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On Fleck quotients
by

Zu1-WEl SuN (Nanjing) and DAQING WAN (Irvine, CA)

1. Introduction and main results. Let m € Z* = {1,2,...}, n €
N=1{0,1,...} and r € Z, and define

(1.0) Cn(nyr)= > <Z>(_1)k'

k=r (mod m)

This sum has been studied by various authors and many applications have
been found (cf. [S02] and the references therein). The following well-known
observation is fundamental:

mCy(n,7) = Zn: <Z>(—1)k ;17 Z YT =

k=0
Note that
Cn(n+1,7)=Cp(n,r) — Cp(n,r—1)
since z7"(1 —x)" T =2z7"(1 —2)" — 2~ "1 — 2)"™.
Let p be a prime, and let n € N and r € Z. In 1913 A. Fleck (cf. [D
p. 274]) showed that

n—1
ord,(Cp(n, 7)) > L} — 1J,
where ord, (o) denotes the p-adic order of a p-adic number «, and |-] is the
well-known floor function. Fleck’s result is fundamental in the recent inves-
tigation of the -operator related to Fontaine’s theory, Iwasawa’s theory,
and p-adic Langlands correspondence (cf. [Co|, [SW] and [W]); it also plays
an indispensable role in Davis and Sun’s study of homotopy exponents of
special unitary groups (cf. [DS] and [SD]). In this paper we are interested
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in the Fleck quotient
(1.1) Ey(n,r) = (—p)~Ln=D/Ce=DIC (0 1) 4+ [n = 0].

(Throughout this paper, for an assertion A we let [A] take the value 1 or 0
according as A holds or not.)

For a € Z and m € Z*, we use {a},, to denote the least nonnegative
residue of a mod m (thus {a},,/m is the fractional part {a/m} of a/m).
For a prime p and an integer a, we define g,(a) = (a?~! —1)/p, which is an
integer if a # 0 (mod p).

By a number-theoretic approach related to Gauss sums, we establish the
following explicit result.

THEOREM 1.1. Let p be a prime, and letn € N andr € Z. Set ng = {n},
and ny = {ng —n}p—1 ={—=|n/p]}p-1. If no < nq, then

(12)  Fynr)= (_1)'7“ 3 @0) (—1)E(k — )™ (modp).

k=0
If ng > ny =0, then

(1.3) Ey(n,r) = (—1)irk ({:i) (modp).

If ng > n1 > 0, then

(1.4)  Fy(n,r) = % Z <7ZO> (=)F(k — )" qp(k — r) (modp).
k=0

COROLLARY 1.1. Let p be a prime and let n € N and r € Z. Then

n*

r
(1.5) Fy(pn,r) = —1 (mod p)
where n* = {—n},_1. Consequently,

-1
(1L6) F (pp . )

{( 1)(h(= p)+1)/2(
= )h(p)=1)/2(x

%) p ifp#3and4d|p+1,
where (5) is the Legendre symbol, and h(—p) and h(p) are the class num-

bers of the quadratic fields Q(y/—p) and Q(/p) respectively, and for p = 1
(mod 4) we write the fundamental unit of Q(\/p) in the form (v + u,/p)/2
with u,v € Z and u = v (mod 2).
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Proof. Note that {pn}, = 0. By Theorem 1.1,

* 0 *
_ (_1)n 0 k n* __ r
Falpnor) = i 32 () (0= = o o)
When p # 2 and n = (p — 1)/2, we have n* = (p — 1)/2 and hence
p—1 B _ p—1)/2)!
Fr <pT’T> DA S A (15(—1)/2 2
=1 k(p—k)

_ (7 (_qye-v2 (p=D/2)! uler’s criterion
a (p>( & (p—1)! (by Eul verion)

-1
= (—1)+1)/2 <Z> P 5 ! (modp) (by Wilson’s theorem).
p

If p> 3 and p =3 (mod4), then

-1
p > I = (=1)AEP+D/2 (10d p)
by a result of L. J. Mordell [M]. If p =1 (mod4) and €, = (v+u,/p)/2 > 1
is the fundamental unit of Q(,/p) with u,v € Z and u = v (mod 2), then by
S. Chowla [C] we have

2= L= )@+ > (modp),

Combining the above we immediately obtain (1.6). m

REMARK. Let n be a positive integer and p > 2n+ 1 be a prime. By the
first part of Corollary 1.1 in the case r = 0, we have

n—1 2n
2pn 2pn k 2pn k 2n41
—1)" +2 -1)F = —1)P* =0 (modp*"*
(pn>( ) Z<pk>( ) Z(zﬂﬁ)( ) (mod p5)
k=0 k=0
and hence
n—1
2pn —1 1 (2pn —1-k [ 2pn 2n+1
1.7 == = -n" dp"™).
an (T =5 () > (O oz
When n =1 and p > 3, this gives the Wolstenholme congruence

L

When n =2 and p > 5, (1.7) yields the following new congruence:

(n=1)=3(op) = () =1 mots®)

Our second approach to Fleck quotients is of combinatorial nature. It
involves Stirling numbers of the second kind as well as higher-order Bernoulli
polynomials.
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Let n € N. The Stirling numbers S(n, k) (k € N) of the second kind are

given by
= S(n,k)(x)
keN

where
(£)o=1 and ()p=z(z—1)---(z—k+1) fork=12,....

