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On the limit distribution of Frobenius numbers
by

ANDREAS STROMBERGSSON (Uppsala)

1. Introduction. We denote by N? the set of integer vectors in RY
with positive coprime coefficients (viz. the greatest common divisor of all
coefficients is one). Given a = (ai,...,aq) € N¢, the Frobenius number
g(a) = g(ai,...,aq) is defined as the largest integer which is not repre-
sentable as a non-negative integer combination of ai,...,aq. The problem
of computing g(a) is known as the Frobenius problem or the coin exchange
problem, and it has been studied extensively (see, e.g., [23] and [16, Prob-
lem CT7]).

In the majority of problems related to Frobenius numbers, it is more
convenient to consider the function

(1'1) f(a):f(a17"'vad):g(ala-'-aad)+a1+"'+ad.

Clearly, f(a) is the largest integer which is not a positive integer combination
of ai,...,aq.

In the case of two variables, d = 2, the Frobenius number is given by
Sylvester’s formula ([23, Theorem 2.1.1}),

(1.2) g(ai,a2) = ajag —ay —az  (viz., f(ai,az) = ajag).

For d > 3 no explicit formula is known. Arnold [4]-[6] asked about the behav-
ior of g(ai,...,aq) for a “random” large vector (ay,...,aq) € R% Davison
had previously asked similar questions for d = 3, in [11l Sec. 5]. Recently
Marklof [19] obtained a definitive result for arbitrary d > 3, generalizing
previous results by Bourgain and Sinai [9] in the case d = 3 (cf. also Shchur,
Sinai and Ustinov [32]):

THEOREM 1 (Marklof [19]). Given d > 3, there exists a continuous non-
increasing function ¥y : R>g — Rx¢ with ¥4(0) = 1, such that for any
bounded set D C Réo with non-empty interior and boundary of Lebesque
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measure zero, and any R >0,

- 1 S : f(a)
1 T T g > B

= Uy(R).

For arbitrary d > 3, Li [I8, Thm. 1.3] has recently obtained an effective
version of Theorem where ([1.3)) is proved to hold with a power convergence
rate (with respect to T').
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Fig. 1. Experimental graphs of the density functions q(R) = —%Wd(R) of the limit

distribution in Theorem for d = 3,4,5,6. The graphs were obtained by computing
(a1---aq)~" 4"V f(a) for 1.2 - 10° integer vectors a picked at random in N¢ n [0,77¢
with T = 10*®, and collecting the results into bins of width 0.01 along the R-axis. The
computations of f(a) were performed using the Frobby software package by Roune [28];
cf. also [29]. We repeated the computations using other random seeds and/or changing
T to 10, as well as to 103,102, 10! in some cases, and the resulting graphs were
consistently found to be practically indistinguishable, except for d = 3 and R very near 2.
For d = 3 also the graph of the exact function in is drawn (the dotted curve, which
is distinguishable from the experimental graph only for R very near 2).

Marklof also proved an explicit formula for ¥;(R), namely that ¥(R)
equals the probability that the simplex

(1.4) A={z Ry z-e<1}, e:=(1,...,1),
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has covering radius larger than R with respect to a random lattice L ¢ R%~!
of covolume one. In other words ([19, Thm. 2]),

(1.5) Pq(R) = pra—1({L € Xa-1: p(L) > R}),

where X, _1 is the set of all lattices L € R%! of covolume one, hd—1 1s
Siegel’s measure ([33]) on X,;_1, normalized to be a probability measure,
and p(L) is the covering radius of A with respect to L, viz.

(1.6) p(L) =inf{p>0:L+pA=R"}.

In the special case d = 3, Ustinov [37] (cf. also [36]) proved a more precise
version of ((1.3), where the averaging is performed over only two of the
three arguments ai,as,as, and the limit is obtained with a power rate of

convergence. Ustinov in fact gave a completely explicit formula for the limit
density 3(R) = —%Wg (R) in terms of elementary functions:

0 (0< R <V3),

f(\fg_ﬂ) (V3<R<2),

2 _
2 (B3
4vR? -3

m
2 _
+2\/R2—410g<22_4>> (R>2).

3
See also [22] for a derivation of ((1.7]) from ([1.5]).

Our purpose in the present note is to discuss the behavior of ¥y(R)
for d fixed and R large, as well as for d large. For fixed d > 3, it was
proved by Li [I8] that ¥y(R) <4 R~@Y for all R > 0, and Marklof in an
unpublished note [20] pointed out that a corresponding lower bound also
holds: Wy(R) >4 R~(4D for all R > 1. Our first result, which we will prove
in Section |2} is an asymptotic formula refining these bounds:

THEOREM 2. Letd > 3. Then
d
20(d—1)
Here the error term is sharp; in fact there exists a constant ¢ > 0 which only

depends on d, such that for all sufficiently large R,

(L7) ¢3(R)

(1.8) Uy(R) = R 4 Oy(R~41/d=2)) 45 R — oc.

d
1.9 Wy(R) > ——— R~ 4 (pmd-1/(d-2),
In particular we may note that (1.7]) implies ¥5(R) = %R_2 + %R‘4 +

O(R7%) as R — oo, which is consistent with Theorem

Combining Theorems [1] and [2] we conclude that if R is large, and if a
is picked at random from a set of the type N¢ N T'D with T sufficiently
large—where the notion of “sufficiently large” may depend on R—then the
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probability that the normalized Frobenius number (e I;ﬁ)/(d_l) is greater
than R is approximately %R_(d_l). It is an interesting problem to try

to get a more uniform control on the probability of (@)

m being large,
i.e. to give bounds from above and below, uniformly with respect to large T

and R, on

(1.10)  Py(T,R)
-1 #{aeﬁdn:ﬁp: /(@) >R}.
#(Ni N TD) (ay - --aqg)t/d=1)

Results related to this question have recently been obtained by Aliev
and Henk [2] and Aliev, Henk and Hinrichs [3], by making use of Schmidt’s
results on the distribution of similarity classes of sublattices of Z™ [31]. We
will show that the application of [3I] can be refined—using in particular
the strong uniform error bounds which Schmidt provides for his asymptotic
formulas—so as to give a uniform bound which significantly improves upon
the bounds obtained in [2], [3], and which can be viewed as a T-uniform
version of Li’s upper bound ¥y(R) <4 R~(4=1.

