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On the mean value of a kind of zeta functions
by

Kur Liv (Qingdao)

1. Introduction and main results. Throughout this paper, we always
suppose s = o + it and x > 2. Let

d(n) = Z 1

n=kl
be the classical divisor function and

D(n) =Y d(n)

n<z

be its summatory function. Dirichlet proved
(1.1) D(z) = z(logz + 27 — 1) + A(x),
where v = limy o0 ( D5y % —logn) &~ 0.5721 ... is the Euler constant and

Alz) < z'/2.
Voronoi [13] improved Dirichlet’s result to

Alz) < 2/ log .
It is conjectured that for any € > 0, we have
Alz) <. x4

The best result to date is

26947

Alr) < x%(log x) 8320 ,

due to Huxley [6].
Let ((s) be the Riemann zeta function. Then the generating function of
d(n) is

C2(s) = Z dT(;l) for o > 1.
n=1
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Hardy-Littlewood [4] considered the mean square of ¢?(s),

2T
I(T,¢*) = | (o +it)[*dt for1/2< o<1,
T
and proved
(1.2) 1,(T, %) = SCL P o(T).
7 ((40)

Note that their proof is based on the approximation (see e.g. [7, Section 3])

(1.3)  Ps)=) (]Zyg?—i—x () 5 )+0( 12=010gt) for1/2<o<1,
n<lx n<y

where z,y > 2, 4n?xy = t? and

B (2m)*
X(5) = 3705) cos(ms/2)
is the I'-factor in the functional equation
(1.4) ¢(s) = x(s)C(1 = s).

In this paper, we focus on the following type divisor function:

Z 1,
al<k<ﬁl

where «, 8 are fixed rational numbers satisfying 0 < a < . Define its
generating zeta function as

Cap(s) = Z da(n) for o > 1.

nS
n=1
We prove that (, g(s) has an analytic continuation to ¢ > 1/3 and get an
asymptotic formula for the mean square of (, g(s) in the strip 1/2 < o < 1.

THEOREM 1.1. For any 1/2 < o < 1 and rational numbers 0 < o < f3,
there exists a constant € (o) > 0 such that

2T

(15) | [Caplo +it)Pdt TZ

T
Theorem [I.1] can be used to study the distribution Of primitive Pytha-
gorean triangles (i.e. triples (a,b,c) with a,b,c € N, a®> + > = %, a < b
and ged(a, b, ¢) = 1). Let P(z) denote the number of primitive Pythagorean
triangles with perimeter a + b+ ¢ < . D. H. Lehmer [10] proved

—l—O ,,BO'(Tl E(O’))

log 2

P(z) = z+ O(z'/?log ).
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It is difficult to reduce the exponent 1/2 in the error term, which depends
on the zero-free region of the Riemann zeta function. However, assuming
the Riemann Hypothesis, it was showed in [11] that, for any £ > 0, we have

log 2

(1.6) P(z) = =5

z + O, (x%Jrs).
We improve this result by applying Theorem and get
THEOREM 1.2. If the Riemann Hypothesis is true, then for any e > 0,

log 2
P(x) _ (;g2 x+ OE(.T4/11+€).
Note that {52 = 0.3767... and 4/11 = 0.3636 ... .

2. Main steps in the proof of Theorem First, let us recall
the way of getting the asymptotic formula . In [7, Chapter 3], using
the functional equation , Ivi¢ derives the Voronoi formula for the error
term A(z) in (1.1). Then in [7, Chapter 4], he gets the approximation
by the Voronoi formula, from which we can obtain in a standard way.

Now observing that ¢, g(s) is similar to (?(s), we may realize the mean

square SQTT |Cap(0 + it)|? dt as an analogue of S2TT |¢(o + it)[* dt. Our main

steps in the proof of Theorem are similar to the proof of (1.2): In Sec-
tion 4, we study the asymptotics of the summatory function

(2.1) Dog(x) = dag(n).
n<zx
In Section 5, we derive a Voronoi type formula for the error term
Aq p(z) = Dy g(x) — main terms.