Clearly, S(n,n) =1, and S(n, k) = 0if k > n. When n+k > 0, S(n, k) is ac-
tually the number of ways to partition a set of cardinality n into &k nonempty
subsets. Here is an explicit formula (cf. [LW, p. 126]) for Stirling numbers

of the second kind:
k
1 k .
= — -1 k—j 'n_
k) o ;o <].>( ) g

As S(i, k) = 0 for all those i € N with ¢ < k, we have Euler’s identity
k
k o
> (5 ewra -o
=0 M

where P(z) is any polynomial with deg P < k having complex number
coefficients. It is known (cf. [LW, p. 126]) that

90 (" —1)*

in other words,

!
ES(n,k:).

(e® — 1)k ZSnk‘ with g(n,k):n!

For m = 0,1, ..., the mth order Bernoulli polynomials B™ (t) (n € N)
are defined by

rm ta:
1.8 B{m™ (1)
( ) ea: _ 1 Z
and those B%m) = Bﬁlm) (0) are called the mth order Bernoulli numbers.
The usual Bernoulli polynomials and numbers are B, (t) = B,(Il)(t) and

B, = B,(0) = BV respectively. (It is well known that By =1, By = —1/2
and Bog+1 = 0 for k = 1,2,...; the reader may consult [IR, pp. 228-248]
for the basic properties of Bernoulli numbers.) For a formal power series
f(z) = Y07 anx™, we use [2"]f(z) to denote the coefficient a, of the
monomial z" in f(z). Thus
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B (1) = [x”]n!( — 1) et
— | B(m)x - (tl‘)j _ - n B(m)tn—k
SO LS WE L W

k=0

It is also easy to verify that B{™ (m—t)= (—1)”B§Lm) (t), and

B (1) By, (t) By, .
T = Z k;—o‘ H k,t' prov1ded m > 0.
k0+---+km_1=n 0<i<m

If0 <n < p-1, then By,...,B, are p-adic integers by the von Staudt—
Clausen theorem (cf. [IR, p. 233]) or the recurrence 22:0 (lzl)Bk =0
(1=1,2,...), therefore B{™ (t) €Z,[t] where Z,, is the ring of p-adic integers.

Our discovery of the next theorem was actually motivated by Theo-
rem 1.1.

THEOREM 1.2. Let p be a prime, and let n € N and r € Z. Set n* =
{—n}p—1. For any integer m = n (modp), if m > 0 then (—1)"F,(n,r) is
congruent to

(1.9) ZSn —k+m, m)( )k "ng+n m+/~c)<_r)

k=0 k=0 &
B " ’'m o \mek (k —r)m+"*
_kz()(k)( 2 (m +n*)!

modulo p; if m < 0 then we have
(1.10)  Fp(n,r)
=)™

n*!

BU™(—r) = —(p— 1= n)B™ (=) (mod p).

The following consequence determines Bém)(a) modulo a prime p for
me{l,....p},ne{0,...,p—2} and a € Z.

COROLLARY 1.2. Let p be a prime and r € Z. Let ny € {0,...,p— 1}
and ny € {0,...,p—2}. If ng < ny, then

n 1 &
(111 B (=) > ()= moap)
If ng > ny1 =0, then

—_1\{r}p—1 n
(1.12) BP0 ()= L( 0 ) (mod p).

p—no+ni—1
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If ng > ny > 0, then
(1.13)  B¥™) _(—r)

p—no+ni—1
_ (—=1)™ 20 /n, .
B N(ny — 1)1 kzo <k0>(_1)k<’“—r> gp(k — 1) (mod p).

(no —n1

Proof. Let n be a nonnegative integer with n = ng —pn; (mod p(p—1)).
Applying (1.10) with m = ng — p we obtain

-1 n -n -n
F,(n,r) = % B 0)(—r) =—(p—1- n*)!Bfﬂ 0)(—r) (mod p),

where n* = {—n},_1.
If ng < nq, then n* = n; — ny and hence

B(p*no)(_r) = (=1)™7"(n1 — no)!Fp(n,r) (modp),

ni—no
which implies (1.11) with the help of (1.2).
Now we consider the case ng > ni. Clearly n* = ny —ng+p—1 and
p—1—n* =ng — ny. Therefore

Fy(n,r) = —(ng = m)!BLM) (=r) (modp).
The case ny = 0 of this, together with (1.3), yields (1.12). When n; > 0,

combining the last congruence with (1.4) we obtain (1.13). =

COROLLARY 1.3. Letp be a prime and let n € Zt. Then ord,(Cp(n,r)) =
[(n—=1)/(p—1)]| for at least p — n* > 2 values of r € {0,...,p — 1}, where

n* ={-n}p1.
Proof. For any r € Z, ord,(Cp(n,r)) = |(n —1)/(p — 1)] if and only if
F,(n,r) # 0 (modp). By Theorem 1.2,

—1)" —in
Fy(n,r) = (n—*)'Bfﬁ { }p)(—r) (modp) forallr=0,...,p—1.

Recall that Bfﬂf{n}p)(x) € Zp|z] is monic and of degree n*. Also, a poly-
nomial of degree n* over the field Z/pZ cannot have more than n* distinct
zeroes in the field (cf. [IR, p. 39]). So the congruence equation Fj,(n,r) =0
(modp) has at most n* solutions with r» € {0,...,p — 1}. This yields the
desired result. m

COROLLARY 1.4. Let p be a prime, and let n € N and n* = {—n},_1.
Then
(1.14) (—=1)"Fp(n,0) = S(n" +{n},, {n}y) = 7: (mod p),

*|

where m is any nonnegative integer with m +n =0 (modp). Also,
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(1.15)  (=1)"Fp(pn+p—1,7)
_ B (-1)

—(p—1—n")!By+(r +1) (modp)

n*!
for allr € Z, and in particular
2p—1 2p—1
(1.16) (;Jﬂ) + (—1)17( i ) = (~1)"p*By_s(~r) (mod p*)
for everyr=0,...,p—1.

