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Binary linear forms over �nite sets of integersby
Melvyn B. Nathanson (Bronx, NY),
Kevin O’Bryant (Staten Island, NY),

Brooke Orosz (New York, NY), Imre Ruzsa (Budapest),and Manuel Silva (Lisboa)
1. Polynomials over �nite sets of integers. Let f = f(x1, . . . , xn)be a polynomial with integral oe�ients. Let A be a nonempty �nite set ofintegers or of ongruene lasses modulo m. We denote by f(A) the imageof the funtion f with domain A, that is,

f(A) = {f(a1, . . . , an) : ai ∈ A for i = 1, . . . , n}.If f is a polynomial in n variables, then |f(A)| ≤ |A|n.The lassial examples are the polynomials x1 + x2 and x1 − x2. Thesumset A+A is the set s(A) for the polynomial s(x1, x2) = x1 +x2, and thedi�erene set A − A is the set d(A) for the polynomial d(x1, x2) = x1 − x2.For any arithmeti progression A or, more generally, any symmetri set Aof integers, we have |d(A)| = |s(A)|, but for �most� sets A the di�ereneset ontains more elements than the sumset. It had been onjetured (f.Croft [1℄, Maria [3℄, Nathanson [7, 6℄) that |d(A)| ≥ |s(A)| for every set A,but the set A = {0, 2, 3, 4, 7, 11, 12, 14} is a ounterexample, sine
|A − A| = |d(A)| = 25and
|A + A| = |s(A)| = 26.Sets with more sums than di�erenes have also been studied by Hegarty [2℄and Martin and O'Bryant [4℄. This suggests the following problem.
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342 M. B. Nathanson et al.Problem 1. Let f(x1, . . . , xn) and g(x1, . . . , xn) be polynomials with in-teger oe�ients. Determine if there exist �nite sets A, B, C of positive in-tegers with |C| > 1 suh that
(1) 





|f(A)| > |g(A)|,
|f(B)| < |g(B)|,
|f(C)| = |g(C)|.There is a stronger form of Problem 1.Problem 2. Let f(x1, . . . , xn) and g(x1, . . . , xn) be polynomials with in-teger oe�ients. Does there exist a sequene {Ai}∞i=1 of �nite sets of integerssuh that

lim
i→∞

|f(Ai)|
|g(Ai)|

= ∞?Does there exist a sequene {Ci}∞i=1 of �nite sets of integers with limi→∞ |Ci|
= ∞ and |f(Ci)| = |g(Ci)| for all i?Linear polynomials onstitute an important speial ase.Problem 3. Let f(x1, . . . , xn) = u1x1 + · · ·+ unxn and g(x1, . . . , xn) =
v1x1 + · · · + vnxn be linear forms with integer oe�ients. Do there exist�nite sets A, B, C of integers with |C| > 1 that satisfy (1)?The interval of integers [a, b] is the set of integers {a, a + 1, . . . , b}. Forany integer u and sets A and B of integers, we de�ne the dilation

u ∗ A = {ua : a ∈ A}and the sumset
A + B = {a + b : a ∈ A and b ∈ B}.If f(x1, . . . , xn) = u1x1 + · · · + unxn is a linear form, then

f(A) = u1 ∗ A + · · · + un ∗ A.Sets of integers A and B are a�nely equivalent if there are rational numbers
u 6= 0 and v suh that B = u ∗ A + {v}. In this ase,

f(B) = f(u ∗ A + {v}) = u ∗ f(A) + {f(v, . . . , v)},hene
|f(A)| = |f(B)|.Note that every two-element set is a�nely equivalent to the set {0, 1}, andthat every set A of integers with 1 < |A| < ∞ is a�nely equivalent to a set

A′ suh that 0 ∈ A′ and A′ \{0} is a set of relatively prime positive integers.The following theorem implies that Problem 3 is equivalent to Problem 2 inthe ase of linear forms.



Binary linear forms 343Theorem 1. Let f(x1, . . . , xn) and g(x1, . . . , xn) be linear forms withinteger oe�ients , and let A and C be �nite sets of integers suh that
|f(A)| > |g(A)|, |f(C)| = |g(C)|, and |C| > 1. There exist sequenes {Ai}∞i=1and {Ci}∞i=1 of �nite sets of integers with limi→∞ |Ci| = ∞ suh that

lim
i→∞

|f(Ai)|
|g(Ai)|

= ∞,and |f(Ci)| = |g(Ci)| for all i.Proof. Let f(x1, . . . , xn) =
∑n

i=1 uixi and g(x1, . . . , xn) =
∑n

i=1 vixi belinear forms with integer oe�ients, and let A be a �nite set of integers.We de�ne
mf,g(A) = max(|s| : s ∈ A ∪ f(A) ∪ g(A)),and hoose an integer

M > 2mf,g(A).Let
AM = A + M ∗ A = {a + Ma′ : a, a′ ∈ A}.If a1, a

′
1, a2, a

′
2 ∈ A and a1 + Ma′1 = a2 + Ma′2, then a1 − a2 = M(a′2 − a′1).Sine

M |a′2 − a′1| = |a1 − a2| ≤ |a1| + |a2| ≤ 2mf,g(A) < M,it follows that a′1 = a′2 and so a1 = a2 and
|AM | = |A|2.The identity

n∑

i=1

ui(ai + Ma′i) =
n∑

i=1

uiai + M
n∑

i=1

uia
′
iimplies that

f(AM ) = f(A) + M ∗ f(A).If s1, s
′
1, s2, s

′
2 ∈ f(A) and

s1 + Ms′1 = s2 + Ms′2,it again follows that s1 = s2, s′1 = s′2, and
|f(AM )| = |f(A)|2.Similarly,
|g(AM )| = |g(A)|2and so

|f(AM )|
|g(AM)| =

( |f(A)|
|g(A)|

)2

.The theorem follows by iterating this onstrution.



