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1. Introduction. In the theory of E-functions Shidlovskii [Shi] proved
an important auxiliary result, known as Shidlovskii’s lemma. The lemma, in

the abstract setting, concerns a solution ¥ = *(f1, ..., fm) € K[[z]]™ for the
system of linear homogeneous differential equations

dy

—Z = Py,

dz 4
where K is an arbitrary field of characteristic zero, P is an m-dimensional
square matrix with entries from K(z), and fi,..., fy, are linearly indepen-

dent over K (z). Then, starting from a linear form Ly =) Ay, f;, A1j € K|[z],
we construct linear forms Lit1 = Y Aiy1,;fj, Ait1,; € K(2), by taking the
1th derivative of Li, where we use the differential system above. For this
construction (or its slightly modified version taking the denominator of A;;
away) Shidlovskii’s lemma asserts the nonvanishing of the m-dimensional de-
terminant det (A;;) whenever the order of the zero of Ly at z = 0 is greater
than (m — 1) maxdeg A1 + co, where ¢y is a positive constant depending
only on the differential system. The nonvanishing of this determinant is cru-
cial in proving algebraic independence of the values of E-functions. On the
other hand, the Chudnovsky brothers [CC] proved a result in some sense
dual to Shidlovskii’s by replacing a single linear form L; by simultaneous
linear forms Li; = Aiof; + A1; (1 < j < m). The result plays an essential
role in the theory of G-functions.

The purpose of the present paper is firstly to prove analogues of both
Shidlovskii’s and Chudnovskys’ results in the context of g-difference equa-
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tions, and secondly, to apply these to obtain a linear independence measure
for the values of a fairly wide class of g-series.

For the first aim we take (and fix) a nonzero element ¢ of K" which is not
a root of unity, and denote by J the g-difference operator on the rational
function field K (z), or more generally on the Laurent series field K ((z)), that
is, J(a) := a(qz), a € K((#)). Then we replace the differentiation operator
above by the g-difference operator. It is worth noting that we may take
a field K with positive characteristic provided that it contains a nonzero
element ¢ different from a root of unity, and that for the result analogous
to Chudnovskys’ we may add an inhomogeneous term to our g-difference
system.

The first part, Sections 1-4, of the paper is organized as follows. First
we state the main results of this part, Theorems 2.1 and 2.2. Since our proof
formally follows the proof for the differential case, it is reasonable to isolate
some arguments which are independent of such differential or difference
system. That is done in Section 3. Then we give the crucial Lemma 4.1 by
introducing an abstract difference system (F,¢), extending the difference
field (K (z), J), and deduce our main results from it together with the results
formulated in the third section. The use of the abstract difference system
(F,¢) is necessary because we have no a priori knowledge of the solution
space, in contrast to the classical differential case. Also, in the proof of
Lemma 4.1 we use a simple fact from the fundamentals of algebraic theory
of linear difference equations, proved in the appendix. Further, we note that
our considerations work also in the Mahler function case (see Remark 4.2).

In the second part, Sections 5-10, we give an application of the first part
by exhibiting a linear independence measure for the values of the solutions,
analytic at z = 0, of the g-difference equation

2"J(qz) = a(2)Cy(2) + b(2),
where s € Z*, C € GL(m,K), and a(z) and the components of b(z) belong
to K[z]. This result generalizes and improves the main result of [V4i] and
implies a general quantitative linear independence result e.g. for the values
of the g-series

s qs(ngl)nl’

_ I A S | S ()

Puv(z) = nZ:O a(q) - - a(qn) (a"2)",
w=0,1,...,s—1;v=0,1,...,1—-1;1 € Z™. For detailed references on results
concerning arithmetic properties of the values of g-series we refer to [AV3].
We begin the second part by introducing the notations and main results:
Theorem 5.1, Corollaries 5.1 and 5.2. Then we prove Theorem 6.2 of general
nature, which together with some Padé type approximation constructions
implies the truth of our main results. In Section 9 we finally prove linear
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independence of the functions under consideration, which is needed in our
results.

2. g-analogues of Shidlovskii’s and Chudnovskys’ lemmas. In
Sections 2-4 we denote by K a field of arbitrary characteristic which has
elements different from roots of unity, and fix such an element ¢. As in
the introduction we denote by J the g-difference operator on the rational
function field K(z), or more generally on the Laurent series field K((z)),
that is,

J(a) = a(gz), a€K((z)):
Note that J is an automorphism of K (z) fixing an element a € K(z) if and
only if @ € K, and the same holds with K (z) replaced by K((z)). In what
follows, for f =377¢ y, au2" € K((2)), am # 0, we define ord f to be M.

We first consider a formal power series solution ¥ = *(f1,...,fm) €
K|[[z]]™ of a linear homogeneous ¢-difference equation

(2.1) J(Y) =Py,
where P € GL(m, K(z)). For A ="1(Ay,..., A;,) € K(2)™ we define a linear

form
j=1
Note that

J(L) = (J(A),J@)) = (J(A), Py) = ("PJ(A),7).
Starting from L; = (A;,7) with A; € K(2)™, we define

(22) /_17;4_1 = tPJ(f_lZ) € K(Z)m, Liyq = J(Ll) = <Ai+1,y>

inductively for any i € Z™*. The following result, which generalizes particular
cases obtained in [AV1], is an analogue of Lemma 8 in Chapter III of [Shi].

THEOREM 2.1. Suppose that (2.1) has a solution § = '(f1,..., fm) €
K|[[z]]™ such that fi,..., fm are linearly independent over K(z). Let L1 =
(A1,7), where Ay = Y(A11,..., A1) € K[2]™\ {0} with deg A1; < n for
some positive integer n, and let A;y1 € K(2)™ for i € ZT be defined in-
ductively by (2.2). If the K(z)-vector space generated by A; (i € Z1) has
dimension r, then

(2.3) ord Ly <rn+ O(1),

where the constant implied in the O-symbol depends on the system (2.1), but
not on n.

COROLLARY 2.1. Let the notations be as in Theorem 2.1. If (2.3) does
not hold for any r < m, then det (A;j)1<i,j<m does not vanish.
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REMARK 2.1. As is shown in Theorem 3 of [AM], for certain cases
of (2.1), the determinant det (A;;)1<i j<m does not vanish without any ad-
ditional assumption except the necessary condition A; # 0.

