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linear systems of curves of arbitrary degree
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1. Introduction. Let p be a prime integer and I, be a finite field with
g = p" elements. The problem of estimating the number of rational points
on curves over [F, has been extensively investigated in view of its broad
relevance and applications, e.g., in finite geometry, number theory, coding
theory, etc. (see [10], [8], [13, Chapter 6] and [16, Chapters 2 and 8]).

Let X be a projective, nonsingular, geometrically irreducible curve of
genus ¢ defined over F,, and let N, (X') be its number of Fy-rational points.
The most remarkable result regarding Ny(X') is the Hasse-Weil bound,
which states that

(1.1) [Ng(X) = (¢ + 1) < 294

In 1986, Stohr and Voloch [I7] introduced a technique to estimate Ny (X),
which is dependent on the morphisms ¢ : X — P". In many instances, their
results improve the Hasse—Weil bound ([17], [6]).

In this paper, we consider a family of curves X and focus on aspects
relevant to the application of Stohr—Voloch theory, addressing the Frobenius
(non)classicality of X with respect to linear systems of curves of degree
s> 1.

Let F(x,y,z) € Fy[z,y, 2] be a homogeneous polynomial such that
X:F(z,y,2)=0

is a nonsingular projective plane curve of degree d and genus g. Associated
with the linear system of all plane curves of degree s € {1,...,d — 1}, the
curve X has a linear series Dy of dimension M = (552) — 1 and degree

sd 11}, Section 7.7]. Applying Stohr—Voloch’s theorem [I7, Theorem 2.13]
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to D yields
dld—3)(v1+ - +vy-1)+sd(lg+ M)
M 7
where (v, ...,vp—1) is the Fy-Frobenius order sequence of X with respect
to Ds. The curve X is called Fy-Frobenius classical with respect to D, if

v; =i for alli=0,...,M — 1. Note that for such a curve, the bound ([1.2))
reads

(1.2) Ny (%) <

dd—3)(M —-1) sd(g+ M)
2 * M
The bound improves the Hasse-Weil bound in several cases ([L7, Sec-
tion 3], [6]).
If v; # i for some 4, then X is called Fy-Frobenius nonclassical with
respect to Dg. Note that for this case, we have

vi+- vy >MM—-1)/2.

Thus indicates that Frobenius nonclassical curves are likely to have
many rational points. Therefore, if we can identify the Frobenius nonclas-
sical curves with respect to Dy, we are left with the remaining curves for
which a better upper bound, given by , holds. At the same time, the set
of Frobenius nonclassical curves provides a potential source of curves with
many points. Therefore, in light of , characterizing Frobenius nonclas-
sical curves may offer a two-fold benefit.

In general, the effectiveness of will vary according to the value of
s€{l,...,d— 1}. For instance, if s =1 or s = 2, the bound reads

(1.3) Ny(X) <

(1.4 Ny(x) < 1A=,
2d(5d + ¢ — 10)
(1.5) Ny() < 2T,

respectively. Note that the bound (|1.5)) is better than (1.4) when, roughly,
d < q/15. More generally, if » > 1, then (1.3) for s = r + 1 is better than
the corresponding bound for s = r when, roughly,

4
(16) d< <(r+2)(r+3)(r+4)>q'

These facts can be interpreted as follows. If we want to find plane curves of
degree d < ¢/15 attaining the bound , we must look for plane curves
that are F,-Frobenius nonclassical with respect to Ds. Similarly, plane curves
of degree d < ¢/30 attaining the bound must be Fg-Frobenius nonclas-
sical with respect to D3, and so on. An explicit example of this phenomenon
is given in Section 3. This also highlights the importance of Frobenius non-
classical curves for the construction of curves with many points.
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Frobenius (non)classicality in the case s = 1 has been widely investi-
gated with many examples cited in the literature ([2], [5], [6], [9]). Even for
this case, however, a complete characterization of IF;-Frobenius nonclassical
curves is lacking. As observed by Hefez and Voloch [9], characterizing all
such curves seems quite a complex problem.

In 1988, Garcia and Voloch [6] established necessary and sufficient con-
ditions for a Fermat curve, i.e., a curve given by an equation of the type
az® + by = 2% a,b € F ¢> ab # 0, to be Fy-Frobenius nonclassical in the
cases s = 1 and s = 2. It seems that, excluding the Fermat curves, not many
F,-Frobenius nonclassical curves with respect to the linear system of conics
are characterized.

In this paper, we study the F,-Frobenius (non)classicality of a generaliza-
tion of the Fermat curve. More specifically, we study the smooth projective
plane curves X of degree d = sn, defined over F,, and given by the equation
F(z,y,z) =0, where

(1.7) F(x,y,z) = Z cijxmyj"zm,
it+j+t=s
with s > 1 and n > 2.

The paper proceeds as follows. In Section 2, we set some notation and
recall the main results of Stohr—Voloch theory, which constitute the basis
for this study. In Section 3, we provide criteria for the curves arising from
to be IFg-Frobenius nonclassical with respect to the linear series D;.
Then we take advantage of these criteria to construct new curves of degree
d < ¢/15 attaining the Stohr—Voloch bound . In Section 4, we fully
characterize the F,-Frobenius nonclassical curves arising from in the
case s = 2. In Section 5, we determine the exact value of Ny(X) when X is
an F,-Frobenius nonclassical curve and, via Stohr—Voloch theory, arrive at
a nice upper bound for the number of F,-rational points on the remaining
curves.

The paper’s appendix provides facts about the irreducibility of some
plane quartics. The results listed there are useful in certain proofs of Sec-
tion 4.

NOTATION.

o [, is the finite field with ¢ = p* elements, with h > 1, for a prime
integer p.

e K is the algebraic closure of F,.

e Given an irreducible curve X over F, and an algebraic extension H
of Iy, the function field of X over H is denoted by H(X').

e For a curve X and r > 0, the set of its [Fy--rational points is denoted
by X(Fqr).
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e N, (X) is the number of Fyr-rational points of the curve X.

e For a nonsingular point P € X, the discrete valuation at P is denoted
by vp.

e For two plane curves X and ), the intersection multiplicity of X and
Y at the point P is denoted by I(P,X NY).

e Given g € K(X), t a separating variable of K(X') and r > 0, the rth

Hasse derivative of g with respect to t is denoted by Dt(r) g.

