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Manin’s conjecture on a nonsingular
quartic del Pezzo surface

by

FOK-SHUEN LEUNG (Waterloo, ON)

1. Introduction. Let V be the nonsingular del Pezzo surface of degree
four defined by the zero locus of the equations

0 =xz179 — T374,

0 =2} + 23+ 23 — 2 — 222
Let U C V be formed by deleting the lines from V. Given a rational point
X = [11,...,25] € PYQ) with 21,...,25 € Z and ged(x1,...,25) = 1, we
define the height of x to be ||x|| = max(|z1],...,|zs]). Given B > 1, the
density of rational points on U is specified by the cardinality

Ny(B) = #{x € UnPQ) : x| < B},

Manin’s conjecture, proposed in [4] for Fano varieties in general, predicts
that if the set of rational points on V' is nonempty, then

Ny(B) = cyB(log B)?™'(1 + o(1))

as B — oo, where cy is a positive constant and g is the rank of the Picard
group of V. Our principal result is the following:

THEOREM 1.1. B(log B)¢~! < Ny(B) < B(log B)¢™1.

An overview of progress in proving Manin’s conjecture for del Pezzo
surfaces can be found in [2]. In general, singular del Pezzo surfaces of low
degree have proven more tractable than their nonsingular counterparts.

For nonsingular quartic del Pezzo surfaces, the best result until now is
due to Salberger, who proved Ny (B) < B'*¢ for any ¢ > 0, provided V
contains a rational conic; this work was presented at the 2001 Budapest con-
ference Higher dimensional varieties and rational points. Our result refines
Salberger’s.
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Both bounds comprising Theorem 1.1 involve fibering V into a family
of conics; this allows us to reduce the problem of estimating Ny (B) to the
problem of estimating the density of certain rational points on these conics.
The same idea is central to Salberger’s result; our improved bound stems
from tighter control on the uniformity of bounds for rational points on the
conics. The method appears to be applicable in a far more general setting,
and we intend to explore this in a future paper.

2. The constant gp. We begin by recounting some geometry of quartic
del Pezzo surfaces. We refer the reader to [5] for a comprehensive exposi-
tion.

In general, a nonsingular quartic del Pezzo surface X contains 16 lines,
each of which intersects exactly five others. Given any subset of five pairwise
skew lines Li,...,Ls, X is isomorphic to P? blown up along five points
Py, ..., P5in general position such that L1, ..., Ls are the preimages of those
points under the blowup. Moreover, there exists a unique line Lg intersecting
L1, ..., Ls; Ly is the preimage of the unique conic on P? through P, ..., Ps.

Let Ky,..., Kg denote the linear equivalence classes of Ly,..., Lg, re-
spectively, and K denote the class of the preimage of a line on P2. Then
(21) KONQK—(K1++K5)

The geometric Picard group of X—that is, the Picard group of X defined
over an extension F of minimal degree over Q such that all the lines on X
are defined over E—has a basis {K, K1,...,Ks}. The Picard group of X
is that part of the geometric Picard group invariant under the action of

Gal(E/Q).

The 16 lines on V' have the following parametrizations:
Ly : [a,b,a,b,a], Ly : [a,b,a,b,—a],
Ls: [a,b,—a,—b,al, Lsi: [a, b, —al,
L5:[abbab] LG:[abba b],
L7: [a,b,—b,—a,b], Lg: [a,b,—b,—a,—0],
Ly : [a,b,ia,—ib,b], Lig: [a,b,ia, —ib, —b],
Ly : [a,b,—ia,ib,b],  Lis: [a,b, —ia,ib, —b],
Lis: [a,b,—ib,ia,a], Lis: [a,b,—ib,ia, —al,

[a, [a,

|
Lis : [a,b,ib, —ia,a], Lig: [a,b,ib,—ia,—a).

Note that all the lines are defined over Q(i). Let Ky,..., K5 denote the
classes of Ls, Ly, L4, Lg, Lg and Lq1, respectively. Note that the latter five
lines are pairwise skew, and that they are intersected by Ls. Let K denote
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the class of the preimage of a line on P2. In view of (2.1), since Ky, K,
Ky, K3 and K4 + Kj are invariant under the action of Gal(Q(i)/Q), so too
is K; and since {K, Ki,..., K5}, being a basis, is a linearly independent
set, the set { K, K1, Ko, K3, K4+ K5} is also linearly independent. Therefore
the Picard group of V' has rank at least 5. Since not all the lines on V
are invariant under the action of Gal(Q(7)/Q), we conclude that the Picard
group of V' has rank exactly 5.

3. The lower bound
3.1. Preliminaries. Let B > 0 be given and
P ={(r,s): s is even, gcd(r,s) = 1 and 1 < r,s < BY/100},

Given (r,s) € P, the first quadric of V is satisfied by taking x; = rXj,
r9 = sXo, 3 = sX; and z4 = rXo; and setting x5 = X3, the second
quadric of V' is a ternary quadric 0 = @, +(X), where

Qrs(X) = (12 4+ ) X7 — (r? — s°) X3 — 2X3.
If ged(X1, X2, X3) = 1, then ||x|| < B is implied by the bounds

(3.1) [ X1, [Xo| < | X5] < B.

max(r, s)’
Let
Nys=#{X:0=Q,s(X), ged(X1, X2, X3) =1 and (3.1) holds},

and let P; denote the set of pairs (r,s) € P in the dyadic ranges

2R <r<2R; =2, 20=5;<s<28 =2TL
(Note that, given (r,s) € P; for any i, we have r < s.) Then
(3.2) Nu(B)>> Y N,

t (r,s)EP;

where the i are summed over those values such that the sets P; are nonempty.

