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1. Introduction. Given aset S C N, we define R (n) to be the number
of representations of the form n = s; + -+ + s;,, where s; € S and s; <
-+ < 8. We say that the set S is of type By (g) if

Rg(n)<g

for all n. In [I0], Vu gives a brief history of the topic, which we paraphrase
here. In 1932, Sidon, in connection with his work in Fourier analysis, in-
vestigated power series of type » 2, 2% when (D ;o 2%)™ has bounded
coefficients [9]. This leads to the study of sets of type By, (g). One classical
question in this area is the following (see [7]):

“Let S be a set of type By,(g). How fast can S(n) grow, where S(n) is
the number of elements of S not exceeding n?”

In [3], Erdés and Rényi gave an answer to this question for m = 2. This
result was discussed in great detail in the monograph of Halberstam and
Roth [5].

THEOREM 1.1 (Erdés—Rényi). For any e > 0, there exists g = g(¢) and
a set S C N of type Ba(g) such that

S(n) > nl/?¢
for sufficiently large n.

The result is best possible up to the € term in the exponent. Erdés—Rényi
used a probabilistic argument, and their proof was presented in [5] in a more
rigorous and carefully written form. This theorem can be generalized from
2-fold sums to the following theorem for arbitrary m-fold sums, as was noted
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in [4] and [5] (without proof), and also by Vu who also observed that it can
be deduced as a consequence of a more general result proven in [10].

THEOREM 1.2. For any positive integer m > 2 and any € > 0, there
exists g = g(e,m) and a set S C N of type By, (g) such that

S(n) > nt/m=e
for sufficiently large n.

Given a set F(w) C N we define TJ(\T’) (w) to be the number of ways
to represent N € Z as a combination of sums and differences of m distinct
elements of F(w). In this paper, we prove the existence of a “thick” set E(w)

and a positive constant K such that 1“5\7,”) (w) < K for all N € Z. Hence, our
theorem is a (partial) generalization of Theorem m The caveat here is that

with TJ(\T) (w) we do not allow repeated elements in the representation, for

otherwise every infinite set will admit integers N with 7’](\7;1) (w) = o0. (Take
N =0 when m is even, for instance.)
Our main result is the following:

THEOREM 1.3. For any positive integer m > 2 and € > 0, there exists
K = K(g,m) and a set E(w) C N such that

TE\T) (w)< K
for all N € Z, and
card(E(w) N{1,...,n}) > n'/m==
for sufficiently large n.

We will also prove analogous results for @g° Z(q), @Dy° Z(gn) for {g.}
increasing integers, and Z(¢®°) where ¢ is prime. Here Z(m) denotes the
cyclic group of order m € N and Z(g>) is the group of all ¢"th roots of
unity. The notation @  means the countable direct sum.

In Section [d] we give an application of our results to harmonic analysis.
A subset E of a discrete abelian group with dual group X is called a A(q)
set (for some q > 2) if whenever f € L?(X) and the Fourier transform of
f is non-zero only on E, then f € L1(X). A completely bounded A(q) set is
defined in a similar spirit, but is more complicated and we refer the reader
to Section [ for the definition. We prove that for any integer m > 2 and
€ > 0, every infinite discrete abelian group contains a set that is completely
bounded A(2m), but not A(2m + ¢).

We use Vinogradov’s well-known notation < and >.

2. Preliminaries. Let G be any one of Z, @g° Z(q) where ¢ € N,
Z(q>) where ¢ is prime, or @ Z(gn) where {g, } are strictly increasing odd
integers. (The case when not all ¢, are odd requires a notational adaptation
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that we will leave for the reader.) We define G’ to be N if G = Z and
G’ = G\ {0} otherwise.

If v € @y Z(q), then ¢ = (1;)52,, where each ); is in Z(q) and all but
finitely many v; are zero. Given ¢ = (1;)52,, we call the maximum ¢ such
that ¢; # 0 the degree of ¢ (written deg). We also let deg) = —oco. By
choosing the representative 0 < ¢); < ¢ for each ¢, we can identify ¥ # 0
with the natural number 1 + ¥1q+ - - - +14q%, where d = deg . This gives
a one-to-one correspondence between @, Z(¢q) and N U {0}. Notice there
are ¢t — ¢¢ elements of degree d for each d > 0.