2. Preliminaries. In this section, we recall results from [I7]. Let X
be a projective, irreducible, nonsingular curve of genus g defined over F,.
Associated to a nondegenerated morphism ¢ = (fp :...: f,) : X — P*(K),
there exists a base-point-free linear series given by

Dy = {div(;aiﬁ) + FE ‘ ag, ..., Ay EK},

with E := ) pcyepP and ep = —min{vp(fo),...,vp(fn)}. Given a point
P € X, there exists a sequence of nonnegative integers (jo(P), ..., jn(P)),
such that jo(P) < -+ < jn(P), called the order sequence of P with respect
to ¢, which is defined by the numbers j > 0 such that vp(D) = j for some
D € Dy. Except for a finite number of points of X', the order sequence
is the same, and is denoted by (e, ...,€,). This sequence can also be de-
fined by the minimal sequence, with respect to the lexicographic order, for
which

det (DS f;)o<i j<n # 0,

where t is a separating variable of K(X'). Moreover, for each P € X,

(2.1) € < ji(P) forallie{0,...,n}.
The curve X is called classical with respect to ¢ (or Dg) if the sequence
(€0y--.,€n)is (0,...,n). Otherwise, it is is called nonclassical.

Let K(&X') be the function field of X and define the subfield
(K(X))r = {u”" | u € K(X)}.

In [7, Theorem 1] the following criterion is proved, which is useful in deter-
mining whether X is classical with respect to the given morphism.

THEOREM 2.1. Let ¢ = (fo : ... : fn) : X — P*(K) be a morphism.
Then fo,..., fn are linearly independent over (K(X)), if and only if there
exist integers e, . . . , €, with

D=¢ < - <€, <p"
such that det (Dgei)fj)ogid'gn 75 0.
Proposition 1.7 in [I7] establishes the following.
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PROPOSITION 2.2. Let P € X with order sequence (jo(P), ..., jn(P)). If
the integer
i>r L=
is not divisible by p, then X is classical with respect to Dg.

Now suppose that ¢ is defined over F,. The sequence of nonnegative

integers (vg,...,Vn—1), chosen minimally in the lexicographic order, such
that
oo
D™y ... DX
(22) vl AL
Dt(Vn—l)fO . Dt(’/nfl)fn

where t is a separating variable of F,(X), is called the Fy-Frobenius se-
quence of X with respect to ¢. From [17, Proposition 2.1], we find that
{vo,...,vn—1} =A{eo,...,en}\{er} for some I € {1,...,n}. If (vo,...,vp_1)
= (0,...,n — 1), then the curve X is called F,-Frobenius classical with re-
spect to ¢. Otherwise, it is called Fy- Frobenius nonclassical.

The following result [I1, Remark 8.52] shows the close relation between
classicality and [Fg-Frobenius classicality.

PROPOSITION 2.3. Let D be a linear series of the curve X, defined
over Fy, such that p > M := dimD. If X is Fy-Frobenius nonclassical
with respect to D, then X is nonclassical with respect to D.

If ¥ C P*"(K), the Fy-Frobenius map @, is defined on X by
Dy: X =X, (ag:...:an)r> (ad:...:ad).

Note that if X is a plane curve, then by and [I7, Corollary 1.3], X is
F,-Frobenius nonclassical with respect to the linear system of lines if and
only if @,(P) lies on the tangent line of X at P for all P € X

Now let F'(x,y, z) € Fq[z,y, 2] be a homogeneous, irreducible polynomial
of degree d such that

X:F(z,y,2)=0

is a nonsingular projective plane curve. The function field K(X) is given by
K(x,y), where x and y satisfy F(z,y,1) = 0. For each s € {1,...,d — 1},
consider the Veronese morphism

ps=(1:x:y: 2. catyl i yf) X = PY(K),

where ¢ + 7 < s. It is well known that the linear series D associated with ¢,
is base-point-free of degree sd and dimension M = (552) —1=(s%>+3s)/2.
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The linear series Dy is also obtained by the cut out on X by the linear
system of plane curves of degree s.

For any P € X, a (Dy, P)-order j := j(P) can be seen as the intersection
multiplicity at P of X with some plane curve of degree s. That is, the integers
Jo(P) < -+ < ju(P) represent the possible intersection multiplicities of a
plane curve of degree s with X’ at P. Moreover, by [I7, Theorem 1.1], there
is a unique curve H% of degree s, called the s-osculating curve to X at P,
such that

I(P,X N"Hp) = jm(P).

3. F,-Frobenius nonclassical curves. Let us recall that X : F(z, vy, 2)
= 0 is a smooth, projective plane curve of degree sn, defined over [, where
F'is given by

(3.1) F(z,y,2) = Z cijryi "

i+j+t=s
with s > 1 and n > 2. This section establishes sufficient conditions for X to
be F,-Frobenius nonclassical with respect to D,. Note that the case s =1
addresses the [F -Frobenius nonclassicality, with respect to lines, of Fermat
curves

(3.2) X az" +by" 4+ c2" = 0.

However, for p # 2, it is a well-known result by Garcia and Voloch [0
Theorem 2] that the curve (3.2)) is Fy-Frobenius nonclassical, with respect
pt—1

to lines, if and only if n = and the curve is defined over [Fpv, where

v_19
g=7p" v>handwv | h. Forpan alternative proof including the case p = 2,
see [1].

Henceforth, we consider a smooth curve X associated to with the
following assumptions:

(3.1) s > 2.
(3.i) p|n—1.
(3.ii) p > 5 for s = 2, and p > s2 for s > 3 (in particular, p > M :=
dim D).

The following result will be a key ingredient in our approach. It is proved
in [14, Lemma 1.3.8] and [12, Lemma A.2] for curves in characteristic p = 0
and p > 0, respectively.

LEMMA 3.1. Let F, G and H be plane curves. If F is nonsingular, then
I(PHNG)>min{I(P,FNG),I(P,FNH)}
for all P € F.
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LEMMA 3.2. For all points P = (a : b : ¢) € X such that abc # 0,
the s-osculating curve Hp to X at P is an irreducible curve given by the
equation Hp(x,y,z) = 0, where
(3.3) Hp(z,y,2) = Z cij(a™ym P iyl ot

it+j+t=s
n =mp”+1 and ged(p, m) = 1. Furthermore, X is nonclassical with respect
to Dy but classical with respect to Dy, 1 <i<s—1.

Proof. Set f(z,y) := F(x,y, 1), and note that f(z,y) = 0 can be written
as

(3.4) > ey@my ™ ety =0 € K(X).