In Section 6, using the asymptotic formula for D, g(x) and the Voronoi
type formula for A, g(z), we obtain the following approximation for ¢, (s),
which is the key to the proof of Theorem

PROPOSITION 2.1. For fized rational numbers o, 8 > 0, the function
Ca,3(8) can be analytically extended to the half-plane o > 1/3 with simple
poles at s = 1/2,1. Moreover, suppose T > 2, s = o + it and 4w’xy = t2.
Then for any 1/2 < o <1 and T <t < 2T, we have

da,5(n) dop(n)

(2.2) CaB(s) = Z T +x7 (s) Z Tl + Eap(8),
n<x n<y
where x(s) is given by (1.4) and E, g (s) satisfies

2T
(23) | [Baplo+it)|*dt

Lapo (@272 + 20T 4 212777 + 277T9/%) 10g? T.
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From (2.2)), we can derive Theorem in a standard way. Hence the
main work is to prove Proposition

3. Preliminary lemmas. Denote the integer part of u by [u]. Let
Y(u) = u — [u] — 1/2 and e(z) = e*™@. It is well known that v (u) has
a truncated Fourier expansion (see e.g. [5]).

LEMMA 3.1. For any real number H > 2, we have

) =5 S Selhu) +O(G(u, H)),
<<
where
1
(3.1) G(u,H) = m1n< ’H||U||>

We will use the first derivative test (see e.g. [12, Chapter 21]).

LEMMA 3.2. Let G(z) and F () be real differentiable functions such that
F'(x)/G(x) is monotonic and either F'(z)/G(x) > m >0 or F'(z)/G(z) <
—m < 0. Then

b
’ SG(x)eiF(z) dz| < 4m™!

a

We will also use the following van der Corput B-process (see [8, Lem-
ma 2.2]).

LEMMA 3.3. Let C;, i =1,...,7, be absolute positive constants. Suppose
that g is a real-valued function which has four continuous derivatives on the
interval [A, B]. Let L and W be real parameters not less than 1 such that
Ci1L < B-A<(CyL,

gD ()| < —CjaWL'™  for we [A,B], j=1,2,3,4,
and
J' (W) >CWL™ or ¢'(w)<-C;yWL™,  forwe[A B
Let ¢ denote the inverse function of ¢'. Define
et if g"(w) >0 for all w € [A, B,
= {6_7”'/4 if ¢"(w) <0 for all w e [A, B|

and

T(I):{o if ¢ (x)eZ
min(1/||¢'(z)|, /L/W) else,
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with || - || denoting the distance from the nearest integer. Then

Z” e(g(p(k)) — ko(k))
A<IEB min(g’(4).g/ (B >><k<max<g W@y VIg@H)
O(r(A) +7(B) +log(2 + W)),

/\

with the notation
> " #(n) = S(xz(@)B(a) + xzB)PO) + Y B(n),
a<m<b a<m<b

where xz(+) is the indicator function of the integers and the O-constant
depends on the constants C;, i =1,...,7.
4. Asymptotic formula for the summatory function

PROPOSITION 4.1. Let o = p1/q1 and 5 = pa/qa with p1,p2,q1,92 € N,
ged(pr,q1) =1 and ged(qr,q2) = 1. Then

Daﬁ(ﬂj) = C1T + Cg\/.%‘l- Aaﬂ(l‘),

where
and
(4.1) Agp(@)=— DY ¥@/1)+0as(l),

Vv /B<I<y/z/a

Proof. It is enough to consider

Zl and Dy Zd

n<x
k’<o¢l
Clearly,

S SEED D D!
kl<z <z k<min(z/l,al)
k<al

Write

(4.2) Da(z) =3 +Y .
with
le Z Zl and 22: Z Zl.

1<\/z/a k<ol z/a<l<z k<z/l
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It is easy to see that

(4.3) j{: > (al = p(al) - 1/2)

I<y/z/a
:;’—«m(@— S wlal) - 5/ % + 000
I<y/z/a
Similarly,
@4 > = > (@/l-v/)-1/2)
x/a<l<z
1 1 =z
=z Y 1/l= D /) sz +54/= +O0(1).
z/a<l<z z/a<l<z 2 2\/;

By Euler-Maclaurin summation, we have

45 Y l/l:;logx+;loga+\/f¢(\/§>+0a<i>.

z/a<l<z

Combining 7, we get
1
Da(w) = 5 Ste— Y w/)— Y wlal) +Oa(D).

z/a<l<z I<y\/z/a

Note that

- Y e =— Y ¢<z;1f>:;\/;+o()

I<y/z/a I<y/q1z/p1

Hence

(4.6) D, (z) = 5 logﬂc + log — Z P(z/1)

z/a<l<z

1 x
+ 54/ +0a(1).
2V piga (L)

Zl and Dg Zdﬁ

n<x

Similarly, for

kgﬂl

we have

(47)  Dy(x) = logar + gaﬁ — Y g+ 0s0).
N P2q2
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Now Proposition follows from , and
Do p(x) = Dp(x) — Do(z). =
COROLLARY 4.2. We have
D, p(z) = 1o + co/ + Oaﬁ(xl/:)’),
where c1,co are as in Proposition .