If ¢ € Z(¢>®) and 1 # 0, then 1 is the argument of a primitive ¢*th
root of unity for a unique choice of M; in other words, 1 = j/¢™ where
je{l,....¢™M —1} and ¢ t j. We let degyp = M — 1 and deg0 = —oo.
Again, for each d > 0, there are ¢! — ¢? elements of degree d. We can
identify Z(¢*>°) with NU {0} by assigning 0 to 0, and elements of degree d
to {¢%, ¢ +1,...,¢" — 1} for each d > 0 in the natural way.

In the case that G = @ Z(g,) where ¢, are strictly increasing odd
integers we choose representatives from {—(g, —1)/2,..., (g, — 1)/2} for
each Z(gn). We define the degree of ¢ = (¢;):°, in the same manner as
for @ Z(q). We will identify the 2qgq---gq—1 characters ¢ = (1;) which
have degree d and dth coordinate 1y = £r, r € N, with the integers in the
interval [(2r—1)qo - - - q4—1, (2r+1)qo - - - qa—1) (where, if d = 0, we understand
qo---qq—1 = 1). Hence, the characters of degree d are assigned to integers
in{g0-"qa-1,---,90 " qa — 1}

Thus, for any of the four choices of G above, we have G’ = {x,, }7° ; where
Xn 1S the non-zero element of G uniquely associated with the integer n.

Given real numbers «, with 0 < a, < 1, we let Y,, n = 1,2,...,
be independent Bernoulli random variables defined on a probability space
(2, M, P), with P(Y,, = 1) = v, and P(Y,, = 0) = 1 — a,,. For each of the
groups G we define random subsets

E(w)=Ew,G) ={xn € G :Y,(w) =1}.

Throughout the paper we will be specifying a positive number s and putting
o0

(2.1) anp=n"° when G =1Z, @Z(q} or Z(q™)
0

and

(2.2) an = {"_s if go-- ga1 <n<(2[4%]+ 1) ga-1 and gz > 8m,
0 else

when G = @ Z(qy).

Note we have «,, < n~*% for all n in the last case as well.
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Let m > 2 be a positive integer. For ¢t € {0,1,...,m}, we define

t m
Tg\rft‘t)(w) = card{(al, ey Qm) t Xa; € E(w), ZXai — Z Xa, = XN
=1 i=t+1

ar < --- < ag, g1 < o0 < Ay G5 F G fori;éj}.

For clarification, we note that when t = 0 and ¢ = m, we mean to consider
the expressions — > xq;, = X~ and Y ;" Xa, = XN, respectively, with
ap < - < ay. We also define

(23) () =Y ).
t=0

Lastly, we recall a fact about elementary symmetric functions that will be
useful later.

LEMMA 1. Let {yr}r>0 be a sequence of non-negative numbers. For each

d € N, we write
Ta= > Yk Uke
k1<---<kq

in other words, oq is the dth elementary symmetric function of the yi. Then
oq < ol/dl.

Proof. See [5, p. 147, Lem. 13]. =

3. m-fold sums and differences. Our main result, Theorem fol-
lows fairly easily from Theorem [3.3] below. This will be proven by induction,
with the base case taken care of in Corollary (following Proposition .
Unless we specify otherwise in the statement of the results, in this section
G can be considered to be any one of Z, @,° Z(q), Z(¢>°) or @y Z(qy)-

We begin with some observations utilized in the proof of the next lemma;:
Suppose xn = Z;Zl €iXn,;, Where ¢; = £1, n; are distinct and all o, # 0.

When G = Z, we have maxi<j<m |ni| > |n|/m.

When G = @7 Z(q), Z(¢>) (resp. @y Z(¢y)) and degx, = d, then
q? < n < ¢ (vesp. g0 qa—1 < n < qo---qa). Since deg(xa + xp) <
max{deg xq,deg xp}, it follows that maxj<;<, deg xn, > deg xn.

When G = @g° Z(gn) and xn = (xn,j)32; with degree d > 0, then

n < (2|xnal +1)q0 - qa—1-

If maxi<j<m deg xn, = deg x» (which can occur only if g; > 8m as we are
assuming all «,, are non-zero), then the modulus of the dth coordinate
of xn, is at least ||xnq|/m] for some x,, of maximal degree. This is be-
cause addition in the dth coordinate on the terms where «,, # 0 is the
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same as in Z (recall (2.2))). Thus (whether max;<;<,, degxn, > degx, or
maxj<i<m deg xn, = deg x») there must be some ¢ such that

|X ,d
ni = C@lxnal/m) = Dao- - qa-1 = L0 a1

LEMMA 2. Givenm > 2, we let s = (m —1)/m+0 where 0 < § < 1/m,
and let ay, be as in (2.1) and (2.2). Fiz e1,...,em € {£1}. Then

(3.1) Z aTLl PPN anm S { md .
(nl,..‘,nm)ENm C"'n/|n| an 7é 07
Z:'ll EiXn; =Xn

where Cyy, 18 a positive constant dependent only on G, m and s.
Proof. We only give the proof for G = @ Z(q) and @ Z(qn) as the

other cases can be obtained by similar calculations. We use the fact that
> ,can”® < A7 in both these cases.