0<itj<s
Therefore, if (ep,...,€enr) is the Ds-order sequence of X, then Theorem
implies that ejr > p¥ > M. Thus X is nonclassical with respect to D,. Let
P =(a:b:c) be a point of X, with abc # 0, and consider the curve

C:Hp(x,y,z) =0

of degree s (cf. (3.3])). We claim that C is irreducible. To see this, consider
the polynomial G(x,y, z) := Zi+j+t:8 cijz'y’ z', and note that

G(amp”x’ bmp”y7 Cmp“z) = HP(xa Y, Z)
Therefore, we need only prove that G(z,y, z) is irreducible. But this follows
immediately from the fact that X is irreducible and F'(z,y, 2) =G(z", y", z").
We may assume P = (a : b : 1), and then for h(x,y) := Hp(z,y,1), we see
that h(z,y) = h(z,y) — f(z,y) € K(X) can be written as
(3.5) h(x’y) = Z cij(aimbjm o ximyjm)pvwiyj.

0<i+j<s

Therefore, vp(h(z,y)) > p, and then I(P,X NC) > p". Let H} be the
s-osculating curve to X at P. Since €j; > pY, it follows from (2.1 that

I(P, X NHp) = ju(P) = p*.

Thus from Lemma we have I(P,CNH}) > p¥. As we are assuming that
p > s2, we have

I(P,C NH3) > 5% = deg(C) - deg(H3).

Therefore by Bézout’s Theorem, the curves C and ‘H% have a common com-
ponent. However, since C is irreducible and deg(C) = deg(H}), it follows
that C = H%. In particular, the s-osculating curve H} is irreducible.

For the lemma’s last statement, since p > s2, it suffices to prove classi-
cality with respect to Ds_1. Suppose that X is nonclassical with respect to
Ds_1. Then by [17, Corollary 1.9], the intersection multiplicity of X with the
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(s—1)-osculating curve 5 ! to X at any point P € X is [(P, XNH5 ) > p.
By Lemma [3.7]
I(PHE Y NHS) > p > 8% > s(s — 1) = deg(H) - deg(HEH 1),

and thus Bézout’s Theorem implies that H% and ”Hf;l have a common com-
ponent. Since this contradicts the irreducibility of H%, the result follows. =

Next we give the main result of the section.

THEOREM 3.3. Let HY be the s-osculating curve to X at P. Then ®4(P)
is in H3 for infinitely many points P € X if and only if n = (p"—1)/(p*—1),
and X is defined over Fpo, where ¢ = P, h>v and v | h.

Proof. Since p|n — 1, we see that n = mp” + 1 for some positive integers
v,m, where ged(p,m) = 1. Suppose that @,(P) € H% for infinitely many
points P € X. By Lemma this means that the function
(3.6) g(z,y) = Y cy@™y P iyt e K(X)

0<i+j<s
is zero, that is, the polynomial f(x,y) := F(z,y,1) divides g(z,y). Since
mp’ 4+ q¢ =n+ q — 1, the polynomial g(x,y) can be written as

(3.7) g(z,y) = Z cijatramDyinte=1),
0<i+j<s
Note that g(x,y) is a nonzero polynomial of degree s(n+ ¢ —1). Also, it
is easy to see that p¥ < ¢ = p", i.e., v < h. Indeed, if p* > ¢, then gives
g(x,y) = l(z,y)?, where I(z,y) is a polynomial of degree s(n+q—1)/q. This
implies that f(x,y) divides l(x,y), and then

sn = deg f(z,y) < degl(z,y) = s(n+q—1)/q,

which is impossible for n > 1.

Therefore, n+qg—1 is divisible by p?, and so gives g(z,y) = r(z,y)?",
where , . .

rley)= Y ol Ty,
0<iti<s

Furthermore, f(z,y)|r(z,y). Now we claim that r(x,y) is irreducible. To
see this, let R be the projective closure of the curve r(x,y) = 0. One can
easily check that if P = (a: b:¢) € R is a singular point, and «, 3,7 € K
are toots of z" = qMHP" TP gn = pmAP" TP apd gn = cmtp" T pY
respectively, then (« : 5 : ) is a singular point of X. However, since X
is smooth, the curve R must be smooth, and so r(z,y) is irreducible. This
implies f(z,y) = ar(x,y) for some a € K*. Now deg f(x,y) = degr(z,y)
gives n(p? — 1) = p" — 1, as desired. In addition, Cij = acijl/p” for all 4, j
implies that ¢;;/cp € Fpe whenever ¢g; # 0. That is, the curve & is defined
over Fpv.
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Conversely, suppose that n = (p" —1)/(p” — 1) with h > v and v |h,
and that & is defined over [F,,». We may assume that all coefficients ¢;; lie

in Fpo. From Lemma it suffices to prove that f(z,y)|g(z,y), where
g(z,y) is given by ote that n + ¢ — 1 = np?, and then implies
g(z,y) = f(z,y)?", which completes the proof. m

COROLLARY 3.4. Suppose thatn = (p"—1)/(p"—1) and that X is defined
over Fpv, where h > v and v |h. Then X is Fy-Frobenius nonclassical with
respect to Ds.

Proof. By Theorem [3.3| @,(P) € H} for infinitely many points P € X
Hence, if 7 is a separating variable of F,(X), by [17, Corollary 1.3],

1 fi fir

1 f1 fm

0 D) - D) | =0,

0 DI V(f) o DI (f)
where 1, f1, ..., fas are the coordinate functions of the Veronese morphism ¢.
Thus v; > ¢; for some ¢ = 1,..., M — 1, and therefore X" is F,-Frobenius

nonclassical. m

As mentioned in the introduction, the construction of plane curves of de-
gree d < ¢/15 attaining the bound requires constructing F,-Frobenius
nonclassical curves with respect to Ds. Next, we take advantage of our previ-
ous characterization to find explicit examples illustrating this phenomenon.

Suppose that, in addition to our standard hypotheses, the curve X :
F(z,y,z) = 0 satisfies the assumptions of Corollary In particular, X is
F4-Frobenius nonclassical with respect to Dy. Let C : G(x,y,2) = 0 be the
curve of degree s, defined over [F,», where

(3.8) G(z,y,2) = Z cijriyl 2.
i+j+t=s

Note that F(z,y,z) = G(z",y",2") and that the smoothness of X implies
that C is smooth as well.

