distribution of Fermat quotients and related sequences is interesting
from several perspectives. First, there are several applications, in particular
to algebraic number theory and computer science. Fermat quotients play for
instance a role in primality testing (see [L]) and are well-studied as model
for generating pseudo-random numbers (see [COW]). On the analytical side,
establishing discrepancy bounds for those sequences relies on the theory of
exponential sums. Those methods provide nontrivial results, but there is
nevertheless often a large gap between what can be proven and the conjec-
tured truth. Some other papers related to Fermat quotients are [S3], [S4]
and [S5].

Exponential sum estimates for partial sequences g,(u), v = n + 1,
...,n+ N, appear in the work of Heath-Brown [Hb]. Our interest in the
present paper is in incomplete character sums, following up on the paper [S1].
More precisely, we obtain nontrivial estimates on sums of the type

N
> x(gp(w))  (Theorem 3.1),
u=1

N
Z X(ugp(u))  (Theorem 3.2)
u=1
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for N > p'*9 (§ > 0 arbitrary) and also for sums over primes

Z X(gp(1))  (Theorem 4.1)

I<KN
[ prime

for N > p3/2+9,

Thus the restriction on N is weaker than those imposed in [SI]. Our
results contribute to some of the problems put forward in [S2].

For shorter range (N > p3/4t9), we have the following result (the saving
on the bound is only logarithmic):

> xlap()

u<N

<5 N(log N)~'™¢  (Theorem 5.1).

With respect to Theorems 3.1 and 3.2, the statements remain valid for
general intervals [M, M + N] as in [S1].

The method is based on a new result on the distribution (modp) of the
sequence ugp(u) for u =1,...,p (see Proposition 2.1), which is another is-
sue brought up in [S1]. Its proof relies on the Heilbronn exponential sum
bound from [Hb] and [HBK], which is combined with combinatorial esti-
mates from [BKS].

1. Preliminaries

THEOREM 1.1 ([BKS|). Let G be a multiplicative subgroup of (Z/nZ)*.
ForT € Z,, denote

N(n,G,T) = [{(z,5): 0 < |al, ly| < T, 2y~ € G}
Then for t = max{|G|,v/n} and T arbitrary, we have
(11) N(n, G, T) <e, 6{Tt(2v+1)/(21}(U+1))77171/(2(v+1))+6 + T2 tl/'unfl/ere}’
where v is an arbitrary integer.

TueOREM 1.2 ([HBK]). Let G < (Z/p*Z)* be the subgroup of p-powers,
i.€.
G = {2 mod p* : (z,p) = 1},

and let 1g be the indicator function of G. Then
(1.2) > fle@)|* < p”.
1<e<p?

REMARK 1.2.1. The subgroup G in Theorem 1.2 has the following prop-
erties:

(i) |Gl=p—1.
(ii) There is a one-to-one correspondence between {1,...,p — 1} and G
by sending x to xP.
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Fact 1.3. Note that

(1.3) ap(zy) = gp(x) + gp(y)-

For later use, we also specify a bilinear character sum estimate. The
result is well-known. We include the proof here, since there is a need to
specify the role of small parameters in the final estimate.

THEOREM 1.4. Let 771 n2 be functions defined on Z/pZ such that

(1.4) Z ni(x)| <1 fori=1,2,
(1.5) Z m(z)? < p~ /270,

x=1
(1.6) 2[00 < P02

for some 1,92 > 0. Let x be a nontrivial multiplicative character modulo p.
Then

T1,T2

where ¢ 18 a constant.

Proof. Using the high moment method originating from Burgess’ work
([Bul), we let r € Z, (to be specified) and estimate the left hand side of
(1.7) by

(1.8) Z I (21 |‘ 2772 T2)x(71 +$2)‘

r1=1
[ Z I (z |2r/ (2r—1) }1 1/2r[ Z ‘an (e2)x( + 22) 271 1/2r
z1=1 r1=1 w2

< [Zp: |11 (1) ]1 l/r[ Z 1 (1) ] M1/2r<p(1/2+51)/2rM1/2r7
z1=1 a1

where we used Holder’s inequality, (1.4) and (1.5), and defined

M = Z)an x(z +y)