344 M. B. Nathanson et al.In the ase of binary linear forms, we write f(x, y) = ux + vy insteadof f(x1, x2) = u1x1 + u2x2. We are interested only in the ardinality of theimage of f(x, y) on a �nite set A of integers. We shall always assume that
uv 6= 0. If (u, v) = d > 1 and g(x, y) = (u/d)x+(v/d)y, then |f(A)| = |g(A)|.Thus, we an assume that (u, v) = 1. Similarly, if h(x, y) = vx + uy, then
|f(A)| = |h(A)|, and so we an assume that |u| ≥ |v|. Finally, if ℓ(x, y) =
−ux − vy, then |f(A)| = |ℓ(A)|, and we an assume that u > 0. Therefore,it su�es to onsider only binary linear forms f(x, y) = ux + vy that havebeen normalized so that

u ≥ |v| ≥ 1 and (u, v) = 1.Problem 4. Let f(x, y) = u1x+v1y and g(x, y) = u2x+v2y be normal-ized binary linear forms with nonzero integer oe�ients (u1, v1) 6= (u2, v2).Do there exist �nite sets of integers A and B suh that |f(A)| > |g(A)| and
|f(B)| < |g(B)|?In this paper we shall prove that the answer to the question in Problem 4is �yes�.2. Pairs of binary linear forms with u1, u2 ≥ 2. In this setion weprove that if f(x, y) = u1x + v1y and g(x, y) = u2x + v2y are normalizedbinary linear forms with u1 ≥ 2, u2 ≥ 2, and (u1, v1) 6= (u2, v2), then thereexist �nite sets A, B, C of integers suh that |f(A)| < |g(A)|, |f(B)| >
|g(B)|, and |f(C)| = |g(C)|.Theorem 2. For u > |v| ≥ 1 and (u, v) = 1, onsider the normalizedbinary linear form

f(x, y) = ux + vy.(i) If |A| = 2, then |f(A)| = 4.(ii) If u ≥ 3 and |A| = 3, then |f(A)| = 8 or 9, and |f(A)| = 8 if andonly if A is a�nely equivalent to one of the two sets
{0, |v|, u} and {0, |v|, u + |v|}.(iii) If u = 2 and |A| = 3, then |f(A)| < 9 if and only if A is a�nelyequivalent to one of the two sets

{0, 1, 2} and {0, 1, 3}.Moreover , |f({0, 1, 2})| = 7 and |f({0, 1, 3})| = 8.(iv) If f(x, y) = ux+vy, and g(x, y) = ux−vy, then |f(A)| = |g(A)| forevery set A with |A| = 3.Proof. If f(x, y) = ux + vy is a normalized binary linear form, then
f({0, 1}) = {0, v, u, u + v} and so |f({0, 1})| = 4. Sine every set A with
|A| = 2 is a�nely equivalent to {0, 1}, it follows that if |A| = 2, then
|f(A)| = 4. This proves (i).



Binary linear forms 345Let |A| = 3. The set A is a�nely equivalent to a set A′ suh that
min(A′) = 0 and gcd(A′) = 1. If |f(A)| ≤ 8, then there exist x1, y1, x2, y2

∈ A′ suh that
ux1 + vy1 = ux2 + vy2 and (x1, y1) 6= (x2, y2).It follows from (i) that |{x1, y1, x2, y2}| > 2 and so

{x1, y1, x2, y2} = {a1, a2, a3} = A′.There are three possibilities: Either
ua1 + va2 = ua1 + va3,or
ua1 + va2 = ua3 + va1,or
ua1 + va1 = ua2 + va3.In the �rst ase, a2 = a3, whih is absurd.In the seond ase, we have
u(a1 − a3) = v(a1 − a2).Sine (u, v) = 1, there exists an integer r suh that

a1 − a2 = ru, a1 − a3 = rv, a3 − a2 = r(u − v).Sine 0 ∈ A′, it follows that r divides eah integer in A′, and so r = ±1. If
a1 = 0, then r = −1, a2 = u, a3 = v = |v|, and A′ = {0, |v|, u}. If a2 = 0,then r = 1, a1 = u, and a3 = u − v. If v > 0, then A′ = {0, u − |v|, u}.If v < 0, then A′ = {0, u, u + |v|}. If a3 = 0, then a2 = −r(u − v) and so
r = −1, a1 = −v = |v|, a2 = u − v = u + |v|, and A′ = {0, |v|, u + |v|}.In the third ase,

u(a1 − a2) = v(a3 − a1)and there is an integer r = ±1 suh that
a1 − a2 = rv, a3 − a1 = ru, a3 − a2 = r(u + v).If a1 = 0, then r = 1, a3 = u, a2 = −v = |v|, and A′ = {0, |v|, u}. If a2 = 0,then r = 1, a1 = v = |v|, a3 = u + v = u + |v|, and A′ = {0, |v|, u + |v|}. If

a3 = 0, then r = −1, a1 = u, and a2 = u+v. If v > 0, then A′ = {0, u, u+|v|}.If v < 0, then A′ = {0, u − |v|, u}.Sine the two sets {0, |v|, u} and {0, u−|v|, u} are a�nely equivalent, andthe two sets {0, u, u + |v|} and {0, |v|, u + |v|} are also a�nely equivalent, itfollows that the sets {0, |v|, u} and {0, u, u+|v|} are, up to a�ne equivalene,the only possible solutions of |f(A)| ≤ 8 with |A| = 3.We shall prove that if u ≥ 3, then |f(A)| = 8 for both these sets. Let
v > 0 and f(x, y) = ux + vy. If A = {0, v, u}, then

f(A) = {0, v2, uv, u2, uv + v2, 2uv, u2 + v2, uv + u2}.