3.2. The cardinality N, s. Let (r,s) € P; be given. We estimate N, ; by
parametrizing a subset of rational points on the quadric 0 = @, 4(X).

We begin by observing that [1,1,s] is a point on 0 = Q. s(X). We fix
a nonzero integer constant ¢, and consider all points on the quadric of the
form

X =[c+x+2sy,c+ x,cs],
where (z,y) is an integer pair satisfying the coprimality condition

(3.3) ged(z, 2sy) = 1.
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Note that distinct pairs (x,y) parametrize distinct points X. We proceed to
eliminate the constant c. Substituting X back into 0 = @, s(X), we get

0= (r* + %) ((x + 2sy)* + 2c(z + 2sy)) — (r* — s%)(z? + 2cx).

We rearrange this to get

Cf?",s(x7y) = _(TQ + 82)(LU + 2Sy)2 + (7”2 - 52):1:27
where

frs(@y) =202 + 8°) (@ + 2sy) — 22(r® — 7).

We simplify X by multiplying each of its components by f, s(x,y) and then
dividing out by s?, getting X = [f1,5(z,v), fo.r.s(2,Y), f3.r.s(x,y)], where

Frs(@,y) = 2 + dszy + 2(r* + 5%)y?,

foms(,y) = 22 — 2% + 522,

Foums(@,y) = —s0% — 22 + s2)ay — 25(r2 + 522,

Now given an integer pair (x,y) satisfying (3.3), the forms fi,s(z,),

fors(z,y) and f3, ¢(z,y) may have a nontrivial common divisor:

LEMMA 3.1. Let (z,y) be an integer pair satisfying (3.3). Then the great-
est common divisor of fi,s(z,y), fors(x,y) and f3,s(x,y) is equal to
ged(x, r? 4 s%) ged(x + 25y, 72 — 52).
Proof. Note that

frrs(@,y) + fors(z,y) = 22(2 + 2sy).
Now 2, z and x + 2sy are pairwise coprime; hence the greatest common

divisor of fi,s(x,y), fors(z,y) and f3,s(x,y) is equal to the product of
the factors ng(2a fQ,T,S('rv y)7 f3,7’,s (33’, y))7 ng(CB, f2,7‘,s (xa y)v f3,7“,s (l’, y)) and
ged(z + 2sy, far.s(2,y), f3rs(x,y)). We denote these factors Fi, Iy and F3,
respectively, and simplify each in turn. For the first, (3.3) implies that z,
hence f3, s(z,y), is odd; thus F; = 1. For the second, we again apply (3.3),
getting
Fy = ged(x, 2(r? + s2)y?, 25(r? 4 s2)y?) = ged(x, 7?2 + 52).

For the third, note that fa,s(z,vy) = (z + 2sy)(z — 2sy) — 2(r? — s?)y* and
fars(x,y) = —(x + 2sy)(sz + 2r?y) + 2s(r? — s?)y?; hence

Fy = ged(z + 25y, 2(r2 — s%)y%, 2s(r? — s2)y?) = ged(z + 25y, 72 — 5°),
which completes the proof. m

Suppose we have ged(x, 72 + s2) ged(x + 2sy, r2 — s2) = n. Then, given a
pOint X = [fl,r,s(xay)7 fQ,T,S(x7 y): f3,7‘,8(x7y)]7 the bounds (31) are imphed
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by the bounds

\f1,r,s(a:,y)\7 |f2,r,5(x7y)| < 57 ’fS,T,S(xay)’ < B,
n n s n

which are themselves implied by the bounds
Bn\'/? Bn \'/?
1<z<X=|— <Y=|—7— .
=T= (45) o s <1653>

For convenience, we let z = x + 2sy, which allows us to replace the above
bounds with 1 < z,z < X.
We estimate N, ¢ by indexing the pairs (z,z) contributing to N, s ac-
cording to the greatest common divisor of the components of X. Let
ged(x,s2)=1,2s|z—2,1<z,2 < X,
an’r’s:#{(ﬁn,z): ( ’ 2) 2 ’ 2 ’ 2 ’ :
ged(z, m® + s%) ged(z, 1% — %) =n
Then
Nes =Y N

n>1

The most cumbersome condition on [V, , s is the last. In order to keep
track of it, we redefine N, ., in terms of positive integer pairs (a,b), where
ged(z,7? + 5?) = a, ged(z,7? — s%) = b and ab = n. We write z = au,
r?2 + 52 =ac, z = bv and > — s> = bd, where

(3.4) ged(u,e) =1 and  ged(v,d) = 1.

