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Higher dimensional Dedekind sums in function fields
by

ABDELMEJID BAYAD (Evry) and YOSHINORI HAMAHATA (Osaka)

1. Introduction. Given relatively prime integers ¢ > 0 and a, the clas-
sical Dedekind sum is defined as

c—1
1 k k
s(a,c) = P g cot <7Tc> cot <7rca>

It satisfies a famous relation called the reciprocity law,
a?+c?+1—3ac
12ac

See Rademacher—Grosswald [8] for details. A generalization of Dedekind
sums to higher dimensions was presented by Zagier [9]. Let p be a positive
integer, and ay,...,a,—1 be integers relatively prime to p. We assume that
n is odd. Zagier defines a higher dimensional Dedekind sum as follows:

1 L wka wka
d(p;ay,...,an—1) := (—1)("_1)/27 Zcot( 1> ... cot <nl>
p b

p k=1

s(a,c) + s(c,a) = (a > 0).

For pairwise coprime positive integers aq, ..., a, (n odd), this sum satisfies
the reciprocity law

- d .. . . _1 ln(dl,...,(ln)
(ajvala ey A1, Q541 - ,an) =1- =" =
al e an
7=1
where In(a1,...,apn) is a polynomial in a1, ..., an defined as the coefficient

of t" in the power series expansion of
n n
a;t Loo 1 44 2 6.6
= 14+ zait” — —ait™ + —a;t” —--- .
T iy = 1L (1 o - it + gz

We note that Beck [1] generalized Zagier’s Dedekind sum.
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It is known that 7 cot mz can be expressed as follows:

1 (1 1
1.1 tme = — .
(1.1) mcot Tz z+;<z—n+z+n>

In function fields, for a given A-lattice we have periodic functions that have
expressions analogous to (1.1). Based on this, Okada [7] introduced Dedekind
sums in rational function fields, and established reciprocity laws for them.
For each A-lattice, we can define Dedekind sums which generalize those of
Okada. See [6] for details. It should be noted that we also have Dedekind
sums over finite fields ([5], [6]). These are like Apostol-Dedekind sums given
by

k- (ka
sn(a,c) = ; p Bn< . ),
where B, (x) denotes the nth Bernoulli function.

The goal of our paper is to introduce new kinds of Dedekind sums defined
over rational function fields. Our Dedekind sums are very similar to ordinary
Dedekind sums and to Zagier’s higher dimensional Dedekind sums [9]. As
the main theorem, we establish the reciprocity law for our Dedekind sums.
The rationality and characterization of Dedekind sums are also discussed.

Notation.

5" : the sum over non-vanishing elements

[T’ : the product over non-vanishing elements

[F, : the finite field with ¢ elements

A =TF,[T] : the ring of polynomials in an indeterminate 7'
K =TF,(T) : the quotient field of A

|| : the normalized absolute value on K such that |T'| = ¢
K : the completion of K with respect to | |

Ko : a fixed algebraic extension of K

C : the completion of K,

2. A-lattices. In this section, we give an overview of A-lattices and
related periodic functions. For details, see Goss [4]. A rank r A-lattice A in
C' is a finitely generated A-submodule of rank r in C that is discrete in the
topology of C. For such an A-lattice A, define the Euler product

ea(z) = =[] (1 - i)

The product converges uniformly on bounded sets in C', and defines a map
ep: C — C. The map ey has the following properties:
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e, is entire in the rigid analytic sense, and surjective;

ea is Fg-linear and A-periodic;

e, has simple zeros at the points of A, and no other zeros;
dea(z)/dz = €/;(z) = 1. Hence

/

1 :eA(Z):Z 1
z2—M\

eals) eals)

Let ¢ be the Drinfeld module corresponding to A. For any a € A\ {0},
we denote by ¢la] := {z € C | ¢po(x) = 0} the A/aA-module of a-division
points. It is known that A/aA is isomorphic to ¢la] by A+ad — es(A/a). Put

/1 / 1
Ex(glal) == Y o > ea(Ma)k

zEP[a) AeA/aA

for each positive integer k, and set Fy(¢[a]) = —1. We adopt the convention
that Zi\eA/aA is zero when A/a/A = {0}. Then we have

az ¢f2(z)z _ z
(2.1) ba(2) - ba(2) AeAz/aAZ_eA(t)l\)

z

1 Y el ST g (gla])t

AeA/a/ -0 k=0
Ifa € F,\ {0}, then Ej(¢[a]) = 0 for any positive integer k, and az/¢,(2) = 1.
3. Higher dimensional Dedekind sums. Let A be an A-lattice. We

introduce Dedekind sums for A. Assume n > 2. Let ay,...,a,—1 € A\{0} be
relatively prime to a,, € A\{0}. In other words, if i # n, then Aa;+ Aa,, = A.