Proof. Applying Theorem 1.2 with r = 0 we immediately get (1.14).

Aspn+p—1=—1 (modp) and n* = {—(pn+p—1)},_1, by the second
part of Theorem 1.2 and the identity (—1)" By (z) = By« (1 —z), whenever
r € Z we have

B G — (v p 1 = w1 Be ()

—(p—1—=n")B,«(r+1) (modp)

(=)™ Fy(pn+p—1,r) =

and hence (1.15) holds.
Now let r € {0,...,p — 1}. By (1.15) in the case n =1,
—Fp(2p=1,r) = =(p—1-(p—=2)!Bpa(r +1) (modp)
and hence
Fyp(2p = 1,7) = Bpoa(1 = (=1)) = (1)’ ?Bp_a(-r) (modp),
which is equivalent to (1.16). m

Let p be an odd prime, and let i, and hl‘f denote the class numbers of the
cyclotomic field Q((,) and its maximal real subfield Q(¢,+¢, 1) respectively,
where (;, is a primitive pth root of unity in the complex field C. It is well
known that h, = h,/h} is an integer. If p divides none of the numerators of
the Bernoulli numbers By, Bo, ..., B,_3 € Zj, then p is said to be a regular
prime. In 1850 E. Kummer proved that

pthy, < pth, < pisregular
= zP + y? = 2P has no integer solution with xyz # 0.

Furthermore,
L 4dn b
0<n<(p—3)/2

by the proof of Theorem 5.16 in [Wa, p. 62].
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COROLLARY 1.5. Let p be a prime.

(i) For everyn =2,...,p we have
= — pn — 1 n n
(1.17) Z(—l)?k 1<pk_ 1> = (n — 1)!Bp_np" (modp™th).
k=1

(ii) Suppose that p > 3. Then p does not divide the class number hy, of
the pth cyclotomic field Q((p) if and only if

= —1
Ordp<2(_1)k<iz_l>> =n foralln=3,5....,p—2.

k=1
Also,
118 T et (P =1)/2-1
U ("

= [4|p + 1] (=) PCEPHFD2R(—p)p® =172 (mod pPT/2),
where h(—p) is the class number of the imaginary quadratic field
Q(vV=p).
Proof. (i) Let n € {2,...,p}. Then [(pn—1—1)/(p—1)| = n and hence
_ —n _ —n - pn—1 k—1
Bim—1,-1) = (" Gom — 10 = () 3 (T )t
By Corollary 1.4, (—1)"F,(pn — 1,—1) is congruent to
p—1—{-(n—D}p-)B-@m-1)}, (-1 +1) = (n—1)!Byp

modulo p. Therefore (1.17) holds.
(i) In view of part (i),

= -1
ordp<2(—1)k(zz_l)> =n forn=3,5,...,p—2

k=1
< By_p #0 (modp) forn=3,5,...,p—2
& pisregular < hy, # 0 (modp).
Taking n = (p —1)/2 in (1.17) we get
(p—1)/2

O (p(p ;kl)_/i - 1)

k=1
p—1)/2)! . _
- (((p— 1))//2) PP 2By (mod p ).
If p=1 (mod4), then B, 1y2 = 0 since (p+1)/2 € {3,5,...}. If p =3
(mod4), then we have h(—p) = —2B(,11)/2 (modp) (cf. [IR, p. 238]), and
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((p—1)/2)! = (=1)AEP+D/2 (mod p) by Mordell [M]. So (1.18) follows
from the above. m

REMARK. Let p be an odd prime. If p > 5, then (1.17) in the case n = 2
reduces to Wolstenholme’s congruence (2pp__11) =1 (mod p?) since B,_» = 0.
Taking n = 3 in (1.17) we get

3p—1 3p—1 3p—1
(o)~ (G a) = (o) =20 Guotst

as (gg j) = 2(3;’:11) this yields the congruence

-1

<3p > =1-2p*B,_3 (modp).
p—1

This was first obtained by J. W. L. Glaisher (cf. [G1, p. 21] and [G2, p. 323])

who showed that

-1 -1
pn E]_—MPBBP,ZJ, (modp*) forn=1,2,....
p—1 3
COROLLARY 1.6. Let p be an odd prime, and let n € {3,...,p} and
r € Z. Then

By_n(—r

Bp—n—i—l(_r) +(T+1) )> (modp).

(1.19)  Fy(pn—2,r) = —n!( 1 p

Proof. Clearly {—(pn—2)},—1 = p—n+1. By Theorem 1.2, F},(pn—2,7)
is congruent to

—~(p—1—=(p—n+1)B? ()= —(n—-2BZ . (~r)

modulo p.
Let m = p —n+ 1. By [PS, (2.14)] or [SP, (1.12)],

i fj (Z‘) BBy (o) - 2202

m m
k=0

1

_ —Z< )31 o) B 1k(1— 2) — BBy 1(1 — 1)

— Bl(x)Bm,1(1 — $) — Bo(x)Bm(l — {L’) — Ble,1(1 — .’E)
= (=1)"((B1(2) + B1) Bm-1(x) = Bm(2))
= (=1)"((z = 1)Bp-1(x) = Bm())-
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It follows that

B (- i( )BkBm k(=)

k=0
= (1 —=m)Bp(—=r) + m(—r — 1)Bp,—1(—7)
(I1+n—=1)Bpns1(—r) = (r+ 1)(-=n+1)By_n(-7)

n(n—1) (Bp_%ﬂl_r) +(r+1) Bp+(—r)> (mod p).

