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1. Introduction. In 1915, Pélya proved the following result:

THEOREM 1 ([12]). Let f be an entire function on C such that

f(z) cz, lim % <In <3+27\/5>

r—-+00
resp.

‘f|7‘

f(N) Cz, lim In2

Y
r—-+00

where |f|, = sup|,<, |f(2)]. Then f is a polynomml of Q[X]. Moreover,
In (%) (resp. In2) is optimal.

The constant is optimal, since the function

-5(57) - (57)]

(resp. f(z) = 2%) is a non-polynomial entire function such that f(Z) C Z
3+V5 5) (

(resp. f(N) C Z) and its exponential type is In (5X2) (resp. In2).

In 1933, Gel’fond proved:

THEOREM 2 ([9]). Let f be an entire function on C and q > 2 be an
integer. If , for all n € N, f(¢") € Z and if

1 1
ln\f],« < m (lnr)2 — 511’17" —O.)(T)

where w(r) — +00 as r — +o0, then f is a polynomial in Q[X].
The coefficients 1/41nq and —1/2 are optimal, since the entire function
S
nsok—o ¢*
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satisfies
1 1
In|p(z)| < —— (Inr)? — 3 Inr4+O(1) for |z| =r as r — 400,
nq

©(¢™) € Z for all n € N, and ¢ is not a polynomial.

Here, we are interested in analogous results in function fields.

Let ¢ be a power of a prime number, F, be a field with ¢ elements, F,[T]
be the ring of polynomials in T over F,, F,(T) be its quotient field. Let
Fy(T)s be the completion of Fy(T") for the infinite 1/T-adic valuation v
normalized by v(1/T) = 1 and let {2 be the completion of an algebraic
closure of Fy(T)so. The valuation v extends to a (non-discrete) valuation
on {2 that we still denote by v. For all z € {2, we put

deg(z) = —v(z2).

Let f(X) =>,>0cnX" be an entire function on {2 and 7 be a real number.
We put a

M(f,r)= sup {deg(f(2))}.

deg(z)<r
Schnirelmann showed (see [13] or [8, Appendice]) that, for all r € Q,
M(f,r) = sup{deg(c,) + nr}.
neN
By continuity, for all » € RT we have

(1) M(f,r)= itelg{deg(cn) + nr}.

Mireille Car proved the following analog of Pélya’s theorem for Fy[T].

THEOREM 3 ([4, Theorem 2]). Let f be an entire function on 2 such
that

w— M(f,7) 1
f(Fq[T]) C Fy[T], Tl{ﬂ_noo 7 < elngq1/(a=1)"

Then f is a polynomial in F,(T)[X].
Moreover, Car showed that the bound may be improved for linear func-

tions.

THEOREM 4 ([4, Theorem 4]). Let f be anF,-linear entire function such
that

— M(J, 1
sy crr), T D

Then f is a polynomial in F,(T)[X].

In order to extend this last result to any entire function, Laurence De-
lamette proved:

THEOREM 5 ([8, Théoréme 3]). Let € > 0. There exists q(¢) > 0 such
that for every finite field Fy with q > q(e) elements, every entire function f
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on {2 such that

— M(f,r) 1
f(Eq[T]) C T[T, rl{inoo 7 < elng ¢

is a polynomial in F,(T)[X].

In this paper, we prove two results. The first one shows that Car’s the-
orem for entire functions is true with the bound 1/elng (and Car gave an
example that proves that this constant is optimal).

THEOREM 6. Let f be an entire function on {2 such that

— M(f,r) 1
F(F[T]) C F[T7, Tlljrﬂoo o < elng
Then f is a polynomial in Fy(T)[X].

Our second result is an analog for Fy[T] of Gel’fond’s theorem:

THEOREM 7. Let f be an entire function on §2 and let H € Fy[T] be a

polynomial of degree h > 1. If, for all n € N, f(H™) € Fy[T] and
— M(f,r) 1
1
T—1>r-|l-qoo r2 < 4h
then f is a polynomial in Fy(T)[X]. Moreover, the constant 1/4h is optimal.

2. Car—Pdlya’s theorem. Let R be a domain with quotient field K
and let E be a subset of R. We denote by Int(E, R) (or Int(R) if £ = R)
the R-module formed by the polynomials which take values in R on E:

Int(E,R) = {P € K[X] | P(E) C R}.