For technical reasons we will consider the Frobenius number normalized
not with the factor (a1 - --aq) ==Y but with s(a)~!, where

d
> =1 ajq/llall? —af
(1.11)

s(a) = ,

][I~ 1/(@-1)
with ||a| denoting the standard Euclidean norm of a. Thus, we set
~ 1 ~
(112) Pd(T,R) = A#{GENdﬁTDZ M >R}
#(NI N TD) s(a)

Note that Py(T, R) and P4(T, R) are defined for any T > 0 such that N N
TD +# 0; in particular, for any fixed D C R%o with non-empty interior,

Py(T, R) and P4(T, R) are defined for all T >>p 1.
The normalizing factor s(a) was used also in Aliev and Henk [2]; cf. also

Fukshansky and Robins [I3]. Note that if we assume that the coefficients of

1/(d-1)
d

a are ordered so that a; < --- < aq then s(a) <4 ag—1a ; in particular

we have

(1.13) (a1---ag)" ™Y <4 5(a) <4 ||V, Va e R,
Hence there exists a constant ¢; > 0 which only depends on d such that
(1.14) Py(T,c1R) < Py(T, R)

for any R > 0 and any D C R%o and T > 0 such that NN 7D # ().
On the other hand, if D is bounded and satisfies D C R%,, then s(a) =
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(ag--- ad)l/(d_l) holds uniformly over all a € R+¢D, and thus we have
Py(T,R) < Py(T, caR) for all T, R > 0 with NYNTD # ), where ¢ > 0 is a
constant which only depends on D. Hence for any such region D, any of the
two functions P;(T, R) and FPy(T, R) can essentially be bounded in terms of
the other, as long as we allow an implied constant which may depend on D.

Our main result on ]Bd(T7 R) is the following bound, which we will prove
in Section [3l

THEOREM 3. Let d > 3, and let D C R‘io be bounded with non-empty
interior. Then -

(1.15) Py(T,R) <gp R~V

uniformly over all T > 0 with Ne N TD # 0, and all R > 0. Furthermore,
for any such T,
(1.16) Py(T,R) =0 whenever R > (T sup ||e||)*~ /@D,

xeD

Theorem |3 strengthens the bound Py(T, R) < R~2 which was given in
[2, Thm. 1.1]. Note also that if the set D satisfies D C R, then by the
previous discussion Theorem |3{implies Py(T, R) <4p R—(d-1),

From many points of view, the normalization factor (a; - - - ad)*l/ (d=1) jg
the most natural one to use in the Frobenius problem. A clear indication of
this is for example the fact that the limit distribution obtained in Theorem []]
is independent of the choice of D. Hence it is interesting to ask whether the
bound in Theorem [3|is valid also for P;(T, R), without the extra assumption
DcC Rio. We conjecture that this is so. However in the present paper we
will content ourselves with pointing out a weaker bound, which follows fairly
directly from Theoremby an argument along the lines of [3], and which

strengthens the bound |(*)| P4(T, R) < R™251+¢ obtained in [3].

COROLLARY 1. Letd > 3, and let D C Réo be bounded with non-empty
interior. Then

(1.17) Py(T,R) <4p Rf(dfl)/Q(log(R + 2))(d73)/2
uniformly over all T > 0 with NYNTD # 0, and all R > 0. Furthermore,
(1.18) Py(T,R) =0 whenever R > d(T sup ||z||)*~/=.

xzeD

(*) We here correct a mistake in [3] p. 530, lines 5-6] by adding ¢ in the exponent:
(

_gn=1)? _gn=1
In the notation of [3], the choice of t = Z—ﬁ yields the bound 3 2wt T D and not B 2na
(n—1)2

as claimed; choosing ¢ optimally yields the bound ﬁ_2 »Z+1 and using also [3] p. 529,
n—1
Remark 1] brings the bound down to B 2nFr e,
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We remark that in the special case d = 3, it follows from Ustinov [37,
pp. 1025, 1044] that the stronger bound P3(T, R) <p R~? is valid at least
so long as we keep T > R?2%¢.

It is also interesting to consider the moments of the (normalized) Frobe-
nius number; in particular the expected value has been considered by many
authors (cf., e.g., [3]-6], [11, Sec. 5], [36]). Note that it follows from The-
orem 2| (or just from the upper and lower bounds by Li [18] and Marklof
[20]) that the limit distribution described by ¥;(R) possesses gth moment
for 0 < ¢ < d —1 (g not necessarily an integer), and for no larger ¢. Let us
write Mg, for this moment:

(119)  Mgq:=— | R7d¥y(R) = q | R"'Wy(R)dR, 0<q<d-—1.
0 0

Now the following is an easy consequence of Theorem [1| combined with
Theorem [3] and Corollary

COROLLARY 2. Let d > 3, and let D C Rég be a bounded set with
non-empty interior and boundary of Lebesque measure zero. Then for any q
i the interval 0 < g < %(d — 1), we have convergence of moments:

: 1 f(a) !
1.20 lim ———— = My,
(1.20) Too (NN TD) “ ((al ag)t/ (d—1>> b
aceNINTD

If furthermore D C R‘io, then (1.20) holds for all 0 < g < d — 1.

We expect that should hold for all 0 < ¢ < d — 1 also without
the extra assumption D C Rio (indeed this would follow from our previous
conjecture that Py(T, R) <4p R~(*~Y holds for general D). We note that
in the special case d = 3 and ¢ = 1, does hold for general D C Rio
(bounded with non-empty interior); this follows from Ustinov [36, Thm. 1].
We also remark that for d > 4 and ¢ =1, was proved in [3].

Finally let us turn to a slightly different question: What can be said
about the limit distribution of Frobenius numbers for d large? Let pg_1 be
the absolute inhomogeneous minimum of A, viz.

(1.21) pi—1 =inf{p(L): L € Xq4_1}.

Using (1.5 and the fact that ¥y is continuous ([19, Lemma 7]), one easily
shows that

(1.22)  Yy(R)=1 for0< R<pg_1, and Yy(R) <1 for R> p4_1,

i.e. the limit distribution described by W¥;(R) has support exactly in the
interval [pg_1,00). In fact pg—1 is not only a lower bound for the support of
the limit distribution, but also a lower bound on the normalized Frobenius
number for any input vector; we have
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f(a) Nd
1.23 > Pd— Ya € N
( ) ((11 . (ld)l/(dil) Z Pd—1, S

(cf. Aliev and Gruber [I, Thm. 1.1(i)] as well as Rodseth [24]). It was noted
in [T, (7)] that

(1.24) pac1 > (d— DI/,

On the other hand the number py_; is quite near (d — 1)!/(4=1 for d large:

It follows from a bound by Rogers [27] on lattice coverings by general convex
bodies, refined by Gritzmann [14] in the case of convex bodies satisfying a
mild symmetry condition (cf. also [12, Sec. 9], and use the fact that A can
be mapped to a regular (d — 1)-simplex by a volume preserving linear map),
that

(1.25) pa—1 < (d—1)1Y/@=D <1 + 0(10561)) as d — oo.