Proof. This can be proved easily (even with a better upper bound for
the error term) by applying Lemma and exponential pairs (see [3]) to
Proposition [£.1] =

5. A Voronoi type formula. In this section, we will use the technique
of [§] to derive a Voronoi type formula for A, g(x). Define

do,g (n, H) Z Z”

1<h<H ha<k<hp
n=hk

where Z” is as in Lemma Using the van der Corput B-process and the
same argument as in [14], Section 6.2], we can derive the following Voronoi
type formula for A, g(x).

LEMMA 5.1. Suppose a, 5 > 0 are fized rational numbers and G(u, H)
is given by (3.1). Then for any H > 2, we have

Aaﬁ(l') = MOC,/B(:L” H) + EO&7,3($7 H) + Fa,,@(ma H)a
where

H)
(5.1) M, p(x, H) Z davp 37;4 cos(4dmy/nx — m/4),
n

n<BH?

x
(52)  EBaplx,H) < Y G(l,H>,
z/a<l<y/z/B
(5.3) Fop(x,H) <qp5log H.

Proof. Applying Lemma |3.1] E to , we get

Ap) =5 S 1Y e<hl”””)+Ea,ﬁ($,H)+0a,ﬁ(1)

1<|n|<H Va/B<I<y/z/a

with

(5.4) Eople,H)< Y. @ ?H)

z/a<l<{/z/B
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Let

(5.5) Saplz, H) =

3
~
SN

>
/B<I<

R AN

Then we can write
1 -
(5.6) Aa,g(x) = %(Sa’g(x, H) — Soéﬂ(.%’7 H)) + Eaﬁ(x, H) + Oaﬁ(l).

To treat the inner sum
h
Z e<l$> for1<h<H
Vv /B<I<y/z/a
in , we apply Lemma [3.3] ﬂ Let

teifi e

Then
J=-"2 =2 g =T g = B
§(B)=—ha, ¢'(4)=—hp, 2‘“j§h<g"< gwj;fh, 9" (0)] €~
Hence we can take
T hx
wo1 L=YT g = /2
0k

9(8(k)) — ko(k) = 2V/—hkz, ¢ (6 (k) =2

Noting that «, 8 are rational numbers, we have
(5.7) r(A),r(B) <ap 1.
Now for 1 < h < H, by Lemma we get

hz
(5.8) > e<l>

z/a<l<\/z/B

omi/4 yo pl/Agl/A

( k:)3/4 (

2V — hkl‘) + Oq 5( )
\/§ —hpB<k<—ha
1 ” h1/4 1/4

> i c(2Vhkr+1/8) + Oa (1),

ha<k<hp

V2
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Inserting (5.8]) into (5.5 gives

0o pl/Ag1/4
Sa,p(x, H) = 7 Z > e c(2Vhkz+1/8) + Oa s(log H)

1<h<H ha<k<hﬁ

"
Z > 3/4 e(2Vhkx +1/8) + Oy p(log H)
1<h<H ha<k<h5
1‘1/4 dog(n, H
n<BH? n
Thus

1

5. (Sap(e, H) = Sa,e(x H))

dg, H)
Z p 374 cos(4my/nx — w/4) + O g(log H).
n<BH?2 n
This combined with (5.6)) and (5.4]) yields Lemma "

REMARK 5.2. The bound (5.3) is important in the proof of Theorem|L.1]
If a, 8 are not rational numbers, the author has not been able to get the

estimate (5.3)) because in this case ((5.7)) does not hold.