We next consider a formal power series solution § = (fi,..., fm)
€ K[[z]]™ of a linear inhomogeneous g¢-difference equation

(2.4) 1) = Py+7,

where P € GL(m, K(2)) and b € K(2)™. In order to consider § we shall
utilize ¥ = (1, f1,..., fm), which is a solution of the linear homogeneous
g-difference equation

~ ~ 1 0
J@y) =Py, P=|-= .
=7 P=(5 p)
For B € K(z) and A € K(z)™" having the first component —B, we
define N N
L =By + A.
Note that N N _ N
J(L)=J(B)J(y)+ J(A) = J(B)Py + J(A).
Then, multiplying by the inverse matrix PLof 75, we have
PLI(L) = J(B)j + P LJ(A).

Starting from f/l = A17Og+ Avl with Al,O € K(Z) and 12{1 = t(—ALQ,Al,l,
vy ALm) € K(2)™FL we define

(2.5) Aig10:= J(Aig) € K(2), Aiy1:=P 1J(4) € K(2)™,

and

(2.6) Liv1 :=P V(L) = Aipr0) + Aia

inductively fgr any i € Z*. By definition the first component of A; is —Aio
and that of L; is 0.

The following result, which generalizes particular cases obtained in [V&é]
and [AV2], is an analogue of Theorem 3.1 of [CC].

THEOREM 2.2. Suppose that (2.4) has a solution § = *(f1,..., fm) €
K|[[z]]™ such that 1 and fi,..., fm are linearly independent over K(z). Let
Ly = Ao + Ay with § = Y1, f1,..., fm), where A1g € K[z]\ {0} and
A = t(=A10,A11,..., A1) € K[2]™T1\ {0} satisfy maxdegA1; < n
with a positive integer n, and let /L =1Y—Aip, Ai1,..., Aim) € K(z)m+!
fori € Z* be defined inductively by (2.5). If the K (z)-vector space generated
by A; (i € Z1) has dimension v < m, then

(2.7) minord L1 ; < n+ O(1),
J
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where L1; = A1of; + A1 € K[[2]] (1 < j < m) and the implied constant
depends on the system (2.4), but not on n.

COROLLARY 2.2. Let the notations be as in Theorem 2.2. If (2.7) does
not hold, then det (Ajij)1<i<m+1,0<j<m does not vanish.

REMARK 2.2. The assertion of Theorem 2.2 also holds for certain Mahler
functions (see Remark 4.2 at the end of Section 4).

3. General formalism. In this section we formalize certain arguments
used in the proof of Shidlovskii’s and Chudnovskys’ results, which are inde-
pendent of any differential system. More precisely, we state and prove three
lemmas among which Lemmas 3.1 and 3.3 are essentially contained in the
proof of Lemma 8 in Chapter III, §5 of [Shi] (see Chapter VII, §3 of [Lan]),
and Lemma 3.2 in the proof of Theorem 3.1 of [CC|. To this end we first
give a fundamental notation.

Let K be a field of arbitrary characteristic. Let d and r be positive
integers with r < d. For any r x d matrix A = (ay,...,@y) with @; € K(z)"
having rank r we define 6(A) by §(A4) :=0if r = d, and

(5(14) (= max max _{deg dij ’ o = Zdz‘jai, dij € K(Z)}
I (ig)erxI el
if r < d, where [ in the first maximum runs over all subsets of {1, ..., d} with
r elements for which @; (i € I) are linearly independent over K(z), and I is
the complement of I in {1,...,d}. Here by the degree of a rational function
we mean the maximum of the degrees of its numerator and denominator,
which are assumed to be relatively prime.

LEMMA 3.1 (Shidlovskii). Let m and r be positive integers with r < m,
A = (a;j) be an r x m matriz with a;; € K[z] having rank r, and fi,..., fm
be elements of K|[[z]] which are linearly independent over K(z). Then, for
l; = E;n:l aijfj (1 <i<r), we have

(3.1) minord /; < rmaxdega;; + c1,
7 1,7

where ¢y is a positive constant depending only on fi,..., fm and 6(A).

Proof. Renumbering the f; if necessary, we may assume that the first r
columns of A are linearly independent over K(z). Then we have a decom-
position A = (B, BB’) = B(E,, B'), where B is an element of GL(r, K|z]),
B’ = (bj;) is an r x (m — r) matrix with entries from K(z), and E, is the
r-dimensional unit matrix. Then, for f = (f1,..., fm) and L =*(l1,...,1,),
we have L = Af = B(E,, B') f. Hence, multiplying by (4;;), where B~! =
A7Y(A;;) with A = det B, we get (A;;)L = A(E,, B')f. Equating the first
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components on both sides, we have

T m—r
(3:2) Y Ayli=Ag, g=fi+ > bijfris.
=1 =1
Let D € K|[z] be a common denominator of by;’s with max(deg(Dby;), deg D)
< §(A)m. Since fi,..., fm are linearly independent over K(z), by Lem-
ma 2.1 in Chapter VII, §3 of [Lan], we have a bound for ord(Dg) yielding
ord g < ¢;. Hence the assertion of Lemma 3.1 follows directly from (3.2).

LEMMA 3.2 (Chudnovskys). Let m and r be positive integers with r < m,
A = (ai;) be an r x (m + 1) matriz with a;; € K[z] (1 <i<r, 0<j<m)
having rank r, and fi,..., fm be elements of K|[[z]] which together with 1
are linearly independent over K(z). Then, for l;j = ajof; +ai; (1 <i <,

1 <j<m), (a,-..,a0) # 0 we have

3.3 minordl;; < max deg a;; + co,

(3.3) Z ! ij ZZ: ¢ & aij T C2

where ¢y is a positive constant depending only on fi,..., fm and 6(A). In
particular,

-1

minordl;; < maxdega;; +c3  (c3=1r""c2).
ij

i.j

Proof. As in the proof of Lemma 3.1 we obtain a decomposition A =
(B,BB') = B(E,, B"), where B is an element of GL(r, K[z]) and B’ = (b;;)
is an r X (m + 1 —r) matrix with entries from K(z). Define an (m + 1) x r
matrix G by

fi 10 -~ 00 -+ 0
'‘G=|: oot o | =0GLG),
f,, 00 - 10 --- 0

where G and Gy are an r-dimensional square matrix and an (m+1—r) xr
matrix, respectively Then we have AG = (a0 f; + ai;). Hence, multiplying
by (A ) where B~ Ail(Aij) with A = det B, we get (Aij)(aiofj—i-aij) =
A(Gy + B'Gyy). Taking the determinants of both sides, we have

(34) A Vet (aiofy +aig) = (1) ((b + ) Zb]+11f])

As in the final part of the proof of Lemma 3.1, the assertion of the lemma
follows directly from (3.4).