Combining the above we immediately obtain (1.19). =

By Theorem 1.1 or 1.2, for any prime p the Fleck quotient F,(n,r) (with
n € N and r € Z) modulo p only depends on p and r and the remainder of
n modulo p(p — 1). This observation can be further extended as follows.

THEOREM 1.3. Let p be a prime, and let a,l,n € N and r € Z. Then
n n . B
(1200 > (k) (=1)*F,(kp®(p — 1) + 1,7) = 0 (mod pn+(=1)/ (=T,
k=0

where I* = {=1},_1 and [-] is the ceiling function.

The following consequence is somewhat similar to Kummer’s congruence
for Bernoulli numbers (cf. [IR, pp. 238-241]).

COROLLARY 1.7. Let p be a prime, and let a,l € N and r € Z. Then
Fp(p*(p—1) +1,r) = Fp(l,r) (modp®),

Fp(2p%(p = 1) +1,7) = 2F,(p(p — 1) + 1, 7) — Ey(l,7) (mod p**),
F,@Bp(p— 1) +1r) =3F(2p"(p— 1) + L,r) = 3F,(p"(p — 1) + L,7)
+ F,(1,7) (mod p**).

Proof. Simply apply (1.20) withn =1,2,3. m

Let p be a prime, and let @ € ZT and 7 € Z. In 1977 C. S. Weisman [We]
extended Fleck’s result by showing that if n > p®~! then

Cpa(n,r) =0 (modpL("*Pa_l)/</2(17‘1)J)7

where ¢ is Fuler’s totient function. In view of this, we define the generalized
Fleck quotient

Foa(n,1) = (=p) "L /00 (n, 1) + [ < p* '] € Z
Note that Fye(n,7) =1 (modp) for n =0,... T
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THEOREM 1.4. Let p be a prime, and let a,n € Z+ with n > p®~*.

(i) For any r € Z we have

d

(1.21) Fpa(n,r) = Z <r + IZ B 1> Fpa(n+k,0) (modp),
k=0

where d = {p*~' — 1 — N}o(pey 15 the least nonnegative integer with
n+d=p*1 -1 (mody(p?)).
(ii) We have

um)m%@%mm»zw;g;

i.e., P Fa n,r fO?” some r € 7.
(pa) J ( Jf p( ))
If n > 2p‘l 1, then

(1.23) Fpa(n+p*(p—1),7) = Fpa(n,r) (modp) forallr € Z.

In view of the first congruence in Corollary 1.7 and the last congruence
in Theorem 1.4, we propose the following conjecture.

CONJECTURE 1.1. Let p be a prime, and let a,b,n € Z* and r € Z. If
n > 2p*t0=2 then

Fpa(n+ (™), 1) = Fpa(n,r) (modp®).

Theorems 1.1, 1.2 and 1.3 will be proved in Sections 2, 3 and 4 respec-
tively. In Section 5 we will first give a new proof of Weisman’s congruence
via roots of unity, and then establish Theorem 1.4.

2. Proof of Theorem 1.1

LEMMA 2 1. Let p be a prime, and let n € N and n* = {—n},_1. Define
G(n) = Za 1a"Cy and = 1—(p, where (, is a primitive pth root of unity
in the complex field C. Then

p—2 m
(2.1) G(n) = (-1)" ~ Z s(m,n*) % (mod p),

where s(m,0),...,s(m,m) are Stirling numbers of the first kind defined by
Fs(m,

(@)m = k(=)™ g

k)x"®.
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Proof. Clearly,

G(n) = pila”(l —n)a:pzla” Y <;>(—w)m: pzl (=m)™ pzla"(a)m

|
a=1 a=1 m=0 m=0 me: a=1
p—1 ( ﬂ_)m p—1 m
- n m—k k
= Z — a Z( 1) s(m,k)a
m=0 a=1 k=0
p—1 (—71')7” m p—1
= — Z( D™ *s(m, k:)Za”+k
m=0 k=0 a=1
Since
-1 P
p—1 _ __ra
l+z+-+a _x_l_Hl(a; o),
we have

p—1 a p—1 p—1
p 1_Cp_ 1-(1-m* _
— _al;ll - _gf:ga:—l (mod )

with the help of Wilson’s theorem. Note also that

p—1

Za””“ =—[p—1|n+ k] (modp)

a=1

by elementary number theory (see, e.g., [IR, pp. 235-236]). Therefore

p=2 ., m
Gn) = Y- 5 > (= DFs(m. k) (~[k = n"])

m=0 """ k=0
=(-1)" ! Z s(m,n™) %W: (modp). m

REMARK. Let p be an odd prime. For each a € Z let @ = a + pZ €
F, = Z/pZ. Let w be the Teichmiiller character of the multiplicative group
F* = Fp \ {0}. For @ € F}, w(a) is just the (p — 1)th root of unity in the
unique unramified extension of the p-adic field Q, with w(a) = a (modp).
(See, e.g., [Wa, p. 51].) If ¢, is a primitive pth root of unity in the algebraic
closure of Q,, then for n € N and 7 = 1 — ¢, we have

n*!

p—1 p—1 (—7‘[‘)” .
Zancgzzwn(a)cgz_ - (modw" +1)
a=1 a=1

with n* = {—n},_1, by Stickelberger’s congruence for Gauss’ sums (cf.
[BEW, pp. 344-345)).
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LEMMA 2.2. Letp be a prime, and let ¢, be a primitive pth root of unity
in C. Let n = p*m +ng > 0 with a € Z* and m,ng € N. Then for any
r € Z we have

T PGy (n,7) = [p = 11 m]Cp(no, 7)

G(p*m) & <no> i 0 o B
= —- —1)*(k — r)P"™" (mod p®~ Lgmintrotl, p—1}y
3 () vt moa )

where m =1 —(p and m* = {—m},_;.