6. Proof of Proposition First, let us show that (, g(s) can be
analytically extended to o > 1/3. For ¢ > 1 and any N > 1, write

Cap(s) = Z M+ Z M

ns ns
n<N n>N
d n <
= Z a;fs( ) + S U SdDayﬁ(u),
n<N N+

where D, g(u) is defined by ({2.1). Applying Proposition we get

Cap(s) = da.p(n) + | wd(cru+ covu+ Ag p(uw))

ns
n<N N+
d 0 oo
_ Z a;ﬁ(n) +e S w S du + Cj S u—s—1/2 du
ns 2
nSN N+ N+
oo

+ S u *dAy g(u).
N+
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By partial integration, we have

- da,ﬁ(n) ClNl_s 62N1/2—5
(6.1) Capls) =D ns  1—s  1-—2s
n<N
+5 | Agp(wu™"" du+ O(N377).
N+

From Corollary we can see that the integral in (6.1)) is absolutely con-
vergent for o > 1/3, hence (6.1]) gives an analytic continuation of (, g(s) for
o > 1/3. This proves the first assertion of Proposition

Now suppose that 0 > 1/3 and 2 < T < ¢t < 2T'. From now on, we take
N = T4 with A > 0 being a constant, sufficiently large. Break the sum

in into
(6.2) 3 dap(n) _ ZM s days(n)

n<N n<x z<n<N

For the second sum, applying Proposition [4.1] again, we have

N
S e e ap, )
z<n<N T
N
= S uw”s d(cl(a, B)U + C2(aa B)\/’E + Aaﬂ(u))'

By partial integration, we have

6 3 B ap(Fo )

1—s 1—s
rz<n<N

N1/2-s x1/275

1—2s 1-2s
N

—x Ay p(z) + s S Ag plu)u" 1 du.

x

+62(a,ﬂ)< > + N7°Aq5(N)

Combining (6.1)—(6.3]), we get

da,ﬁ(n) v —s—1
(6.4) Cap(s) = Z s +s S Aqp(u)u du
n<x T

+ Oaﬁ,a(l‘l_gt_l + .%'1/3_0)
for any o > 1/3.
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Our tool to prove Proposition is the Voronoi formula for A, g(x).
Using Lemma 5.1}, we can write

N

(6.5) 5§ Ao p(w)u " du = M(s) + €(s) + F(s).

where *
N

(6.6) M(s) = Map(s,H,z,N)=s S Mo (u, Hyu™ du,
Nm

(6.7) E(s) =Cup(s,H,z,N)=s S B p(u, Hyu ' du,
N

(68) 3‘(8) = gaﬁ(s’ H’ €, N) =S S Fa,ﬁ(uv H)U_S_l du.

In Lemmas and we will show that the upper bound of € (s) is
small when H is large compared to N. We will also show that the mean
square of §(s) has an acceptable estimate. In Lemma we Will pick
out the second term in from 9M(s). Combining (6.4 and with

Lemmas and we get Proposition

7. An upper bound and a mean square estimate. To bound €&(s),
we need the following mean value estimate for G(u, H) defined by (3.1).

LEmMMA 7.1. For cmy N >1 and H > 2, we have

NlogH
S G(u, H) du < 987
5 H
Proof. Notmg that G(u, H) is a positive 1-periodic function, we have
[N] k+1 1
S (u, Hydu <> | G(u,H)du < N\G(u, H)du
k=0 k 0
1/2 )
=N min( ) du.
3 e
Noting that ||u|| = |u| for v € [-1/2,1/2], we get
N 1/2 1 1/2 )
SG(U,H)du<<N S min< ' Hu |>du<<N S min(l,HU) du
0 —1/2 0
1/H N 2

<N du + — — du,
D
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which yields

Nlog H
— . 1

N
(SJG(u,H)du<< 7

By Lemma [7.1] we can get

LEMMA 7.2. For any o > 1/2, we have

te " IN?log H
7 .

Proof. By (6.7)) and trivial estimates, we get

¢(s) <

N
&(s) <<t§ Z G<7;,H>u_"_1 du
T u/a<i<y/u/B

N
<tz Y | G(? H> du
z/a<l<A/N/B T
N/
=ty 7! Z l S G(u, H) du.
Ve/a<i<y/N/g /!
This combined with Lemma [7.1] yields

N
tz=7"'N?log H
e(s) < te ot S 1| Glu, H)ydu < = = ° .
ESVATERN
Now we consider the mean square of F(s).
LEMMA 7.3. For o > 1/2, we have
2T
2 —20m27 2
S IF(s)|” dt <a,p0 2 “7T*log” Hlog N.
T

Proof. Noting that F, g(u) <, s log H and unfolding the square in the
integral, we get

2T oT N )
| 1517 dt < 17 | H Fag(w)u="! du} dt
T T =z
NN AN
<8 T? logQHS S(uluQ)*"*l S <2> dt| duq dus.
T T T 1
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Applying Lemma [3.2] to the above integral over ¢, we have