The above lemmas show the importance of estimating 6(A) in the case
r < d. To state the next lemma we use the following notations. Let d and
r be again positive integers with r < d. Let C be a field extension of K
and F' be a field extension of K(z) satisfying K(z) C C(z) C F. For any
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U € GL(d, F) we denote by U the C-vector space generated by the column
vectors of U. Then, for any r x d matrix A with entries from K(z), we
denote by Uc(A) the subspace of Uq consisting of the elements which are
orthogonal to all row vectors of A.

LEMMA 3.3 (Shidlovskii). Let F, C(z), U, and Uc be as above, and let

Z/{éd) be the C-vector space generated by all monomials of the entries of U
with degrees at most d. Then, for any r x d matriz A with entries from K(z)
having rank r such that dimc Uc(A) > d—r, §(A) is uniformly bounded from

above by a positive constant depending only on Z/{Cd .

Proof. We may assume r < d. Let U’ be a d x (d — r) matrix whose
column vectors belong to Uc(A) and are linearly independent over C'. Since
U € GL(d, F), the rank of U’ is d — r. By the definition of Ux(A) we have
AU’ = O. Let us rearrange the column vectors of A and the row vectors
of U’ so that the resulting matrices A" and U” also satisfy A'U” = O, and
A" decomposes as (B, BB’), where B is a nonsingular r x r matrix and
B’ = (bi;) is an r x (d — r) matrix with maxdegb;; = 6(A). Then, denoting
by Ur and Ujy the matrices consisting of the first » and the last d — r rows
of U”, we have

Ur
Urr

Since B is nonsingular, we obtain U; + B'U;; = O. This means that the
rank of Uj; is at least the rank of U”, thus, U;; is nonsingular. Hence we
have B’ = —U;U ;]1, which implies that each b;; can be expressed as a

A'U" = (B, BB') ( ) = B(U; + B'Upp) = O.

quotient of elements from Z/léd). We can now conclude the proof by applying
Lemma 2.2 in Chapter VIII of Dwork et al. [DGS] (which is essentially due
to Shidlovskii).

4. Proof of the main results. In general, for a field ' and an auto-
morphism ¢ on F' we call a pair (F, ¢) a difference field. It is easily seen that
a subset C' of F' consisting of the elements a € F' with ¢(a) = a is a field,
which is called the constant field of (F, ¢). In this section we introduce a dif-
ference field (K (z), ¢) with constant field K including ¢ = J as a particular
case, and prove the crucial Lemma 4.1 with the aid of Lemma 3.3. Then
we deduce Theorems 2.1 and 2.2 from Lemma 4.1 together with Lemma 3.1
and Lemma 3.2, respectively.

LEMMA 4.1. Let (K(z),) be a difference field with constant field K.
Assume that ¢'(z) # ¢/ (z) for any i,j € ZT with i # j, where ¢' is the
ith iteration of ¢. Let P € GL(d, K(z)) with a positive integer d, and let
Ay be a nonzero vector in K(z)%. Starting from Ay we define for i € 7+
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inductively
(4.1) Ai1 :="Pe(4;) € K(2)",

and denote by r the dimension of the K(z)-vector space generated by A;
(i € ZT). Then the first r vectors Ay, ..., A, are linearly independent, and
for the r x d matriz A having the transpose of A; in the ith row, §(A) is
bounded from above by a positive constant which depends on the linear ho-
mogeneous difference system

(4'2) ¢(y) = Pg? g = t(yl? o 7yd)?
but not on the choice of any particular initial vector A;.

Proof. Let k be the positive integer such that the first k vectors of A; are
linearly independent, but the first £+ 1 vectors are not. Using the expression

k
(4.3) A1 =D gidi,  gi € K(2),
we have

Agya = "Po(App1) Z¢ 9:) '"Pp(A Z¢ 9i)Ait1-
=1

This implies that k = r, which proves the first assertion of the lemma.

To estimate d(A) we construct a difference field extending (K (z), ¢) as
follows. Let u;; (1 < 4,5 < d) be indeterminates which are algebraically
independent over K (z), and denote by F' the rational function field K (z, u;;).
Then we extend ¢ to an automorphism of F', also called ¢, by

(4.4) o(U)=PU, U = (uy) € GL(d, F),

which is well defined by our assumption P € GL(d, K(z)). Let C be the con-
stant field of (F, ¢). We note an important fact that z is still transcendental
over C'. To show this assume that

k
(4.5) Y ¢l =0, CjecC.

Making ¢ act repeatedly on equality (4.5), we get the equalities Y C;¢'(2)7
=0 (0 <i < k). Since det (¢*(2)?)o<i j<k is a Vandermonde determinant, it
does not vanish because of our assumption on ¢. This implies that C; = 0
for all j, as desired.

To estimate d(A) we introduce Uc and U (A) for U, C, and A as in the
previous section. Let W be the C-vector space consisting of o (@) := (A1, )
for u € Ug. Note that the map o from Ugs to W is C-linear. We show that
the kernel of ¢ is U (A). In fact, the inclusion Uc(A) C Ker o holds trivially.
To see the opposite inclusion, setting P; = ¢(P)¢'~(P)--- P, we note that
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A1 =tP¢'(Ay) and ¢'(u) = Piu for u € Ug. Tt follows that, for u = o (u)
with @ € Uc and for i € ZT,

(4.6) ¢'(u) = (¢' (A1), P = ("Pi¢' (A1), ) = (i1, 7).

Hence, for u = o (%) (= (A1,7)), u = 0 implies that ¢'(u) = (A;+1,7) = 0,
which shows the inclusion Kero C Uc(A), as desired. Moreover, assuming

the expression (4.3) with k replaced by r, we deduce from (4.6) that, for
u=o(u) with @ € Ue,

() = (D idi) = 3 gl AT = Y gi6' ™ (u).
1=1 i=1 i=1

This means that every u = o(u) satisfies the same linear homogeneous
difference equation of order r. Hence, as in the case of linear homogeneous
differential equations, the dimension of W is at most r by Corollary 11.1 in
the Appendix. We now combine the above observations to get

(4.7) dimcUc(A) = dimg Kero = d — dime Imo > d —r.

Thus, by Lemma 3.3, we obtain a bound for §(A4) depending on the sys-
tem (4.2), but not on A. This completes the proof of the lemma.

REMARK 4.1. The idea of constructing (F,¢) comes from [PS], where
van der Put and Singer construct a Picard—Vessiot ring for the system (4.2),
which corresponds to a Picard—Vessiot extension in the case of differential
equations. For the details, see [PS].