Here, we consider the case when E = R = [F,[T’]. Denote by ug = 0,uq, ...
..., ug—1 the elements of F,. Mireille Car defines (see [3]) a one-to-one cor-
respondence between N and Fy[T] in the following way: for every n € N, let
n=>:, niq" be its ¢g-adic expansion. Then, put

S
Up = g up, T".
i=0

We recall that Bhargava’s factorials for Fy[T'] are given by (see [2, §7] or [1]
for a straightforward proof)

n—1

B
nlg i = H(un — Ug).

k=0

Then, the sequence of polynomials
n—1

H X — U
g Un T Uk
is a basis of the F,[T]-module Int(IF,[T7]).
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We recall the definition of Carlitz factorials (see [7]). For every ¢ € N,

put ‘
Di= [ @+P)

PeFy[T)
deg P<i

For every n € N with g-adic expansion n = »°7 niq*, the Carlitz nth
factorial is defined by
n, o) = HDT”

We know that (see [2, §7])
Therefore, the sequence of polynomials
<X> RS (X —w)
- C

n n!Fq[T]
is a basis of the Fy[T-module Int(IF,[T]). From now on, for simplicity, the
Carlitz nth factorial will be denoted by n!. There is no risk of confusion,
because it will be the only one used. The degree of n! is

(3) deg(n!) Z iniq'.

We have the relation (see [14])
n!
4 — =1L
( ) (n — 1)‘ e(n)»

where e(n) denotes the highest power of ¢ dividing n and, for every m € N,
L., is the polynomial defined by

m

Ly =[](@" - 1).
j=1
The degree of L, is
qm—i-l —q
(5) deg(Lm) = :

-1
For every n,k € N, we define the elements a,, ;, and by, j, of Fy[T] by

©) = ()

X
| — _1\n—k k
(7) n<n> > (1) Fay X,
k=0
Hence, for all &k > n and & < 0, we have b, = a,; = 0. We see that
bno = ano =0 for all n € N*.



Car-Pdlya and Gel’fond’s theorems 291

LEMMA 8. The by, and a,j satisfy the recurrence relations
(8) Ari1k = UpGpf + Qp -1,
9) brk = Le(k)br—1,k-1 + ugbr—1 k-

Proof. 1) Using (7), we have

(X — o) (X — )+ (X — )

r

r
= Z(_l)T_kar,ka+l — Ur Z(_l)T_kar,ka
k=0

k=0
r—+1 r
_ Z(_l)r_k—i_lar,klek —u, Z(_l)r_kaﬁka
k=1 k=0

and by identification
Qry1,k = Qp k—1 + UGy ;-

2) Using (4) and (6), we may write

r—1
v ovr—ly (X —up)(X —up) -+ (X —up1)(X —up +uy)
X' =X""X=> bois o
k=0

r—1 r—1
X X
= Z br—1 <k N 1> Leryr) + Z br—1 kU < k > .
k=0 k=0

We begin to give upper bounds for the degrees of b, and a, .
LEMMA 9. Let r,s,k € N be such that r € N* and k € [¢°, ¢*T'[. Then

¢t —q

deg(brx) < (r —k)s +j§; <[qﬁj] - [qjlil]> q—1

Proof. We prove the inequality by induction on r. We may assume that
0 < ¢*° < r. Clearly, the lemma is true for r = 1.
We first assume that k € |¢°, ¢*71[. By Lemma 8, we have

deg(byx) < max(deg(by—1,x-1) + deg(Le(k)), deg(ur) + deg(br—1,1))-
By the induction hypothesis, we have
E—11\ ¢t —¢q

(k-1
deg(by_16-1) < (r—k)s+ Y <[ o
For every n € N, [n/¢’] — [n/¢’*!] is the number of integers < n divisible
by ¢ and not by ¢/*1:

j=1

[%]—[%]:#{mel\llgmgnandqj]m}

where the symbol || means “exactly divisible by”. However, if j # e(k) then
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#{neN|l<n<kand ¢ |n}=#{neN|1<n<k—-1and ¢ |n},
and if j = e(k) then
#{neN|1<n<kand ¢ |n} =1+#{neN|1<n<k-1and ¢ | n}.
So, if j # e(k) then

o)L= ) - 7]
¢ git1 ¢ gL’

and if j = e(k) then

k—1 E—11 | k k 1
q°(k) o ge)+1 | | ge(k) o qek)+1 o

By (5), we have

e(k)+1 _
q q
deg(L = )