2T NN
S 1§ (s) 2 dt<op T?log? H S S (u1u2) " min <T, 1u2> duy dus
T x x ’ a‘
NN 1
<q,8 T?log?> H S S (uluQ)*"*l min (T, 10”2) duy dus.
T Ul g ul
Write this as
2T
(7.1) | 15t <ap |+ ] +1,
T 1 2 3
where
N el/Tul
S =73 log2 H S ul_”_1 S uQ_‘T_1 duso duq,
1 T ul
N Ju1
2 2 —o—1 —o—1
S:T log HSu1 S Ug " Mdquul,
2 T el/Tyy & u1
N N 1
S =T?log’ H S ul_"_l S ugo_llo = dus duq.
3 x %ul g ul

Let us deal with {,, i = 1,2, 3, separately. For {,, we have

i

N el/Tul
S < T3log? H S u1_20_2 S duso duy
1 T ul
N
< T3log? H S ul_za_Q(el/Tul —uy) duy
xr
N

< T3(eVT —1)log®> H S uy 2 duy,

T

which yields

(7.2) S g x 2T?log? H.
1
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For {,, we have

N U1

1
S = T?log? H S uf”il S u;"fll I duso duy
2 T el/Toyy o8 u1
N Sur )
= T?log? H S ul_a_l S uz_(’_l—_ dus duy
. /Ty, log(l + u2u1u1)
N Su1 1
< T? log2 H S ul_2”_1 S dus duq
U9 — U1
x el/Tu1
N
< T?1log’ H S u1*2‘771 log w1 dug,
xX
which yields
(7.3) | < 2727 T%log? Hlog N.
2
For {,, we have
N 2
7.4 < T?log? H( \ w7 'du) <, 272°T?log? H.
( g g

3 T
From (7.1)—(7.4), we get Lemma[7.3] =

8. Picking out the second term in Proposition The second
term of (2.2) in Proposition is hidden in 9M(s). In this section, we will
pick it out and prove

LEMMA 8.1. For o > 1/2, we have
(8.1)  M(s) = x%(s) Z o (n)n® 1 + O(t_l/le_" log H

n<x
+ xl/?*O’ logH 4 1131/270 lOgt + x*O'tl/Z lOgt)
The idea of the proof of Lemma comes from [7, Chapter 4]. By
and (5.1]), we have

N
d H
M(s) = i S w3 Z %ﬂl) cos(4my/nu — 7/4) du.
™2 WSt
Let n > 0 be a fixed, sufficiently small constant. Using cos z = %, we
can write

(8.2) M(s) = My (s) + Ma(s) + Ms(s) + My(s)
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with
s v dop(n, H)
My (s) = o S w3 Z %e(%/nu —1/8) du
z n<(14+n)y
N
s . do,g(n, H)
Mo(s) = /3 S u—s3/ Z %e(%/nu —1/8)du
z (I4+n)y<n<pH?
s ¥ n, H)
Ms(s) = T fu= 3/42 ’i3/4 (—2v/nu 4 1/8) du
T n<ly
N
d H
May(s) = 8\[ S w3/ Z %e(—%/nu +1/8)du
2nv2 J<m<BH? n

We will bound Ma(s), M3(s) and M4 (s) in the following Lemmas
and pick out the first term on the right side of (8.1) in Lemma From

Lemmas and (8.2), we get Lemma 8.1

LEMMA 8.2. For o > 1/2, we have
My(s) <t~ log H.

Proof. Write

My (s) = s Z dog(n; H)

3/4
n
271—\[ (14+n)y<n<BH?

N

t
X S w73 e <—210gu + 2v/nu — 1/8> du
T

xT

In Lemma taking
t
Gu) =u "% F(u) = —5-logu+ 2v/nu —1/8,
T

we obtain

t
2mu

no K ot o+1/4
W Gy T YR

Fi(u) =

Since n > (1 +n)y, u > x and 472zy = 2, we get

F(u) I — (g — iu075/4 o I
<G(u)) ( 1/4)27r + (o +1/4)v/n > 0.
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Thus F’'(u)/G(u) is monotonic and