Proof of Theorem 2.1 and Corollary 2.1. Let A; = (A, ..., Ai)
(i € Z™) and r be as in Theorem 2.1. Since (4.1) with d = m, ¢ = J,
P =P, and A} = A; corresponds to the definition of A;;1 given in (2.2), we
see by the first assertion of Lemma 4.1 that the first 7 vectors Ay, ..., A, are
linearly independent over K (z). Then, by the second assertion of Lemma 4.1,
we have 0(A) = O(1) for the r x m matrix A = (A;;), where the implied
constant depends only on the system (2.1). We now apply Lemma 3.1 by
taking a common denominator D of all entries of A into account, where
deg D = O(1) and ord D = O(1). This means that we set a;; = DA;; and
l; = DL; in Lemma 3.1. Since, by the definition (2.2), dega;; < n + O(1)
and ord[; = ord!;, and since 6(D.A) = §(A) = O(1), we obtain the desired
bound for ord L; given in (2.3). This completes the proof of Theorem 2.1.

Under the assumption of Corollary 2.1, it follows directly from The-
orem 2.1 that the dimension of the K(z)-vector space generated by A;
(i € Z*) is m. Then, as noted above, the first m vectors Ay,..., A, are
linearly independent over K (z). Thus Corollary 2.1 is proved.

Proof of Theorem 2.2 and Corollary 2.2. Let A; =U—Ai0, Aixs .. Aim)
(i € Z*) and 7 be as in Theorem 2.2. Then (4.1) with d = m +1, ¢ = J,
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P =%P1), and A, = A; corresponds to (2.6). The remaining part of the
proof, using Lemma 3.2 instead of Lemma 3.1, is completely similar to the
corresponding part of the proof of Theorem 2.1. The deduction of Corol-
lary 2.2 from Theorem 2.2 is also similar to that of Corollary 2.1 from
Theorem 2.1. This completes the proof of Theorem 2.2 and its corollary.

REMARK 4.2 (A variant for Mahler functions). We here explain briefly
a variant of Theorem 2.2 for certain Mahler functions (see [Nis]). Let J be
an endomorphism of K(z), or more generally of K((z)), defined by

J(a) =a(z"), a€K((2)),
where h € Z*, h > 2. In the theory of Mahler functions (of one variable)
we consider solutions of certain (systems of) functional equations involving
the transformation J. In particular, we can consider the system (2.4) with
J instead of J, namely,
Jy =Py +0b.

In this setting the statement of Theorem 2.2 with J instead of J remains
valid. To show this we first note that Lemma 4.1 still holds upon replacing
an automorphism ¢ of K(z) with an endomorphism ¢ of K(z). In fact, by

the remark at the end of the Appendix, we do not need any essential change
in the proof. Hence, by the inequality (3.3) in Lemma 3.2, we obtain

r—1 r—1

E h'minord Ly; < E h' max deg A1; + O(1),
; j , J

1=0 1=0

which implies the desired assertion.

5. Linear independence results for function values. Let K be
an algebraic number field of degree x over Q. In the following we shall
consider arithmetic properties of certain analytic solutions of the ¢-difference
equation

(5.1) 2°Y(qz) = a(2)Cy(z) + b(z),
where s € Z*, C € GL(m,K), a(z) € K]z] satisfies a(0) # 0 and ¢ :=
dega(z) < s. Further, let u = degb(z) < s denote the maximum of the
degrees of the components of b(z) € K[z]™.

We shall now introduce the notations to be used in our arithmetic results.
If the finite place v of K lies over the prime p, we write v | p, and for an infinite

place v of K we write v|oo. We normalize the absolute value | |, of K so
that

plo=p"" ifv|p,
|z, = |x] if v | oo,
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where | | denotes the ordinary absolute value in Q. By using the notation
HO‘HU = ’a’ZU/H7 Ky = [KU : @’UL

the product formula has the form

[Tlelo=1 vaek.

v
The height H(«) of « is defined by the formula

H(a) = [Tlali ol = max{1, a].},

v

and the height H (@) of the vector @ = '(a, ..., ) € K™ is given by
H@ =TTIal 3l = max {1 o).
v AR

Further, for any place v of K, and ¢ € K* with ||q||, # 1, we define the

number
g - losH(a)
== ——.
log [|q]l

From now on we assume that v is a place of K and ¢ € K* is such
that ||g|l, < 1 (implying A < —1). Then, as we prove in Section 7, the
equation (5.1) has a unique solution f(z) with components f;(z) converging
in some neighbourhood of the origin in K,, and using (5.1) we define f;(2)
for all z € K, satisfying a(q"z) # 0 for all k = 0,1,.... We are interested in
linear independence of the values of these functions.

To state our result we choose 0 < § < 1, and define

ATy =s12/24+mr+ K, B(r)=s12/2+(m+1-0)r,

where

K=m?/2+4 ((m+1-06)>—m?)/(66).
Let
(52) p = nlo) = )

B(o0) + AA(00)’
where o is the positive solution of

(5.3) s(1—06)0®+ (s(1 —68)dm —2sK)p — (sdm +2(m +1—6))K = 0.
Note that B(og) > A(go). Then we have

THEOREM 5.1. Assume that the functions 1, fi(2), ..., fm(2) are linearly
independent over K(z), and let o € K* satisfy a(aq®) #0, k=0,1,.... If
B
(5.4) _Bleo) oy

A(oo) N



320 M. Amou et al.

then the numbers 1, fi(«), ..., fm(a) belonging to K, are linearly indepen-
dent over K. Further, there exist positive constants C, D, Hy depending
on (5.1), @ and & such that for all 1 = (lg,ly,...,ln) € K™TL\ {0}, we
have

(55) o+ hfi@)+ -+ lnfm(a)]y > ¢

Hur/ko [FD(log H)=1/2?
where H = max(H(l), Hy) and p is given in (5.2).

Clearly the condition (5.4) restricts the choice of ¢, but already A = —1
contains several interesting cases, for example the following:

1. K = Q or an imaginary quadratic field, v is the infinite place of K,
and ¢ = 1/r, ||7]]y > 1, r € Zg, the ring of integers in K;

2. K=Q,v=p,and ¢g=7p', l € ZT;

3. q is a negative power of a PV-number, for example in K = @(\/5),
ql:(l_'_\/g)/Qv q:qlblezi'

To give a more precise idea of y we consider the values A = —1 and § = 1/2.
Then we have (see Section 9)

(5.6) < (8sm? + (s +4)m + s/3 + 2).

8m —1
Theorem 5.1 generalizes and improves Theorem 1 of [V&&] (see also [AV3]
for other earlier results generalized by our theorem).

Let g, s and a(z) be as above, and let a1, ..., o, be nonzero elements of
K satisfying
(5.7) a;/a; #q"  foralli# j, neZ.
Let

¢
a(z) = Za,,z”, apas # 0.
v=0

If dega(z) = s, assume further that foralli =1,... ,mand n =s,s+1,...,
(5.8) a;q" # as.