The last condition on IV, , s is implicit in these definitions. The coprimality
condition ged(x, sz) = 1 is implied by

(3.5) ged(a,v) = ged(u,b) = 1 = ged(u,v) =1 = ged(u, s) = 1;
the divisibility condition 2s|x — z is simply restated as

(3.6) 2s | au — bu;

and the bounds 1 < z, 2z < X are implied by the bounds

Bb 1/2 Ba 1/2
. <u< = — <v< = — .
onreweo (B ieocro ()

Thus, defining
Naprs = #{(u,0) : (3.4)-(3.7) hold},

we have

(38) NT,SZ Z Z Na,b,r,s~

alr2+s2 b|r2—s2?
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3.3. The cardinality Ny prs. Let (r,s) € P, a|r?+ s% and b|r? — s% be
given. We estimate N, ¢ by fixing v and then estimating the number of v
such that (u,v) contributes to Ny, s. Given u such that ged(u,s) =1, let

ged(v, d) = ged(v,a) = ged(v,u) = 1,}'

N = v
u,a,b,r,s #{ 2slau—bv, 1 <o <V

Then

abrs —ZNuabrsa

where the sum is taken over a sultable set of u. We shall define this set
below.

We use the Mobius function to pick out the coprimality conditions on
Nu,a,b,r,s- Let

N, wprs(n1,n2,n3) = #{v : lem(ny,ne,n3) |v, 2s|au —bv, 1 <v <V}

u,a,0,r,

Then
uabrs ZZZ/““ n3)Nuabrs(n17n2an3)-

nild nz2la n3lu
Let n1, ng and ng be in the range of summation above. Then ged(2s,n1) = 1,
since ny |r? — 5% and ged(2s, 72 — s2) = 1; ged(2s,ng) = 1, since na | r2 + s2
and ged(2s,72 + s2) = 1; and ged(2s,n3) = 1, since ged(u, s) = 1 and s is
even. Moreover, ged(2s,b) = 1, since b|r? — s2. Thus
14

2s - lem(nq, no, n3)

+0(1),

Nf&,a,b,r,s (nla na, n3) =

and

v
Nuaprs = Z Z Z“ (n1)p nS)(2s-1cm(n1,n2,n3) +O(1)>‘

nild nz2la n3lu

We estimate N, , s by summing Ny, o5 s over the set
Pyprs(n3) ={u:ged(u,c) = ged(u,b) = ged(u,s) =1, n3|u, 1 <u < U};
that is, Ngp s is equal to

SYY X sl (g s +00).

TLl‘d TLQ‘G/ n3<U uePa,b,r,S(n3)

Since the cardinality of P, , s(n3) has an upper bound U/n3, the contribu-
tion to Ngp s of the error term above is of order at most

Uy >y Z—<URSU)

ni|d na2la n3<U
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for any € > 0, provided ¢ and B are sufficiently large; that is,

Napa= g 3 X X Rl o sy,

n1|d nala n3<U u€P,p r s(n3)

We now estimate the cardinality of P,y , s(n3) more precisely. As in
the case of Ny 4, Wwe use the Mobius function to pick out coprimality
conditions on the set. Let

/
Pa,b,r,s

Then
#Pabrs = Z Z Z ml (TTL3)# b,r,s(n3am17m27m3)~

milc malb mals

(ng,m1,m2,m3) = {u : lem(ns, mi,ma,m3) |u, 1 <u<U}.

Now
, U
#Payb,r,s (n37 my,ma, m3) =

+0(1).

lem(ng, my, ma, ms)
The contribution to N,y s of the error term is of order at most
%
Y Y Y Y Y < (RSO
lem(ny, no, ng) s
nl\d nz\a n3<U ml\c m2|b mg\s

for any € > 0, provided i and B are sufficiently large; that is, Ng 4, s equals
S IDID I I 1w B N
m\d nala n3<U mi|c ma|b mals e e
+0 ( <U + Z) (RiSZ-U)€> .

Finally, we estimate the main term above. Let T}, . ¢ denote this term,
and T a.brs denote T}, s but with the difference that, in T’ a,byr,sy WE SUM
over all positive integers n3 rather than over the range nj § U. Now the
difference between T and T, p s is of order at most

a,b,r,s
ZZZZZZ <*RS)Z%SK<RZ&)E
ni|d nz2la n3>U mq|c malb mg\s ns>U n3 s

for any € > 0, provided ¢ and B are sufficiently large; that is,

Na,b,r,s = (;,brs + O((U -+ V) (RZSZU)E>
Y S

In order to estimate 7" a.brss WE define the condition

(3.9) ni|d, nola, milc, mo|b and mg]s,
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and the function fg 4, s(n1, n2,n3, M1, M2, m3) to be equal to

if (3.9) holds,

p(n1) p(n2) png) p(ma) p(ms) p(ms)
{ lem(ny, ng, ng) - lem(ns, my, ma, ms)

otherwise.
Then
v
/
Toprs =5 E faprs(ni,n2,n3, mi, ma, ms).
ni,m;>1
for1 <:<3

Because f,p s is multiplicative and we have

ORI ARNCRCIIED 3D SDIP DD P IF-S
3

ng,m;>1 nild n2la milc malb ms|2s n3>1
for1<:¢<3

which converges, we may write
y uv
Ta,b,r,s - 25 pr,a,b,r,sa
P

where the product is taken over all primes p, and the local factors f, 4515
are defined by

foabrs = Y fabrs(p 07,0, p, P2, p%).