346 M. B. Nathanson et al.Sine 2uv < u2 + v2 for v < u, we have
0 < v2 < uv < uv + v2 < 2uv < u2 + v2 < uv + u2and

uv < u2 < u2 + v2.If u2 = 2uv, then u = 2v = 2 sine (u, v) = 1. If u2 = uv + v2, then
u/v = (1 +

√
5)/2, whih is impossible sine u/v is rational. Therefore,

|f(A)| = 8.If v > 0 and A = {0, v, u + v}, then
f(A) = {0, v2, uv, uv + v2, 2uv + v2, u2 + uv, u2 + uv + v2, u2 + 2uv + v2}.We have

0 < v2 < uv < uv + v2 < 2uv + v2 < u2 + uv + v2 < u2 + 2uv + u2and
uv + v2 < u2 + v2 < u2 + uv + v2.If u2 + v2 = 2uv + v2, then u = 2v = 2, whih is false, and so |f(A)| = 8.The ase u ≥ 3 and v < 0 is similar. This proves (ii).If u = 2, then v = ±1 and f(x, y) = 2x ± y. Up to a�ne equiva-lene, the sets A with |f(A)| ≤ 8 are {0, 1, 2} and {0, 1, 3}. For these sets,

|f({0, 1, 2})| = 7 and |f({0, 1, 3})| = 8. This proves (iii).To obtain (iv), we observe that the binary linear forms f(x, y) = ux+vyand g(x, y) = ux − vy generate the same exeptional sets, and so |f(A)| =
|g(A)| whenever |A| = 3. This ompletes the proof.Lemma 1. Let

F (x, y) = c0x
k + c1x

k−1y + · · · + ck−1xyk−1 + cky
kbe a nonzero homogeneous polynomial with integer oe�ients. Let j be thelargest integer suh that cj 6= 0. If u and v are relatively prime nonzerointegers suh that F (u, v) = 0, then |cj | ≥ |u|.We all cj the last oe�ient in the polynomial F (x, y).Proof. If

F (u, v) =

k∑

i=0

ciu
k−ivi = uk−j

j∑

i=0

ciu
j−ivi = 0then

u

j−1∑

i=0

ciu
j−i−1vi = −cjv

j

and so u divides cjv
j. Sine (u, v) = 1 and cj 6= 0, it follows that u divides cjand so |cj| ≥ |u|.



Binary linear forms 347Theorem 3. Let
f(x, y) = u1x + v1y and g(x, y) = u2x + v2ybe normalized binary linear forms with

u1 ≥ 2, u2 ≥ 2,and
(u1, |v1|) 6= (u2, |v2|).There exist sets A and B with |A| = |B| = 3 suh that

|f(A)| < |g(A)| and |f(B)| > |g(B)|.Proof. If u1 < u2 and u2 6= u1 + |v1|, then the sets A = {0, |v1|, u1}and B = {0, |v2|, u2} satisfy |f(A)| = |g(B)| ≤ 8 and |f(B)| = |g(A)| = 9.If u1 < u2 and u2 = u1 + |v1|, then u2 + |v2| > u1 + |v1| and the sets
A = {0, |v1|, u1} and B = {0, |v2|, u2 + |v2|} satisfy |f(A)| = |g(B)| = 8 and
|f(B)| = |g(A)| = 9.If u1 = u2 and |v1| < |v2|, then sets A = {0, |v1|, u1 + |v1|} and B =
{0, |v2|, u2 + |v2|} satisfy |f(A)| = |g(B)| = 8 and |f(B)| = |g(A)| = 9. Thisompletes the proof.Theorem 4. Let

f(x, y) = ux + vy and g(x, y) = ux − vybe normalized binary linear forms with u > v ≥ 1. For u = 2, if
A = {0, 3, 4, 6}, B = {0, 4, 6, 7}then

|f(A)| = 13 > 12 = |g(A)|, |f(B)| = 13 < 14 = |g(B)|.For u ≥ 3, if
A = {0, u2 − v2, u2, u2 + uv}, B = {0, u2 − uv, u2 − v2, u2}then
|f(A)| = 14 > 13 = |g(A)|, |f(B)| = 13 < 14 = |g(B)|.Proof. For u = 2 and sets A = {0, 3, 4, 6} and B = {0, 4, 6, 7}, we have

f(A) = {0, 3, 4, 6, 8, 9, 10, 11, 12, 14, 15, 16, 18},
g(A) = {−6,−4,−3, 0, 2, 3, 4, 5, 6, 8, 9, 12},
f(B) = {0, 4, 6, 7, 8, 12, 14, 15, 16, 18, 19, 20, 21},
g(B) = {−7,−6,−4, 0, 1, 2, 4, 5, 6, 7, 8, 10, 12, 14}with |f(A)| = |f(B)| = 13, |g(A)| = 12, and |g(B)| = 14.Let u ≥ 3 and A = {0, u2 − v2, u2, u2 + uv}. We list the elements of theset f(A) = {ux + vy : x, y ∈ A} in the following table:



348 M. B. Nathanson et al.
f(A) 0 u2

− v2 u2 u2 + uv

0 0 u2v − v3 u2v u2v + uv2

u2
− v2 u3

− uv2 u3 + u2v − uv2
− v3 u3 + u2v − uv2 u3 + u2v

u2 u3 u3 + u2v − v3 u3 + u2v u3 + u2v + uv2

u2 + uv u3 + u2v u3 + 2u2v − v3 u3 + 2u2v u3 + 2u2v + uv2

The number u3 + u2v ours three times in this table, and so |f(A)| ≤ 14.By Lemma 1, if two numbers in the table are equal for positive integers uand v with u ≥ 3 and (u, v) = 1, then the di�erene of the two numbers is anexpression of the form F (u, v), where F (x, y) is a homogeneous polynomialof degree 3 with last oe�ient at least 3. Sine 1 ≤ v < u, the numbersin the table are inreasing from left to right in eah row and from top tobottom in eah olumn. The following ten numbers in the set f(A) are stritlyinreasing:
0 < u2v − v3 < u3 − uv2 < u3 + u2v − uv2 − v3