THEOREM 3.5. If Npw(C) = s(s+p” —1)/2, and there is no Fyv-rational
point P = (a:b:c) € C with abc = 0, then

Ny(X)=d(d+q—1)/2

with ¢ = p* and d = sn. In particular, if s = 2 and p® > 31, then X is a
curve of degree d < q/15 attaining the bound (1.4]).

Proof. Note that since & is Frobenius nonclassical with respect to Ds and
s > 2, Lemma [3.2] implies that X is classical with respect to D;. Therefore,
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since p > M = dim(Dy), Proposition implies that X" is [F,-Frobenius
classical with respect to D;. Hence ves Ny(X) <d(d+qg—1)/2.

Recall that X : F(z,y,2) = 0 and C : G(x,y,z) = 0 are such that
F(z,y,z) = G(z",y",z") and n = p%__ll. Therefore, the map = : X'(F;) —
C(Fp) given by m(a: 5 : ) — (™ : ™ : 4™) is well defined. Since the norm
function x — (@~ D/P"=1) maps F, onto Fpe, we have

(3.9) XF)= |J Q.

QEC(]qu )

For Q = (a:b:c) € C with abc # 0, we have #71(Q) = n?, and so
N, (X) = n?Ny(C). Therefore,
_n?s(s+p’—1) s (q—1)2$+(q—1)2 _ sn(sn+q—1)
B (=12 pr=1) 2 ’
and the result follows. Note that in the case s = 2 and p¥ > 31, the curve

X has degree d = 2n = 2;3:}) < q1;51 < 1%, as claimed. =

Ny(X)

2 2

Constructing curves illustrating the case s = 2 in Theorem [3.5]is straight-
forward. One need only select one of the many irreducible conics C, defined
over Fpv, with no Fyv-rational points P := (a : b : ¢) with abc = 0. Since
Ny (C) = p”+1, the curve C attains the bound (1.4), and the result follows.

4. The case s = 2. As mentioned in Section 3] if s = 1, then

X Z cz-jxmyjnzt” =0

it+j+t=s
is a Fermat curve az™ + by" = 2", and its classicality and IF,-Frobenius
classicality with respect to D; and Dy were studied in 7] and [6], respectively.
In this section, we exploit the case s = 2. More precisely, we consider the

curve X : F(x,y,z) = 0, where
(4.1)  F(z,y,2) = a1z + apz™y™ + azy®™ + a4z 2" + asy"2" + agz>"
with a; € Fy, i € {1,2,3,4,5,6}, and assume the following:

(41) p>2.

(4.ii) X is nonsingular (in particular, ajagag # 0).

(4.iii) At least one of the coefficients ag, a4 or as is nonzero. In other
words, equation (4.1]) is not of Fermat type.

With these assumptions, we prove that X" is F,-Frobenius classical with
respect to Dy, and establish necessary and sufficient conditions for the curve
X to be Fg-Frobenius nonclassical with respect to Ds.
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REMARK 4.1. Since X is irreducible, the conic given by the equation
a12% + asxy + asy® + asxz + asyz + agz® = 0 is irreducible, i.e.,

aj CL2/2 a4/2
(4.2) a2/2 as CL5/2 7& 0.
a4/2 CL5/2 Qg
Throughout this section, F(x,y,1) will be denoted by f(z,y).

PROPOSITION 4.2. There exists a point P € X whose (D1, P)-order se-
quence is (0,1,n). In particular, if X is nonclassical with respect to Dy, then

pln(n—1).

Proof. Using assumption (4.iii), without loss of generality, we assume
ag # 0. If P = (u:0:1) € X, then f(u,0) = a;u®® + agu™ + ag = 0 (in
particular, u # 0) and the tangent line to X at P is given by {p : x —uz = 0.
Thus

(4.3) flu,y) =y"g(y),

where g(y) = au™ + a5 + agy™ # 0. Then I(P,{p N X) = n if and only
if agu™ + a5 # 0. Our remaining problem reduces to finding a point P =
(w:0:1) € X for which asu™ + as # 0.

Suppose there is no such point, that is, all the roots of a12%" + a4z +ag
= 0 are roots of asz™ 4 a5 = 0. This implies that a1z + a4z + ag = 0 has a
double root & = —as/asy, which yields

(4.4) af —4a1a6 =0 and  a1a? — asasas + adag = 0.
One can easily check that (4.4]) gives

ar a2 ay4/2
CL2/2 as a5/2 :0,
as/2 as/2  ag

which contradicts (4.2]).
The last statement of the proposition follows directly from Proposi-
tion[2.2] w

PROPOSITION 4.3. The curve X is classical with respect to D1. Conse-
quently, X is Fq-Frobenius classical with respect to D1.

Proof. Suppose that X' is nonclassical with respect to D;. Since X is
nonsingular and p > 2, by [15, Corollary 2.2], p|2n — 1. On the other hand,
by Proposition we have p|n(n — 1). However, gcd(2n — 1,n%2 — n) = 1,
and then X must be classical with respect to D;. Thus by Proposition
the curve X is Fg-Frobenius classical with respect to Dy. m
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REMARK 4.4. It follows from Proposition that the bound (1.4]) can
always be applied to the curve X. In other words, Ny(X) < d(d+q—1)/2.

We now study the (non)classicality and Fy-Frobenius (non)classicality of
X with respect to the linear series Do, making the following assumptions:

(4iv) p> 1.
(4v) n>2.

The following theorems will be proved after a sequence of partial results.

THEOREM 4.5. The curve X is nonclassical with respect to Dy if and
only if one of the following holds:

(1) pln—1.
(2) p|2n —1 and all but one of the coefficients aa, asy and as are zero.

THEOREM 4.6. The curve X is Fy-Frobenius nonclassical with respect to
Ds if and only if one of the following holds:

pi=1
pv—1

(1) pln—1 and n = for some integer v < h with v|h, and X is

defined over .

(2) p|2n —1, all but one of the coefficients az, ay and as are zero, n =
% for some integer v < h with v|h and, up to an Fy-scaling of
the coordinates, the curve X is defined over Fpv.

The next three lemmas will provide the key ingredients for the proof of
Theorem (4.5l

LEMMA 4.7. Ifp| (n+1)(n — 2), then X is classical with respect to Ds.

Proof. Since X is classical with respect to Di, the Ds-order sequence
of X is given by (0,1,2,3,4,¢), where ¢ > 5. Suppose that € > 5, i.e.,
X is nonclassical for Dy. Then by [7, Proposition 2], € = p® for some s > 0.