DEFINITION 3.1. The higher dimensional Dedekind sum is defined as

.1 / aiA\ ! Ap—_1A -1
salap;at, ... ap—1) = (—1)" lai Z €A<al> ---eA< al ) .

"xeA/anA "

REMARK 3.2. (i) When A/aA = {0}, ZI)\EA/aA is zero.
(ii) In the cases (n,q) = (2,2), (3,3), our Dedekind sum coincides with
one of the Dedekind sums introduced in [6]. In particular, if A = L is the

A-lattice corresponding to the Carlitz module, then this Dedekind sum is
as defined in Okada [7].

The Dedekind sum s4(an;aq,...,a,—1) has similar properties to those
of Zagier’s Dedekind sum:

PRrROPOSITION 3.3.

(i) sa(an;ai,...,an—1) only depends on a; + a,A,
(ii) sa(an;ai,...,an—1) is symmetric in ay,...,an—1,
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(iii) sa(an;Cai,...,an—1) =C 'salan;as,...,an_1) forany¢ € F,\{0},
(iv) sa(an;bai,...,ban—1) = sa(an;ai,...,an—1) for any b € A prime
to a,.

The proof is trivial, so we omit it.
REMARK 3.4. By Proposition 3.3(ii)—(iv), we have

(—=1)" Ysp(an;al,...,an 1) = sa(an;ai,...,an_1).
Hence, if CharF; # 2 and 2|n, then the sum is equal to zero. Therefore in

the case Char F, # 2, we may suppose in advance that n is odd.

We now state the reciprocity law for our higher dimensional Dedekind
sums.

THEOREM 3.5 (Reciprocity law). Chooseay, ..., a, € A\{0}. Ifay, ... a,
are coprime, then

n

(3.1) ZSA(ai;al,...,ai,l,aiﬂ,...,an)

i=1
1

= > Eiy(dlar) - Ei, (dlan))-

1 ™ detin=n—1

1120,...,in 20
REMARK 3.6. We note that for a; = -+ = ap—1 =1, a, € A\ {0}, we

have
/—n’_; ( 1)"71
salan;1,...,1) = TEn,l(gb[an]).
n

Let a,c be coprime elements of A\ {0}, and let A denote an A-lattice
in C. The inhomogeneous Dedekind sum sx(a,c) is defined as

- aX\7' !
sa(a,c) = sp(c;a,l) = p Z eA <C> €A <c> .
AEA/cA

The Dedekind sum s4(a, ¢) has the following reciprocity law:

THEOREM 3.7 (Reciprocity law). If a,c are coprime, then

E(¢la]) + Ea(¢c]) — Ex(la]) Er(fle])

(3:2)  sala,0) +salc,a) = ac

4. Example. We compute Dedekind sums for special cases. To do this,
let us prepare some results.
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4.1. Power sums of a-division points. We recall the Newton formula
for the power sums of the zeros of a given polynomial.

PROPOSITION 4.1 (The Newton formula, cf. [2], [3]). Let
fX)=X"4+ X" 1+t 1 X +e,

be a polynomial over a field L, and o, . .., ay, be the roots of f(X). For each
non-negative integer k, put

Then

Ty + 1T+ +cpg1Ty + ke =0 (k <n),
Ty +caTe1+-+ca1Thpy1 +cilhp—n =0 (k>n).

PROPOSITION 4.2. Let ¢ be a Drinfeld module, and a be a fixed element
in A\ {0}. If ¢po(z) is written as

then
li(a))a (k=q—1),
0 (k=1,....,q—21if q¢>2).

Proof. The set {1/x | x € ¢[a] \ {0}} consists of the roots of

71¢a 71 Z a” 1 Zq *q
Applying the Newton formula to this polynomial, we have

Euola) = {

By a(dla) + (- DM =0, By(ola) =0 (k=1,...,q—2). =

2. Higher dimensional Dedekind sums. Let A be an A-lattice,
and ¢ be the corresponding Drinfeld module.

We give explicit formulas for certain higher dimensional Dedekind sums.