< u3 + u2v − uv2 < u3 + u2v − v3 < u3 + u2v

< u3 + u2v + uv2 < u3 + 2u2v < u3 + 2u2 + uv2.The other four numbers in f(A) satisfy
u2v < u3 < u3 + 2u2v − v3and

u2v < u2v + uv2 < u3 + 2u2v − v3.Comparing numbers among the three hains of inequalities, we see that thereis no di�erene with last oe�ient greater than 2, and so |f(A)| = 14.Consider now the set g(A) = {ux − vy : x, y ∈ A}, whose elements arelisted in the following table:
g(A) 0 u2

− v2 u2 u2 + uv

0 0 −u2v + v3
−u2v −u2v − uv2

u2
− v2 u3

− uv2 u3
− u2v − uv2 + v3 u3

− u2v − uv2 u3
− u2v − 2uv2

u2 u3 u3
− u2v + v3 u3

− u2v u3
− u2v − uv2

u2 + uv u3 + u2v u3 + v3 u3 u3
− uv2

The numbers u3, u3 − uv2, and u3 − u2v − uv2 our twie in the table, andso |g(A)| ≤ 13. The numbers in the table are dereasing from left to right ineah row and inreasing from top to bottom in eah olumn. The followingnine numbers in g(A) form a stritly inreasing sequene:
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−u2v − uv2 < −u2v < −u2v + v3 < 0 < u3 − u2v

< u3 − u2v + v3 < u3 < u3 + v3 < u3 + 3u2v.The other four numbers satisfy
u3 − u2v − 2uv2 < u3 − u2v − uv2 < u3 − u2v − uv2 + v3 < u3 − uv2.Indeed, there is no pair of expressions in the table whose di�erene has lastoe�ient greater than 2, and so |g(A)| = 13.Finally, we onsider the sets f(B) and g(B):
f(B) 0 u2

− uv u2
− v2 u2

0 0 u2v − uv2 u2v − v3 u2v

u2
− uv u3

− u2v u3
− uv2 u3

− v3 u3

u2
− v2 u3

− uv2 u3 + u2v − 2uv2 u3 + u2v − uv2
− v3 u3 + u2v − uv2

u2 u3 u3 + u2v − uv2 u3 + u2v − v3 u3 + u2v

g(B) 0 u2
− uv u2

− v2 u2

0 0 −u2v + uv2
−u2v + v3

−u2v

u2
− uv u3

− u2v u3
− 2u2v + uv2 u3

− 2u2v + v3 u3
− 2u2v

u2
− v2 u3

− uv2 u3
− u2v u3

− u2v − uv2 + v3 u3
− u2v − uv2

u2 u3 u3
− u2v + uv2 u3

− u2v + v3 u3
− u2vIn the table for f(B), the numbers u3, u3 − uv2, and u3 + u2v − uv2 ourtwie, and so |f(B)| ≤ 13. In the table for g(B), the number u3−u2v oursthree times, so |g(B)| ≤ 14. In neither table is there a pair of numberswhose di�erene has last oe�ient greater than 2, and so |f(B)| = 13 and

|g(B)| = 14. This ompletes the proof.Theorem 5. Let u and v be relatively prime positive integers with u > v,and onsider the forms
f = ux + vy and g = ux − vy.If A is an arithmeti progression of length t ≤ u, then |f(A)| = |g(A)| = t2.Proof. Sine an arithmeti progression of length t is a�nely equivalentto the interval [0, t − 1], it su�es to onsider the sets At = [0, t − 1] for

t = 1, . . . , u.If x1, x2, y1, y2 ∈ At and ux1 + vy1 = ux2 + vy2, then we have u(x1 − x2)
= v(y2−y1). Sine (u, v) = 1, it follows that u divides y2−y1. Sine |y2−y1|
< t ≤ u, it follows that y1 = y2, and so x1 = x2. Thus, every element in
f(At) has a unique representation in the form ux + vy, and |f(At)| = t2.The proof that |g(At)| = t2 is similar.



350 M. B. Nathanson et al.3. The pair of linear forms ux + vy and x − yTheorem 6. Let u and v be relatively prime positive integers with u > v,and onsider the linear forms
f(x, y) = ux + vy, d(x, y) = x − y.Let

A = {0, v3, v3 + v2u, v3 + v2u + vu2, v3 + v2u + vu2 + u3}.Then
|f(A)| ≤ 19, |d(A)| = 21.Proof. Let
a0 = 0,

a1 = v3,

a2 = v3 + v2u,

a3 = v3 + v2u + vu2,

a4 = v3 + v2u + vu2 + u3.Then A = {a0, a1, a2, a3, a4}, and
a0 < a1 < a2 < a3 < a4.Sine |A| = 5, we have |f(A)| ≤ 25 and |d(A)| ≤ 21. To show that |f(A)|

≤ 19, it su�es to give six di�erent integers, eah of whih has two distintrepresentations in f(A). Here they are:
n1 = ua1 + va1 = ua0 + va2,

n2 = ua2 + va1 = ua0 + va3,

n3 = ua2 + va2 = ua1 + va3,

n4 = ua3 + va1 = ua0 + va4,

n5 = ua3 + va2 = ua1 + va4,

n6 = ua3 + va3 = ua2 + va4.A straightforward alulation shows that
n1 < n2 < n3 < n4 < n5 < n6and so |f(A)| ≤ 19.Next we prove that |d(A)| = 21. Let D = {aj − ai : 0 ≤ i < j ≤ 4}. Itsu�es to prove that |D| = 10. If v = 1, then A = {1, 1 + u, 1 + u + u2,

1 + u + u2 + u3} is a Sidon set and |D| = 10.Suppose that v ≥ 2. Sine u > v and a0 = 0, we have
a1 < a2 − a1 < a3 − a2 < a4 − a3 < a4 − a2 < a4 − a1 < a4
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a2 < a3 − a1 < a3.Let

D1 = {a1, a2 − a1, a3 − a2, a4 − a3, a4 − a2, a4 − a1, a4},
D2 = {a2, a3 − a1, a3}.We must show that D1 ∩ D2 = ∅. There are three ases.