First, assume p|n — 2. Hence n = mp® + 2 for some m,v > 0 with
ged(m,p) = 1, and then f(z,y) = 0 can be written as

al(me)p“:LA + a2($mym)pvx2y2 + ag(me)p“y4

+ag(z™)" 2® + as(y" ) y* + ag = 0.

Let P = (u:w:1) € X with uw # 0 and consider the projective closure

Qp C P?(K) of the curve given by
r(z,y) = a1 (P 2t + az(u™ 0™ 2Py + ag(w™)Py!
+ ag(u™)P 2% + as(w™)? y* + ag = 0.

Note that Qp is an irreducible quartic. In fact, Qp is projectively equivalent
to the curve C given by

4 2 2 4 2.2 2.2 4
a1 ™ + ax Yy + asy” + asx”z” + asy“z® + agz” = 0.
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The curve C, on the other hand, is nonsingular. Indeed, if (a : b : ¢) is a
singular point of C, then (« : 3 : 7) is a singular point of X', where o, 8,7 € K
are roots of " = a?, " = b%, and 2™ = ¢? respectively. This contradicts the
smoothness of X.

Now for all P = (u:w:1) € X with uw # 0,

r(z,y) = r(z,y) — flz,y)
— al(UQm _ m2m)pv$4 + a2(umwm _ xmym)p“$2y2
+ az(w?™ — ™Myt ag(u™ — 2™ 2? + as(w™ — y™)P YR
Then I(P,Qp N X) > p'. Let H% be the osculating conic to X at P. Since

e = p°, we have I (P, prﬂ?{ ) > p®. However, Lemmawith our assumption
that p > 7 gives

I(P,H} N Qp) > p > 11> 8 =deg(H}) - deg(Qp),

which implies, by Bézout’s Theorem, that 7—[% is a component of Qp. This
contradicts the irreducibility of Qp. Therefore, X is classical.

Suppose p|n + 1, and let m,v > 0 be such that n = mp” — 1 and
ged(m, p) = 1. From f(z,y) = 0 we obtain

0= f(z,y)zy*
and so
0= ar(@®™)""y* + a(a™y™ ) wy + az(y*"™ )" o
+ ag(z™)P zy? + as(y™)P" 2%y + agr’y>.
Consider a point P = (u : w : 1) € X with uw # 0 and the projective
closure @ C P?(K) of the curve given by I(z,y) = 0, where
Uz, y) = agz’y® + as(w™)P 22y + ag(u™)P" xy?

+ az(w?™)P" 22 + ap(u™w™)P" zy + ay (uF™)P R

Since ag # 0, Qp is a quartic. Let o = u™" and B = w™P". Multiplying

I(x,y) by 1/(a?B?%), we see that Q) is the projective closure of the curve
given by the equation

B AT R AT AT R '
6o2ge T gag T g T a2 1

af B2

Hence Q' is projectively equivalent to the curve ) given by

=0.

H(z,y,2) = agz’y* + asz’yz + auzy’z + azx®2® + agry2® + a1y*2® = 0.

Then Lemma and Remark imply that Q' is irreducible.
Moreover,

l(l’,y) = l(.’L‘,y) - f($7y)x2y2'
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Therefore, I(P,Q% N X) > p¥ > 11. If H% is the osculating conic to
X at P, we have I(P, ’H?D NX) > p® > 11. By Lemma and Bézout’s
Theorem, 7-[%) is a component of Q5. This is a contradiction, and thus the
curve X is classical. m

LEMMA 4.8. If X is nonclassical with respect to Do, then p | (n—1)(2n—1).

Proof. By Proposition there exists a point P € X with order se-
quence (0, 1,n) with respect to Dy, i.e., 0, 1 and n are the possible intersec-
tion multiplicities of X with a line at P. Hence there are degenerated conics
in P2(K) whose intersection multiplicities with X at P are 0, 1,2, n,n+1 and
2n. Since Do has projective dimension 5, these are the possible intersection
multiplicities of X with a conic at P. In other words, the order sequence of P
with respect to D5 is (0,1,2,n,n+1,2n). Thus by Proposition 2.2} p divides
n(n —1)(2n — 1)(n 4+ 1)(n — 2). Since the irreducibility of X' together with
Lemma (4.7 gives p { n(n + 1)(n — 2), the result follows. m

The next two lemmas will address the converse of Lemma, 4.8
LEMMA 4.9. If p|n —1, then X is nonclassical with respect to Ds.
Proof. This follows immediately from Lemma [3.2] applied to s = 2. =

LEMMA 4.10. Assume that p|2n — 1. The curve X is nonclassical with
respect to Dy if and only if all but one of the coefficients as, a4 and as are
zero.

Proof. Let m,v be such that 2n = mp” + 1 and ged(m, p) = 1. Assume
that all but one of the coefficients as, a4 and as are zero. We may suppose
that F(x,y,2) = a12?™ + asx"™y" + azy®" + agz>" with ag # 0 (the other two
cases are analogous). We have

0 = a1z + asx™y" + asy®™ + ag,
hence
—aga™y" = a1 (z"™)" x + as(y™)" y + a,

and consequently

2/pv v 1/pY v 1/pv v 1/pY\p¥\ 2
(45) (@ 2™y ey = ("™ 2+ (0 Yy + (ag" ).
Since X is classical with respect to D;, the Ds-order sequence of X is
(0,1,2,3,4,¢) for some ¢ > 5. In view of (3.4)), Theorem implies that
€ > p¥ > 5. Hence X is nonclassical for D,.

Now assume X is nonclassical, and suppose that at least two of the
constants ag, as and as are nonzero. Recall that the smoothness of X’ implies

aiasag # 0, and then after scaling we may set a1 = as = ag = 1. Thus since
f(z,y) = 22" + asx™y" + " + asx” + asy™ + 1 = 0 € K(X), we have
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(22 aoz™y" + " Fasx" +asy"+1) (2" —agx™y" +y*" —agz" +asy" +1) = 0,
and then
(4.6) 2™+ (2— ad)a®y" + (2 - ad)a™ + " + (af +2)y”" +1
= 2y"((a2a4 — a5)x2" — asy®" — a5).
Squaring both sides of (4.6|) yields
47) (@™ 2?4+ (2 - a3) @™y ey + (2 — af) (")
Y+ (@ 2) ™)y 1)
v v v 2
=4(y™)" y((azaq — as) (@™ ) @ — as(y™ )" y — as) .
Let P=(u:w:1) € X with uw # 0, and Qp be the projective closure
of the quartic given by r(z,y) = 0, where
48)  r(z,y) = (™) 2% + (2 — a3) (W™ w™)P 2y + (2 — a) (V") z
+ (@ Y+ (F + 2wy + 1)
- 4(wm)pvy((a2a4 —a5) (™) z — as(w™)P y — a5)2.
We claim that Qp is irreducible. In fact, via (z : y : 2)+ (0™ 2 : W™ y : 2),
the quartic Q) is projectively equivalent to
(z+y+ 2)? —adry — adzz + a%yz)2 —4((azas — as)z — asy — a5z)2yz =0.