Proof. Let j € {1,...,p—1}. Then

(59 - (=52 (£ e

where (3; is a suitable element in the ring Z of algebraic integers. For i =

0,1,....if
1—¢N'™ -
<_p> _ il

s

for some ﬁ](l) € Z, then

1-¢ prm N0) it i+1_ a(i+1)
< - ) ="' Ep ) =4 "+ B,

for some BJ(»HU €Z. So

1—-¢g\"™ .
< Cp) =47 ™ (modpm).

™

Observe that
= AN .
p0p<n,r>=20< =g =at Zc ! (—W ) (=g
J
As 7w divides (1 — CIZ)”O in the ring Z, by the above 77 "pC,(n,r) is
congruent to

ZCp Jrp mz <no> Jhek = i <720><_1)k5k_r

k=0

n0+1

modulo p®m , where

p—1

Secr = 370D,

j=1
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If £ # r (modp), then

p—1

Sp—r = (k—1) pmz k—r) pmca(k‘ r)

p—1

= (k— r)pam* Z tpamC; = (k- r)pam*G(p“m) (modp““).

t=1

(Note that if j(k —r) =t (modp) then (j(k —7))P" = t*" (mod p®*1).)
Choose a primitive root g modulo p. Since

p—1 p—1
Z]p m:Z “m_ztp“mzo(modpfﬂrl)’
j=1 t=1

if p— 1{m then ¢g?"™ — 1 # 0 (mod p) and so Z?;ll 47" = 0 (mod p®*1).
Thus, when k& = r (mod p) we have

p—1

Sp—r =Y 3" =(p—1)[p—1|m] (modp"*™).

j=1

Recall that p/7P~1 = —1 (mod 7). In view of the above,

T pCy (1) — Y (72) (~1) (k= )?"™ G(p"m)
k=0

no

plk‘:—OT

= Cp(no, 7’) [[p —1 | m]]p (Hlodpaﬂmin{"0+1,p—1})7

where we have noted that if p — 1 | m (i.e., m* = 0) then

t 1_C;D a—+1
p—1-G ZC— — = p (mod p**1).

Therefore the desired congruence follows. m

Proof of Theorem 1.1. In the case n = 0, (1.2) holds since n; = ng = 0
and F,(n,r) = —pCp(0,7) 4+ 1. Below we assume n > 0.

Let ¢, be a primitive pth root of unity in C, and set 7 = 1 — (;,. By
Lemma 2.2 in the case a = 1,

n PGy (n,r) = [ = 0]Cy(no, 7)
= G(pl_n/pi) i <n0> (_Dk(k, _ r)pni (modﬂ.min{no-f—l,p—l}).

p k=0 k
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In view of Lemma 2.1,

-2 m

ooz o([5]) 2o 5 a5

m=ni

If ng > n1, then

5 (") 0t = 3 (%) 0t =0 (moa)

k=0 k=0

where we have applied Fermat’s little theorem and Euler’s identity (men-
tioned in Section 1). Therefore

ﬂ_—pLH/PJ Cp(n’ r) — [[nl = O]]Cp(’rlo, T)

— (_1)n1_1 2 T 0 no k pni
S S 23 (1) o
g m=n " k=0
(mOd’f[‘[[n0>nlﬂmin{n0+1,p71}).

Recall that —p/7?~! =1 (mod 7). Since s(ni,n1) =1 and

no<ni
M 71'[[710>n1]] min{no+1, p—1} =0 (mOd ﬂ-)’

ke

by the above we have

[no<mi] n,r =
p p( ) _ pﬂno—oﬂ Hnl = Oﬂcp(n(]?T)

apln/pl+na
—1)m—1 nl! 70 no .
= ( pin07>n£] Z <k>(—1)k(k — 7)P™ (mod ).
k=0
Note that
n—1 n +ng—1 n +n
{p_lJ _ {pL /p;—10 J _nl I/)p_Jl ' g < )
and hence
(_p)[noémﬂcp(n”) B Cp(n,7) —p (pln/p]+mn1)/(p—1)
apln/pl+ni o —p)Ln=1)/(p=1)J \ -1

(
Fy(n,r) (modm).

In view of the above,

(‘UmognﬂFp(n, r) — [no > ny = 0]Cp(no, )

= % Z <n];0) (—=1)k(k — r)P™ (mod ).

k=0
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As the rational p-adic integer

D = Fy(n,r) — [ng > n1 = 0]Cp(no, )
o S () ey
- —1)%(k —r)P™
(_p)[[no>n1ﬂ . n1! k;zo k ( ) ( )
is divisible by 7, we have DP~! = 0 (mod p) and hence D = 0 (mod p). Thus
(2.2)  Fp(n,r) —[no > ny = 0]Cp(no, )

(_1)711 o no \k P (o
(—p)lro>ml . ny! kz()(k)( 1)*(k = r)P™* (mod p).