When computing the Frobenius numbers for modest d and several random
large vectors a, one notes that the normalized values f(a)/(ay - - - aq)'/ 4=V
most often do not exceed the experimental value for the lower bound pg_1
by more than a constant factor < 2. This is seen in Figure [1| above in the
cases d = 3,4,5,6; the same phenomenon was also noted in [7, Sec. 5 (esp.
Fig. 17)] for d = 4 and d = 8. The following result shows that this behavior
continues as d — oo; indeed, for d large, the distribution described by ¥,;(R)
has almost all of its mass concentrated in the interval between (d — 1)!1/(d=1)
and 1.757 - (d — 1)1M/(d=1),

THEOREM 4. Letny = 0.756. .. be the unique real root of elogn+n = 0.
Then for any o > 1+ ng we have
(1.26) By(a(d—1)M/ED) 50 asd — .

We remark that the proof will show that holds with an exponential
rate, for any fixed a > 1 + 1.

Combining Theoremwith Theorem and implies that for large d,
the normalized Frobenius number f(a)/(a; - - - aq)'/ (@) is very likely to lie
between (d — 1)!"/(4=1) and 1.757 - (d — 1)!Y@=1, In precise terms, for any
fixed o > np we have

(1.27)  lim liminf%# aeNN0,T):
d—oo T—oo #(Ndm [O’T]d)
_ fla _
(d—1)"/E-D < (al..-a(d))l/w—n < a(d— 1)1 1>} =1.

Theorem [ follows from a modification of a general bound by Rogers
on lattice coverings of space with convex bodies [25], further improved by
Schmidt [30]. We carry this out in Section |4 below.
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REMARK 1. It is an interesting question whether the bound on « in
Theorem [4] can be further improved. Could it be that the limit distribution
of Frobenius numbers in fact concentrates near (d — 1)!"/(@=1) as d — oo, in
the sense that holds for all o > 17

It is also an interesting task to try to prove a good uniform bound on
U (R) valid for all large d and R, uniting Theorem [4] and the fact that
U (R) <4 R~(4=1) a5 R — co. Even more generally, we may ask for a good
uniform bound on P;(T, R) valid for all large d, T', R.

2. The asymptotic behavior of ¥;(R) as R — oco. In this section we
will prove Theorem

2.1. Preliminaries. Let us write n = d — 1. Recall that A denotes the
standard n-dimensional simplex defined in . Given L € X, and p > 0,
we have L 4+ pA = R" if and only if ( — pA has non-empty intersection with
L for each ¢ € R™. Thus, since L = —L,

(2.1)  p(L) =sup{p > 0 : there is ¢ € R" such that LN (pA — ¢) = 0}.
It follows that the formula for ¥4(R), (1.5, may be rewritten as
(2.2)  Yi(R) = un({L € X,, : there is ¢ € R" such that

LN (RA-¢)=0}).

Let us write G = G™ = SL(n,R) and I' = I'™ = SL(n,Z). For any
M € G, Z"M is an n-dimensional lattice of covolume one, and this gives
an identification of the space X,, with the homogeneous space I'\G. Note
that u, is the measure on X, coming from Haar measure on G, normalized
to be a probability measure; we write u, also for the corresponding Haar
measure on G. Let A = A" be the subgroup of G consisting of the diagonal
matrices with positive entries

a
(2.3) a(a) = eG, a;>0,
Qn
and let N = N be the subgroup of upper triangular matrices
I wig -+ wip

(2.4) = | " ea

Un—1,n
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Every element M € G has a unique Iwasawa decomposition

(2.5) M = n(u)a(a)k
with k € SO(n). We set
(2.6) Fn ={u:ujp € (—1/2,1/2],1 < j <k <n};

then {n(u) : u € Fn} is a fundamental region for (I"N N)\N. We define the
following Siegel set:

(2.7) Sy :={n(w)a(a)k € G :u € Fy,
0<aj < %CL]’ (j=1,....,n—1), ke SO(n)}.

It is known that S,, contains a fundamental region for X,, = I'\G, and on the
other hand §,, is contained in a finite union of fundamental regions for X,,

(cf. [8]).

LEMMA 1. IfR > 0 and M = n(u)a(a)k € S, satisfy Z*"MN(RA—¢) =0
for some { € R™, then a1 >4 R.

Proof. Note that RA contains a ball of radius >; R. Now the lemma
follows from [35, Lemma 2.1]. m

Alternatively, Lemma [1] follows from Jarnik’s inequalities (cf., e.g., [15]
p. 99]) together with the fact that a; <4 A,, where A, is the last successive
mimimum of the lattice Z"M (cf. below).

Using the above lemma together with and the bound

(2.8) pn({M € S, :a1 > A}) <qg A™", VA>0
(cf. the proof of [35, Lemma 2.4]), we immediately deduce the upper bound
(2.9) Py(R) <qg R7",

which was proved by Li [I8, Thm. 1.2] in a different (but closely related)
way.

We next recall the parametrization of G = G by R x S{“l xR 1 x
G=1 introduced in [35, (2.9)-(2.11)]. Let us fix a function f (smooth
except possibly at one point, say) S?_l — S0(n) such that e; f(v) = v for
all v € S"7! (where e; = (1,0,...,0)). Given M = n(u)a(a)k € G, the
matrices n(u), a(a) and k can be split uniquely as

(2.10)

_ 1 u [w 0 _ 1 O v
n(u)—<t0 n(y)>7 3(a)—<t0 a11/(n1)a(g)>7 k—<t0 K) f(v),

where w € R"™! n(u) € N Y a; >0, a(a) € A" k€ SO(n — 1) and
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v e ST We set
(2.11) M = n(wa(a)k € GV,

In this way we get a bijection between G and R+ X S?il xR x Gn=1),
we write M = [a1, v, u, M] for the element in G corresponding to the 4-tuple
(a1,v,u, M) € Rog x S’f_l xR" 1 x G("1)_ The Haar measure p, takes the

following form in the parametrization M = [a1,v,u, M]:
_ da
(2.12) Apin(M) = C(n) ™" dpin1 (M) duvdv
1

where du is standard Lebesgue measure on R"~! and dv is the (n — 1)-
dimensional volume measure on S7 ' ([35, (2.12)]). Note that all of the
above claims are valid also for n = 2, with the natural interpretation that
S1 = SL(1,R) = {1} with pu;({1}) = 1.