42 1/2
_ _< > \/ﬁua+1/4+\/ﬁua+l/4

4m2nu

472(1 + n)yz

2 (1 _ ]‘ )\/ﬁx0+1/4 >> \/ﬁx0’+1/4.
1+mn

2 1/2
_<> \/,ﬁxcr—i-l/ll 4 \/ﬁ$0+1/4

Hence Lemma [3.2] gives

N
S w73 e (—; logu — v/nu + 1/8> du < 77" Vip=1/2,
s

T

which yields
My (s) < a3/ Z da’/:l(;LH) <t V2219 10g H.
(1+n)y<n<BH?
LEMMA 8.3. For o > 1/2, we have
M3(s) <o (21277 +277tY?) logt.
Proof. Write

N
e do g(n H)
Ms(s) = S 3/42 53/4 (—2v/nu+1/8) du

n<y

n3/4

N
o (s rayay Y T A

n<y

e(—2v/nu+ 1/8)u*"%* du

1 do B(n; H) —s—3/4
4+ P T e(—2 +1/8)u"* d
s ) ;y a2V /8  du
N

H)
=3 \[Z 0137;4 S(3(—2\/nu—|—1/8)clzfs+l/4
T

xz

N

H)
8 \[Z ai37;4 Se(—Z\/nu—i— 1/8)u~"3/4 du.
7r

T

By partial integration, we have

(8.3) Z)th,(s) = 93231(3) + mgg(s) =+ 93133(3) + 9)134(5),
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where

s+1/4 n;
M3 (s) = — 27:; Z dap(miH) (—2v/nN +1/8),

—s+1/4 H
_ do,p(12;
Mza(s) = P E 3/ —2¢/nx +1/8),

N
(e) = 7 3 B e
x

n<y

X e(—;logu —2vV/nu — 1/8> du,
T

N
da,p(n; H) —s—3/4
My (s = f § j v ie(—%/nu —1/8)u~* 34 qu.

Using dq g(n; H) < d(n) and trivial estimates, it is easy to get
(8.4) Ma (s), Maz(s) <o /277 logt,

(8.5) May(s) < 7Ty ogy < 277t 2 log t.
Now we deal with 9M33(s). In Lemma let

Hu) =1, G(u)= u*”*1/4, Fi(u) = —2ilogu —2y/nu —1/8.
T

oyt n Flw) ot W34 _ o-1/4
Fitw) = 2mu uw o Gu) ot =
Obviously,
Ft/(u) < \F o 1/4§_fxo' 1/4
G(u)

Noting that

(HOY __(y8) L (o gt

let uy = % be the root of (F/(u)/G(u)) = 0. If uy € [z, N],

then F/(u)/G(u) is monotonic in [z, ug] and [ug, N| respectively; otherwise
F{(u)/G(u) is monotonic in [z, N]. In either case, Lemma is valid and
gives

N
S w74 (—; logu — 2v/nu — 1/8) du < n~ V2140
T

T
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which yields

d
(8.6) 93133(5) < Z n<172n_1/2x1/4_0 < $1/4—Uy1/4 logy < x—atl/Q logt.
n<y

Then Lemma follows by collecting f. "

LEMMA 8.4. For o > 1/2, we have
My(s) < z/2 7 log H.

Proof. Write

S da, (n; H) v —o—
Ma(s) = > [:13/4 i

t
X e<—2 logu — 2v/nu + 1/8) du.
77
In Lemma taking
t
G(u) = w1 Fi(u) = —5—logu—2v/nu+1/8,
T

we have

t n  F/(u) t
F, = - — — t = —— 0_1/4_ O'+1/4
¢ (u) o a Glu) 27Tu Vnu

Thus F’(u)/G(u) is monotonic and

Fi(u) _ 7iu0—1/4 . \/ﬁua+1/4 < 7\/,’;:60'4-1/4’
G(u) 27

Hence Lemma gives

N
t

S w73/ (—2 logu — v/nu + 1/8> du <z V412
T

x

which yields

My(s) < 734 3~
y<n<pBH?

da,ﬁ (TL; H)

5/ <<$1/2*“logH. .