2r

Then

o) <o i) o () (X ml) Tl

<cry/p+ (4r)7"p1_7"52,

where the first term comes from an application of Weil’s character sum
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bound to polynomials (z+y1) - - (z+yr) (x+yrr1)P "2+ - (z+y2- )P~ with at
least one single root, and the second term from the remaining contributions.
Substitution of (1.9) into (1.8) gives the estimate

(1/24681)/2r ( 1/4r | 1/2r—82/2 —5182/4
(1.10) crp P/ +p ) < crp
by taking 1/d2 <7 < 2/d3. =

2. A distributional inequality. Our main result is the following.

PROPOSITION 2.1. For & € Z/pZ, define

(2.1) w(€) = [{z € [1,p] : % — = = pé mod 2.
Then, for any € > 0 and any p sufficiently large,
P
(22) Zu(£)2 < p11/8+6.
¢=1

Proof. 1t follows from property (ii) in Remark 1.2.1 that

(23) w@)=HyeG:yepi+[L,p—1} <) K(y—ps),
yeG

where we define K (z) = ¢(z/p) for |z| < $p? with ¢ a smooth function such
that ¢(u) =1 for |u| <1 and ¢(u) =0 for |u| > 2.
Hence

(2.4) K\ <p 19 for x> p't

where )
p
= Z K(z)e, (A
r=1
Putting (2.3) and (2.4) together, we have
1 p?
< 5 Y KWep(A) Ta(—N),
p \—1

and

(25) ) u(€)?

A1,A2=1
A1=A2 mod p
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Since |I/€()\)| < p and (2.4) holds, we have

p
1 ~ ~ Pe ~
(2.6) Zu(@?s]g > Le()Fe02)l S > [TeWP
£=1 IAi]<p'te IA[<pite
A1=A2 mod p
G|? 1 .
=D I TOS

0<|A|<plte

(The second inequality is by Cauchy—Schwarz.)

To bound » g |y <pi+e [T(M\)|2, we will use Theorems 1.1 and 1.2 and an
argument from [KS].

First, we note that 15(\) = 1g(Az) for € G. Hence

~ 1 ~
(2.7) > MeP=-—"5 > ey
0<|\|<plte p z€G
0<|\|<ptte
1 N
=—— > i)a()

p—1 0<j<p?
< pil > ei)?] v > el
< p5/4[Zc(J’)2] "

1/2

where
c(j) ==z, N)eGx[0< A< p1+€] : 2\ = j mod p2}|.

(The first inequality is by Cauchy—Schwarz, and the second inequality by
Theorem 1.2.)

Next,
D e(h)? = [{(z1, 72, M, A2) € G x [0<|A| < p'? 1 21 My = 22X2 mod p*}
=(p = D{(z, A1, A2) € G x [0<[A] < p'™J? s 2y = Ay mod p?}|.
Applying Theorem 1.1 with n = p?, T = p'*¢, v = 1, t = p, we have

(2.8) Zc(j)2 <(p— 1){p1+6p3/4p—1/2+e A I p9/4+€‘

Combining (2.6)—(2.8), we get

p
u(f)Q <p11/8+26. .
=1

o
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3. Character sums with Fermat quotients

THEOREM 3.1. Let x be a nontrivial multiplicative character modulo p
and k = p't9, with 1 > § > 0. Then for p sufficiently large,

k
‘ Z X(Qp(fﬁ))‘ < Ck:p*5/33‘
=1

Proof. For ged(x,p) = 1, we write
T=s+py Withlgsgp—landygp‘s.
Since
(s+py)P ' =" plp - 1)s" 2y = "7 = ps” "y mod p?,

this gives

(3.1) ’ix(qp(w)‘ = pi > X(Sp_;;l N Sp_2y>‘

pS_:llyép5 )
< Z_; y%;éx(S p_s —y>'=;U(£)‘y§6x(§—y)(,

where the inequality uses the fact that sP~! = 1 mod p, and u(&) is defined
as in Proposition 2.1.
We estimate (3.1) by applying Theorem 1.4, taking

L 5
m= U =D Lio,po)-

Thus, from (2.2) in Proposition 2.1, we may take 6; = 1/8 — € in (1.5) and
deduce from (1.7) that

k
’ZX(Qp(x))‘ < 0(5_1p1+5_551/4 < Ckp—6/33
=1

as claimed. =
The same approach applies to ng;:l x((xP —z)/p).