Further, we use the notations [a(z)]p = 1 and [a(2)], = a(2)a(qz) - - - a(q"12)
for all n € Z*. In Corollary 5.1 we consider the functions

00 S(n+1) sn
q 2 < v n
Finn(2) =Y ——r—n"(q" )",
= la(gz)]n
where j=1,....m; u=0,1,...,s—1;v=0,1,...,] — 1.
COROLLARY 5.1. Let ay,...,q;, be as above, and let a € K* satisfy

alagh) #0, k = 1,2,.... Assume further that the condition (5.4) of The-
orem 5.1 is satisfied with m replaced by M = msl. Then the M + 1 num-
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bers 1, fjuw(a) belonging to K, are linearly independent over K and have a
linear independence measure given in Theorem 5.1.

If we define
0o q8<n<2&-1

o9 =2 Ty

and for v =0,1,...,

)
(¢"=z)", pn=0,1,...,s—1,

n

d v 0 qs(ng_l nY
ew(2)=2z— ] vulz) = — (¢"2)",
)= (42 ) o) > @
then Corollary 5.1 implies
COROLLARY 5.2. Let a, ...,y be as above and assume that a(q*) # 0,
k = 1,2,.... Assume further that the condition (5.4) of Theorem 5.1 is

satisfied with m replaced by M = msl. Then the M + 1 numbers 1, ¢, (),
j=1L...ompu=01....s =1L, v=0,1,...,0 — 1, belonging to K, are
linearly independent over K and have a linear independence measure given
in Theorem 5.1.

In the special case a(z) = (1 —b12)--- (1 — bz), t < s, with b; € K* this
corollary follows from Theorem 1 of [SV] which generalizes earlier results
of Stihl [Sti] and Katsurada [Kat]. There the explicit Padé approximation
construction is used and the dependence on H in the measure is better than
in our more general result.

6. A theorem on linear independence measure. In this section our
aim is to formulate and prove a general theorem to be used in the proof of
Theorem 5.1. Assume that we have a sequence of linear forms
(6'1) I_/n,T = Bn,Té + A_n,T
of & =464,...,0,) € K, where B,r € K, Apyr = "(An11,- s AnTm)
€K™ and L, =(Lo11s-- -, Lnzm). Let
(6.2) max{[|B,7|I%, | Anrlli} < Pu(n,T)  Vuw,

(6.3) | Ln7llo < Ry(n,T),

and let g1, 02 with 91 < g2 and c4 be positive constants independent of n
such that

—Byr —Bpri1 ... —Buprim
Apnryg  Anri1a - AnTimi

(6'4) ATL,T — 5Ly 3 s 5 s 7é 0
An,T,m An,TJrl,m cee An,Ter,m

with some integer T' € [p1n, 0an — m] for all n > ¢4. (Here and later on, ¢;’s
are positive constants independent of n.)
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Now we suppose that the assumptions (6.2)—(6.4) are valid with
(6.5) [T Pu(n.mn) < EH (@™, e >1,

(6.6) Ro(n,mn) < cfllall77, e 21,

for all o1 < 7 < 9. In (6.5) and (6.6) we also suppose that A(7) and B(r)
are bounded positive functions on the interval o1 < 7 < g9 satisfying

(6.7) B(1)+ MA(T) > 7

with some ¢7 > 0. Further we define

M(T):%, p= sup pu(7).

01<7<02

THEOREM 6.1. If the above assumptions (6.4)—(6.7) are valid, then there
exist positive constants C';, D and Hy depending on the numbers ©1, ...,y
and o1, 02, ¢4, C5, Cg and c7 such that

C

(68) |50 + 06101+ + /Bmgm’v > k] ko fFFD(log H)=1/2

for all B ="1Bo,B1,...,0m) € K"\ {0} with H = max{H(f3), Hy}.
Proof. Let

A= By + 101+ -+ B1nOm
Using (6.1) we have

(6.9) BurA = Burfo— (B, Anr) + (B, Lng) = Gur + (B, Lu),

where B - t(ﬁla s 7ﬁm) and Gn,T = Bn,TﬂO - <Bv n,T>-
From the determinant condition (6.4) it follows that G,, 7+ # 0 with some
integer T" € [01n, p2n]. Thus we may use the product formula and (6.9) to

get

(610) 1 =]]lIGnzllw = 1BazrA—= (B, Loz)llo [T Gzl
w wWHv

< (Bl Ro(n, T') + | Ao Po(n, )25 T] Puln, T) T] 1815,
w#v wHY
By choosing T = tn, where 7 € [p1, 02], we have
(6.11) 1< q|ZD™ HB)ek H(q) Y™ + c2(| Al H(B)H ()"
< S(n, )+ W(n,7),

2

where
S(n,7) = 27 L H(B) | q| (PO

wmmf>=cammiu Mﬂ@A“W?
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Now we proceed in the usual way (see e.g. [Mat, formulae (3.22)—(3.28))]).
Choosing H large enough, say H > Hj, and using (6.7) we can find a largest
n1 > ¢4 such that

(6.12) S(ni, 1) >1/2.

Consequently, (6.12) implies

(6.13) W(ny+1,7)>1/2.

First we use the inequality (6.12) to get

log cg log H([3)

B(7) + MA(T))n? + n <0,
B) + AT+ 1 el ™ T Tog el

which implies the bounds

—log H(3)
(6.14) n < ¢+ \/(B(T) + AA(7)) log [lq|l

and

) —log H (D) _ log H(55)
(6.15) n1SCg+209\/(B(7-)—|—)\A(7'))10g|Q||v (B(r)+AA(7)) log [lqll.”

Then using (6.13) and the bounds (6.14), (6.15) we get
(6.16)  1/2 < [ All,H(B)cis H ()"
< ||Al|loH (B)e11 H(B) MM/ BTHIAT) +erz/ Viog H(B)

where ¢11 = ¢11(7) and ¢12 = ¢12(7) are bounded by the assumption (6.7).
The estimate (6.16) is valid for some g; < 7 < g2 and hence the choice

oy BO
g 919292 B(7) + AA(7)
proves (6.8).

7. A construction by Siegel’s lemma. By setting

t
a(z) = Zal,z”, apay # 0,
v=0

_b(z) = Zﬁyz”, f(z) = Z oz,
v=0 v=0

we see that § = f satisfies (5.1) if and only if

min(t,v)

(7.1)  f,= —aglc—% — aal Z ajfu_i, 0<v<s,
j=1

t
(7.2)  fo=—ag'C (by—q"  fr_s) —ay’ Z ajfu—j, v>s,
j=1
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where b, = 0 for all v > u. If v is a place of K such that |q|, < 1, it follows
that

(7.3) | Fullo < &3t

for some constant c;3 > 1 depending on v and (5.1). Furthermore, the
recursion (7.2) implies that for any place w,

(7.4) 1F ol < (2m 4 021 g1z,

where §(w) = 1 if w| oo, §(w) = 0 if w is finite, and (; is a constant vector
with coordinates in K depending on (5.1) (as are also other (; later).