It follows that
° k—l] [k—l])qj+l—q
Z - — - + deg(Le(k))
+1 _

= <[ &’ ¢ q—1 |

-3 ([5] - [77]) o=

. — —.
T\l @ q—1

: k E 1\ ¢ —¢q
deg(br—1k—1Ler)) < (r—k)s + Z; ([q_j] - [qurl > q—1
e |

Since deg(u) = s, we have

i k [k ¢t —q
deg(by—1 %) +deg(u) < (r—1—Fk)s+s+ z; pr Bl e i1
= -

o (][

We now assume that k = ¢°. Then

Therefore

s+1

deg(by¢s) < max <deg(br_1’qs_1) + 4

By the induction hypothesis, we have
qs+1 —q
qg—1

s—1 s s 41 s+1
¢°—1 ¢ —=1\¢"—q ¢ —q
S(r—qs)(s—l)—i—Z([ ¢ ]_[qj“D qg—1 - g—1 "

J=1

deg(br—l,qs—l) +
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For 1 < j < s—1, we have the equality
#{n€N|1§n§q3—1andqj||n}:#{neN|lgngqsandqjﬂn},

o)L= - ]

As a consequence,

Si ¢ —1 ¢ —1 qj+1—q+q5+1—q
¢ gt g—1 qg—1

J=1

and so

Moreover,

s s ¢ N\t —¢q
deg(br_l,qs)—i-sg(r—q)3—1—2([?]—[qj+1]> ) . m

j=1

ProrosITION 10. For all r, k € N* such that 1 < k < r, we have
(10) deg(byx) < rlog, k.

Proof. Let s be the integer such that k € [¢°, ¢*"[. We compute

- £

=1

s s—1

j=1 j=1

By Lemma 9, we easily deduce that deg(b,x) < rs—ks+ks <rs <rlog, k. m
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LEMMA 11. Let r,k € N*, I,s € N be such that r € [¢',¢""'[ and k €
[°,¢°*[. Then

q s s s
deg(ar ) <1l — qj(ql — ") —s¢° — (k= ¢°)L.

Proof. We may assume s < [. The proof is by induction on r. The lemma
is true for 7 = ¢!, by the following result of Carlitz [6, Theorem 2.1]:

l
X r—1i ! g
() = S
i=0
where

. == n - L ot
By (3) and (5) (see also [4, Lemma IV.4(ii)]), for all 0 < <[, we have

. ) ) ql—i+1 —q
deg(aqzﬂi) = lq — ZqZ — qz ﬁ

and, for every i which is not power of ¢, deg(aqz,i) = —o00. By Lemma 8, we
have

deg(ar 1) < max(l + deg(are), deg(a,i1).
We first assume that k € ]¢°,¢*T![. Tt is a straightforward exercise to
verify that

deg(ary1k) < (r+ 1)1 — q—Ll (¢ = ¢°) = s¢° — (k — ¢°).

We now assume that k = q°. Then, by induction,

I+deg(ayq) < l47rl— q_Ll (¢ —¢*) —sq° < (r+1)1— q% (¢ —¢°) — s¢”,

q s— s— s s—
deg(ar,qs—l)érl——l(l—q (-1 = (¢* ¢ = 1)L

The following inequality holds because [ > s — 1:

q s s q s—1 s—1 s s—1
— ¢ — > - —(s—1 —(¢° — [.
e K A X (s —1)q (@ —q¢)

Hence,
deg(args—1) <1l — q%ql (¢ —¢*)—s¢°+1. =m
From this, we deduce

PROPOSITION 12. Let v,k € N* be such that 1 < k <r. Then

. 2 — 1
deg (a—'k’) < —log,r + 1 k — klog, k.
rl qg—1
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Proof. Let Zé’:o rjqj be the g-adic expansion of r and let s € N be such
that k € [¢*,¢°T![. By Lemma 11 and (3), we have

l
r.k q s . ;
deg< ><lzrjq—q—1(q—Q)—sq— —Q)l—;ﬂjqj

7=0

l
<Y (g-Dd(—j) - qqu (¢ = ¢°) = s¢° = (k — ")l
=0

llg—1)+

_He=D+a  _q .
q—1 q—1

Since =1 <1 —log,r and —s <1 —log, k, we get

S — ks.