Case of a2. Sine
a2 − a1 < a2 < a4 − a2,it follows that if a2 ∈ D1, then a2 = a3 − a2 or a2 = a4 − a3. If a2 = a3 − a2,then v2(v + u) = v3 + v2u = vu2, and v(v + u) = u2. Sine (u, v) = 1, itfollows that v = 1. If a2 = a4 − a3, then v2(v + u) = v3 + v2u = u3 and

v = 1.
Case of a3 − a1. Sine

a3 − a2 < a3 − a1 < a4 − a2,it follows that if a3 − a1 ∈ D1, then a3 − a1 = a4 − a3 and so v(v + u) = u2.This implies that v = 1.
Case of a3. Sine

a3 − a2 < a3 < a4 − a1,it follows that if a3 ∈ D1, then a3 = a4 − a3 or a3 = a4 − a2. If a3 = a4 − a3,then v(v2 + vu+u2) = v3 + v2u+ vu2 = u3, and v = 1. If a3 = a4 −a2, then
v3 + v2u + vu2 = vu2 + u3, hene v2(v + u) = u3 and v = 1. This ompletesthe proof.4. The pair of linear forms ux+vy and x+y. In Setion 2 we solvedProblem 4 for pairs of normalized binary linear forms f(x, y) = u1x + v1yand g(x, y) = u2x + v2y with u1, u2 ≥ 2. In Setion 3 we solved the ase
f(x, y) = ux + vy with u ≥ 2 and d(x, y) = x − y. The remaining ase is
f(x, y) = ux + vy with u ≥ 2 and s(x, y) = x + y.For example, onsider the form f(x, y) = 2x + y. We have

4 = |f({0, 1})| > |s({0, 1})| = 3.We shall onstrut a set A with |f(A)| < |s(A)|. Start by de�ning the foursets
R13 = {0, 1, 6, 7, 9, 11},
R15 = {0, 1, 5, 6, 10, 11, 13},
R16 = {0, 1, 3, 5, 7, 9, 11, 13, 15},
R19 = {0, 1, 11, 12, 14, 16, 18}.



352 M. B. Nathanson et al.Note that
13 · 15 · 16 · 19 = 59280and

|R13| · |R15| · |R16| · |R19| = 6 · 7 · 9 · 7 = 2646.Let x modm denote the least nonnegative integer that is ongruent to xmodulo m. We de�ne
A = {x ∈ [1, 59280] : x modm ∈ Rm for all m ∈ {13, 15, 16, 19}}.The set A ontains 2646 elements. By diret alulation, we have |f(A)| =

108014 and |s(A)| = 114575.The linear form f(x, y) = 2x + y is a speial ase. In general, we do nothave an algorithm to onstrut �nite sets A of integers suh that |f(A)| <
|s(A)| for an arbitrary normalized bilinear form f(x, y) = ux + vy with
u ≥ 2. However, suh sets do exist. In the following setions we shall showthat, assoiated to the form f(x, y) = ux + vy, there is an in�nite set Mof positive integers with the property that, for eah m ∈ M, there is a setof ongruene lasses Rm ⊆ Z/mZ suh that s(Rm) = Z/mZ and f(Rm)
( Z/mZ. From the sets Rm we onstrut a �nite set A of nonnegativeintegers suh that |f(A)| < |s(A)|. Thus, we ombine loal solutions of theinequality to onstrut a global solution.5. A loal to global riterion for pairs of linear forms in n vari-ablesLemma 2. Let f(x1, . . . , xn) be a polynomial with integer oe�ients. Let
m1, . . . , mr be pairwise relatively prime positive integers , and m = m1 · · ·mr.Let Rmi

be a set of ongruene lasses modulo mi for i = 1, . . . , r. Let Rmbe the set of all ongruene lasses a + mZ suh that a + miZ ∈ Rmi
for

i = 1, . . . , r. Then
|Rm| =

r∏

i=1

|Rmi
| and |f(Rm)| =

r∏

i=1

|f(Rmi
)|.Proof. This follows from the Chinese remainder theorem.Lemma 3. Let f(x1, . . . , xn) = u1x1 + · · · + unxn be a linear form withinteger oe�ients , and let

hf = |u1| + · · · + |un|.Let Rm be a set of ongruene lasses in Z/mZ, and let A be the set ofintegers that onsists of the least nonnegative element of eah ongruenelass in Rm. Then(2) |f(Rm)| ≤ |f(A)| ≤ 2hf |f(Rm)|.