THEOREM 3.2. Let x be a nontrivial multiplicative character modulo p
and k = p'*°, with 1 > 6 > 0. Then

k P
ZX<$ —37>‘ < chp~0/33+e,
p

=1

Proof. As in the proof of Theorem 3.1, for ged(x,p) = 1, we set
rT=Ss+py Withlgsgp—landogygp‘s.
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Then
P —x sP—s
= — y mod p.

p p
sP—s
X - Y
p

We obtain

(55

r=1 s=1

y<p®

This is (3.1) in the proof of Theorem 3.1. =

4. Sums over primes. In [S1], Shparlinski also obtained a nontrivial
bound on

(4.1) > x(gp(x),

<N
T prime

the character sums with Fermat quotients over primes, for N > p3*t¢. In the
next theorem, we improve his result.

THEOREM 4.1. Assume N > p*/2t0. Then

(4.2) > xlgp(x)) < Np~*t,

<N
T prime

where 61 ~ 0.

REMARK 4.1.1. The analysis in the proof of Theorem 4.1 can be made
more precise to give a better dependence of §; on d but we only want to get
a nontrivial bound under the weakest possible assumption on V.

We will use the following lemma.
LEMMA 4.2. For 1 < T, define
o(2) = {a € [1,T) : gp(a) = 2}1.
Then for 0 < 6 < 1/2 and p large enough:

(i) If p>T > p’ with 0 >0, then 3" 0(2)? < T3/,
(ii) If T > p*/**t0 with 1/2 > 6 > 0, then Y o(z)? < T2p=1/2-0/2,

Proof. In Theorem 1.1, we take n = p?, t = p and
G={rPmodp’:1<2<p—1}.
Then
(4.3) N, G, T) < cyo(TpH @ @HD)+e | p2y=1/vke)
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> 0(2)? = {(w1,22) € [1, T : gp(a1) = gpla2)}
= {(z1,22) € [I,T}2 : :Ellofl = 3312’71 mod p}|
|{(:L’1,:L’2) S [1,T}2 A $2G}|

N(p?, G, T).

To prove the lemma, for case (i), in (4.3), we take v € Z, such that
pt/ ) < T < pl/v. Hence (4.3) is bounded by T'H1/2vte < 73/2+¢ For
case (ii), we take v = 1in (4.3). m

Proof of Theorem 4.1. We follow the usual procedure, estimating
(4.4) > A(n)x(gp(n)
n<N
using Vaughan’s identity (see [IK|, Prop. 13.4])

(45)  Al) =Y u®)logy — > D ub)AWC) + Y. Y ub)Ale

bln be|n beln
<y b<y,c<z b>y,c>z

Take
Yy=2z= 2V N

so that the last term in (4.5) can be omitted. We obtain

(4.6) ) A(n)x(gp(n))

n<N
\Z D) log(d)x(ap(bd)| +| D ) A)x(aplbed)|.
bd<N bbgclcll’gcjgvz

Using Fact 1.3 and a standard argument (see e.g. Theorem 3.4 in [S1]), we
reduce both sums in the right-hand side of (4.6) to bilinear sums of the form

(4.7) > a@Ba ) + glv)
U<u<2U
V<2V
with N SUV < N, NY/20 < U <V, ||| oos ||B8]loe < P, and linear sums
(48) Y x(alew)
U<u2U

with N1 < U < N.
Bounding (4.8) is straightforward. Since N > p?/2 and U > p¥7/20 >
p°/*, we may use Corollary 3.2 of [SI]. (In fact, the argument used in the

proof of Theorem 3.1 may be adapted as well.)
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To estimate (4.7), we will use Theorem 1.4 and Lemma 4.2.
Define

1 1
m(z) = v Z B(v), m(z)= U Z a(u).
V<v<2Vv U<u<2U
ap(v)=z ap(u)=2

Recall that U > N1/20 > p3/40 and vV > N1/2 > )3/4+6/2,
Clearly, 3 |n2(2)] < U™ Yycycor la(u)] < p and similarly for ;.
From Lemma 4.2, o