Thus it follows that (5.1) has a unique analytic solution f(z) with
components f;(z) converging in a neighbourhood of the origin in K,. By
using (5.1) these can be continued and we have f;(z) € K, for all z € K
satisfying a(¢"z) # 0, k = 0,1,.... Furthermore, for all those z,

qs(g) i

T _ - —I\n+17 nZ
z) = Z [a(2)]n+1 (C)0lg"2).

n=0

We now construct Padé type approximations of the second kind for the
components of f(z). These are given in the following

LEMMA 7.1. Suppose that 0 < § < 1, and let n denote a positive integer.
There exist polynomials B(z) and Ai(z), i = 1,...,m, in K[z] of degree
< mn, not all identically zero, such that the components L;(z) of

L(z) = B(2)f(2) + A(2),  A(z) = "(A1(2), ..., Am(2)),

satisfy
(7.5) ord Li(z) > 0 := (m+ 1)n — [n].

Furthermore, if 1= ((m+1—6)3 —m3)/(66) and a place vy is given, the
following estimates are valid (in H(B) and |B|, we denote by B the vector
having the coefficients of B(z) as components):

(7.6) H(B) <2°MH(¢)™,  ||Bllw <1 for all w # v,
and

(7.7) 1ALl < 5 IS gl ™ H gy,
where €(vg) = 1 and e(w ) =0 if w# vo. If v F# v, then

(7.8) L)l < 22OWGE 2T for all ||zl < 1/(213).

The constants in O(n) depend on the system (5.1).
Proof. Write B(z) = >_7", bjz/ with unknown coefficients b;. Then

min(v,mn)

Z( Z bifu-5)2",
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and

(7.9) ijfl,_j =0, mn+l1<v<o-1,

is a set of m(n— [0n]—1) linear homogeneous equations in mn+ 1 unknowns
bj. By (74),

max |F,- J|\w<H25 WOW|(E (11 g%, (2) < 200 F () (5),

0<j<m
w

and therefore the use of Siegel’s lemma in the form given by [Bom] implies
the existence of a polynomial B ( ) 75 0 satisfying (7.9) and

Furthermore, we may choose B(z) in such a way that HB||w < 1 for all

w # vg.
By defining

- Z (Z bjfu—j)zya
v=0  j=0
we then obtain ord L;(z) > o for the components of
L(z) = B(2)f(2) + A(2).

The bound for the components of A(z) follows from
HZb Fus], < 0 DBl s 1l

< MG ||q||*M"2/2H< Y@ < <,

where we used (7.4) and (7.6). Finally, if v # vo and ||z]|, < 1/(2c13), then

o0
< (mn+ 1)WY 2]y < 22O g 2|9

V=0

by (7.3). This proves Lemma 7.1.

8. Nonvanishing lemma. Set By(z) = B(z), Api(z) = Ai(z) and
Lo,i(z) = Li(z) with ¢ = 1,...,m, where B(z), A;(z) and L;(z) are given in
Lemma 7.1, and define

Lo(2) :=Y(Loo(2), .., Lom(2)),  Ao(2) = (Aoo(2), ..., Aom(2)),
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where Ago(z) = —By(z) and Loo(z) = 0. We now construct inductively
By(2), Ap(z) and Ly(z) with k = 1,2,... as in (2.6) but with a slight
modification. It follows from (5.1) that § = (1, f1,..., fm) satisfies the
homogeneous g-difference equation

(8.1) 2J@) =Cj, €= (Zf:) a(tg C) .

Hence z—C plays the role of P in Theorem 2.2. Since the inverse of 2~5C
contains rational components with the denominator a(z), we define

Q:=a(:)2'C™" = <—ca—(lzz)(z) z:cﬁ—l)

and use it instead of the inverse of z~*C. Therefore, Ek(z) here is defined
inductively by

(82) Ek = éJ(Zk,l) = Bki/v—l- gk; ke Z+,
where
(8.3) Ap = QJ(Ar_1), By =a(2)J(Br_1).

By definition the first component of Zk is — By, and that of Ek is 0. We then
set

—Bk(z) —Bk+1(2’) .. —Bk+m(2)
Ak(Z) _ Ak’l(z) Ak+171(z) e Ak+m71(z) ’ k— 07 17 o
Ak m(z) Ak-i—l,m(z) Ak-i—m,m(z)
for which the recursion A(z) = (det Q(z))JAg_1(2) holds. Thus we have
(8.4) Ay(2) = [det Q(2)[rAo(q"2) = [2°a(2)C "]k Ao (¢"2).
By Corollary 2.2 and the construction of Lemma 7.1 it follows that
(8.5) Ag(z) £ 0
for all n > ¢y, if the functions 1, f1(2),..., fim(z) are linearly independent

over K(z).
To estimate deg Ag(z) we note that using the recursions (8.3) we obtain
deg B;(z) < mn + it and deg A;(z) < mn + is. Therefore

deg Ap(z) < (m+ 1)mn + <m; 1)3.

Since ord L;(z) > o + is, ord Ag(z) > mo + (y)s. These estimates give
(8.6) deg Ag(z) —ord Ap(z) < dmn+ci7 if n > .

Thus, if & # 0 and k£ > 0 is fixed,

(8.7) Ao(q" o) #0
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for some
(8.8) 0<Il<dmn+ ciy.
Thus we obtain

LEMMA 8.1. Let a(ag®) # 0 for all k = 0,1,..., and let the functions
1, f1(2), ..., fm(2) be linearly independent over K(z). Then for any o > 0
there exists an integer T satisfying

(8.9) on <T < (o+dm)n+ ciz,
(8.10) Ap(a) #0,
if a#0 and n > cg.

We shall also need the following consequence of the recurrences (8.3) and
Lemma 7.1.

LEMMA 8.2. Let o« € K*. For all w we have
(8.11) | Bi(@)lluw < 22000 |[C4 || Q]|q||s,Fmm R/ (gt
(8.12)  max(]| Agi(a) >
o b - (U R
Further, if v # vy and n > cy9, then
(8.13) 1 Lki(@) o < 2009 |q[frtek"/2,

The constants in O(n) here (and in the next section) depend only on the
system (5.1), a and o.