In the case ng < ng, (2.2) reduces to (1.2). When ny > n; =
(2.2) yields (1.3) since Cp(ng,r) = (—1){T}P({Z§p) and Y00 (70)(=1)k
(1—1)m =0,

Now assume that ng > ny > 0. As Y% ("?)(k —r)™ = 0 by Euler’s
identity, (2.2) implies that

Fytnr) = S0 S () B EEDT Gnoay),

|
ni: p
1 k=0

0,

If n; =1, then
(k —r)pm — (k—r)™
p
if ny > 2 and k = r (mod p), then
(k—r)P™ — (k—r)m
p
ifa=k—r#0 (modp), then

(= 0B =1 ) ),

Therefore (1.4) follows. m

= (k—7r)"nigp(k —r);

=0=(k—7r)"nigp(k —r) (modp);

3. Proof of Theorem 1.2. The following lemma is a refinement of an
induction technique used by Sun [S06].

LeEMMA 3.1. Let p be a prime, and let n € N with n > p. Then

|
—

p—1 .7

(3.1) Fy(n,r)=— A

(-

Fy(n—p+1,r—1i) (modp).

<
Il
—
-
I
<)
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Proof. Set n’ =n — (p—1) > 0. By the Chu—Vandermonde convolution
identity (cf. [GKP, (5.27)]),

Fyn,r) = (-p)" 0=/ S Z( D) e

0<k<n =
k=r (mod p)
1pi< > L D/) 3 <”’) .
S D/ A&
P iz jren =
plk—r

= —1§<p_1><—1)jF (', = )
p=\ Jj e
For any j =0,...,p — 1, clearly

p—1 j p

1) 1_£
()= I (-2)

0<i<j
P _ 1
=1- Z ;E(—l)p Yip Z E(modp2).

0<i<j j<k<p

(Note that 2371 1/k = SP"1(1/k +1/(p — k)) = 0 (mod p).) Also,
p—1 , n' n'
§ yttr )= (e 005 (M)
7=0 0

Therefore

p—1 F (n, r —j) p—1 1 k—1
—Z Z p’T:—ZEZFp(n’,r—j) (mod p).
j=0 j<k<p k=1 j=0

This proves (3.1). m
Proof of Theorem 1.2. (i) Suppose m > 0. Then

S(m +n* —k,m) ( k!)
k=0
> > —rr k *
— [:L,ern*] Z g(l,m)l'l Z % — [:L,ern ](ex _ 1)m€frx
l=m k=0
— xn* e’ -1 me—rz — mm—&—n* — (m - m—k:e(k—r)z
(S =13 ()

B (p)arrda
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By the identity (2.4) of Sun [S03], for any [ =0, 1,... we have

l

k=0 Jj=0
= Z( ) m+ j)IS(m+n*,m+ j).
Thus
- m m—k m+n* __ < T \ | * .
Z<k>(—1) (k + ) —Z<_>(m+]).5’(m+n,m+3)
k=0 =0 J
and hence
s —pymtnt I
pors (m +n*)! =\
If m <0, then
(=m) —m z m
Bn* (_T) _nt €z —rz _ .n" e’ —1 —rT
T ]<ex_1> e =l ]< z ) ¢«
Note also that
1 Hp T () e .

by Wilson’s theorem.

In view of the above, whether m > 0 or m < 0, we only need to show
that

By =) (S2) e modp)

X

(ii) All those formal power series f(z) = > ,-,axz” with a; € Q and
ag, .. .,an= € Zy, form a ring R,~ under the usual addition and multiplica-
tion. In particular, this ring contains

o0

> xk et —1 T > T
=Y (g X vy eoit X

k=0

(Recall that n* < p— 1 and By, ..., Bn+ € Zp.) If f(x) = Y 70, axz® and
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g(x) = 372, bex® belong to R,-, then

@ = ]S 0 ( 5 k)’
k=0

=0

n* n*
[z ] E a;z’ E WPk = a,,-bh
=0 k=0

"] f (@)[2")g(x) (mod p).

Consequently, for any a € Z we have

e (C) e =) (S e moan

X

since m = n (mod p). From this and part (i), it suffices to use induction on n
to show that

e’ —1

X

(32) 1 Ey ) = ) (1) e modp)

(iii) Obviously

0
(=1)°F,(0,7) = —pC,(0,7) +1=1= [xo]( ) e " (mod p).

So (3.2) holds for n = 0.
Suppose that 0 <n <p—1. Then n* =p —1—n and

2] (em = 1)nem = [P (e — 1)

_ k; (Z)(—n”—k[xp—l]e(k_r)z ) kzzo (Z)(—l)"—k %
==t ) (Z)(—nk (mod p).
k#r (mod p)

(To get the last congruence we have applied Wilson’s theorem and Fermat’s
little theorem.) Since

. ksér%;odp) (Z)(_l)k ) kr(zrn:odm (Z) R

the desired (3.2) follows.
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Now fix n > p and assume that (3.2) holds for smaller values of n. Clearly
n=n—(p—1)>0and {—n’}p_1 = n*. In light of Lemma 3.1,

—Z Z (n',r — k) (mod p).