ei,e;€{0,1}

for1 <:<3
We evaluate f, . s directly, in three cases. If p does not divide any element
in the set {a,b,c,d,s}, then f,aprs = 1 — p~2; if p divides exactly one
element in the set {a,b,c,d,s}, then f,aprs = 1 — p~1; and if p divides
exactly two elements in the set {a, b, ¢, d, s}—that is, either p|a and p|¢, or
p|band p|d—then f,qprs = (1 —p~')2 Hence

= WO (- () T ()

pTSAr,s pls plAr,s
uv 1 1\?
o) )
§ p p
pls plAr,s

where A, s denotes |r* — s?|, and the relation > does not depend on our
choice of a, b, r or s. (For the remainder of this section we assume that all

relations > are thus independent.) Thus

Nopra> 2 H<1 - ;) 11 (1 - ;)2 + O<<U + ‘:) (Risim)

pls plAr,s
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for any € > 0, provided ¢ and B are sufficiently large. We conclude that

B 1 1\?
(3.10) J%M@>§EI1—p H:1—5.
pls

plAr,s

3.4. The cardinality Ny (B). For convenience we define the multiplica-

tive function
-1

pln

for any n € N, with f(1) = 1. With this notation, and in view of the bounds
(3.2), (3.8) and (3.10), we have

2By H S Y s

Z (r,s)€P; a|r?+s?
b|r?—s?

> BZ Z d rs (ATS)2’
i Z (r,s)eP;

where we sum over those 4 such that the P; are nonempty. We may restrict
the range of summation on the right-hand side above without invalidating
the bound, and it will be useful to impose the condition that, for any pair
(r,s) in that range of summation, s is not only even but divisible by 6; that
is,

(3.11) >>BZ dFs) DD (A f(Ar)’

% Z S;<s<2S; R;<r<2R;
6s ged(r,s)=1

We estimate the inner sum on the right-hand side of (3.11). Let s be in
the range of summation. By the Mobius inversion formula, we have

=> f(m
mln
for any n € N if, and only if,
0 = X u( 2 Y oo

mln
for any n € N. Now f’ is multiplicative, and given a prime power p¢ with
e > 1, we have
P = 2(1-1/p)? -1 ife=1,
)= { (1—-1/p)? otherwise;
that is, f/(p®) > 0 for any e € N provided p > 5. No primes smaller than 5



186 F.-S. Leung

divide A, s, since 2 and 3 both divide s; hence

d(Ar,s)f(Ar,s)2 = Z f,(m) > Z f’(m),
m|Ar s m|Ar s
mSRg/2
where f’(m) is nonnegative over the range of summation. (It will shortly
become clear why we impose a bound on m.) Thus

SodA A = Y Y Fm).

R;<r<2R; R;<r<2R; mlAns
ged(r,s)=1 ged(r,s)=1 m<R\/2

We use the Mobius function to pick out the coprimality condition on the
right-hand side. As an intermediate step, we define

Nm,s = #{T R <r <2R;, ng(T, 3) =1Lm ’ AT,S}'

Then
Yo A )f(A) = Y f(m) Ny
R;<r<2R; m<R!/?
ged(r,s)=1 gcd(m,s)=1

We impose the condition that ged(m, s) = 1 on the range of summation on
the right-hand side to ensure that the NV, ; we sum are nonzero.

Let Ny, s be nonzero; then the congruence r* = s* (mod m) is soluble
in 7, with F(m) solutions (mod m), where F' is a multiplicative function
with

2¢7l ife <4 2 if p=3 (mod 4),
F(2€):{ 1Iex 4, F(pe):{ ' p ( )
8 if e > 4, 4 ifp=1 (mod 4).
Given a solution r = ¢ (mod m), we define
Nem,s = #{r: Ri <r <2R;, ged(r,s) =1 and r = ¢ (mod m)},
Nes(n) =#{r: Ry <r <2R;, n|r and r = ¢ (mod m)};
then
Nc,m,s = Z M(n)NQS(n)'
nls
Let n|s. Then ged(n,m) = 1, since ged(m, s) = 1. Thus
R;
nm

The contribution to N, s of the error term above is of order at most d(s);
that is,

Nes(n) = —= + 0(1).

Nc,m,s = % ME,Ln) + O(d(s)) =

nls

Rij;(‘s) +O(d(s)) > Rij; (s)
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(The above bound follows from the fact that m < R;/ 2_) Thus
Nos > F(m)Rif(s)
m
and |
F m m
Z d(AﬁS)f(Ar,s)Q > le(s) Z (3’:‘()
R;<r<2R; . 1/2
ged(r,s)=1 ng(Sm}‘jgg)ZI

In view of the bound (3.11) and the fact that R; and S; are of the same
order, we conclude that

(3.12) NU(B)>>BZ; > Em)f'(m) > fs)

m

T 6s
ged(m,6)=1 ged(m,s)=1

where we sum over those i such that the sets P; are nonempty. (We impose
the condition ged(m, 6) = 1 for convenience.)