9. Proof of Theorem 5.1. We shall use Theorem 6.1 and Lemmas
8.1 and 8.2 in our proof. From Lemmas 8.1 and 8.2 it follows that, for any
constant ¢ > 0, we may apply Theorem 6.1, where

(9.1) [01, 02] = [0, 0 + 6]
(taking n large enough, ¢ + dm + (c17 — m)/n approaches p + dm) and
Pu(T) = 200|000 gy, T+ /22t
Ry(T) = 200 g To+sT*/2,

Therefore, by writing T = 7n, we have
ATy =sm2/24+mr+ K, K=m?/2+ ((m+1-26)>—-m3)/(65),
B(t) = s7%/2 4 L, L=m+1-4.

The minimum value of A(7)/B(7), 7 > 0, is reached at 7y satisfying

(9.2) (1—06)78 — sKmy — KL = 0.

[\OR VA
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Hence the optimal value of
B(r)
B+ MG max{s(o), u(e + om)}
will be attained when
(9.3)  A(eo)/B(eo) = Ao + 6m)/B(go +dm), 00 < 7o < 0o + dm,
where the unique positive solution of (9.3) satisfies the equation
s(1—6)03 + (s(1 —8)dm — 25K) g — (sdm +2(m + 1 —§))K = 0.
Here we note that, if 0 < B(00)/A(00) + A, then 0 < B(7)/A(T) + X for all
T € [00, 00 + dm]. This completes the proof of Theorem 5.1.
Finally, we prove (5.6). Let 6 =1/2 and A = —1. Then
To > 00 > 4K —m/2=: 0%, m < o"/(4m).
Because the function A(7)/B(7) is decreasing on the interval (0, 79) we get
2(s0*% + (2m + 1)0*)
20" — 4K
_ 2(s0™ + (2m + 1)0*) - 2(sp* +2m+1)
0¥ —m/2 - 1-1/(8m)

p=p(o0) < p(e*) =

_ 8m
C8m—1

(8sm* 4 (s +4)m + s/3 + 2).
10. Proof of Corollary 5.1. We shall start from the g-functions
q
/(z) Z o
n=0
satisfying the g-difference equation

(10.1) a(qz)°f(qz) = alqz) f(2) — alqz).
Further, set

fu(z,a) = (a %) flz,a)
and
o o(3) o
(10'2) fjlw( ) fl/(z q a] Z qz)] V(quaj)nv
n=0 n

where j=1,...,m; u=0,1,...,s—1; v=0,1,...,] — 1. We then have

LEMMA 10.1. The functions (10.2) satisfy a system of q-difference equa-

tions
1%

(10.3)  ¢"j(q2)’ fiw(qz) = a(QZ)(Z(—l)H <Z> fini(2) + (—1)”“)-

1=0
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Proof. By writing f,(2) = fu,(z,«) we have

i s("3?) ys(nt1)
a(02)* fula2) = ala2) 3 s s

which implies (10.3).
Lemma 10.1 tells us that f = *(fo(2), f1(2),..., f.(2)) satisfies
a(q2)"Jf = a(gz)Pf + a(qz)b

where P is a nonsingular constant matrix and b="(—1,1,—1,1,...,(=1)**1).
Also, we note that the system (10.3) is of the type (5.1). Therefore Corol-
lary 5.1 follows from Theorem 5.1 immediately, once we prove the following

LEMMA 10.2. The msl + 1 functions
(104) 1, fijw(z), J=1,....m; pn=0,1,...,s—=1; v=0,1,...,1 -1,
are linearly independent over K(z).

Proof. Let us first show that the functions
(10.5) L fiulz) (G=1,....mpu=0,1,...,5s—1)

are linearly independent over K(z), where f;,(2) = fju0(2). Assume, on the
contrary, that these functions are linearly dependent over K(z). So suppose
we have a nontrivial relation

m s—1
(10.6) F(z) =Fo(2) + > _Fi(2) =0, Fi(2) = Fju(2) fju(2),
j=1 p=0

with Fp, F}j,, € K[z] such that
N =40, p) | Fju # 0}
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is minimal. Further define A; = {u | Fj, # 0} and A = {j | A; # 0}. Under
these notations we can rewrite the above linear dependence relation as

(10.7) F(z) = Fo(2) + ZFj(Z) =0, Fjz Z Fju(2) fiu(z
jeA HEA;
In what follows, for each j € A, we denote by s; the maximal element of A;.

CrAM 1. For each j € A there exist djo,...,djs; € K with djs; = 1
such that

(10.8) 29 Fj(z) = Fjs, ( Zd " fin(z

Proof of Claim 1. If s; = 0 or dj# = 0 for all u < sj, then the claim
holds. Therefore, our task is to show that, for each nonnegative integer u
with u < sj and Fj, # 0, there exists d;, € K such that

(10.9) 2 Fju(z) = djp 2" Fjs(2).
It follows from (10.3) that for each k € A,

¢ ar(q2)* Fir(qz) = aq2) Y ¢ " Fru(g2) (feu(z) — 1)

n=0
Sk
= a(q2) Y ¢ " Fru(q2) feu(z) (mod K[z)).
n=0
Hence, by setting S; = S — s; with the maximum S of s;’s and 3; =

(v -+ @)/, the identity
¢ 3ja(a2) Fys;(02) - F(2) = Fjs;(2) - ¢° 01 am(g2)° F(qz) = 0

(following from (10.7)) can be expressed as

Z) + ZGk(Z) =0, Gk(Z) = Z Gku(z)fk,u(z)

ke pE Ay,
where Gy, G, € K[z] with

Giu(2) = 4% Bja(a2){ Fjs, (42) Fju(2) — 4™ " Fju(g2) Fjs, (2)}.
Since Gjs; = 0, by the minimality of N, all the Gy,,’s are 0. In particular,

Fjs;(q2)Fju(2) — 7" Fu(qz) Fjs;(2) =0 (n € Aj, p # s5),
or equivalently

}Pjﬂ(z) _ A Si— Fj#(qz) . .
o (2) q —Fjsj(qz) (€ Aj, p# s5).
Since Fj,(z)/Fjs;(2) has an isolated singularity at z = 0, its Laurent series
expansion about this point implies that Fj,(2)/Fjs;(z) = dju2#% with
some dj, € K, as desired. Hence Claim 1 is proved.
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Set ..
2) = dj2fiu(z) (€ A).
n=0

Then, by (10.3), we have the following g-difference equation for g;(2):

(10.10)  a;(g2)°g;(q2) = algz)(g;(2) — Qj(2)),  Q;(2) =D djuz".
n=0

CLAIM 2. None of the functions gj(z) is a polynomial.