Thus if Qp is reducible, then Theorem implies a% + a?l + a% —asagas = 4
(since we are assuming that at least two of the constants as, a4 and a5 are
nonzero). But then

1 a2/2 a4/2 9 9 9
/2 1 ag)2 :a2a4a5—(02—|—a4+a5)+1:07

4
a4/2 a5/2 1

which contradicts .

Hence using the same arguments as in the proof of Lemma [4.7] we get
I(P,QpN&) > p. Since X is classical with respect to D; and nonclassical
with respect to Da, by [7, Proposition 2] the order sequence of X with respect
to Dy is (0,1,2,3,4,p*) for some s > 0. Therefore, if H2 is the osculating
conic to X at P, we have I(P,H% N X) > p*. Using Lemma as in the
previous cases, we obtain a contradiction by Bézout’s Theorem since we are
assuming that p > 7. =

Proof of Theorem[{.5. This follows directly from Lemmas [4.8 .
We use the following lemmas to build our proof of Theorem
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LeMMA 4.11. Assume that p|n—1. Then X is Fy-Frobenius nonclassical
with respect to Dy if and only if n = ng with h > v, v|h and X is defined
over [Fpv.

Proof. If n = gz:} with h > v, v|h and X is defined over Fp, by
Corollary applied in the case s = 2, X" is F;-Frobenius nonclassical with
respect to Dsy. For the converse, note that by Proposition X must be
nonclassical with respect to Ds. Since X is classical with respect to D;
(Proposition , its Do-order sequence is (0,1,2,3,4,¢€), where € > 5. The

F,-Frobenius nonclassicality of X with respect to Dy is equivalent to

1 x4 y? 124 x99 y2q

1 €T Y 2 Ty y2

0 DP(z) DM(y) DV (a?) DM (zy) DM (y?)

0 DP@) D2y DP(a?) DP(ey) DD
0 DP(z) DP(y) DP(a2) DP(xy) DP(y?)

0 DW(@) DP(y) D2 DW(xy) DY (y?)

where 7 is a separating variable of Fy(X). Then by [17, Corollary 1.3],
d,(P) € ’H% for infinitely many points of X. Hence the result follows from
Theorem B.3 »

The next lemma is a consequence of [3, Theorem 3.2].

LEMMA 4.12. Let K be an arbitrary field. Consider nonconstant polyno-
mials by (x),be(x) € K[x], and let | and m be positive integers. Then

Yl —bi(z) divides y™ — bo(z)
if and only if l|m and by(x) = by (z)™/!.

LeMMA 4.13. Assume that p|2n — 1. The curve X is Fy-Frobenius non-
classical with respect to Doy if and only if all but one of the coefficients
az, a4 and as are zero, n = Q(ZU;EI) for some integer v < h with v|h, and
up to an [Fy-scaling of the coordinates, the curve X is defined over Fpv.

Proof. Suppose that X" is F;-Frobenius nonclassical. By Proposition
the curve X is nonclassical and therefore, by Lemma[£.10] all but one of as,
a4, and as are zero. We can assume that ag # 0. Dehomogenizing F'(x,y, z)
with respect to z and setting a := —aj /a3, b := —ay4/asz, and ¢ := —ag/as,
we find that X is given by the affine equation

(4.9) Y = az®™ + ba" + c.

Since p { 2n, we see that z is a separating variable of F,(X). The assumption
that X is F-Frobenius nonclassical is equivalent to W = 0 € F,(X’), where
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r — 2 ZL‘2 _ :L,2q y— yq Yy — l’qu y2 _ y2q
1 20 DV(y) DY (ay) DV(y?)
(410)  W:=| o0 1 DP4y) DP(xy) DP(y?)|.
0 0 p¥y) D (xy) DP(y?)
0 Di(y) D(xy) D)

Using the formula Dg(f)(fg) = Z;:O D;E;j)(f)Dg(f_j)(g) (see e.g. [11, Lemma
5.72]) and elementary properties of determinants, we obtain

x—a? 22 —2% y— e 0 —(y? —@/)2
1 2x D;l)(y) y —y? 0
W= o0 DP(y) DM (y) (DS (y))?
0 0o DPwy) DY) 2D (y) D (y)
0 D) DP(y) 2DV (y)DP (y) + (D (y))?

Equation (4.9)) with the hypothesis p|2n — 1 gives us

20221 4 bzt » (
DM (y) = 9y2n1 and  D{)(y) =
for i > 1. Through standard computations and bearing in mind p|2n — 1,
we obtain

n—1)...(n—i+ 1)bz"™"
2qly?n—1

b2 2n—6

= Topagis (20" = 2yt = 2ab T gabatn

| by 2ral | Ant2a=2 g 2p4n g2, 0n

+ CL2 dn+2q—-2 b2x2n+q—1 _ 2a2$4n+q—1 _ 2am2ny2n

+ 2a$2ny2n+q 1 + 2ax2n+q—1y2n o 2a$2n+q—1y2n+q 1).

bZIQn—G

Therefore, W = 1024571

W1Ws, where

2n4+q—1
5 2n

+9°" — ax
+ y2n _ 2n — ba™.

n

Wy = ax®" a1 — g2l g gy — ba",

W 1= az?" a1 —y2nta=l _py

From (4.9)), we can write

2n+q 1

T
(4.12) Wy = gyl qg?n a1 by mg= .

Now consider W; and Wy as polynomials. Since W = 0 € F,(X), there
are two possibilities:
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(i) (y*™ —ax®* —bx™ —c) | Wi. In this case, by Lemma 2n|2n+q—1
and
2n+q—1 Intq—1
ax2"+q_1 + bz 2q +c= (axzn + bx™ + c) 27qL

2n+q—1
2n

It can be checked that the equality above implies = p? for some

v>0,ie,n= and hence v is a proper divisor of h. Furthermore,

q—1
- , 2(pv-1)?
a? =a, b’ =band ¢’ = ¢, which means that a,b,c € Fpo.