Q. |
deg <T> <1-log,r— j—l—q_—lk‘—l—k(l—loqu‘)
1 2q —
S —loqu—F—F q—l k—k‘loqu‘ | ]

PROPOSITION 13. Let x € §2 be of degree § and r € N*. Then

P q(2a=1/(a=1)+6

(11) deg < > < —log,r + .

r elng

Proof. By Proposition 12, for all £k € N* we have
deg< .k k) < ké —log,r
Moreover, for all k£ > 1, it is easy to Verlfy that

2¢ — 1 q2a—1/(a—1)+o
ké + _1k—kloqu§1—
q elng

k.

Inequality (11) follows from
T
Y _ r—k drk k-
()-Lrespe

Let g(X) = Zfb—o ¢ X™ be a polynomial of £2[X] of degree k. We have

S () EEe ()

7=0n=0
where ¢, = 0 when n > k and b, j = 0 when j > n. We put

A g) = chbn,j = chbn,jv

n>0 n>j
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and so
X
(12) 9(X) =>4 )-
720 J
Let f(X) =)_,>0cnX" be an entire function on {2. Let j be a non-negative
integer. If lim,, o deg(cpby ;) = —00, we put
Ai(f) = cabnj.
n>0

THEOREM 14. Let f be an entire function on {2 and let

w(f) = T ML)

r—+00 q"

If 7(f) < 1/elng, then
(13)  A;(f) exists for all j € N,
(14) ZAj(f) (j) converges for all x € (2,

j=0
(15)  fl@)=>_ A(f) <”5> for all z € 0.
720 J
Proof. Let 7 € RT be such that 7(f) < 7 < 1/elng, and let j € N. By
[4, Proposition III.1], there exists N1 € N such that, for all n > Ny, we have
(16) deg(cn) < nd —nlog,n

where ¢ = log,(erIng) < 0. Let j > Ny and n > j. By (10) and (16), we
have
deg(cnbn,j) < nd —nlog,n +nlog, j.

We deduce that lim, ;o deg(cpbyn ;) = —oo. This proves (13) and for
j Z Nla
(17) deg(4;(f)) < 05.

Let x € {2 be of degree 6. By (11) and (17), we have
x . q(zq_l)/(q_1)+6 .
s (340 (()) = -t S

J elng

hence lim;_, ;o deg (A](f)(j)) = —oo and (14) holds.
We put

FX0=3" 2,5 (f) A=Y X, Fu(x)= 3 A <X>

J20
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Let z € 2 be of degree § and A € RT. We have limy_. 1 f(z) — fn(z) =
Therefore, there exists Ny € N such that

(18) deg(f(x) — fn(z)) < —A  for all N > Na.
In the same way, there exists N3 € N such that
(19) deg(f(z) — fn(z)) < —A forall N > Ns.

Let N be an integer > N;. With (12), we have

_ N—-1 "
o) = Fne) = Y14 - 4,017,

° J
7=0
Clearly, Ao(fn) = Ao(f) and, for all 1 < j < N —1,
(fN Z Cn n,j -
n>N

For all n > N, deg(cnbn ;) < n(f +log,j) — nlog,n < N@. Hence,
deg(4;(fn) = 4;(f)) < NO,

deg <(Aj(fN) = 4;(f)) <j>> < NO—log,j+

(2¢-1)/(g—1)+o

)

elngq

(2¢—1)/(¢—1)
dea((fx — Fr) (@) < No 4 Lo 0

Therefore, there exists N4 € N such that
(20) deg(fn(z) — fn(z)) < —A forall N > Ny.
By (18)—(20), for all N > max(Ny, N2, N3, Ny) we have
deg(f(z) - f(z)) < —A.
As a consequence, deg(f(z) — f(z)) = —occ and f(x) = f(z), that is,

:ZAn(f)CCL). .

n>0

elng

THEOREM 15. Let f be an entire function on {2 such that

T M(fv 7’) 1
J(E[T]) C Fo[T], rggloo q" < elng’

Then f is a polynomial of Fy(T)[X]. Moreover, 1/elngq is optimal.
Proof. By Theorem 14, we have

Va € 12, ZA ()

j=>0
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Consequently, the A;(f) form the solution of the following linear system:

fuo) = Ao(f),

) = a0 ) + 2 ().

o) = 2 () an () 4+ aun ().