2.2. On the intersection of A and a hyperplane orthogonal to v.
For M = [a1,v,u, M], the points in the lattice Z" M are given by the formula

(213)  (k,m)M = kayv + a; /"0, kua(a)k + mM) f(v)
(Vk € Z, m € Z" ).
In particular Z™M is contained in the union of the (parallel) hyperplanes
kajv + vt
(2.14) Z"M C U (kajv +vh).
kEZ

Note that for each k, the (n—1)-dimensional affine lattice Z" M N (kajv+v™)
has covolume al_l inside kajv + vt. Hence if aq is large then this point set
typically covers ka;v + v+ well in the sense that the maximal distance from
Z"M N (kayv + v+) to any point in kayv + v+ is small.

Given v = (v1,...,v,) € S’ffl we let P, : R — R" be the orthogonal
projection onto the line Rv, viz.
(2.15) Py(x) = (z - v)v.
Note that P,(A) is a closed line segment; let £(v) denote its length. In other
words, ¢(v) is the width of A in the direction v. Since A is the convex hull
of {0,e1,...,e,}, where e; is the jth standard basis vector of R", Py(A)
is the convex hull of {Py(0), Py(e1),. .., Py(en)}, and here P,(0) = 0 and
P,(ej) = vjv. Hence
(2.16) (o) = £, (v) — £ (v),
where
(2.17) 4 (v) :=max(0,v1,...,v), {_(v):=min(0,v1,...,vy,).

In particular 1/y/n < £(v) < V2.



Limit distribution of Frobenius numbers 91

LEMMA 2. If R >0, M = [a1,v,u, M] and a; > £(v)R, then there exists
¢ € R™ such that Z"M N (RA —¢) = 0.

Proof. Because of (2.14), Z"M N (RA — ¢) = 0 certainly holds when-
ever RA — ¢ lies completely inside the open strip contained between the
two parallel hyperplanes v+ and a;v 4+ v+, and this holds if and only if
Py(RA —¢) C {tv : 0 <t < a1}. There exist vectors ¢ satisfying the last
inclusion if and only if /(v)R < a;. =

We next seek to obtain restrictions on those lattices Z"M with M =
la1,v,u, M] and a; < {(v)R which still satisfy Z"M N (RA — ) = () for
some ¢ € R™. We first prove the following simple geometric fact.

LEMMA 3. For any v € S?il and x € R, the hyperplane xv + v+ inter-
sects A if and only if v € [{_(v), L4 (v)], and furthermore when this happens,
(xv +v) N A contains an (n — 1)-dimensional ball of radius

(2.18) ri=(2v/n+n) Tmin(z — (_(v), {4 (v) — z).

Proof. The first statement follows since zv + v intersects A if and only
if xv € Py(A), and Py(A) = {tv : {_(v) <t < ly(v)}.

To prove the second statement we will prove the stronger fact that if
x € [(_(v),{4(v)] then there is some y € xv + v* such that y + B C A,
where B! denotes the closed n-dimensional ball of radius r centered at O
(thus y + B} is the ball of radius r centered at y).

For an arbitrary point y = (y1,...,yn) € R™ we note that y + B C A
holds if and only if y1,...,y, > 7 and y1 + -+ + y, < 1 — y/nr, which is
equivalent to saying that (y/n+n)r <1 and y —re € (1 — (y/n + n)r)A.
The condition (v/n 4 n)r <1 is clearly met for our r, since min(z — ¢_(v),
lp(v) — ) < 3l(v) < 2-1/2,

Hence, since A is the convex hull of {0, e1,...,e,}, it follows that there
exists a point y € xv 4+ v’ with y + B® C A if and only if « lies in the
(1-dimensional) convex hull of the n 4+ 1 numbers
(2.19) rv-e and rtv-e+ (1—(vVn+n)rjv, forj=1,...,n.
Recalling we see that this holds if and only if = € [a_, ay], where
(2.20) ar =rv-e+ (1 - (Vn+n)r)ls(v).

However

(2.21) oz —Le(v)] < rlv-el+ (Vr+n)r|lz(v)] < r(vn+ Vi +n).
Hence z € [a_, ay] certainly holds whenever

(2.22) (_(v)+ 2vn+n)r <x </li(v)— (2¢n+n)r,

and this condition is clearly fulfilled for our r in . "
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LEMMA 4. If R > 0, M = [a1,v,u, M| € S, and ay < L(v)R, and if
Z"M N (RA —¢) =0 for some ¢ € R™, then a1 >4 (L(v)R — al)ai/(n—l) in
M = n(u)a(a)k € G,

Proof. Set X = {(v)R—a; > 0. Since P,(RA—() is a closed line segment
in R of length ¢(v) R, there exists some k € Z such that ka;v € P,(RA—()
and furthermore such that kajv has distance > %X to both the endpoints
of Py(RA — ¢). Hence by Lemma |3, (kajv + v+) N (RA — {) contains an
(n — 1)-dimensional ball B of radius >4 X. Now Z"M N (RA - ) =
implies that the (n — 1)-dimensional affine lattice (kajv +v+) N Z"M must
be disjoint from B. In view of it follows that the (n — 1)-dimensional

lattice al_l/(n_l)(O Z"'M) f(v) C vt is disjoint from a certain translate
of B inside v*. Hence Z"~ 1M is disjoint from a ball of radius >4 a; V= x
in R"! and so a1 >4 a, 1= Vx by [35, Lemma 2.1]. =

2.3. The main computation. Recall that by Lemma [1, if M =
n(u)a(a)k € S, satisfies Z"M N (RA — ¢) = ( for some ¢ € R", then
a1 > kR, where k > 0 is a constant which only depends on d. We set

(2.23) A= kR,

and from now on we keep R > x~ 1, so that A > 1.

We next recall some definitions and facts from [21, Sec. 3.2]. We fix a
subset S 1 € 8" 'N{v; > 0} which contains exactly one of the vectors

v and —v for every v € S77!. Let us also fix a (set-theoretical, measur-
able) fundamental region F,_; C S, for I~ \G™=1. We set (cf. [21}
(3.15), (3.18)])

(224)  Ga={lar,v,u,M]€G:a; > A veSL,
€(-1/2,1/2]"", M € F1}

and

(2.25) Sy, = {lar,v,u, M] € S, :v € S}

LEMMA 5. There exists a (set-theoretical, measurable) fundamental re-
gion F, C S, for X, = I'\G and a (measurable) subset C C S, UGa such
that

(2.26) Ga\CCc{M e F,:a1 >A} CGaUC

and pi,(C) <q A" if n > 3, while C =0 if n = 2.
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Proof. For n > 3 this follows from [2I, Lemma 3.4], together with the
computation in [21) (3.23), (3.24)]. In the remaining case n = 2 we use the
well-known fact that a fundamental region for Xo = I'®\G® is provided
by

(2.27) Fo = {n(w)ala)f(v) € G? :u+ad?i € Fu, v eSL},

where Fi is the usual fundamental region for the action of I"®) on the upper
half-plane H = {z = z + iy € C: y > 0}, viz.