(i) (y** — az® — ba"™ — ¢) | Wo. By Lemma [4.12) n = 2(5%1), where v
is a proper divisor of h. Moreover, a?’ = a, b = —b and ® = ¢. Hence
a,c € Fpp and b € F, is such that '~ = —1. Since b? € Fpv, there

exists a € F; such that a® = b?, using the surjectivity of the norm map
N : F; — Fpe. Thus, up to the Fy-scaling (z,y) — (azx,y), the curve X is
defined over .

Conversely, assume that all but one of the coefficients as, a4 and as
are zero, n = 2(;1)”;—11) for some integer v < h with v|h and that, up to
F-scaling, the curve & is defined over [F,». We can suppose that a4 # 0 and
a1, as,aq,a6 € Fpe. Then X is determined by the affine equation with
a,b,c € Fpo. Hence

2,.2n—6
_ 1321,84 W W
with W, Wy and Wy as in , , and , respectively. Since
n= 2(5%1), we have
2n+q—1=2np".
Therefore,

_ _ 2ntq-1
W1 — y2n+q 1 _ ax2n+q 1 br 5

= (y*" — ax®™ — ba" — )" = 0.

—C

Thus W =0, i.e., X is F,-Frobenius nonclassical with respect to Ds. =

Proof of Theorem[/.6, This follows directly from Lemmas and
d13 =

5. The number of rational points. In this section, we use the pre-
ceding results to discuss the possible values of N, (X) in the case s = 2. Since
the necessary and sufficient conditions for the F,-Frobenius nonclassicality
of X have been established, we will be able to provide the exact number
of F,-rational points for these curves. In the remaining cases, i.e., for the
F,-Frobenius classical curves &X', the Stohr—Voloch bound gives

< 2d(5d +5q - 10)7

(5.1) Ny(%)



Frobenius nonclassical curves 61

where d = deg X'. The next result gives the number of F,-rational points
on the [ -Frobenius nonclassical curves X satisfying condition (1) of Theo-
rem

1

THEOREM 5.1. Ifn = J—

Fpo are such that the curve X : a1r? + ax™y" + azy®" + agx" 2" + asy" 2" +

agz®™ = 0 is smooth, then

(5:2) No(&X) = n(n(p” +1) =d(n - 1)),

where 0 is the number of Fyv-rational points P = (a : b : ¢) on the conic
C:a1x® + aszy + azy? + ayrz + asyz + agz? = 0 satisfying abc = 0.

Proof. As in the proof of Theorem consider the map 7 : X(F,) —
C(Fpv) given by m(a : B : y) = (™ : ™ : 4™). Since X is nonsingular,
(1:0:0),(0:1:0),(0:0:1) ¢ X. Hence #7 *(Q) = n for all Q =
(a:b:c) € C(Fy) such that abc = 0. Additionally, #71(Q) = n? for all
Q = (a:b:c) € C(Fy) such that abc # 0. Since Ny (C) = p¥ + 1, equation
gives the result. m

EXAMPLE 5.2. Consider the curve X : 288 4 3244y 4 488 4 3244244 1
3yt 4 288 = 0 over F 52. We see that X has degree d = 2n, where n =
44332:11' It can be checked that the conic C : 2% +3xy+1y? + 322 +3yz+22 =0
has no Fy3-rational points P = (a : b : ¢) with abc = 0. Hence gives
Ny(X) = 85184.

with v < h such that v |h, and ay,...,a¢ in

For the curves corresponding to case (2) of Theorem |4.6] we have the
following.

THEOREM 5.3. Ifn = 2(;1)%_11) with v < h such that v | h, and a,b,c € Fpo

are such that the curve X : az®™ + ba"y" + cy®™ + 22" = 0 is smooth, then
(5.3) No(X) =nlg+3— (20— 1)),
where 0 is the number of distinct Fyv-roots of az® + bx + ¢ = 0.

Proof. Considering the irreducible conic C : az? + bxy + cy® + 22 = 0
shows that the map ¢ : X — C given by (z : y : z) — (2™ : y™ : 2™) is well
defined. Thus since n = %, a point P € X is F-rational if and only
if the nonzero coordinates of Q = ¢(P) satisfy the equation 2"~ = 1.
That is, the point @ is defined over either F,o or A -[Fp», where X is such
that \*"~! = —1. Note that the fiber of each point Q = (z : y : z) € C has
either n? or n points, with the latter case corresponding to the points for
which zyz = 0. Therefore, counting the Fy-rational points on & reduces to
counting the points Q = (z : y : z) € C defined over the set S := A-Fpo UF o,
where \' 71 = —1.

The computation will be based on two types of points (z:y: z) € C.
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(i) Case xyz # 0. For f(x,y) := ax?® + bxy + cy? +1 = 0, let x¢,yo in
S\ {0} be such that f(zo,y0) = 0. Since a, b, c € Fyv, either xq, yg € Fpe or
20,Y0 € A - Fpo. Hence the number sought is given by the number of points
(z0,90) € Fpw x Fy» on the union of the two distinct and irreducible conics

Cr:ax’ +bxy+cy? +1=0 and Cy:az®+bry+cy? +1/X\2 = 0.
Clearly this number is 2(p + 1) — (#21 + #22), where Z; is the set of
points @ = (x : y : z) with xyz = 0 on the projective closure of C;, i = 1, 2.
Let Z, N {z = 0} C Z; be the set of points on the line z = 0. Note that
Zlﬂ{ZZO}:ZQO{Z:O}:ZlﬂZQ, and then

n:= #(Zl N ZQ)
is the number of distinct Fpu-roots of az? + bz + ¢ = 0. Since 1/\? € Fpv is
not a square, we can see that
#((Z21U Z2) N{zy = 0}) =4,
and so #2Z1 + #22 = 4 + 2n. Therefore, the number of F,-rational points
on X with nonzero coordinates is given by
(5.4) n?(2(p¥ + 1) — (4 + 27)).

(ii) Case xyz = 0. We use the notation from the previous case. Clearly

the set of points on C with coordinates defined over .S and satisfying xyz = 0

is Z1 U Z,. Based on our previous discussion, we deduce that #(2, U Z3) =
4 + . Hence there will be n(4 + n) F,-rational points on X N {zyz = 0}.