PROPOSITION 4.3. Ifa,b e A\ {0} are coprime, then

_1\n—1
saam) = T B (b

{ (=1)" 'L (0)/6* (n=q),
0 (n=1,...,q—1).
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Proof. We have

n—1 n—1

—_—— —
sa(b;a,...,a) =sa(b;1,...,1) (by Proposition 3.3(iv))
(1!

= En1(t])  (by definition of E,1(g[b]))

_ { (=1 '(b)/6* (n=q)
o n=1,...,q—1)

As a corollary to Theorem 3.5, we have

(by Proposition 4.2). =

PROPOSITION 4.4. Ifay,...,aq € A\ {0} are coprime, then
i -1
—1)4 ll a ll a
ZSA(ai;m,...,a¢_1,ai+1,...,aq):( ) ( (1)4_..._1_(‘1)).
i—1 a1 ...aq ai aq

Proof. By Theorem 3.5 and Proposition 4.2, the left-hand side of the
identity is written as

(1!
a/]. .. aq

(Eg—1(dlar]) + - + Eq—1(dlag])),

which yields the right-hand side by Proposition 4.2. =

We supply a few examples of the reciprocity law for higher dimensional
Dedekind sums.

o q=2

sa(ar;az) + salaz;ar) =

1 <l1(a1) N ll(a2)>.

a1a9 aq a9
°eq=23:
saay;az) + sp(ag;ar) =0,

sa(as;ar,a2) + sa(az; ai,as) + sa(ai; az, as)

1 <l1(a1) L) h(ag))_

a1a2a3 al as as

(4.1)

e3<qg 2<n<gq
n
ZSA(ai§ala---7ai—1>ai+17-'-7an> =0.
i—1

Let L be the A-lattice corresponding to the Carlitz module p defined by
pr(z) =Tz + z9. As is mentioned in Goss [4],
(4.2) li(a) = (a? —a)/(TT —=T).

This yields the following examples, given by Okada in [7].
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°oq=2:
) ) . a1 + ag
sp(ai;az) + sp(ag;ar) = (T2 —T)'
e q =3
sp(ay;as) + sp(az;ar) =0,
a%+a%+a§
a1a2a3(T3 —T).

(4.3)  sp(as;ar,a2) + sp(ag;a1,a3) + sp(ai;az, az) =

e3<q2<n<q

n

E sp(aisar, ..., ai—1,0i41,...,0,) = 0.
i1

4.3. Inhomogeneous Dedekind sums. Let a,c be coprime elements
of A\ {0}, and A be an A-lattice.
In the case ¢ = 3, by (4.1), we have

1 (li(a li(c
sa(a,c) + sa(c,a) = ( 1(a) + 1 )>
ac\ a c
Moreover assuming that A is the A-lattice L associated with the Carlitz
module, by (4.3), we obtain
a?+c2+1
SLQLC)*‘SL@%G)::a;zf?iffj‘

5. Proofs of the theorems

Proof of Theorem 3.5. Let ¢ be the Drinfeld module corresponding to A.
Let us consider the rational function
1
bay (2) -+ ba, (2)
By assumption on ay, . . ., an, we have ¢la;|N¢la;] = {0} if i # j. This implies
that |, ¢[a;] = {0} or F(z) has a simple pole at any non-zero element of

Ui, ¢lai]. When q; is not a unit, for any non-zero element ¢ € ¢[a;], there
exists a unique element A\ + a;A € A/a; A such that x = es(A/a;). Then

Resx(F(z)dz):Resx( =e )H e HeA<“J ) }

F(z) =

JF J#Z
This contributes s4(a;; a1, ..., a;—1,ai41, ..., a,). When a; is a unit, ¢[a;] =0.
Hence sj(a;;a1,...,ai-1,0i4+1,...,a,) does not appear on the right-hand

side of (3.1). In other words, it is zero. To compute the left-hand side of
Theorem 3.5, we need the following lemma.
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LEMMA 5.1. Let G(z) be a polynomial over a field L of degree > 1, and
R be the set of all roots of G(z). Then