2% < Y Ime(@)? < 207D KU < u <20 : gy(u) = 2}
< pU~V/2He < B/80ke o 1/2T

and
D im@)P <182 VY KV v <2V ig(v) = 2}

—1/2—6/4+€ ~1/2-8/5

<p <p

We rewrite (4.7) as

UV‘ > mi(@n)na(za)x (a1 + x2)|,

1,22

and use Theorem 1.4 to get the estimate
UVp—5/270 < Np_6/270. .
An argument similar to the one above can be used to treat the sums
n’ —n
> X
nS.N p
n prime

from Problem 46 in [S2].
THEOREM 4.3. Assume N > p*/?*%. Then there is &' = §'(8) > 0 such

that
nP —n _s
g X < Np™ .
p

n<N
n prime

Proof. First, we note that

(zy)P —xy

5 = zygp(zy) = zy(gp(z) + gp(y)) mod p.
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Thus, instead of (4.7) and (4.8), we have

(4.9) Y a@BEx X)) + gplv)
U<u<2U
V<2V
with UV ~ N, NY20 < U <V, |la]lo, || B]lse < pF, and
(4.10) > xwx(a(w)]
U<u<2U

with N9/10 < U < N.

For (4.9), we define a;(u) = a(u)x(u) and 51 (v) = B(v)x(v). We obtain
the same bound as for (4.7).

Bounding (4.10) amounts to estimating

(4.11) ;{%W)

with ¢ fixed, ({,p) =1 and X > NO/10 5 p27/20 Ty fact, it suffices to assume
X > p!*? since the same argument as for Theorem 3.2 is applicable.
Thus, setting

T=84+py Withlgsgp—landogygp‘s,
we have
(§z)P — & _ (§s)" —&s
p p

Following the same argument, we need the analogue of Proposition 2.1 with
u on Z/pZ defined as

u(z) = [{s € [Lp— 1] : (€s)P — &s = p z€ mod p*}|.
Following the proof of Proposition 2.1, we have
u(z) = {y € G : €y € pz& +¢[1,p — 1] mod p*}|
={yeG: & yepz+[l,p— 1] mod p*}|.
Let K be as in the proof of Proposition 2.1. Then

(4.12)

— &y mod p.

1 & -
ZK&” Ly — p2) —QZ Aep(Az) ) Ta (=€),

yeG

2

p p

1 A NN T TIPS
SuP <5 Y IKO)IEON)| [Ta(—e7 M) Ta(—€7 X)),
p A1, =1
A1=A2 mod p
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As for (2.5), we need to estimate

S fle@WP=1 3 il

0<|A|<plte 0<t<p?
where
c(t) = [{(z,)) € G x [0 < |\ < p't]: 2?71\ =t mod p?}|
= {(x,A) € G x [0 < [N\ < p'*]:2zx =Pt mod p?}|
with €6, = 1 mod p2.
The argument is completed exactly as in Proposition 2.1 and we obtain
P

Zu(z)Q <p11/8+e. .

z=1

5. Shorter ranges. We return to Problem 45 in [S2]. It is in fact pos-
sible to obtain a nontrivial bound on

np_1—1>
N
PINE

3/4+6

for N as small as p , but the saving on the bound is only logarithmic.

THEOREM 5.1. For N > p*/**t% with § > 0, we have

> (5)

n<N

<5 N(log )+,

Proof. We will remove subintervals (where we use the trivial bounds on
the character sums) until Lemma 4.2 is applicable.
We fix
01 = (logp)~'*.
(Note that §; < §/10.) Let
V = {n € [1,N]: n has a prime divisor in [p°*, p?/?]}.

To estimate |[1, N]\ V|, rather than a reference we give the following
standard argument.
Defining X; = {n < N : [|n}, we have

LN\V="[] (LN\X)c (] (LN\X)

pd1<l<pd/? pP1 <l<p?2
[ prime [ prime

with §; < d2 < §/2 to be specified. Take an even integer r such that
rde < 3/4. From the inclusion-exclusion principle and the Prime Number
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Theorem,

(5.1)  |[L, NI\ V|

SN X+ Y Xl Y X

pP1<i<p®2 PP <l la<p®2 PpoL<ly el <p®2
lprime l; prime l; prime

B zl: Z Lily Z 11 P

l1,l2 I1,ely

B

po1 <l<pf2 pP1<l<pd2
[ prime I prime

o 52 \"
SN—=+N{-lo
(52 + (7“ 51) ’
provided r > 3log(82/d1).
We take r ~ log(1/d1) and 62 ~ 1/r. Then (5.1) implies that

IN

1
(5.2) I[1,N]\ V| < N6y log < N(logp)~tTe.
1

We will make a further subdivision of V.