Binary linear forms 353Proof. The triangle inequality implies that
|f(a1, . . . , an)| ≤ hf max(|ai| : i = 1, . . . , n)for all integers a1, . . . , an. Sine A ⊆ [0, m − 1], it follows that f(A) ⊆

[−hf (m − 1), hf (m − 1)]. If a ∈ f(A), then a + mZ ∈ f(Rm). The lowerbound in (2) follows from the fat that f(A) ontains at least one element ofevery ongruene lass in f(Rm). The upper bound in (2) follows from thefat that the interval [−hf (m−1), hf (m−1)] ontains at most 2hf membersof any ongruene lass modulo m.Theorem 7. Let f(x1, . . . , xn) = u1x1 + · · ·+unxn and g(x1, . . . , xn) =
v1x1 + · · · + vnxn be binary linear forms. Let M = {mi}∞i=1 be a set ofpairwise relatively prime integers suh that mi ≥ 2 for all mi ∈ M . If forevery mi ∈ M there exists a nonempty set Rmi

of ongruene lasses in
Z/miZ suh that(3) ∞∏

i=1

|f(Rmi
)|

|g(Rmi
)| = 0,then there is a �nite set A of integers suh that

|f(A)| < |g(A)|.Proof. Let
hf = |u1| + · · · + |un|.Sine the in�nite produt (3) diverges to 0, there is an integer r suh that

r∏

i=1

|f(Rmi
)|

|g(Rmi
)| <

1

2hf
.Let m = m1 · · ·mr and let Rm be the set of all ongruene lasses a + mZsuh that a + miZ ∈ Rmi

for i = 1, . . . , r. By Lemma 2,
|f(Rm)|
|g(Rm)| =

r∏

i=1

|f(Rmi
)|

|g(Rmi
)| .Let A be the set of integers that onsists of the least nonnegative element ineah ongruene lass in Rm. By Lemma 3 we have

|f(A)| ≤ 2hf |f(Rm)| < |g(Rm)| ≤ |g(A)|.This ompletes the proof.Theorem 8. Let f(x1, . . . , xn) = u1x1 + · · ·+unxn and g(x1, . . . , xn) =
v1x1+· · ·+vnxn be binary linear forms. Let M = {mi}∞i=1 be a set of pairwiserelatively prime positive integers suh that mi ≥ 2 for all mi ∈ M and

∞∑

i=1

1

mi
= ∞.



354 M. B. Nathanson et al.If for every mi ∈ M there exists a nonempty set Rmi
of ongruene lassesin Z/miZ suh that

f(Rmi
) 6= Z/miZ and g(Rmi

) = Z/miZ,then there is a �nite set A of integers suh that
|f(A)| < |g(A)|.Proof. Sine |f(Rmi

)| ≤ mi − 1 and |g(Rmi
)| = mi for all mi ∈ M , wehave

|f(Rmi
)|

|g(Rmi
)| ≤ 1 − 1

mi
.The divergene of the in�nite series ∑

∞

i=1 m−1
i implies that

∞∏

i=1

|f(Rmi
)|

|g(Rmi
)| =

∞∏

i=1

(
1 − 1

mi

)
= 0,and the result follows immediately from Theorem 7.We an restate Theorem 8 as follows.Theorem 9. Let f(x1, . . . , xn) = u1x1 + · · ·+unxn and g(x1, . . . , xn) =

v1x1+· · ·+vnxn be binary linear forms. Let M = {mi}∞i=1 be a set of pairwiserelatively prime positive integers suh that mi ≥ 2 for all mi ∈ M and
∞∑

i=1

1

mi
= ∞.If for every mi ∈ M there exists an integer qmi

and a �nite set Ami
ofintegers suh that(i) f(a1, . . . , an) 6≡ qmi

(modmi) for all a1, . . . , an ∈ Ami
, and(ii) for every integer q the ongruene g(a1, . . . , an) ≡ q (modm) is solv-able with a1, . . . , an ∈ Ami

,then there is a �nite set A of integers suh that
|f(A)| < |g(A)|.6. An appliation of quadrati reiproityTheorem 10. Let p be a prime number suh that p ≡ 1 (mod4) and

p > 5, and let
Rp = {k2 + pZ : k = 1, . . . , (p − 1)/2}be the set of quadrati residues modulo p. Let s(x, y) = x + y and d(x, y) =

x − y. Then
s(Rp) = d(Rp) = Z/pZ.



Binary linear forms 355Proof. Sine p ≡ 1 (mod4) there is an integer s 6≡ 0 (modp) with s2 ≡ −1
(modp). For all integers a and u with u 6≡ 0 (modp) there is an integer v(unique modulo p) suh that uv ≡ a (mod p). Let x ≡ (u−v)/2 (modp) and
y ≡ (u + v)/2 (modp). Then y2 + (sx)2 ≡ y2 − x2 ≡ a (mod p), and thisongruene has at least p−1 solutions. Sine there are at most two solutionswith x ≡ 0 (modp) and at most two solutions with y ≡ 0 (modp), it followsthat if p > 5 then there is at least one solution with x2 + pZ ∈ Rp and
y2 + pZ ∈ Rp. Therefore, s(Rp) = d(Rp) = Z/pZ.Theorem 11. Consider the binary linear form

f(x, y) = ux + vywhere u and v are integers not divisible by p. Let p be a prime number andlet Rp be the set of quadrati residues modulo p. Then pZ ∈ f(Rp) if andonly if −uv is a quadrati residue modulo p.Proof. If pZ ∈ f(Rp), then there are integers k1 and k2 not divisible by psuh that
uk2

1 + vk2
2 ≡ 0 (mod p).Then

uvk2
1 + (vk2)

2 ≡ 0 (mod p)and so
−uv ≡ (vk2k

−1
1 )2 (modp),that is, −uv is a quadrati residue modulo p.Conversely, if −uv is a quadrati residue modulo p, then there is aninteger z 6≡ 0 (modp) suh that −uv ≡ z2 (modp) and so

f(v2, z2) = uv2 + vz2 ≡ 0 (modp).Thus, pZ = f(v2 + pZ, z2 + pZ) ∈ f(Rp).Theorem 12. Let
f(x, y) = ux + vybe a normalized bilinear form suh that |uv| is not a perfet square. Let

s(x, y) = x + y and d(x, y) = x − y.There exist �nite sets A and A′ of integers suh that
|f(A)| < |s(A)|, |f(A′)| < |d(A′)|.Proof. Sine f(x, y) is normalized and |uv| is not a square, we an write

|uv| = w22ε
t∏

j=1

qj



356 M. B. Nathanson et al.where w is a positive integer, ε ∈ {0, 1}, q1, . . . , qt are distint odd primes,and qi 6= p for i = 1, . . . , p. For p ≡ 1 (mod4), we have
(−uv

p

)
=

(±w22ε
∏t

j=1 qj

p

)
=

(
2

p

)ε t∏

j=1

(
qj

p

)
=

(
2

p

)ε t∏

j=1

(
p

qj

)
.