1
Z Resa <G<Z)dz> =0.
a€R
Proof. The partial fraction decomposition of 1/G(z) can be expressed as
ord(a
acR n=1 Z B a

where ord(a) is the order of a, and C, ,, the coefficient of (z — a)™". Then
for any a € R, we have Res,(1/G(z)) = Cy,1. It is easy to see that 1/G(z)
can be rewritten as
1 (CaerCanr)z™™
G(z) G(z)
a polynomial in z with degree less than m — 1

G(2) ’

where m is the degree of G(z). Hence,

= (Z Ca,l)zm_l + a polynomial in z with degree less than m — 1.
a€ER
However since m — 1 > 0, we easily obtain ) . pCq1 =0. =

The set of all poles of F(z) is i ¢[a;]. By the above lemma, we have
n
-t Z salag;ary . oy @im1,Qig1, - .. an) + Reso(F(2)dz)

=3 3 Rese,(a/an (F(2)d2) + Reso(F(2)dz) =

i=1 AeA/a; A
By (2.1), it follows that

Reso(F(z)dz) = (=1)" Z E; (la1]) - - - E;, (¢lan]).

a “ e a
1 ™ detin=n—1

This completes the proof.
Proof of Theorem 3.7. By the reciprocity law (3.1),

(5.1)  sa(ca, 1)+SA(1;a,c)+sA(a'c 1)
LS Bl B (6l Brlol1).

H—]-Hc 2

Since s4(1;a,¢) = 0, Eo(dlal) = Eo(dle]) = Eo(6[1]) = —1 and Ey(4[1]) =
Es(¢[1]) =0, (5.1) yields the reciprocity law (3.2).
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6. Rationality. In this section we suppose that the Drinfeld module ¢
associated with A is defined over K.

PROPOSITION 6.1. The higher dimensional Dedekind sum sj(an; a1, .. .,
an—1) is rational, that is, sp(an;a,...,an—1) € K. In particular, the inho-
mogeneous Dedekind sum s (a,c) is rational.

Proof. We know that each es(A\/ay) is a root of ¢,, () defined over K,

and ex(aiN/an) = ¢q,(ea(N/ay)) for each i. Hence sj(ap;ai,...,an—1) can
be rewritten as

1 / 1
(6.1) sa(an;al, ... an_1) = (=1)"" 1= .
x€¢[a ¢a1( ) "¢an71 (a:)

It is invariant under the action of all elements of Gal(K(¢[an])/K). The
proposition follows from it. =

REMARK 6.2. If ¢p(z) is given by
br(2) =Tz +1(T)27 + -+ 1,(T)27,
then ¢q, (2),. .., Pa,(2) € K(I1(T),...,1,(T))[z]. By (6.1), it is easy to verify
salapsai,...,an—1) € K(LW(T),...,.(T)).

However, sj(ap;ai,...,an—1) is not always rational. For instance, when
I1(T) ¢ K, by Proposition 4.3 we have
q—1
— (_1)q—1ll(T)
sA(T;1,...,1) = — 7T ¢ K.

7. Characterization of lower dimensional Dedekind sums. As
mentioned in Proposition 3.3 and Theorem 3.5, the higher dimensional

Dedekind sum sj(ayn;ai,...,a,—1) has the following properties:
(1) sa(an;ai,...,an—1) only depends on a; + a, A,
(2) salan;aq,...,an—1) is symmetric in ay, ..., ap_1,
(3) sa(an;Car,...,an—1) = tsalan;ai,...,an—1) for any ¢ € F,\ {0},
(4) sa(an;bay,...,ban—1) = sa(ap;ai,...,an—1) for any b € A prime
to ay,

(5) the reciprocity law.
These properties characterize one- and two-dimensional Dedekind sums:
PROPOSITION 7.1.

(i) The one-dimensional Dedekind sum sp(b;a) is determined by the
conditions (1)—(5).

(ii) The two-dimensional Dedekind sum sj(c;a,b) is determined by the
conditions (1)—(5).
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Proof. (ii) By (4), we have the form s4(c;a,1) for a certain b’ € A with

b'b = 1 (mod ay). One can suppose dega < degc by (1). The reciprocity
law (5) justifies interchanging the roles of a and ¢ to get sx(a;c,1). Using
the Euclidean algorithm, finally, we have the form s,(1;a,1) = 0.

(i) The proof is similar to case (ii). =
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