By the induction hypothesis and part (ii),

p—1 . j-1 n+1
> (() )
=1 k=0

j=1
e —1\" 7mp el —1
() e >
modulo p. This yields
n n* e’ —1 " —’r‘wpilpil (jx)kil
(=1)"Fy(n,r)= — [z ]( . > e, i
j=1k=1
o et —1\"
=11 (S5 ) e moap)
x

since n* < p—1and >>%- L= —[p—1]k—1] (modp).
In view of the above, we have completed the proof. m

4. Proof of Theorem 1.3. Let (;, be a primitive pth root of unity in C,

and set m =1 — (. For any k = 0,...,n, we have
p—1
pC(kp(p = 1) +1,r) = Y (7 (1= ) =i
7=0
p—

1
=2 G- @RIy [k =1=0]
=1
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and thus
Fp(kp*(p—1)+1,7)
= (—p) LR =DH=D/C=DIC (kpo(p — 1) + 1,7) + [k =1 = (]

— (—p) LD/ 124 I7(1 = Iy =D,

Therefore, for S,, = Zk,o () (=1)kF, (kp (p—1)+1,7) we have

(4.1) Zg ar( _p) LD/ D)1

where
n

i = X () 0Hn 1= e

k=0
= (= () (- G
Let j € {1,...,p — 1}. Clearly

<1__<5>p_1 _ (M)p = 1 (mod )

T v
and hence
1 —¢dp-1 1—¢iNP~ 1 _p-1
bj = 1-6) = ( Cp) T =1 (mod ).
-D T -D
(Recall the congruence p/mP~! = —1 (modn).) It follows that b?a =1
(mod p®7) and
(4.2) Cn; = (1— b? )" =0 (modp®7™).
Since (1 —¢J)! = 0 (modx') and ordy(w) = 1/(p — 1), in view of (4.1)
and (4.2) we have
I[+n -1 l+n 1+1F n—1*
Ordp<Sn)Z — +an—\‘ﬁJ—1— +j— _1:an+p_1

and hence ord,(S,) > an+ [(n —1*)/(p — 1)]. This proves (1.20). =

5. On generalized Fleck quotients

LEMMA 5.1. Letd,q € ZT, n € N and r € Z. Let (44 be a primitive dqth
root of unity in C. Then

(5.1) Caq(n,r) = Z < > ch(k T) (1- Céq)n—k
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Proof. Note that ¢ = qu is a primitive gth root of unity. Thus
n n d—1 ( )
J(k—r i \n—k
qz(k> (k,r Zc — Cig)
k=0
q . ‘
= Z( >ZC 87’ _ ZCJ( 7’) 1_<dq)nfk

b

qg—1d—1

_ Z Z qu(der])r Z (Z) (C(Jiq(l _ Cccll;))k(l . ng)nik
s=0 j=0 k=0
q—1ld—1 ) dg—1

_ ZZC(;I(CZS+J)T(1 ds+] Z Cd qu _ dchq(n, 7").
s=0 j5=0

So we have (5.1). m

With the help of Lemma 5.1 we can prove the following result via roots
of unity.

THEOREM 5.1 (Weisman, 1977). Let p be a prime, and leta € ZT,n € N
and r € Z. Then Fye(n,r) € Z.

Proof. We use induction on a.

The case a = 1 reduces to Fleck’s result. A proof of Fleck’s result via
roots of unity was given by A. Granville [Gr].

Now let a > 2 and assume that Fa-1(n/,7") € Z for all n’ € N and
v € Z. If n < p%, then [(n — p®~1)/p(p*)| < 0 and hence Fye(n,r) € Z.
Below we suppose n > p® and let (p« be a primitive p®th root of unity in C.
By Lemma 5.1,

n

(52) Cpa (TL, ’I") = 11—) Z (:) Cpa—l (k‘, ’I") Z Czj)gkfr) (1 o C]J)Q)nfk.
=0

k=0

Observe that

a

Pl , xP _1 p®
[Ma-¢o= ] a-»=1lm = =p.

- - a—1 Pt —1  pe-l
Jj=1 vPY =1

plj Apa=1 g

If ptj, then (1 — Cga)/(l — (pa) is a unit in the ring Z[(pa] and thus

ordy(1 — Cga) = ordp(1 — (pe) = )
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From this and the induction hypothesis, for any £ = 0,...,n we have

ord, (G (k. z G- )
> max{O {LWJ}JF nok
> " o(pa1) e (p?)
— max {0, pkgp_(pf;_l - {]jp(pfal)z }} ! Z(gak
- {55 St e |

(Note that if & > p®~* then k/p®~t > 1 > {(k—p®2)/p(p®~1)}.) Therefore,
from (5.2) we get

n — pa—l n — pa—l
ordp(Cpe (1)) > =0y =~ 12 {WJ -

So Fpa(n,r) = (—p)_un_pail)/‘p(”m Cpe(n,r) € Z as desired. m

Proof of Theorem 1.4. (i) Write n+d = p®~* — 1 +mp(p®) with m € N.
Then, for any £ =0,...,d we have

A e ot

Below we use induction on d to show the desired congruence (1.21).
In the case d = 0 (i.e., n —p®~1 = —1 (mod p(p))), we have Fye(n,r) =
Fpa(n,0) (modp) because

Fpa(n,i) — Fpa(n,i— 1) = (=p) "™ 1 Cha(n+1,i) = —pFpa(n + 1,7)

for all ¢ € Z. Furthermore, by a result of Weisman [We| (see also [SW,
Theorem 1.5]), Fpa(n,r) =1 (modp) if d = 0.
Now let d > 0 and assume that the desired result holds for smaller values
of d. Clearly, (n +1) + (d — 1) = p®1 — 1 + mp(p®) and
{n +1+k—pot
e(p*)

J:m—l for k=0,...,d—1.