LEMMA 8.5. For o > 1/2, we have

My (s) = x%(s) Z dog(n)n® + O(z'/*=7 logt).
n<y



Mean value of a kind of zeta functions 51

Proof. Similar to the the proof of Lemma we rewrite 2 (s) as

N
Mi(s) = — Va8t % We@\/m —1/8) du

212 o n<(1+n)y
: ]§[( +1/4) Y do,p(n; H)
T2 T 3/4
27‘(’\/5 x ”S(l-ﬁ-n)y n /
x e(2v/nu — 1/8)u*"%/* du
N
1 do,g(n; H) o
o) O e
r n<(14n)y
5 n; H) N
B o — —s+1/4
= Qﬁ\f Z A ie (2vnu —1/8)d
N
aﬂ n; H _a3jd
(2 —-1/8 du.
Sﬂ\f Z CopdA ie Vnu —1/8)u u
By partial integration, we have
(8.7) Mi(s) = Mi1(s) + Mya(s) + Mis(s) + Maa(s),
where
M1 (s) f N dag(n Hyn V4L,
! n< 1+17
with
T t
I, = S u—0—1/4e(—27r logu + 2v/nu — 1/8) du,
n; H) -
Mia(s) = - \[ 3 dop(n; H) et (2F7 B Ap—
g n<(14+n)y
n; H)
Mi3(s) 2 \f Z ’ﬁ 7 (2\/7% — 1/8)95_5“/4’
i n<(1+n)y
n; H) N
Tt 87r\f 2 a63/4 | e(2vnu —1/8)u=" du.
n<(1+n)y z

Note that n > 0 is a fixed, sufficiently small constant. Then from d, g(n; H)
< d(n) and trivial estimates, we get

(8.8) Mg (s), Miz(s), Mu(s) <q /477y  logy <5 277t/ % logt.
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Now only M1 (s) is left. In [7, Chapter 4, pp. 108-110], Ivi¢ discussed I,
and Showed that

Z d(n)n~ Y4, = \2(s) Z d(n)n*~! + O(z"/* 7 log t),
n< (1+n)y n<y

where x(s) is given by (1.4). Replacing d(n) by dqo p(n; H), the same argu-
ment is also valid, Which gives

m do,s(n; H)n ™I,
11( Z\[ n<§1;n B
(s Zdaﬁ n; H)yn®* ' 4+ 0(z'/?> % logt).
n<y

Take H = TP with B > 34 > 0 being a constant, sufficiently large. Then

(8.9)  Myi(s Z( Z Z 1)ns L4+ 0(2'* 7 logt)

n<y 1<h<H ha<k<hp
n=hk

WY (X X

n<y 1<h<H ha<lk<hp
n=hk

o(yx(s)yQ 3 h2‘7_2) 4 O(? 7 log T)
h< /7
2 8) Z da,g(n)nsfl + O(t1720y071/2 + xl/?*O’ log T)
n<y
2(5) Y dag(n)n®! + O(z"/* 7 log T),
n<y
where we have used

(8.10) (o +it) = (2w /)72 T/ (1 L O@Y))  for t > 2.
Combining 1' gives Lemma "

9. Outline of the proof of Theorem A primitive Pythagorean
triangle is a triple (a,b,c) of natural numbers with a? + b = ¢*,a < b
and ged(a, b, c) = 1. Let P(z) denote the number of primitive Pythagorean
triangles with perimeter less than . D. H. Lehmer [10] showed that

P(z) = x4 O0(z'?log ),

log
2

which was revisited by J. Lambek and L. Moser in [9]. The exponents 1/2
in the error term cannot be reduced because the current technique depends
on the best zero-free regions of the Riemann zeta function, which is hard to
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improve. In [I1], the author showed that if the Riemann Hypothesis is true,

then holds. Let
r(n) = Z 1= Z 1

2d2+42di= 2dl=n
T d<l<2d

and

o~ r(n)

Z(s)zz e for o > 1.
n=1

We can prove that Z(s) has an analytic continuation to ¢ > 1/3 and has

two simple poles at s = 1,1/2. The exponent 15582058 in D depends on the

estimate of the exponential sum:

(0.1 > ) 3 ane (1)

m~M n~N

with a, < 1 and ¢ being a constant. Here the ranges of M and N are
determined by the smallest o such that

27
(9.2) \ 1Z(c+it)|dt <50 T'
T
for any € > 0. In [I1], the present author showed that o > 94 — .6472. ..

644

is admissible. Then by estimating the exponential sum for M < az%,
N < x%, he got . In the MathSciNet review of [11], R. C. Baker
mentioned that using the method in his paper [2], it is possible to prove
that o > 3/5 = 0.6, which implies an improvement of . Now by The-
orem [L.1} we see that (9.2 holds for any o > 1/2, which forces us to deal
with the exponential su for M, N < z1/%t¢. However, the estimate in
this range has been investigated carefully by R. C. Baker [1], which yields
Theorem
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