If ε = 1, we hoose p so that p ≡ 5 (mod8) and p ≡ 1 (mod qj) for
j = 1, . . . , t. Then (−uv|p) = −1. If ε = 0, then t ≥ 1 and we hoose pso that p ≡ 1 (mod4), p ≡ 1 (mod qj) for j = 2, . . . , t, and (p|q1) = −1.Again, (−uv|p) = −1. In both ases, there is at least one in�nite arith-meti progression P (u, v) suh that if p is a prime and p ∈ P (u, v), then
p ≡ 1 (mod4) and (−uv|p) = −1. By Dirihlet's theorem, the arithmetiprogression P (u, v) ontains in�nitely many primes and

∑

p∈P (u,v)
p prime

1

p
= ∞.

By Theorems 10 and 11, for eah prime p ∈ P (u, v), the set
Rp = {k2 + pZ : k = 1, . . . , (p − 1)/2}satis�es

f(Rp) 6= Z/pZ and s(Rp) = d(Rp) = Z/pZ.The result now follows from Theorem 8.7. An exponential sum. After Theorem 12, we are left to onsider onlynormalized bilinear forms f(x, y) = ux+ vy suh that |uv| is a square. Sine
u and v are relatively prime, it follows that there are positive integers U and
V not divisible by p suh that u = U2 and v = ±V 2. Let Rp denote theset of quadrati residues modulo the prime p. If f(x, y) = U2x + V 2y, then
f(Rp) = s(Rp). If f(x, y) = U2x − V 2y, then f(Rp) = d(Rp). This suggeststhat onsidering only squares mod p will not su�e to resolve Problem 4in this remaining ase. We shall generalize our method to kth powers. Webegin by applying elementary harmoni analysis on �nite �elds to binarylinear forms. A general referene is Nathanson [5, Chapter 4℄.Let p be a prime number and Fp = Z/pZ the �eld of ongruene lassesmodulo p. We denote the multipliative group of the �eld by F×

p and de�ne
ep(t) = e2πit/p.For all integers a, b, and t we have

p−1∑

t=0

ep((a − b)t) =

{
0 if a 6≡ b (modp),
p if a ≡ b (modp).



Binary linear forms 357If x is a ongruene lass modulo p, that is, if x = t + pZ for some integer t,then we de�ne ep(x) = ep(t). This funtion is well-de�ned on Fp.Let γ be a omplex-valued funtion on Fp. We de�ne the Fourier trans-form γ̂ : Fp → C by
γ̂(x) =

∑

y∈Fp

γ(y)ep(−xy).We have
γ̂(0) =

∑

y∈Fp

γ(y)

and Planherel's formula [5, Theorem 4.9℄(4) ∑

x∈Fp

|γ̂(x)|2 = p
∑

x∈Fp

|γ(x)|2.Let H be a subset of Fp of ardinality n. We also use H to denote theharateristi funtion of H, that is, H : Fp → C is the funtion de�ned by
H(x) =

{
1 if x ∈ H,
0 if x /∈ H.Then̂

H(x) =
∑

y∈Fp

H(y)ep(−xy) =
∑

h∈H

ep(−xh), Ĥ(0) = card(H) = n.Applying Planherel's formula to the funtion H, we obtain
∑

x∈Fp

|Ĥ(x)|2 = p
∑

x∈Fp

|H(x)|2 = p card(H) = pnand so(5) ∑

x∈F
×

p

|Ĥ(x)|2 =
∑

x∈Fp

|Ĥ(x)|2 − |Ĥ(0)|2 = (p − n)n.

Theorem 13. Let f(x, y) = ux + vy, where u and v are integers notdivisible by p. Let H be a subgroup of order n ≥ 2 of the multipliative group
F×

p and let
k = [F×

p : H] =
p − 1

n
.If p > k4, then F×

p ⊆ f(H), that is, every element of F×
p an be representedin the form f(h1, h2) for some h1, h2 ∈ H.Proof. De�ne the representation funtion r : Fp → N0 as follows. Forevery x ∈ Fp, let r(x) denote the number of ordered pairs (h1, h2) ∈ H × Hsuh that f(h1, h2) = x. Then

∑

x∈Fp

r(x) = |H|2 = n2
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r(x) =

∑

y∈Fp

r(y)ep(−xy) =
∑

y∈Fp

( ∑

h1,h2∈H
uh1+vh2=y

1
)
ep(−xy)

=
∑

h1∈H

∑

h2∈H

ep(−(uh1 + vh2)x) =
∑

h1∈H

ep(−uxh1)
∑

h2∈H

ep(−vxh2)

= Ĥ(ux)Ĥ(vx).Applying Planherel's formula (4) to the funtion r(x), we obtain
∑

x∈F
×

p

|Ĥ(ux)Ĥ(vx)|2 =
∑

x∈Fp

|Ĥ(ux)Ĥ(vx)|2 − |Ĥ(0)|4 =
∑

x∈Fp

r̂(x)2 − n4

= p
∑

x∈Fp

r(x)2 − n4 = p
∑

x∈Fp

(
r(x) − n2

p

)2

.