If » > 0 then

Cpa(n, 1) —Cpa(n,0) = Z (Cpa(n,i) —Cpa(n,i—1 Z Cpe(n+1,1)

0<i<lr 0<i<lr
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if < 0 then
Cpe (n,7) = Cpa (n,0) = Y (Cpa(n,i = 1) = Gy (n, 7))
r<i<0
= — Z Cpa(n+1,2)
r<i<0
Therefore
> Fpeln+1,i) ifr>0,
0<i<r
Fpa(n,r) — Fpa(n,0) = -
. : ~ Y Eu(n+1,0) ifr<o.
r<i<0

By the induction hypothesis, whenever ¢ € Z we have

S itk
Fpa(n+1,z’)zz< . )Fpa(n+1+k,0) (mod p).
k=0

For any k=0,...,d — 1, if r > 0 then

5 i+k—1 _’"*z’“:l i\ (r+k
: k -« k) \k+1
0<i<lr 7=0

by an identity of S.-C. Chu (cf. [GKP, (5.10)]); if » < 0 then
. —r—1 .
i+k—1 —1 J
- (e () e ()
r<i<0 =0

r<i<0 =
— k
_ ()R r _ r+ .
(=1) <k+1> (k+1

Thus, by the above, Fj,a«(n,r) is congruent to
d—1

Fpa(n,0)+];]<;i];>F s(n+1+k0) = (”k ) «(n+ k,0)

modulo p. This concludes the induction proof of (1.21).

(ii) In the case a = 1, the desired results in Theorem 1.4(ii) follow from
Corollaries 1.3 and 1.7.

Now we let a > 2 and r € Z. Write n = p®~2(pny + ng) + s and r =
p*~2(pri+ro) +t, where s,t € {0,...,p* 2 —1}, ng,ro € {0,...,p—1} and
n1 € Nand r € Z.

If p»~! < n < p?, then

Ftnr) = Gptnr) = ) )0,

and in particular ord,(Cpe(n,0)) =0 = [(n —p*~1)/p(p*)].



Fleck quotients 361

Below we assume that n > 2p®~1 (i.e., ny > 2). By [SD, Theorem 1.7],
Fpa(n,r) = (1) (j) Fo2(pni 4 ng, pr1 + o) (modp).

If p|ny,or p—1tn; —1, or ng = r9 = p— 1, then by [SW, Theorem 1.2]
in the case [ = 0, we have

o

Fpe (pn1 + no,pr1 + 1) = (=1)™ ( >Fp<n177’1) (mod p)

To

and hence Fya(n,r) = by, Fp(n1,71) (mod p), where

a—2
b,y = (—1) oot ({”}P“‘ > _ (—1)p" ot (p no +s>

{’l“}pa—l pa_27“0 +1

(—1)t<8>(—1)r0 (”°> (modp) (by Lucas’ theorem (cf. [HS])).

t To

By Corollary 1.3, there is an ] € Z such that Fj,(nq,7]) # 0 (mod p). Thus,
if p|ny orp—14/ny — 1, then

Fye (n,p"~ 1)) = Fy(n1,71) £ 0 (modp).

If ng =p—1, then

—

Fy(n,p"2(pry +p— 1)) = —1>p—1(p‘ 1>Fp<n1,r1> £0 (modp).

p—1

When ptny, p—1|ny — 1 and ng < ro, by applying the second part of
[SW, Theorem 1.2] in the case | = 0, we have

(1 _ (=1

Fp2(pn1 + no,pr1 + 7o) = [n1 > 1] (mod p)

(") ()
and hence
_ no+t M1 (i)
Fpa (n,r) = (—1) T ro—1v (modp)
TO( no )
In particular, if pfny, p—1|n; —1 and ng < p — 1, then
a— _ (_1)n0n1
Fpa(n’p 2(7’1,0 + 1)) = m ;é O (modp)

In view of the above, we already have (1.22).

To prove the congruence in (1.23), we also have to consider the case
pini, p—1|ny —1 and ng > rg. By [SW, Lemmas 3.2 and 3.3],
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pLPr+no—p)/¢(p*)] Cyy2(pny + no, pr1 + 7o)

_(—1)r0< > ~lmmEmRIC, (01, 1)
To

(_1)n1—1 —|(n1—1-1)/(p— l)JC (nl -1 7,1)( 1)n1+r0n1 <TLO> Uno,ro(nl)
To p

= _(_1)r0< ) —(n1—1)/(p— 1)+1C( 1_1,7“1)711 O'no,ro(nl) (modp),
To p

where
[licicp.izp—r, (01 — 1) + 70 +1)

Ongro(n1) =14 (—1)P — =0 (mod p).
n0,70 H1§i§P7 i;épf(nofro)(no — 1o+ Z)
Therefore
n
Fo2(pni 4 ng, pri + o) — (—1)™ <r0> Fy(ni,m1)
0
= 07 (1) Byt — Ly 22222 (o
To p
and hence
Fpa(n,r) = by, <Fp(n1,r1) + Fy(n1 — 1,r1)n %@) (mod p).

Observe that n+p®(p—1) = p*~2(pn} +ng) + s with n} = ny +p(p—1).
Clearly F,(n},r1) = Fp(n1,m1) (modp) by Corollary 1.7, and oy, (1)
Ono.ro(n1) (mod p?) if ng > ro. Thus, by the above, Fpa(n +p®(p —1),7)
Fpa(n,r) (modp). m

-~
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