(2.28) Fyp:={z=a+iyeH:-1/2<x<1/2, |z| > 1, (z<0=|z| > 1)}.

In particular for this choice of Fy we have Fo C S, and {M € Fo: a1 > A}
=Ga,since A>1. m

It follows from Lemma 5| and that
(2.29) Wy(R) = | I(3C € R™: Z"M N (RA = ¢) = 0) dpn (M) + Ot (C)),
Ga

where the error term is <4 A72" <4 R~?" if n > 3, while if n = 2 then the
error term vanishes. Hence, using (2.24]) and (2.12]), we obtain

1 oo
(2.30)  Wy(R) = fECe R
C(n) §‘ Sé_l (1/2,5/2)"—1 .7-'}1

d
Z"ar, v, u, MJN(RA =€) = 0) dptn—1 (M) du dv o +Oa(I(n > 3)-R™2").
ay

Here it follows from Lemma [2] that the right hand side is

1 S OSO dai - 17 | tw) ™ dv.

2.31 >
(2:31) - attt n¢(n) 7.
S:t

-1
S L(v)R

(Note here that by Lemma [2] and our definition of A we have A < {(v)R for
all v € S771) On the other hand it follows from Lemma [4| that there is a
constant ' > 0 which only depends on d such that the difference between

the integral in ([2.30]) and the right hand side of (2.31) is

(2.32)
(V)R

1 n— da
< | | M e Fasi:ar > W (U0)R — ar)ay ")) S0 dw.
¢(n) g1 A ay
+

Here A = KR; hence R <4 a1 <4 R in the integral, and we get, with a new
constant x” > 0 which only depends on d,
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L(v)R

(2.33) <4 R~(n+1) S S Mn—l({% € Fn-1:

Si_l kR
a1 > K"({(v)R — a1)RY 1Y) day dv

L(v)R
<R [T o ({M € Famr a2 wRYVOD) ) dtdv
st 0
V2R
<g BTN (M € Fouy tan > RV TV dt
0

Now if n > 3 then by a computation as in the proof of [35, Lemma 2.4] we
get

V2R
(2.34) <q R~ 1) S(1+tR”W‘Dy*”4)mx<dR—WJ—UW—D.
0

On the other hand if n = 2 then F,,_; = {1} and hence the last line of (2.33))
equals R73 - min(v/2R, f@”ilR_l), which is < R~%. Hence we conclude that

R~
n¢(n)

(2.35) Wy(R) = | )™ dv + Og(R171/70),

n—1
Si

Now to prove the asymptotic formula for ¥,(R) stated in Theorem [2] it only
remains to compute the integral Ssgl L(v) " dv.

2.4. Computing the constant in the main term

LEMMA 6. For every n > 2 we have

1
(2.36) o) = "0,
si!
Proof. Set
(2.37) K={rv:veS 1 0<r<(v)'} cR"
then clearly
(2.38) | tw) ™ dv = % [ to) ™ v =7 vol(K).
Ser:—l S’;l—l

But for any = v with r > 0 and v € S}~ we have

(2.39) {(v) = ||| (max(0, 21, . .., ) — min(0, z1, . .., z,)),
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so that r < /(v)~!if and only if max(0, 21, ..., 2,) —min(0,z1,...,2,) < 1.
In other words,
(2.40) K={xec[-1,1]":|z; —ay| <1, Vj, k}.

Hence by easy symmetry considerations we have
(2.41)  vol(K) = vol(K N[0, 1]") + vol(K N [-1,0]")
+n(n—1)vol{x € K : 21 <0 < x2 and
x1 <xzj <xgforj=3,...,n})
0 14z

:2+n(n—1)g S (29 — 1) ?drydr; = n+ 1.
~1

0
The lemma follows from (2.38)) and (2.41)). =

2.5. Bound from below. Finally we will prove the lower bound
in Theorem [2

The key step is the following lemma, which says that for “good” direc-
tions v = (v1,...,v,) € ST, we may weaken the restriction a; > £(v)R
in Lemma [2] by a small but uniform amount, and still be sure to have
Z"M N (RA —¢) = () for some ¢ € Z™.

LEMMA 7. Let ¢ be a fized number in the interval (0,n~/?), and set
(2.42) ¢ = (n— 1)/ =Den/(n=1)
Then for any R > (2¢/n)'"Y" and any M = la1, v, w, M] with ay >

()R — RV and v; > ¢ (for all j), there exists { € R such that
Z"M N (RA —¢) = 0.

Proof. Let R and M = [a1,v,u, M] satisfy the given assumptions. If
a; > {(v)R then the desired statement is in Lemma [2} hence from now on
we may assume aj < ¢(v)R. We will choose

(2.43) ¢C=dR V0 Nyt

for some w € v which will be fixed at the end of the proof. Then for every
x € RA — ¢ we have

(2.44) x-v<l (v)R—¢ v="Lv)R—/RV"D

and

(2.45) z-v>—C-v=—R VOV >_(f(v)R— RV,
where we used the assumption R > (2¢/v/n)'~ %" in the last step. Using
([2-49), and a; > £(v)R — ¢ R~/ we conclude that

(2.46) (RA —¢)N (kayv +vt) =0, VkeZ)\{0}.
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Hence, using also (2.14)), we get

(2.47) (RA—=¢)NZ"M = (RA = &) N Lasa,

where Ly is the (n— 1) dimensional lattice Lys, = Z"M Nv". Recall that
Ly has covolume al in vt Using also RA C RZ %o and ( =R~ =1y
+w, w € v, we obtain

(248) (RA—¢)NZ"M C (R% — RV Dy —w) N Ly
= (R — c'Rfl/("*l)'v) N ’UJ') —w) N L.