For alln € N, f(u,) € Fy[T], (%) € F) and, for all 0 < j < n, (“j") € F,[T7.
By induction, we deduce that for all j € N, A;(f) € F,[T]. Moreover,
we know that, for j large enough, deg(A;) < 6j. Therefore, for j large
enough, A;(f) is a polynomial of negative degree, that is, A;(f) =0. As a
consequence, f is a polynomial of Fy(T)[X].

Finally, recall that in [4, §VI], M. Car shows that the exponential type

of the entire function
z
-2 ()

n>0

is 1/elngq, that f(F4[T]) C F4[T], and that f is not a polynomial. This
proves that the upper bound 1/elngq is optimal. =

3. The analog of Gel’fond’s theorem. In this section, we show how
to modify the proof from the previous section to show the following;:

THEOREM 16. Let f : 2 — (2 be an entire function and let H € F,[T]
be of degree h > 1. If, for all n € N, f(H™) € F,[T] and

— M(f,r) 1
TEI—FOO r2 4h’

then f is a polynomial in Fq(T)[X]. Moreover, the bound 1/4h is optimal.

Let E = {H" | n € N}. As for the case of Int({t" | n € N},Z) where
t is an integer > 2 (see [11, Théoreme 3]), one shows that the sequence of

polynomials
<X> ’ﬁ X — H*
n)p oy H"—HF
is a basis of the Fy[T]-module Int(E,F,[T]). Here
n—1

nlg = [[(EH" - H).
k=0
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Analogously to Section 2, we define the elements ay, 1, and by, j, of Fy[T'] with

similar formulas "
X
X" = by, ,
i),
k=0

X n
! = —1)"*a, X"
" (”)E Z( )

k=0
Lemma 8 is then replaced by
LEMMA 17. The a,j, and b, satisfy the recurrence relations
(21) arp1p = H app + app_1,
(22) bri = H* N (H" = 1)by_1 1 + H b1 .
By induction on 7, we prove the following proposition that corresponds
to Propositions 10, 12 and 13.
PROPOSITION 18. For all r e N* and 1 <k <,
(23) deg(by. ) < rkh,
(24) deg(ary) = (r — 1)(r — k)h,
and, for all © € 2 and r > 1+ deg(x)/h,

(25) deg <<i> E> < —rh,

PROPOSITION 19. Let f(X) = ), 5ocn X" be an entire function on {2
and let T € RT be such that
T M(f7 T)

lim 5

r——+00 r

Then there exists N € N such that, for all n > N,
2

deg(cp) < —Z—T.

<T

Proof. By (1), there exists ¢ € R such that
r >0 = sup{nr+deg(c,)} < 2.
neN

For all n € N, deg(c,,) < 712 — nr if r > o. Consequently,
2

n
d <inf{rr? —nr} = ——
eg(cn) < ;IZlQ{TT nr} yp
ifn>270. =
As in Section 2, if j is an integer such that lim, 4 deg(cpby, ;) = —o0,

we define Af(f) by
AP(f) = cabny-

n>0
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Let

€| lim —1.
T :|7“—1>I—‘Poo 7’2 ’ 4h

M(f,r) 1 [
For all x € 2 and for j € N large enough,

(26) deg(A8(1) = (1= 4 )2

(27) deg ( <x <h - —>J — hj.

As a consequence, > >0 Af f) (])E converges for every z € {2 and we prove
as in Theorem 14 that

0= 250(j),

Then we may end the proof of Theorem 16 analogously to Car—Pdlya’s
theorem. Now, we give an example which proves that the upper bound 1/4h
is optimal.