Let x, x′ ∈ F×
p . If x and x′ belong to the same oset of Fp/H, then thereexists h′ ∈ H suh that x = x′h′. It follows that

Ĥ(x) =
∑

h∈H

ep(−xh) =
∑

h∈H

ep(−x′h′h) =
∑

h∈H

ep(−x′h) = Ĥ(x′)

and so the Fourier transform Ĥ(x) is onstant on the osets of F×
p /H. Sim-ilarly, uh1 + vh2 = x′ if and only if uh1h

′ + vh2h
′ = x′h′ = x, and so

r(x) = r(x′), that is, the representation funtion r(x) is also onstant on theosets of F×
p /H.Let {x1, . . . , xk} ⊆ F×

p be a set of oset representatives of H, that is,
F×

p /H = {x1H, . . . , xkH}.Applying (5), we obtain
(p − n)n =

∑

x∈F
×

p

|Ĥ(x)|2 =
k∑

i=1

∑

x∈xiH

|Ĥ(x)|2 = n
k∑

i=1

|Ĥ(xi)|2

and so
k∑

i=1

|Ĥ(xi)|2 = p − n.

For every x ∈ F×
p , there is an integer j ∈ {1, . . . , k} suh that x ∈ xjH and

Ĥ(x) = Ĥ(xj). It follows that
|Ĥ(x)|2 = |Ĥ(xj)|2 ≤

k∑

i=1

|Ĥ(xi)|2 = p − n.



Binary linear forms 359Sine (u, p) = (v, p) = 1, we have
p

∑

x∈Fp

(
r(x) − n2

p

)2

=
∑

x∈F
×

p

|Ĥ(ux)Ĥ(vx)|2 ≤ (p − n)
∑

x∈F
×

p

|Ĥ(ux)|2

= (p − n)
∑

x∈F
×

p

|Ĥ(x)|2 = (p − n)2n.

Sine the representation funtion r(x) is onstant on osets of H, we have
k∑

i=1

(
r(xi) −

n2

p

)2

=
1

n

k∑

i=1

∑

x∈xiH

(
r(x) − n2

p

)2

=
1

n

∑

x∈Fp

(
r(x) − n2

p

)2

≤ (p − n)2

p
.For every x ∈ F×

p , we have x ∈ xjH for some j, and so
(

r(x) − n2

p

)2

=

(
r(xj) −

n2

p

)2

≤ (p − n)2

p
.If r(x) = 0 for some x ∈ F×

p , then
n4

p2
≤ (p − n)2

p
.Sine |H| = n ≥ 2 and p(p − n) ≤ p(p − 2) < (p − 1)2, we have

(
p − 1

k

)4

= n4 ≤ p(p − n)2 < (p − 1)3 and p ≤ k4.This proves that if p > k4, then r(x) ≥ 1 for all x ∈ F×
p and so F×

p ⊆ f(H).A �nite yli group G of order N has a unique subgroup H of order nfor every positive divisor n of N . If k = [G : H] = N/n and if g is a generatorof G, then H = {gik : i = 0, 1, . . . , n − 1} = {xk : x ∈ G} is the set of kthpowers in G.Let H be a subgroup of order n of F×
p and let k = [F×

p : H] = (p− 1)/n.Sine the multipliative group of a �nite �eld is yli, it follows that H isthe subgroup of kth powers mod p, that is, H = {xk : x ∈ F×
p }. We anrestate Theorem 13 as follows.Theorem 14. Let f(x, y) = ux+vy be a binary linear form with nonzerointegral oe�ients u and v. For k ≥ 2, let p be a prime number suh that

p ≡ 1 (modk), p > k4, and (p, uv) = 1. If H is the set of kth powers in F×
p ,then

F×
p ⊆ f(H).



360 M. B. Nathanson et al.We shall prove that if u ≥ 2, then there are in�nitely many primes psuh that 0 /∈ f(H) and so f(H) = F×
p . We use a standard result aboutirreduible polynomials: If a is a nonzero rational number and q is a primenumber suh that a is not a qth power, then the polynomial g(x) = xq − ais irreduible in Q[x].Theorem 15. Let u and v be relatively prime integers suh that u >

|v| ≥ 1. Let
f(x, y) = ux + vy.There exist �nite sets A and A′ of integers suh that

|f(A)| < |s(A)| and |f(A′)| < |d(A′)|.Proof. Let k be a positive integer and let p be a prime suh that p ≡ 1
(modk). Let H be the set of kth powers of elements of F×

p . Then H is amultipliative subgroup of F×
p of order |H| = (p − 1)/k and [F×

p : H] = k.Let u and v be integers relatively prime to p, and onsider the binarylinear form
f(x, y) = ux + vy.By Theorem 13, if p > k4, then F×

p ⊆ f(H) and so
|f(H)| ≥ p − 1.Let u = 1 and v = ±1. For the polynomial d(x, y) = x − y, we have

d(1k, 1k) = 0 ∈ d(H) and so d(H) = Fp.If k is odd, then for the polynomial s(x, y) = x + y we have
s(1k, (−1)k) = 0 ∈ s(H) and s(H) = Fp.In both ases,

|d(H)| = |s(H)| = p.Let u > |v| ≥ 1 and (u, v) = (uv, p) = 1. Let a = −uvk−1. If there exist
h1 = ℓk

1 ∈ H and h2 = ℓk
2 ∈ H suh that

f(h1, h2) = uh1 + vh2 = uℓk
1 + vℓk

2 = 0,then (
uℓ1

ℓ2

)k

+ uk−1v = 0and the polynomial g(x) = xk−a has a root in Fp, and is, therefore, reduible.It follows that if g(x) is irreduible in Fp[x], then 0 /∈ f(H) and so
|f(H)| = p − 1.The rational integer a = −uk−1v is not a qth power for all su�ientlylarge primes q, and so the polynomial g(x) = xq − a is irreduible over Q.Let P be the set of primes p > q4 suh that p ≡ 1 (mod q) and g(x) is



Binary linear forms 361irreduible in Fp[x]. The Chebotarev density theorem implies that the series∑
p∈P 1/p diverges, and Theorem 15 now follows diretly from Theorem 8.This ompletes the proof.
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