CASE G = @ Z(q). If n # 0, let tg > 0 be such that n € [g', glo ). If
n = 0, we let ty = 0. In either case, we have maxi<;<,, deg xn, > to for any
choice of (ni,...,ny,) in the summand of . Therefore, we can simplify
and bound the sum as follows:

o
(3.2) Z Qpy - Oy, < Z Z Oy * Oty

(nl,...,nm)ENm t=to Zzil EiXn;=Xn
D it €iXn;=Xn max n;€[qt,qt 1)
S X e <> (2 )"
t=to q n;<qttl t=to q n<gt+l
1<i<m

As a,, < n~% we deduce that

—tomb

g anl"'anmgcmq 0 s
(n1,...,nm)€Nm
2?1:1 E€iXn;=Xn

which is equivalent to the inequality we desired to show.

CasE G = @ Z(gn)- Since ay, -+ - ap,, # 0 if and only if all oy, # 0,
the comments preceding the statement of the lemma imply that if deg x,, =
d > 0 (the case n = 0 will be left for the reader), then we may rewrite the
sum as

g anlanng E anl...anm

(n1y.yim ) EN™ k=0 >ty EiXn;=Xn
m
22i%1 EiXn; =Xn max n; €[2% 28 1) g0--qq_1|xn,al/m
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< i@kqo : ~-Qd!xn,dl/m)’s( > aj>m_1

k=0 <2k +1g0-qa_1lxn,al/m
[o¢]
<Y (20 qa—1lxXnal /m) (2 g0 -+ - qaci|xnal /) 1D
k=0
[e.e]
<Y (20 qa-1lxmal fm) O™
k=0
The final expression is comparable to n=". u

We will first study r%n) (w) with m = 2.

PROPOSITION 3.1. Let s = 1/2+ 60 where 0 < § < 1/2. Then, for any
e > 0, there exists K = K(G, s) such that

S Plwe2:rPw) > K)) <e.
N
Proof. By definition, we have

(33) P (w) = card{(a,b) : xa» x» € E(w),

£(Xa + Xb) = XN, @ <D, or Xa — Xb = XN, a # b}
If Xoo + xor = xnv and Yo + X = Xxn, then ¥/ = ¢, and similarly if we
consider subtraction. Thus, given any y, there are at most four ways in
which y, could appear as one of y, or x; in the three equations consid-
ered in 1} Hence, if rﬁ) (w) > K, then there exist at least | K/4] pairs
(ai,b;), 1 < i < |K/4], counted in (B.3), such that every element of the
set {a;,bj}1<; j<|Kk/4) is distinct. By the pigeon-hole principle, one of the
three equations considered in must be satisfied by at least one third of
these | K /4| pairs. Without loss of generality, we suppose it is the equation
Xa + Xp = XN With a < b, as the other two cases can be treated in a similar
manner. Let L = | K/12|. By independence, we have

(34) PHwe 2:rPw) > K})
< P({w € 02 : there exist L pairs (a;, b;)
such that xa;, Xp; € E(W), Xa; + Xb; = XN,
a; < b;, and a;, b; all distinct})

L
< Z HP({(JJ € Qm P Xagy Xb; € E(W)})a

S(L) i=1

where S(L) is the collection of all L distinct pairs, (a;,b;), 1 < i < L, such
that xa, + xp;, = X~ and a; < b;.
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Since the last inequality of (3.4)) gives us an Lth elementary symmetric
function, we can bound it by Lemmas [1] and

2 1 L Lot if N =0,
P({weQ:rﬁv)(w)ZK})Sﬂ(g aaab) g{”
S(1)

LCL/INPLif N #£0,
for some positive constant C. As 8 > 0, we obtain

s @) =1, 1 1
(3.5) Y Py (w)=K)<2) ¢ VL +35C0" <e,
N=—o00 N=2
for L large enough. Notice that if G = @y Z(q) or Z(¢*) or By Z(gn),
then we only need to take the sum on the left side of (3.5) from N = 0
tooo. =

COROLLARY 3.2. Let s =1/2+6 and 0 < 6 < 1/2. Given any € > 0,

there evist K = K(G,s) and 2 C 2 such that P(1%) > 1~ ¢ and r§ (w)
< K for all N and all w € §2.