We proceed to estimate the inner sum on the right-hand side of (3.12).
Let s = 6t and S;/6 = T;. Then

PN (O D ()

Si<s<285; T;<t<2T;
6|s ged(m,t)=1
ged(m,s)=1

By the Cauchy—Schwarz inequality, we have

> oserz( X ) (X o)

T, <t<2T; T, <t<2T; T, <t<2T;
ged(m,t)=1 ged(m,t)=1 ged(m,t)=1

We estimate the two sums on the right-hand side, using the following two
standard relations: first, given any positive integer constant ¢, we have

N
(3.13) #{n :n < N and ged(n,c) =1} = i(c) + O(c%)
for any € > 0; and second,
3N?
(3.14) > (n) = ~5 +O(NlogN).

n<N

For the first sum on the right-hand side of the Cauchy—Schwarz inequality,
we have, by (3.13),

T;
Z 1< Tigp(m) _ T,f(m).
m
T;<t<2T;
ged(m,t)=1
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For the second sum, we have

=) qbff)>>% Y s

T, <t<2T; T, <t<2T; b T <t<2T;
ged(m,t)=1 ged(m,t)=1 ged(m,t)=1

By (3.13), we get

Yooy > >>TZ = Tif(m) ) f(s);

T, <t<2T; T, <t<2T; s<T; s<T;
ged(m,t)=1 ged(ms,t)=1
that is,

Yo F) > fm) > f(s) > Tif(m),

Ty <t<2T} s<T;
ged(m,t)=1

where the second inequality follows from (3.14). Thus
> B> Tif(m) > Sif (m);

T,<t<2T;
ged(m,t)=1

and, in view of (3.12),
(3.15) )>BY Y E(m)f(m)f'(m)

m

@ 7n<R1/2

ged(m, 6)
where we sum over i such that P; # ().
We now estimate the inner sum on the right-hand side of (3.15). Since
F, f and f’ are all multiplicative, we consider the corresponding Dirichlet
series

b= Yy Femns
gcd?;nz,é)=1

which admits an Euler product

D(z)zH(l—i—F( Z ,(pe)>,

p>5 e>2

where the product is taken over all primes p > 5. It is straightforward to
rewrite this as D(z) = ((2)2L(z, x)F'(z), where F’ is a holomorphic function
bounded on the half-plane Re(z) > 3/4. Hence, by Perron’s formula, the
inner sum on the right-hand side of (3.15) is equal to

e+iT MW
| CO+w)l’L1+w,x)F'(1+w) ——dw+0(1).
e—iT

27
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The integrand has a pole of order 4 at w = 0. We apply the residue theorem
to the rectangular contour with corners at ¢ — iT, ¢ +iT, —1/8 + T and
—1/8 — 4T, and use the bounds

¢(w), L(w, x) < [w]'/%,
which hold provided Re(w) > 7/8 and |w — 1| > 1/8. These bounds imply
that the integrand along the horizontal segments is of order at most
(T1/8)3T1/8 MRe(w)
T )

where —1/8 < Re(w) < ¢; that is, the contribution of the integral along
the horizontal segments of our contour is of order at most 1. Similarly, the
integrand along the vertical segment joining —1/8 + T to —1/8 — T is of
order at most

(T1/3)3T1/8
M1/8 ;
that is, the contribution of the integral along that segment is of order at
most 3/2
T 3e—1/8
RE =M <1

provided € < 1/24. Hence
S EOII ) g 1

m i
m<M
ged(m,6)=1

We insert the above bound into (3.15), getting
Ny(B) > B (log R}/?)?,
i

where we sum over 4 such that P; # (). Now a set P; is nonempty provided
2i+1 < B1/100 that is, provided we have i < klog B for some fixed constant
k > 0. Thus

NuB)>B Y (ogR*?>>B Y (i-17°> BllogB)".
i<klog B i<klog B
4. The upper bound
4.1. Preliminaries. We define the following projections from V' onto Pl

f(l) : [xl,...,afg)] — { (w1, 23] if (21,23) # (0,0),

[z4, 2] otherwise,
f(2) . [x z ]r—) {[x1,$4] if (x1,334)7£(0,0),
P [x3,22] otherwise.

We have the following lemma:
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Lemma 4.1 [|[fO(x)]| - [|[f@(x)| < ||| for allx € V.

Proof. Let ged(z1, 2,3, 24) = n, and let m;; denote gcd(mi,xj)n_l for
1<4,7 <4. Then

X1 X9 x3 €4

= mazMmig, T = M23Ma4,  — = M13M23,  — = MM14M24.

n n n n
Now either || fM) (x)| = ||[z1, 3]|| or ||f®(x )H |[x4, z2]||; in both cases we
get || fD (x)[| = [|[mra, mas]|. Similarly, | f&) (x)]| = [[[maz, mad]|. =

We define, for ¢ =1, 2,
NP(B) = #{x e U: x| < B and || f9)(x)|| < BY?}.
By Lemma 4.1, we have
Ny (B) < NP (B) + N2(B).