PROPOSITION 20. The function ¥(z) =3, <, (Z)E is an entire function
on {2 such that -

M(f,r) 1

(1 TEIJPOO 2 4h
(2) W(H™) € Fy[T] for all n € N,
(3

) ¥ is not a polynomial in 2[X].
Proof. By (25), the function ¥ is well defined on 2. Clearly, ¥(H™) €

F,[T] for all m € N, since for every m,n € N, we have (}T)E = 0 when

n > m and ( ) € F,[T] when n < m. This proves the second assertion of
the proposition.
Let z € £2. We can write

.
Z ) kGrk k

rl T
r>0k 0

It follows from (24) that ZTZk(—l)T_ a, /7! exists and that

(28) deg (Z(—wk %) — —kh,

r>k
and so

a
Z [Z(—l)r_k L'k] 2F converges.
7!

k>0 Lr>k
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Now, we prove that
(29) v(z) =Y [Z(—Ur—k “—"“] -,
k>0 >k r

For all r, k € N, we put

v = (<) TF R,

Of course, v, = 0 if k > r. For every R € N, we may write

U(z) — Z Z Ur i

k>0 r>k
T R r R r
M ODITED B I EIOIPILIED BB}
7>0 k=0 7=0 k=0 7=0 k=0 k>0 r>k
Clearly,
R r
Z 5 Urk — 5 Urk = 5 Ur k-
k>0 r>k r=0 k=0 k>0r>R
Consequently,

,
T(Z) - Z Zvr,k = Z Zvr,k - Z Z Ur -
k>0 7>k >R k=0 E>0r>R
For R large enough and r > R, we have deg(v, ) < —Rh. We see that both
sums in the previous difference tend to zero as R tends to infinity. Equal-
ity (29) is proved and ¥ is an entire function on (2. From (1), (28) and (29),
we have

1'_ M(f7 T) — i
r—+oo 12 4h’
This proves the first part of the proposition.
Finally, ¥ is not a polynomial of £2[X] since the quadratic type of any

polynomial of £2[X] equals zero. This proves the third assertion. m

In [4, Corollary IV.8 and Corollary V.2], Car studied entire functions on
(2 which are constant on F,[T7]. In [5, Theorem 3], Thiery showed:

THEOREM 21. Let f: {2 — §2 be an entire function, and let A € (2. If

B — M(f,7) q?/(@=1)
f(IFq[T]) - {A}7 TEI_POO qT < 6111(] )

then f is the constant function A. Moreover, qq/(q_l)/elnq s optimal.

Here, we are interested in entire functions which are constant on F, that
is, an analog for geometric sequences.
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PROPOSITION 22. Let f: 2 — {2 be an entire function, let A € {2 and
let H € Fy[T] be of degree h > 1. If

: (f7 )
f(H")=A foralln €N, im 5 <—h7

then f is the constant function A. Moreover, 1/2h is optimal.

Proof. Following Thiery’s proof, we assume A=0. By [10, Theorem 2.14],

the function
X
F(X) = 1——
=TI (1~ 5

is well defined and is an entire function on {2. Again by [10, Theorem 2.14],
f admits a Weierstrass expansion

X)=cX"]] <1 - %)m

where ¢ € 2%, A is the set of non-zero roots of f, k is the order of f in 0 and
ny is the order of zero \. Since {H" | n € N} C A, for all z € {2 we have

f(X) =g(X)F(X),
where ¢ is an entire function on 2. We get
Tm M(f,r) > Tm M(F,r) + Tim M(Qﬂ')'

r——400 r2 T r—4o00 r2 r—400 r2

Hence, the following lemma finishes the proof. m

LEMMA 23. Let F be the previous entire function, i.e.

F(xX)=1] <1— %)

n>0
Then ( )
— M(F,r 1
li i S
7“—1>5-noo r2 2h

Proof. Let z € (2 be of degree r. We have

(30) deg(F(z))= > deg (1_W>

0<n<|[r/h]
z
= Z deg (ﬁ) + O /h),r/n deg <1 — W)
0<n<[r/h]
where ¢; ; denotes the Kronecker symbol. We conclude that for all » > 0,

M(f,?“) 1 3
< — —.
72 _2h+2
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Let (rg)ren be the sequence of positive integers defined by r, = (k+1)h—1/2,
and let (zx)ren be a sequence of elements of 2 such that deg(z) = ry for
all k € N. Then, using (30), we obtain

deg(F(z)) 1

7’1% o as k — +o0.

This proves the lemma. =
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