Proof. By Proposition we can find K with ) P(r](\?) (w)>K) <e.
Let 2, ={we 2: rﬁ)(w) < K for all N}. Then

P(£2%) = P({w € {2 : there exists N such that 7“](3) (w) > K})
<SP 2 K)<e m
N

We complete the induction argument in the following proof. The argu-
ment is similar to the base case, but slightly more involved due to the larger
value of m. We will then prove the required density property of the subsets

in Corollary

THEOREM 3.3. Let m > 2 be a positive integer. If s = (m — 1)/m+6 for
0 < 0 < 1/m, then for all € > 0 there exist K., = Kp,(G,¢e,s) and 2, C 2

such that P(§2,) > 1 —¢ and r%n)(w) < Ky, for all N and all w € §2,,.

Proof. We proceed by induction. Corollary gives us the base case.
Suppose the statement holds for mg < m. Fix € > 0. We may rewrite s
as s = (mog—1)/mo + 6 with 0 < 6 < 1/mg. Thus, by the inductive
hypothesis there exist K, and (2, such that P({2,,,) > 1—¢/(2(mg + 2))
and r1" (w) < Ky, for all N and for all w € 2y,

Let w € 2, and fix t € {0,1,...,mp + 1} and an integer N. Suppose
for each i = 1,..., K that
(3.6) Xoo o X0 = O+ F Xai,i’o+1) = XN,
with

(3.7) agi) << agi), 01(521 << ag?oﬂ and a() # aq(j/) if u # .



62 K. E. Hare and S. Yamagishi

Assume there exist some i1, ...,%, and s1,...,s, such that agl) = ag”) for
all j € {1,...,r}. Then, for each j € {1,...,r}, we have
(3.8) X 6y +- -+ X ) (X () + Xy )FEiX () = XNTEX, (1)
ay ay t+1 m0+1 As s1
where ¢; is —1 if s; <t and +1 if s; > t, making the left hand side of (3.8)
into a combination of mg terms. This gives us a total of r representations for
XNt X, 1) and xy — X, (1) as a combination of mg terms. By the inductive
Sl Sl
hypothesis, we have r < 2K,,,. Therefore, it follows that each (mgy+1)-tuple
(agz), e ,a&)oﬂ), 1 <i < K, has at most 2(mo+1) K, other (mp+1)-tuples
which it may possibly share an entry with. Hence, by reordering if necessary,
there exists a subset of L = Lﬁj (mo + 1)-tuples (agl), e ai,?oﬂ)
1 <[ < L, which satisfy (3.6) and ., and the additional condition that

the elements of the set {aj }1§]§m0+1, 1<i<r, are distinct.
From the discussion above, and by independence, we have

(3.9)  P({w € Quy : 1 (w) > K})

< P({w € 2, : there exist L (mg + 1)-tuples (a(l), al )

mo+1/>
mo—+1
1 <11 < L, such that Zx W — Z X 0 = XN
s=1 s=t+1

all a(.l) are distinct, and x a® € E(w)})

L
ZH ({w € 2y X<1>€E( ), 1<) <mo+1}),
S(L)i=1

where S(L) is the collection of all L distinct (mg+1)-tuples (agl), e aT(QOH),
1 <1< L, such that
mo+1

zkww—E:XM—XM

s=t+1
and agl) #* agl) if ¢ # 7.
Since the last inequality of (3.9)) gives us an Lth elementary symmetric
function, we can bound it by Lemmas [T] and [2}

P(w € 2y 1 V(W) > K}) < 7(2 Qaq, - ..aam0+1)L

< { CLO 1 if N =0,
B L'( mo-i-l/‘N’(mO—'—l)g) it N 7& 0,
for some positive constant C,,41.
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For each t € {0,1,...,mo+ 1}, let 2, = {w € 2, : T](\%OH)(W) < K for
all N}. We can then follow the arguments of Proposition and Corollary
and deduce the existence of K such that for any ¢ € {0,1,...,mg + 1},

(3.10)  P(£2%) < P({w € 2y, : there exists N such that r%o—i_l)(w) > K})
+ P(£2/82m,)

<\"p QP ) > K c c
= % ({U) € 0 TN,t (W) = }) + 2(m0 + 2) < m0+2

If we let
mo+1

KmoJrl = (mo + Q)K and Qm0+1 = m f)t,
t=0

the result follows by (2.3]). =

COROLLARY 3.4. Let m > 2 be a positive integer. If s = (m —1)/m + 6
for 0 < 0 < 1/m, then for a.e. w,

sup 7“](\7,71) (w) < 0.
N

Proof. This follows easily from Theorem .