We will bound the Ng) (B). In fact, it suffices to bound N[(Jl)(B); the bound
for NéZ)(B) follows by symmetry.

Suppose x contributes to N((Jl)(B); say (1 (x) = [r, s] with ged(r,s) = 1.
Then x is of the form [rX;, sXo, sX1, X9, x5], where X; = ged(x1,z3) and

X9 = ged(x2,x4); and, upon setting x5 = X3, the second quadric of V' is a

ternary quadric 0 = §,15) (X), where

Q(I)( X) = (r? + s*) X7 — (r? — 5*) X3 — 2X3.
(Note that the condition x € U ensures that r* — s* # 0.) The condition
|x|| < B implies

B
(4.1) [ X1, | Xa| < | X3| < B.
ma

x(r,s)’
Thus, defining
Nys = #{X : ged(X1, X2, X3) = 1, 0 = Q1)(X) and (4.1) holds},

we have

NP(B) <« > N
ged(r,s)=1
1<r,s<B1/2

We split the set of suitable pairs (r,s) into dyadic ranges, letting P; ;
denote the set of coprime pairs (r, s) in the range

27 =R, <r<2R;=2" and 27'=8;<s<25;=2.

The bounds 1 < r,s < B2 imply that the indices i and j have an upper
bound ¢, j < 2log B. Thus

42 NYB< Y Y Y N+ Y Y Y M

1<2log B j<i (r,s)€P; ; Jj<2log B i<j (r,s)€EP; ;
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We bound the first of the terms on the right-hand side; the second term is
dealt with similarly.

4.2. Tools. Our first tool, used to estimate N, g, may be found in [3]:

LEMMA 4.2. Let f € Z[X] be a ternary quadratic form. Let M denote
its matriz representation M, let A = |det M| # 0, and let Ay denote the
highest common factor of the 2 x 2 minors of M. Let

N = #{X : ged(X1, X2, X3) =1, 0 = f(x) and |z;| < B; fori=1,2,3}.

Then )
2\ 1/3
N (1 (B222) ")

We require some notation for our next result. Given f € Z[z] with no
fixed prime divisors, the multiplicative function g;(m) denotes the number
of solutions n (mod m) of f(n) =0 (mod m). We collect below some useful
results on this function. The first three are classical, and may be found in [6],
for example. The last is attributed in [1] to unpublished work by Stephan
Daniel; a proof is given in [1, Lemma 2].

LEMMA 4.3. Let f € Z[x] be of degree g, have no fixed prime divisors,
and be such that Disc(f) # 0. Then:

(a) o7(p) < g;

(b) of(p°) < gp°" for all e € N;
(c) 0f(p®) = 0f(p) for all e € N, provided p { Disc(f);
(d) or(p°®) < 2¢3pc1=1/9) for all e € N,

We are now ready to prove the following:

LEMMA 4.4. Let f € Z[x] be of degree 4, have no fized prime divisors,
and be such that Disc(f) # 0. Let a, 8 € (0,1) and N1, Ny > 2 be such that
N§* < Ny — Ni < Ny and ||f||® < Na. Then the sum

> d(f(n))
N1<n<Ny
1s of order at most
of(p d(p)os(p 1
(Ny — Ny) H <1_ f( ))exp<z (p) f( )—I—c Z >

PN P p<Na e
for a constant ¢ > 0, where the implied constant depends only on « and (3.
Proof. This is a special case of the main theorem in [7]. Nair’s bound

depends implicitly on the discriminant Disc(f). This dependence arises in
two places in [7]. In both instances we may make it explicit or remove it.
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The first instance is in [7, Lemma 2], in the implied constant of the
bound

as Y <¢?n>>4d(n)5f(n) <ew(3 (qu))w(p)if(p)).

n<N p<N

We make this dependence explicit. We begin with the fact that

3 (¢(7Ln)>4d(n)§f(n) < exp<g<¢fp)>4z W)

n<N e>1
We shall make use of the bound

e+ 1 1 n 2
4.4 —
) yete (),

e

which holds for all n € N. (Here the relation < depends only on E.) Now
given p such that p { Disc(f), by Lemma 4.3(a), Lemma 4.3(c) and (4.4), we

have %) 0 (1°) ) )
+
s o) yghetl L
e>2 p e>2 p p
Likewise, given p such that p | Disc(f), by Lemma 4.3(d) and (4.4), we have
d(p°)os(p°) et1
Do SI) <

e/4 2
e>8 p e>8 p p

Finally, given p such that p| Disc(f), by Lemma 4.3(b), we have
d(p® ¢ +1 1
3 (p )Qf(p)§4zep <

c T .
2<e<8 p e<8 p
These bounds combine to give

5 (i) =G () e )

n<N p<N p|Disc(f)

for a constant ¢ > 0, where the relation < does not depend on Disc(f). The
difference between this bound and (4.3) accounts for the difference between
Lemma 4.4 and the main result in [7].