Let
—1+€

a =061 = (logp)
be a small parameter. We choose j1, jo such that
(5.3) P~ (Lot PP~ (14 a)

Let P; be the set of primes in [(1 + a)?, (1 + «)?*1] and let

(5.4) V;= {n € [1, N] : n has a single prime divisor in P;

L]

and no prime divisors in U R}

1<J
Clearly, from the definition,

67 vy U v

J1<5<g2

C {n € [1,N] : n has two prime divisors in some P;, j1 < j < ja}.

Hence, by the Prime Number Theorem and since j < (logp)/a,

LAV

J1<j<J2

S{ xS {T i) v {dfy

j2j1 " l1,l2€P;

;
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(1+7)log(l + ) jlog(l + )

1+a 1 2
<N { +0(e—\/5110gp)}
J>j1
2
SN <1-+-21+0(e—v5“°g”)> 5N<‘1 L oep, v511°gp)
\J Jta j1 o«
JZ2
st
J1 7 logp

Next, denote
[0, { € {1 N ] h ime divisors in | J P,
i =m s g1 | - ™ has no prime divisors in %
(14 a) s

It follows from the definition (5.4) of V; that

N N
P;j2; CV; and V]\(PJ _Qj)chx [(1+a)j+1’(1—|—a)j}

Hence, using the bound on |P;| obtained in (5.5), we have

N« - .
Vi \ (P 29)| < 1Pl gy Na[ L 0l Wﬂ
Therefore,
(56) Z Vi \ (P;$2)] S Naflog j2 —i—er_\/@]
J1<5<j2

1
< N[a(loglogp—i— log > + (logp)e_\/@]
o

< N(logp)~'+2.
Note also that from the definition of {2;, the product map
Pj X _Qj — Pj.Qj

is one-to-one and onto.
Combining (5.2), (5.5) and (5.6), we have

‘ > x(qp(n))‘

n<N
SNOogp) 2+ 3| Y a0+ gp(m)|
J1<j<j2 lEP;, me2;

For each j, the double sum satisfies

(5.8) S @)+ agp(m) =D m@)m)x( +y)

lEPj, mEQ
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with
m(x) = {m € 2 : gp(m) = 2}| < [{m < N/(1+a) : gp(m) =z},
my) ={l€ P qp0) =y} << (Q+a) ™ gpl) = y}.

We will use Lemma 4.2 and Theorem 1.1 to estimate (5.8).

Recall that p' < (14 a)? < p%/2. Hence N/(1+a)! > p3/4+3/2 By
inequality (4.3) (with v = 1),

thySNQﬁaﬂﬁbJSﬁ(uﬁw>7@}@%m+p%

N 2
= <(1+a)a> P

Since Theorem 1.1 as formulated cannot be applied for the very short
range T' = (1+a)’*!, to estimate " 12(y)? we include a separate argument.
Clearly,

(5.9) an |{ l1,l) € P;xPj:l e ZQG}|
< \Pj\mlax]PjﬂlG\.

Take r € Z, such that T < p? < T"*!. Then the map T2 1 L — 7.)p*Z
when restricted to the r-fold product set Pj?" C 7Z will be one-to-one. In
particular,

1
p—1=1|G| > ~|P, NG,
r!
which implies
|P;NIG| < rpt/" < prr D2 < (%TQ/?’.
1

Hence (5.9) is bounded by
(5.10) c(1+a)¥logp p~ /3 < (1 + a)¥p= 9/,

from the choice of ;.
From Theorem 1.4, we have

Z X(qp(l) + qP(m)) < Np_661/24 < Ne—c(s(logp)f.
lep;, mEQj
The theorem follows from (5.7) and (5.10). =
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