To prove Theorem we make use of the following variant of the Strong
law of large numbers (cf. [5, p. 140, Thm. 11]). We denote by Exp(Y’) the
expectation of the random variable Y.

THEOREM 3.5. Let {Y;} be simple, independent random variables and
Sy = Zfil Y;. Assume Exp(Y;) > 0, limy_00 Sy = 00 and

Z Va.I'Yi < 00
Bl =
Then Sn/Exp(Sy) — 1 as N — o0 a.e.

COROLLARY 3.6. Letm > 2 be a positive integer. Given any € > 0, there
exists K, = K, (G, €) and a set E(w) C G’ such that

T‘gn) (w) < Ky,
for all N, and there is a constant ¢ = ¢(G,m,e) such that
(3.11) card({x1, ..., xn} N E(w)) > en'/m=¢

for all n when G = Z, @ Z(q) or Z(q¢>), and for infinitely many n when
G =Dy Z(g))-

Proof. Let s = (m — 1)/m + . The result follows easily from Theorem

when G = Z, @¢° Z(q) or Z(¢™).
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In the case that G = @ Z(gn), let {j;} be the indices such that o, # 0.
Put Z; = Y, and Sy = Ef\il Z;. Then VarZ; < Exp(Yj,) < j;° and
Exp(Sn) = Exp(3_7%, ;). If we suppose jn € [q0+ - qd, o - ga+1) (which
implies jy < (2qu+1J + 1) -+-qq), then

(3.12) Exp(Sn) = Z a; + Z Q.

J<qo'*qd J=q0""*4qd

Provided d is suitably large, the first sum is at least

qo--qq—1 q0--qq/8m—1
o= > > (g0 qa/4m) T = (g0 qa-1)'
J=q0""qd—1 J=q0""qd—1+1

> (qo--qa)' "

Ifgo---qqs < j < jn, then we must also have a; = j~°. Hence the second

sum in (3.12) is equal to > 7~ % and that is comparable to j]lv_s —

=40 Qd+lj

(qo- - qq)' ~°. Putting these together shows that Exp(Sy) > jjlv_s
One can also easily check that

Y <y

J<qo-"qd

so that Exp(Sy) is comparable to j]l\,*s. Thus Theorem can again be
applied to deduce that for a.e. w,

Sn(w) = card(E(w) N {x1,---, Xjn}) > jjl\fs

In particular, for large d,

d
Card(E(W) N H Z(Qn)) = card(E(w) N {x1,.- .- ’X(2qu/8mJ+1)qo-~qd_1})
n=0
> ((2qu/8mJ + 1)q0 e qd—l)lis > (QO . qd)l—s. .

4. Application to the existence of thin sets in harmonic analysis.
In this section, G will denote any discrete abelian group with compact dual
group X. The groups Z, @;° Z(q), By Z(gn), and Z(¢>°) are examples of
such discrete groups. The symbol f denotes the Fourier transform of the
integrable function f defined on X. A subset E of G is said to be a A(p)
set for p > 2 if there is a constant C), such that || f||, < Cp|f|l2 whenever
f is an E-trigonometric polynomial, meaning fis non-zero only on E. As
LP(X) C LY(X) if p > gq, it follows that if E is A(p), then it is A(q) for all
q=p.
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This notion was introduced for subsets of Z by Rudin [§], who proved
many important facts about A(p) sets. In particular, he showed that if £ C Z
is A(p), then for all integers a,d,

(4.1) card(ENn{a+d,...,a+ Nd}) < N¥/.