The second place in [7] in which a dependence on Disc(f) arises is in the
author’s reduction of the bound [7, (6.3)], where, given a positive integer
n such that N'/2 < n < N, the bound gs(n) < N'/® is invoked; Disc(f)
figures in the implied constant. We remove the dependence on Disc(f) by
invoking the bound p¢(n) < n*/% for all n € N, where the relation < does
not depend on Disc(f); this proves to be sufficient. m

We use Lemma 4.4 to prove our version of a result due to Browning and
de la Breteche, which we use to sum our estimates for N, s over the pairs
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(r,s) € P; j. We require a generalization of the function s to binary forms.
Let f € Z[x1, 2] have no fixed prime divisors. Then g4 ;)(m) denotes the
number of solutions n (mod m) of f(1,n) =0 (mod m), and we define for
any prime p the function

SAC 0f(1,2)(P) otherwise.

THEOREM 4.5. Let f € Zlxy,x2] be of degree 4, have no fixed prime
divisors, and be such that Disc(f) # 0 and f(1,0)f(0,1) # 0. Let o, 3 €
(0,1) and N, N1, N2 > 2 be such that N§ < No—N; < N3 and min(N, Na) >
amax(N, No)*B||f||® for a constant a > 0 dependent only on 3. Then

> ) d|f(n,ne)|) < N(Ny — N)T,
1<n1<N N1<n2<N2
where
re 1 (14 ) eo(e ¥ Dew( x4
L. — p p
p|Disc(f) p|Disc(f) p<max(N,Nz)

for constants b,c > 0, and the relation < depends only on « and 3.

Proof. This theorem is an adaptation of [1, Theorem 1]. There, the au-
thors take no < Nj; we take a shorter range of summation and appeal to
Lemma 4.4. The condition that f have no fixed prime divisors is required
in the proof of the main theorem in [7], and implicit in the proof of Lemma
4.4. As in [1, §3], we fix n; and consider the sum

Y d(f(n2)))

N1<na2<Ng
By Lemma 4.4, the above sum has an upper bound of order at most
d 1
(N3 — Ny) H <1_ Qf(p)> exp(z (p)os(p) +e Z >
p<N3 P p<Na p p|n1Disc(f) P
for a constant ¢ > 0. In comparison, in [1, §3], the authors conclude that
or(p) d(n2)os(n2)
> )l < [T (1-2420) 3 et
ng2<Na p<Nz p ng<Na 2

This difference accounts for the discrepancy between Theorem 4.5 and [1,
Theorem 1]. Proceeding according to the argument of [1, §3], we have

Z Z d(‘f(nlan)D < N(NQ—Nl)tth,

1<n1 <N N1<n2<N»
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= ]] <1—Qf(1’;)(m>e;<p<z d(p)gf(p))’

4<p<N; p<N, P
pina
1\° 1
to = <1 + ) exp <c )
Il {1+ 2
p|Disc(f) p|Disc(f)

for constants b,c > 0. It is straightforward to show that ¢; is of order at
most

10 <1_Qf(1;,)(p)>exp( 5 2@f(1;)(p)> <<exp(z Qf(l,a:)(p))7

4<p<N, 4<p<N, P

which, combined with ¢5, yields the theorem. u
Our third main tool is a classical result due to Dedekind and Landau:
LEMMA 4.6. Let f € Z[z| be irreducible and of degree g > 1. Then
B
=Li(B) +
> ort0) =100+ ( on i)

p<B

for a constant ¢ > 0 dependent only on the splitting field of f over Q.

Proof. Let L be the splitting field of f over Q. For all but finitely many p,
f (mod p) has factorization Fj - - - F, (mod p), where each F; € Z,[x] is irre-
ducible and of degree g;, if and only if the principal ideal (p) has factorization
Py --- P,, where each P; is a prime ideal over L with norm p%. Now

0f(p) = #{i: F; is linear} = #{i : norm(F;) = p},
and by Landau’s Prime Ideal Theorem,

#{prime ideals P : norm(P) =p < B} = Li(B) + O<exp(c(loi B)1/2))

for a constant ¢ > 0 dependent only on L. =

Now the Prime Ideal Theorem is simply the generalization to number
fields of the Prime Number Theorem; given n € N, we have

n
=Li (@)
m(n) i(n) + <exp(c’(logn)1/2)>
for a constant ¢’ > 0. This symmetry between 7(¢) and the average order of

of(p) will be useful. We also record the following bound, due to Rosser and
Schoenfeld [8]:

LEMMA 4.7. Let n > 67. Then
n < n

" x L
logn —1/2
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4.3. The proof of the upper bound. Asin §3, we let A, ; denote Irt — s3]
We shall also write P, R and S for P; ;, R; and S;, respectively.
We begin by applying Lemma 4.2 to get

(4.5) > NT,5<<B<B;/3 3 d(Ar,s))

1/3
(r,s)eP (r,s)EP Ar,s

We evaluate the sum on the right-hand side according to the size of A, ;. Let
the linear factors of A, s be denoted |s — ayr| for i = 1,2, 3,4. We consider
three cases:

Case I: R and S are not of the same order;
Case II: R and S are of the same order, and |s — a;r| > R/4
fori=1,2,3,4; and
Case III: R and S are of the same order, and |s — a;r| < R/4
for some i € {1,2,3,4}. (We may assume moreover that
a; =1 or —1, for otherwise we have |s — a;r| > R/4.)
Note that, since we are in search of an upper bound, we may apply selectively

the coprimality condition on P.
In Case I, A, ; is dominated by the r* term, and we have