Finally, adding n(4 + 1) to the number given in (5.4)) yields (5.3)). =

ExXAMPLE 5.4. Consider the curve
X : 20 4210410 20 4 20
over Fig2. Note that X has degree d = 2n, where n = %. Since the
equation 2 + 2z — 1 = 0 has no Fig-rational roots, Theorem gives
Ny(X) = 3640.

REMARK 5.5. Note that, in contrast to the [ -Frobenius classical case,
the number Ny (&X') in examples 5.2/ and |5.4|exceed the upper bound in (5.1]).

Appendix. A special family of plane quartics. In what follows, we
note some simple facts regarding the irreducibility of certain plane quartics
that are used in some of the proofs of this paper. Despite the simplicity,
their detailed proofs can be quite lengthy. Thus for the sake of brevity, in
some cases we omit the details and just indicate the main steps.

Hereafter, we assume K is an algebraically closed field with char(K) # 2.

LEMMA A.1. Let a,b,c,d,e, f € K be such that Q : a(xy)? + b(z2)? +
c(y2)? + zyz(dx + ey + fz) = 0 is a projective plane quartic. Then Q is
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irreducible if and only if

a d/2 e/2
(A1) abc-|d/2 b f/2|#0.
e/2 f/2 ¢

Proof. Consider the conic C : az?+ by? + c2? +dry + exz + fyz = 0 and
assume condition . Then C is irreducible and does not pass through
any of the points (1:0:0), (0:1:0), and (0:0: 1). Therefore, the quartic
Q is the image of C by the standard Cremona transformation (z :y: z) —
(zy:xz: zy). Hence Q is irreducible. The converse is trivial. =

For b,d,e € K, not all being zero, consider the plane projective quartic
Q: F(x,y,z) =0, where
(A2)  F(z,y,2)
= ((:U +y 4 2)2 = bley — d’zz + 62yz)2 — 4((bd —e)r —ey — ez)Qyz.

The idea is to find conditions on a, b and ¢ for which the quartic Q is
irreducible. We begin with the following result, which states some basic
facts about Q. The proof is trivial and will be omitted.

LEMMA A.2.
(i) The polynomial F defining the quartic Q satisfies
F(z,y,2)
= ((:c +y+2)? —eyz—d*rz+ b2xy)2 — 4((ed —b)z—by— bx)Qﬂsy.
(ii) The points Py = (€2 : d? : bde — d*> —€?), Py = (€2 : bde —b* —e? : b?)
and Py = (bde — d*> — b : d? : b?) lie on Q. Moreover, Py, Py, and
P3 are collinear if and only if
bde(b? + d* + ¢ — bde) = 0.
THEOREM A.3. The quartic Q is reducible if and only if at least two of
the elements b,d,e € K are zero or b> + d*> + € — bde = 4.

Proof. If two of the elements b,d,e € K are zero, then the reducibility
of Q follows directly from (A.2) and Lemma A.2. If b2 + d? + €2 — bde = 4,
then let u,v € K be such that b = v+ 1/u and e = v 4+ 1/v. In this case,
note that d =t + 1/t where either ¢ = uv or ¢t = u/v. From this, it can be
checked that the factorization of F'(z,vy, z) is given by

F(x,y,2) = H(z,u’y, °2) - H(z, (1/u®)y, (1/t*)2),

where H(z,y, 2) = 2? + 22 + % — 2(zy + 2z + yz). To prove the converse,
we consider the following three cases:
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(1) b? + d? + €% = bde. In this case, P, = Py = Py = (e? : d* : b?), and
without loss of generality, we assume b # 0. Dehomogenizing F(x,y, z) with
respect to the variable z and considering the change of variables

flz,y) = Fx —y+ /b,y + d*/b*, 1),

we focus on the affine curve F : f(z,y) = 0. Given the condition b?4d?+e? =
bde, it turns out that f(z,y) = fi(x,y) + f3(x,y), where

fa(z,y) = b2at — 2b%23y + (05 + 20%)2%y? — 200293 + 092,
f3(x,y) = 4(bde — b*d*)x® + 4(203de — b* — 2b%e*)x%y
+4(b* — 26%de + b2 d* + bPe?)y?.
One can check that resultant(fy(z,1), f3(z,1)) = b3 # 0. Thus ged(f4, f3)
= 1, which implies that F is an irreducible curve (see e.g. [4, Problem 2.34]).

(2) b2 + d?® + €% — bde # 0,4 and only one of the constants b,d,e is
zero. Without loss of generality, we may assume that e = 0, and therefore
bd(b? + d?) # 0. Setting u := (b + d?)/b? and

—u 0 0
M=]lu-1 -1 —u|,
1 1 0
we have det M = —u? # 0. Let T be the projective transformation associated

to the matrix M and define G(z,y,2) = F(T(z,y,z)). Dehomogenizing
G(z,y, z) with respect to the variable z, we find that the curve may be
given by f(z,y) = 0, where

b?(bz—|—dz)—{—4d2 2 (b — d? 1
2 2
fz,y) = <y +2y + b2(b2 + d2) )33 _172<b2 52y+1>x+b4.

Note that f is a quadratic polynomial in K (y)[x], which is reducible if and
only if its discriminant

1642 b2 + d? b2 + d?
A= — )<2+ * + + )

2202 + a2)z \Y pz Y ba
is a square in K(y). This condition is equivalent to the discriminant of
g(y) =y + (b +d2)y+ b2;;d2, namely A, := (d? + b?)(d? + b* — 4) /b*, being
zero. Hence the result follows.

(3) b2 + d? + €® — bde # 0,4 and bde # 0. By Lemma the points
P = (€2 :d?:bde —d*—¢€?), P, = (€2 : bde — b*> — €% : b?), and P3 =
(bde—d?—b? : d? : b?) lie on Q and are not collinear. Consider the projective
change of coordinates mapping Py, P, and P35 to (1:0:0),(0:1:0) and
(0 : 0 : 1), respectively. Based on this map, it can be checked that Q is
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projectively equivalent to the quartic defined by
D(e*a?y? + d*z?2* + by?2?) + 2zyz(Az + By + C2) = 0,

where A = e2d?(bde + b2 — d? — €2), B = €2b*(bde — b* + d*> — €?), C =
d?b?(bde — b* — d? + €?) and D := b + d? + €? — bde. Since

De* A B
A Dd* C | = (bde)®(V* +d* + e* — bde — 4) £ 0,
B C Db

Lemma [A ] implies that Q is irreducible. m
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