Here (R%, — ¢ R~V =Dy) Nl is a closed (n — 1)-dimensional simplex,
and a simple computation yields for its volume (cf. [13, (17)], or the simpler
computation in [5, Lemma 1))

(249)  vol,_1 (R — ¢R™V/ Vo) not)

Hn —1
_ 1=l Yj (c /R—l/(n—l))n—l < RN
(n—1)!
In the last step we used v; > ¢ (for all j) and (2.42). However the covolume
of Lyr in vt is, since we assumed a; < ¢(v)R from the start,

(2.50) vol,_1(v'/Laye) = a7t > ((v)R)™F > R7L

(Indeed ¢(v) = ¢4 (v) < 1 since all v; are positive.) The above shows that
the volume of (R%, — ¢ R~Y(®=Dy) n ot is smaller than the covolume of
L, and hence there is some w € v! such that the intersection in ([2.48))
is empty. =

We now return to the computation in Section We will bound the
difference between the integral in and the right hand side of
from below. Fix a constant ¢ € (0,n~1/2) as in Lemma@ let ¢ > 0 be as in
, and let {2 be the non-empty, relatively open subset of S?{l consisting
of all v = (vy,...,v,) € SP™1 with v; > ¢ (for all 5). It now follows from
Lemmathat, for any R > (2¢//n)'~'/", the difference between the integral

in (2.30) and the right hand side of (2.31)) is

1 L(v)R da
(2.51) > > S de 11 Sy R/,
M) yypervma 9T

In particular note that this contribution is asymptotically larger than the
error term in ([2.30)). Hence we conclude that there exist constants ¢,¢ > 0
which only depend on n such that for all R > ¢,

R—n

n¢(n)

(2.52) Wy(R) >

S ((v) " dv 4 ¢RI/ (D),
st
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In view of Lemma [6] we have thus proved (L.9) in Theorem [2] Since the
asymptotic relation (|1.8]) follows from ([2.35)) and Lemma @, this concludes
the proof of Theorem [2|

3. Uniform bounds on Py(T, R) and P;(T, R). In this section we will
prove Theorem [3| and Corollary

3.1. Proof of Theorem 3. Let us first note that the claim (1.16]), i.e.

(3.1) f’d(T, R)=0 whenever R > &1D71/(d71)T1,1/(d71)
where
(3-2) kp = sup ||z,

xz€D

is a direct consequence of any among several known bounds on the Frobenius
number (cf., e.g., [23]). For example, the classical bound by Schur (cf. [10])
asserts that for any a € N? satisfying a1 < --- < ag,

(3.3) g(a) <ajag—ai;—ayg (thus f(a) < ajagtas+---+aqg_1 < dayag).

Using this together with the fact that s(a) > dajagllal =T/ for any
such a, we deduce

(3.4) H&) _ ap-via-,
s(a)
Here both the left and the right hand sides are invariant under permutations
of the coefficients of a; hence in fact holds for all @ € N¢. Finally, (3.1)
follows from (3.4]).
We next turn to the proof of in Theorem (3| As in the previous

section we write n = d — 1. Given a € N? we set
(3.5) Ae=7%Nat ={x ez a x=0}.

This is an n-dimensional sublattice of Z¢ of determinant det(Aq) = |lal|.
(By the determinant, det(A), of a lattice A of not necessarily full rank in R?,
we mean the covolume of A in spang A.) Given any n-dimensional lattice
A C R? we write 0 < Aj(A) < --- < A\, (A) for the Minkowski successive
minima of A, i.e.

(3.6) Aj(A) = inf{r > 0 : dimspang (BN A) > j}.

(Recall that B¢ is the closed d-dimensional ball of radius 7 centered at 0.)
Then by Aliev and Henk [2] (14)] @ (cf. also Kannan [I7, Thm. 2.5]) we
have

(%) Note that A; in [2] equals ||a||"*/™);(A4) in our notation.
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Fla) < nlal =" x(4a).

s(a) — 2

Note also that we have #(Nd NTD) x4p T? uniformly over all T > 0 for
which N4 N TD # (), since D is bounded with non-empty interior. From
these facts together with the fact that A, # Ap for all @ # b € N (since
spang Aq = a' # bt = spang Ap), it follows that

(3.7)

(38)  Pu(T.R)
<ap T™H#{A € L, : det(A) < kpT, An(4) > 207" det(4)/" R},

where £,, is the set of all n-dimensional sublattices of Z<.

Let us set
(3.9) pi(A) = Xjp1(A)/A;(A) forj=1,...,n—1
(Thus p;(A) > 1 for all A.) Also, for any r = (r1,...,7—1) € Rg;l, we set
(3.10) Ln(r):={A€ Ly :pj(A) >r;(Vj)}.

Now as a special case of Schmidt’s [3I, Thm. 5], the number of lattices
in £, (r) with determinant at most T is given by the following asymptotic
formula with a precise error term. Let us write pj(L) Nj+1(L)/A;(L) also
for an n-dimensional lattice L C R", with A;(L) < --- < A\, (L) belng the
successive minima of L.

THEOREM 5 ([31, Thm. 5]). For any r € Rg}l and T'> 0 we have

(3.11)  #{A € Ln(r) : det(4) < T}
d

W(HC ),un {Le X, :pij(L)>r; (Vj)})-Td

n Od((H T;(i‘””)(”‘i))q-vd—l/n) _

Jj=1
Furthermore,

(3.12) pn({L € X,, : Pj(L) > r; (Vi)}) =4 H T_J n— ])

For our argument we will only make use of the upper bound which follows
from the above theorem, viz.

(3.13)  #{A € Lo(r) : det(A) < T}

n—1 n—1

<y T° H rj_j("_j) <1 L p-1n H 7aj(.n—j)/n)_

j=1 j=1
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We will now form a finite union of sets £, (r) which contains the set on
the right hand side of (3.8).

For any n-dimensional lattice A we have

n—1

n n—1
(3.14) ()" =M@ [] i (A) =a det(a) [ p(4),
j=1 j=1 j=1

where in the last step we used Minkowski’s Second Theorem (cf., e.g., [34,
Lectures 3—4]). Hence there exists a constant ¢ > 0 which only depends on n
(viz., only on d) such that for any n-dimensional lattice A and any R > 0,

n—1
(3.15) An(A) > 207 det(A)"R = ] pi(4) > cR™
j=1

Note that (T.15) is trivial when R < 1 (since Py(T, R) < 1 always); hence

from now on we may keep R > ec™ /" without loss of generality. Set
(3.16) B := |log(cR") —n] € Z>o
and

(3.17)  R(n,R) := {r = (P, eh2/2 eB3/3 | ebnmt/(nmh)y
n—1

beziy', Y b= B}
j=1

Note that if A is any n-dimensional lattice satisfying H;Z:_ll pi(A)7 > cR™,
then if we set b; := |jlog p;(A)] we have

n—1 n—1
(318)  Ybi> Y (jlogp(4) - 1)
j=1 j=1
> log(cR") — (n— 1) > log(cR") —n > B.