> Nrs<<B< > d( rs)

(r,s)eP (r,s)EP
Now
Z d(Arvs) < Z Z d rs
(r,s)epP s<2max(S,R1/2) r<2R

We apply Theorem 4.5 to the right-hand side, getting
> d(As) < max(S,RY?)RT,
(r,s)eP
where
Il 5 (5 %)
= — ) explc — | exp
p|Disc(Ar,s) p p|Disc(Ar,s) p<2R p

for some constants b, ¢ > 0. The fact that Disc(4, s) = 128¢ implies that the
first two terms are < 1, whence

T<<exp<z Q*AT;(p)> < exp(Z Qm;(p))

P<2R P<2R

We appeal to Lemmas 4.6 and 4.7. The sum on the far right-hand side is
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equal to
2R 2R
1 dt dt
oY) > 04 () + | D QAl,z(p)thrO(S > 04, (p) t3>
p<2R 1 p<t 1 p<t

The first term is small. Indeed, let fi(z) = 1 + 2%, fo(z) = 1 + 2 and
f3(x) =1 — z. Then, by Lemma 4.6, the first term is equal to

2R<Z 0n@®) + Y opw® + Y o ) O(1).

p<2R p<2R p<2R

The error term is also small: by Lemma 4.3(a) we have gx, ,(p) < 4 for all
primes p; that is,

O(TZ 000 0) ) = 0@3 ) =ow.
Thus

T<<€XP<§ZQA1, 2 oq ))

67 p<t

By Lemma 4.7, we have

2R dt
(4.6) SZ@Al,m(p); S Z@An 1()gt——3/2)

67 p<t p<t

Lemma 4.6 gives

D 0a.(0) =) 0n@®) + D 0h@) () + D 0pw) (D)

p<t p<t p<t p<t

=310+ 0 ega))

for a constant ¢ > 0. We also have

. t
w0 =1i0)+ 0 e )

for a constant ¢ > 0. Let C' = min(c, ¢’). Then

1 1
7200 =3+0(rg)

Substituting back into (4.6), we get
2R

2R dt 3dt 2 dt
S Z 04, . (p) 2 < 657 t(logt — 3/2) + O<6S7 t(]()gt—?)/2)2>

67 p<t

=log(log(2R) — 2/3)% + O(1) < log(log B)? + O(1).
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Thus T < (log B)?3, and
> d(A) < max(S, R'/?)R(log B)?;

(r,s)eP

that is,

(4.7) Z Ny s < max(s ! > (log B)?
(r,s)EP R R/

for Case 1.

Case II is handled identically: as in Case I, we have A, s > R*, and the
same bound (4.7) results.
In Case III, suppose a1 € R and |s — agr| < R/4. Then the bounds

rlag —a;| — |s —aqr| < |s — air| < rlag — o] + |s — aqr|

for i = 2,3,4 imply that A, is of order |s — ajr|R3. We split the set of
values for |s — a;r| into dyadic ranges

2= = B; < ‘S — 0417" <2B; = Qi,
where the index ¢ has an upper bound

B log(R/4) _logR
I= [ log2 | log2 +O(L)-

In view of (4.5), we have

Y N.< B<R5/3 > —= 1/3 > d(AT,5)>.

(r,s)eP i<I B (r,s)eP
B;<|s—a17|<2B;

Now
(4.8) Y. dA)< YL Y, dAn),
(r,s)EP 1<s<2S8 K; <r<L;
B;<|s—a1r|<2B;
where

K; = max(1,s — 2max(B;, SY3)),  L; = min(2R, s + 2max(B;, S*/?)).
We apply Theorem 4.5 to the right-hand side of (4.8), getting

Z d(A,.,) < max(B;, SY?)S(log B)?,

(r,s)eP
B;<|s—a17|<2B;

hence

max(B;, S1/3) 3
N < <R5/3 > P )B(logB) .

(r,s)eP i<l
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If max(B;, S'/3) = B;, then

B, §1/3 21
Z % < 221/3 = exp<3 IOg 2> < R2/37
i<I Bz

and if max(B;, S¥/%) = §'/3 then

3 max(B;, S1/3) < §U/3

1/3

i<log R Bz/

Thus we have, for Case I1I, the bound
S S48 5 S 5
(4.9) Y N < max(R, W)B(log B)’ = 4 Blog B)*.

(r,s)eP

Comparing the bounds (4.7) and (4.9), we conclude that

S 1 3
(4.10) (%:PNTS < max(R R1/2)B(logB) .
r,s)e

5. The cardinality Ny (B). By the bounds (4.2) and (4.10), we have

S Y Y Ne<stoen® ¥ Smax(7 1/2>

i<2log B j<i (r,s)€P; ; i1<2log B j<i

If S; > R; / 2, the sum on the right-hand side is equal to

1 1
D S S 1

i<2log B j<i i<2log B j>0

otherwise, it is equal to

DIE= S

1<2log B ]<z

>, 2. 2. Nes<BlogB)

i<2log B j<i (r,s)EP; ;

Thus we have

as required.
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