Proof of Claim 2. Assume, on the contrary, that g;(z) is a polynomial
of degree n. Since a(0) # 0, gj(z) — Q;(z) is divisible by 2® in K[z]. By
comparing both sides of (10.10) this implies that either g;(z) = Q;(z) or
n > s. The former gives g;(¢z) = 0 by (10.10), which is inconsistent with
9j(2) = Qj(2) # 0. The latter gives, by comparing the degrees of both sides
of (10.10), dega = s and «;¢" = a,, which contradicts (5.8). This proves
Claim 2.

We can now conclude the proof that the functions (10.5) are linearly
independent over K(z). In fact, by Claim 1, we have
25F(2) = 25 Fy(2) —i—Zz 1Fjs,(2)gi(z) = 0.
jEA
However, by Claim 2, it follows completely analogously to the proof of
Lemma 1 of [AV1] that this is not the case.

We next show our lemma in full generality. Assume, on the contrary,
that the functions (10.4) are linearly dependent over K(z). Take a nontrivial
linear dependence relation

m s—11-1
(10.11) G(z )+ Z ZFJW 2) fjw(2) =0
j=1p=0v=0
so that the number L defined by
m s—1
L= Z Z Lin
j=1p=0
is minimum, where [;,, for each (j, ;1) is defined to be the maximal element
of the set {v | Fj,, # 0}, or zero if this set is empty. Since L > 1, we can
take j,sj and [; with 1 <j <m,0<s; <s—1land1<; <l—1suchthat

Fisa, 20, Fju=0 (v=10+1,...,01-1).

For simplicity, we write fjs;» = f, and Fjs;, = F, for 0 < v <;. Then, by
(10.3) and (10.11),

a(gz)Fi;(qz) - G(2) = Fi;(2) - 47 2j(q2)°G(g2) = 0
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can be expressed in the form similar to (10.11), with a nonnegative integer
L' corresponding to L in this expression. Since the coefficient of i () in
this expression is zero, L’ is smaller than L. Let us show that the coefficient
of fi,~1(2), say c(z), is not zero. This will contradict the minimality of L
and prove Lemma 10.2. In fact, by setting h(z) = Iy, 1(2)/F;,(z), we have

c(2) = alqz)(F;(q2) Fi;-1(2) + 1 1 (q2) £, (2) — Fi,-1(g2) £, (2))
= a(qz)F;(2) i, (q2) (h(2) + 1j — h(g2)),

where h(z) + l; — h(qz) # 0 since [; # 0. This completes the proof of
Lemma 10.2.

REMARK 10.1. Let A(x) and B(x) be any polynomials. Then the g-series

RIT
satisfies the g-difference equation
(10.12) {A(J/q) —yB(J)}G(y) = A(1/q),
where J = J,. Put now
B(z) = (qzz)*,  A(x) = ap + a1(qzx) + - - + ar(qzz)’,
where s € ZT, t < s, and aga; # 0. Then
Z H qu—‘rl
a(zq" 1)

n=0

satisfies, by (10.12),

(10.13)  aoG(y) + a12Glay) + -~ + az'G(q"y) — y(g2) G(a’y) = al2),

where a(z) = ag + a1z + - - - + a;2'. If for any o € K* we define

o0 S(n+1) sn
¢\2 )z

(10.14)  gi(2) = G(¢'@) = nz:% a(qz)---a(q"z)

(¢'a)”, i=0,1,...,s,
then (10.13) implies

Zazz 9i(2) — a(gz)°gs(2) = a(2).
Hence the functions 1 and (10.14) are linearly dependent over K(z). In par-

ticular, if ¢ = s and aq® = as, then 1, 9o, 91, - ..,9s—1 are linearly dependent
over K(z) and satisfy

Zazzgz = a(z).
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11. Appendix. In this appendix, for the convenience of the readers, we
supply the proof of the following fundamental Lemma 11.1 on a linear homo-
geneous difference system and its Corollary 11.1 for a linear homogeneous
difference equation; the latter has been used in the proof of Lemma 4.1.

LEMMA 11.1. Let (F,¢) be a difference field whose constant field is C,
and let ¢(g) = Py be a linear homogeneous difference system, where P €
GL(m, F). Then a set §y,...,y, € F™ of solutions of the system is linearly
dependent over F' if and only if it is linearly dependent over C'.

Proof. Assume that the solutions 7y, ...,7, € F'™ of the system are lin-
early dependent over F'. We shall show that they are linearly dependent
over C'. We may assume that any r — 1 vectors among y;’s are linearly in-
dependent over F. Let > d;7; = 0 be a linear dependence relation over F,
where we may assume that d; = 1. Making ¢ act on both sides of this
relation, we have by the difference system Py ¢(d;)y; = 0. Since P is non-
singular, we obtain Y ¢(d;)y; = 0. We then subtract the resulting relation
from the original one to get >\, (d; — ¢(d;))y; = 0, which means ¢(d;) = d;
by the assumption on ¥;’s. This shows our desired assertion. Thus the lemma
is proved.

The following corollary to Lemma 11.1 on a linear homogeneous differ-
ence equation is an analogue of Lemma 1.2 in Chapter III, §1 of [DGS] on
a linear homogeneous differential equation.

COROLLARY 11.1. Let (F,¢) and C be as in Lemma 11.1, and let L =

> ko dpd® be a linear homogeneous difference operator over F, where d; € F
with d, # 0. Then the dimension of the set of solutionsy € F of Ly =0 as
a C-vector space is at most r.

Proof. Take the maximum integer s for which d,_s # 0, and define a
linear homogeneous difference operator L over F' by

L= Z dy_p* ",
k=0

Then the set of solutions of Ly = 0 is exactly that of zy = 0. We may
assume d, = 1; then for any solution y € F of Ly = 0, the vector § defined

by 7 ="(y,6(y), ..., ¢° ' (y)) satisfies ¢(y) = Py, where

0 1 o0
p— : : :
_drfs _drferl to _drfl

Since P € GL(s, F'), and since y is the first component of 3, the assertion of
the corollary follows directly from Lemma 11.1.
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REMARK 11.1. Both Lemma 11.1 and its corollary remain valid for a
pair (F, ¢) with F a field and ¢ an endomorphism of F', under the notations
used in difference fields. Though there is no change in the proofs, we note
a point in the proof of Corollary 11.1. Namely, to ensure that the set of
solutions of Ly = 0 is exactly that of Ly = 0, we use the inverse of the
isomorphism ¢"~* from F' to ¢"*(F).

Note added in proof. Daniel Bertrand has informed us about his
recent work [Be], where he obtains independently a result (Corollary of
Theorem 1) analogous to our Theorem 2.1.

Acknowledgments. The authors are indebted to the anonymous ref-
eree for the careful reading of the manuscript.
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