Hence there is a way to decrease some of the b;’s so as to make Z?:_ll b
= B, while keeping b = (by,...,b,—1) € Z’;al. Of course the new vec-
tor b = (b1,...,bp—1) still satisfies b; < jlogp;(A) for each j, ie. pj(A)
> eb/J. We have thus proved that for any n-dimensional lattice A satisfying
H?:_ll pj(A)7 > cR", there exists some r € R(n, R) such that r; < p;(A)
for 5 = 1,...,n — 1. This fact together with implies that the set
on the right hand side of is contained in the union of L, (r) over all
r € R(n, R). So, by B), for all T > 0 with NeNTD # () and all R > ec™1/"

we have
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(319)  PyT.,R)<apT™* > #{A€ Ly(r): det(A) < kpT}.

reR(n,R)
Therefore, via (3.13)),
_ n—1
(3.20) Py(T,R) <ap Z exp{ - ) (n— j>bj}
bez j=1

bi+-+bn_1=B

n—1
+Tn ST e = 30— () (= )b
bez ! 1
bi+-+bp—1=B

<.
Il

If n = 2 then each sum above has exactly one term, and we conclude
(3.21) P3(T,R) <p R 24+ T '2R71.

If R < ﬁngl/Q then this gives ﬁg(T, R) <p R72. On the other hand if

R > HID/QTl/Q then P3(T,R) = 0 by (3.1). Hence the proof of (L.18) is
complete in the case n = 2.
We now assume n > 3. We set

7)) =n—4,
Y2(j) == (1= (nj) Nn—j)=n+n""=(G+5").

Now for any b € Z’;O with by +---+bp_1=Band by +---+b,_o =: 5 we
have, since 71 (j) is a decreasing function of 7,

(3.22)

(3.23) Zvl )b; > 1 (n — 2 Zb +y1(n — )by
7j=1

=25+ (B —s)=DB+s.
Similarly, since also y2(j) is a decreasing function of j for j > 1,

n—1

(3.24) > %2(i)b; = va(n—2)s + 72(n — 1)(B — s)

:<1‘n<rf—1>)3+(1‘m—1>1<n—2>)5'

Note also that for any s € {0,1,...,B} there are exactly (527_‘53) vec-

tors b € Zggl satisfying by + --- + b,y = B and by + --- + by_o = s.
Hence -
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(3.25)  P4(T,R)
B
8—1-71—3 —B—s
< 2 (00!

B

= (s +n ; 3) o~ (1= ) B— (1= =gy )3

Z n—
s=0

ap e B4+ T Ve 7w ) (1 4 TR (D),

If R < iy /"T1=1/" then this gives Py(T, R) <qp R~™. On the other hand

if R > /@%_l/nTl_l/” then Py(T, R) = 0 by (3.1). Hence the proof of (I.15)

is complete. m

REMARK 2. Note that our proof makes crucial use of the precise error
terms which Schmidt has worked out for the asymptotic formulas in [31]
Sec. 2. In this vein, note that the proof of the bound Py(T, R) <4 R~2 in
[2, Thm. 1.1] is correct as it stands only when T is sufficiently large in a
way which may depend on R (as well as d); this is because the proof in [2]
uses Schmidt’s [31, Thm. 2], in which the rate of convergence may depend
in an unspecified way on the chosen set Z of lattice similarity classes.

3.2. Proof of Corollary Let us first note that (1.18) is again a
direct consequence of the classical bound by Schur, (3.3)). Indeed, for any

a e N satisfying a1 < --- < aq, by (3.3) we have

f(a) a 1-1/(d—1)
(3.26) ((11 — ~ad)1/(d*1) <d- (al — ad_l)l/(dfl) -ay

< daéfl/(dfl) < dHaHl_l/(d_l),

and this implies (|1.18)).

The following lemma refines [3, Thm. 2 and Remark 1]. Recall that
n=d—12> 2. Let us write |||/ := max(|z1|,...,|zy|) for the maximum
norm of a vector ¢ € R".

LEMMA 8. For any T > 0 and a > 0 we have

#sx=(21,...,2p) EN": ||]|oc < T, ﬁ>a
(xl...xn)l/n

< T ™ (log(2 4 o))" 2.
REMARK 3. For any fixed € > 0 the above bound is in fact sharp in the
range 1 < a < T'~1/"~¢_in the sense that the cardinality on the left hand
side is also >, . T"a "(log(2 + «))" 2 uniformly over all T > Tp(n, ) and
all 1 < o < T1-Y7—¢ However we do not need this fact and we will not
prove it here.
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Proof of Lemmal[8. It suffices to prove

1 [E4I
2 N* . =T 0T, —mMmm———
(3.27) #{:ce 5 < |z||oo < (@1 a7 >«

< T "(log(2 + a))" 2,

since the lemma then follows by dyadic decomposition in the T-variable. Of
course we may assume T’ > 1 since otherwise the set on the left hand side
is empty. We may also assume « > 1 since otherwise the right hand side is
>, T™ and is trivial. Now note that if  belongs to the set on the left
hand side of then for every real vector y in the unit box x + [0, 1]"
we have 1T < [|y|loco < T+ 1 < 27T and (since all z; > 1)

n n n n
(3.28) [y < H zj+1) < @) =2"]] =
j=1 =1 j=1 j=1
2% ([Jefloo) ™™ < 2"
Hence the left hand side of (3.27)) is

(329) < vol({y ERL, :T/2 < |lyllo <27, [[ys < 2”T"of"})
j=1

o 2T 2T n
<nf-- || (Hy <2"T"a _”>dyndyn L dyr
1 1 T/2 Jj=
2T -
< onT S S [(H yi < 2n+1Tn—1a—n> dyn_1 -~ diy,
1 1 j=1
log(2T")  log(2T)  n—1
=2"nT" S . S (Z uj > log( ”/4)) it dip—1 -+ dug,
0 0

where in the last step we substituted y; = 2Te™"/. If n = 2 then the last
expression is clearly < T2« _2, as desired. From now on we assume n > 3.
Set u,—1 =s+log(a™/4)— Z] 1 u;; then the condltlons Zj 1 uj>log(a™/4)
and u,—1 > 0 are equivalent to s > 0 and )7~ 1 uj < s+ log(a™/4), respec-
tively. Hence the last expression in (3.29) is