He also showed that if for some integer m > 2,

(4.2) sup(card{(ni,...,nm) € E™ :n=n1+ -+ np}) < 00,
neZ

then E is A(2m). Rudin used these properties to construct examples of sub-
sets of Z which were A(2m) for a specified integer m > 2, but not A(2m+¢)
for any € > 0. Hajela [4] extended Rudin’s properties and constructions to
various other discrete abelian groups, although only achieving the existence
of “exact” A(2m) sets for m < ¢ when G = @ Z(q) for ¢ prime, and for
m = 2 when G = Z(¢*°). Later, Bourgain [I] completely settled this problem
by using sophisticated probabilistic methods to prove the existence of exact
sets A(p) for all p > 2 and all infinite, discrete abelian groups G.

Using Pisier’s operator space complex interpolation, Harcharras [6] intro-
duced the notion of completely bounded A(p) sets: Let p > 2. A set E C G
is called completely bounded A(p) (cbA(p) for short) if there is a constant

C) such that
~ L \1/2 ~ o~ N\1/2
1 lisxs,y < Comax[|| (32 FoFen) || (X Fenfent) |, ]
yeE P yeFE P
for all Sp-valued, E-trigonometric polynomials defined on X. Here S, de-
notes the Schatten p-class with || T']|s, = (tr |T|P)Y/P and

1/p
1o s, = (§ 17 @05, o)
X
Harcharras showed that completely bounded A(p) sets are always A(p), but
not conversely. She also improved upon Rudin’s condition (4.2) by estab-
lishing that £ C G is cbA(2m) for integer m > 2 if

(4.3) .
sup (Card{(XL o Xm) EE™ i x = Z(—l)ij with x; distinct}) < 0.
x€G j=1

We remark that this condition was new even for A(2m) sets. Harcharras
used this property to construct examples of subsets of Z that were cbA(2m)
but not A(2m + ¢) for any € > 0.

Here we will generalize upon this result by using to show that
every infinite, discrete abelian group G admits a set that is cbA(2m), but
not A(2m + ¢) for any given € > 0. This will use the work of the previous
part of the paper, as well as the following known generalization of .



66 K. E. Hare and S. Yamagishi

LemMA 3 ([2]). If E C G is a A(p) set for some p > 2, then there is a
constant C' such that card(ENY) < CN?P whenever Y C G is either an
arithmetic progression or a finite subgroup of cardinality N .

Fix an integer m > 2 and ¢ > 0. We will first consider G = Z, Z(q),
@Do” Z(q) or @y Z(qn), where the ¢, are strictly increasing odd primes. We
denote the elements of G’ by {x,}5°, as described in the previous section,
and let E(w) be the random sets defined previously, with s = (m—1)/m+#6
where 6 > 0 is chosen so that 1 — s > 2/(2m + ¢).

PROPOSITION 4.1. For a.e. w, E(w) is cbA(2m) but not A(2m + ¢).

Proof. In the notation of ({2.3)), Haracharras’ condition could be ex-
pressed as

E(w) is cbA(2m) if sup rj(z,n) (w) < o0
N

and we have already seen that supy 7"](\71) (w) is finite for a.e. w by Corollary

Also, Corollary [3.6] shows that for a.e. w,
card(E(w) N {x1,...,xn}) > N~¢
when G =Z, Z(¢™) or By° Z(q), and

card(E(w) N {x1, -+ Xgo-an }) > (d0 - an)' ™

for sufficiently large N when G = @;° Z(qy).

If G =7, then {x1,...,xn~} is an arithmetic progression of length N. If
G = Z(q>) or @g° Z(q), then {x1,...,x,~_1} is a subset of a subgroup of
cardinality ¢", and similarly for G = @Do° Z(gn), but with ¢V replaced by
qo---qn- In all cases, the choice of s together with Lemma [3| implies that
E(w) is not A(2m +¢) for a.e. w. =

THEOREM 4.2. Letm > 2 be an integer and € > 0. Every infinite discrete
abelian group G contains a set E that is cbA(2m) but not A(2m + ¢).

Proof. As observed in [2], any such group G contains a subgroup iso-
morphic to one of Z, Z(¢>), @, Z(q) for q prime, or @g° Z(gyn), where the
qn are strictly increasing odd primes.

Observe that if G is a subgroup of G and f is an S,-valued Go-poly-
nomial, then f is constant on the cosets of G, the annihilator of Gg. The
same is true for || f||s,,,, for any integer m. It follows from this that if £ C G
is a cbA(2m) set, then E viewed as a subset of G is also cbA(2m), and that
E C Gp is a A(2m + ¢) set if and only if E viewed as a subset of G is
A2m +g).

Hence it suffices to prove the theorem for the four subgroups listed above,
and this was done in the previous proposition. =
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