0o 0o 00 n—2
(3.30) < 2"2nTma | e—S(S o I(Z uj < s+ log(a"/4)>
0 0 0 j=1

X dun_g s dU1) ds
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2n+2n )
< WT”O[_” S 6_5(5 + n]og Oé)n_g ds <n TﬂOé_n(lOg(Q . a))n_Q’
n—z):
0

where we used a > 1. n

We now give the proof of (1.17) in Corollary |1, We may assume R > 10
since otherwise (1.17) follows immediately from Py(T,R) < 1. We keep
R’ € [1, R], to be fixed later. Now

(3.31)  Py(T,R)

—d Nd . f(a’) / S(a) E
<<d,DT #{(IGN NTD : 5(0,) > R or (al---ad)l/(dfl) > R
< T_d#{a eNNTD: (@) > R/}

s(a)
a d. / s(a) R
+T #{a € N:laflec < rpT, (a1 --ag) /@1 = R’}’

where K7, 1= Sup ep [|€||oo. In the last term, at the price of an extra factor
d we may impose the extra assumption ay = max(ai,...,aq). For such
vectors a, we have

(3.32) s(a) d32agmax(ay, ..., a,)
(a1---ag)V@=1 " Jlallt=/"(ay - - ag)t/m
d3agmax(as, . .., a,) Y (a1, .., an)|lco
ay " (ay - ag)/m (a1---an)t/m

Hence for any T' > 0 with NN TD # 0,
(3.33)  Fy(T,R)

<dD Td#{a efinrp. 1@ R’}
s(a)

-n n . / H(aly--~7an)Hoo 1 E
o #{a €N llale < mpT: (a1 an)l/m ZBRR

R/
where we used Theorem [3| and Lemma. The bound in (1.17)) now follows
by choosing R’ = v/R(log(R + 2))1/n—1 '

n—2
<gp R"+ R "R" (log (2 - R)) :

4. Lattice coverings of space with convex bodies. According to a
theorem of Schmidt ([30, Thm. 11*]), sharpening a previous result by Rogers
(25, Thm. 2]), if n is sufficiently large, then for any n-dimensional convex
body K of volume
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(4.1) vol,(K) > (1+mn9)"  (with ng = 0.756. .. as in Theorem [)),

there exists a lattice L € X, such that the translates of K by L cover R",
viz. K + L = R". The lower bound was shortly afterwards improved
by Rogers to a subexponential bound, in [27]. However, our purpose in this
section is to point out that the argument in [30], [25] can fairly easily be
modified to show that K + L = R™ holds not just for some lattice L € X,
but in fact for a subset of large measure in X,,:

THEOREM 6. Let ng = 0.756 ... be the unique real root of elogn+n = 0.
For every dimension n larger than a certain absolute constant, if a is any
real number satisfying

(4.2) m]g/2 <a<l,

and K is any n-dimensional convex body of volume
(4.3) voln (K) > n(1 + noa™ ™)™,
then

(4.4) pn({L € Xy, : K+ L=R"})>1—a.

In particular, for any given constant a > 1 + 1g there exists ¢ < 1
such that for any sufficiently large n, and for any convex body K C R™ of
volume > o', the probability that K fails to give a covering with respect to
a random lattice L € X, is < ", i.e. exponentially small in n.

We obtain Theorem {4 as a special case of this by taking n = d — 1 and
K =a(d—1)"d=DA,

4.1. Proof of Theorem [6l We start by recalling another result of
Rogers ([26]) which is used in the proof of [30, Thm. 11*]. For any (Lebesgue)
measurable set M C R™ and any lattice L € X,, we write e(M, L) for the
density of the set of points in R™ left uncovered by the translates of M by
the vectors of L. In other words,

(4.5) e(M,L)=1—vol,((M+L)/L).
(Note that (M+L)/L is a well-defined measurable subset of the torus R"/L.)

THEOREM 7 ([26, Thm. 1] @[) For any measurable set M C R™ (n > 2)
of volume V,

(4.6) \ e(M,L)dpun(L) <1-V +1V2
Xn
Let us note the following corollary.

(*) The boundedness assumption in Rogers’ statement of [26, Thm. 1] can be disposed
of, cf. |26 p. 211]. Note also that we do not have to require V < 1, although if V' > 1
then the bound in (4.6) is subsumed by the bound SE(M , L) duy, < 1/2, which follows by

applying Theorem [7| to an arbitrary subset M’ C M of volume 1.
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COROLLARY 3. For any C > 0 and any measurable set M C R"™ (n > 2)
of volume V,

(4.7) pn({L € X, :e(M,L)>1 -V 4+CV?}) < 5
Proof. Clearly, for any lattice L € X,, we have vol,((M + L)/L) <V,
and thus

(4.8) e(M,L)>1-V.

Hence if p denotes the measure on the left hand side of then

(49) | (M, L)dua(L) > p(1 =V + CV) + (1= p)(1 - V)
- =1-V +pCV?

and thus Theorem m implies pC < 1/2. =

Proof of Theorem[6, Let a and K be as in the statement of the theorem.
Let r = 0.278. .. be the root of the equation 147 +logr = 0; then g = e™".
We set K’ = pK, where p > 0 is chosen so that the volume of K is

(4.10) V = vol,(K') = rn.
We also set
(4.11) n= e Ta V" = noafl/".

Now by Schmidt [30, Thm. 10*] (applied with € = 1), if n is larger than
a certain absolute constant then

(412) | e(K',L)dL <21+ V" I eV eV = 2(1 477 )e ",
Xn

and thus

(4.13) pn({L € Xp 1 e(K', L) > 4(1+r""e™a"'}) < 3a.

Also, by Corollary [3]

(4.14) pn({L € X, i e(nK’, L) > 1 ="V +a"'n*"V?}) < Za.
Note that e™™a~1/(n"V) =1/V =r~n~! — 0 as n — oo, and also
(4.15) Q;ZQ;W =a 'V =a2c""m<rn ' -0 asn— oo,
where we used . Hence for n larger than a certain absolute constant,
(4.16) 1—7"V +a '9*"V2 + 40 4+ rHe™a™ < 1.

It follows from (4.13)), (4.14)) and (4.16) that
(4.17) pn({L € X, : e(nK', L) + e(K', L) < 1}) > 1 —a.
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However, for any L € X,, that satisfies e(nK’, L) + e¢(K', L) < 1 we have
(1+n)K'+ L = R", since K’ is convex (cf. |25, Sec. 1.3]), and thus also
aK' 4+ L = R" for any a > 1+ 7. In particular, since K = p~'K’, we have
K +L = R" for any such L, provided that p~' > 1+7. But vol,(K) = p~"V;
hence p~! > 1+ 7 is equivalent to vol, (K) > (14 n)"V, and this inequality
certainly holds, because of V' < n and our assumption . Hence
follows from (4.17). =
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