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Let a, b, x, y, m, n be positive integers. Many special cases of the diophan-

tine equation
az® +b™ = 4y™,

where (ax,by) = 1, a,b are square-free integers, y > 1, m is odd and n is an
odd prime, have been considered in the last few years (see [1, 3, 7-11]). Le
Maohua [4-6] studied this equation in full generality and proved that it has
only a finite number of solutions (a, b, x,y, m,n) with n > 5.

Following almost the same method as Le Maohua but using a recent
result of Bilu, Hanrot and Voutier [2], we are able to prove:

THEOREM. The diophantine equation
(1) CL.’EQ + b2k+1 — 4yn’

where a, b, x,y, k,n are positive integers such that (ax,b) = 1, a,b are square-
free integers, k > 0, n is an odd prime, (n,h) = 1 where h is the class number
of the field Q(v/—ab) and y > 1, has no solutions in (a,b,z,y,k,n) when
n > 13 and has exactly siz solutions for 7 < n < 13, given by
(CL, b7 k7 n7 y) = (17 77 07 137 2)7 (17 77 17 77 2)7 (17 197 07 77 5)7
(3,5,0,7,2),(5,7,1,7,3),(13,3,0,7,4).

Further if a = 1, n = 5, then (1) has ezactly 2 solutions given by k = 0
and (b7 y) = (77 2)7 (1173)'

We are grateful to Professor Bilu for his valuable suggestions and also
for providing us with a copy of [1]. He also informed us that similar results
using similar approach have been obtained by Bugeaud [3]. Our paper was

submitted independently although later than that of Bugeaud.
We start by giving some important definitions.
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DEFINITIONS. A Lehmer pair is a pair (o, 3) of algebraic integers such
that (o + 3)? and af are non-zero co-prime rational integers and /3 is
not a root of unity. For a Lehmer pair («, 3) one defines the corresponding
sequence of Lehmer numbers by

=B s odd,
- - a—pf
un:un(a7ﬁ): Oén—ﬂn

———— if nis even.
a? — 32

A prime number p is a primitive divisor of u,(«, ) if p divides w, but
does not divide (a? — 8%)2u1ts . . . Up_1.

In [2] it has been shown that

LEMMA 1. For every integer n > 30, uy(a, 3) has a primitive divisor.

Also in [12], for 6 < n < 30, all Lehmer pairs («, 3) such that @, («, 3)
has no primitive divisors have been listed.

We also need the following classical lemma, going back to the work of
Ljunggren [8, 9] (and perhaps earlier), and in the present form proved in [1].

LEMMA 2. Let a,b, x,y be positive integers, with a and b square-free and
ged(ax, by) = 1. Assume that ax® + by? = 4c™, where ¢ and n are positive
integers such that ged(n,6h(—ab)) = 1. Then there exist integers x1 and y;

such that
zv/a+yv—b _ (xl\/a+ y1\/—b>"

2 2

Proof of the Theorem. Let (a,b,z,y,k,n) be a solution of (1). Then
applying Lemma 2 with ¢ =y, y = b™, we can find integers ¢, d such that

@) wat Vb <C\/5+d\/—_b>”’

2 2
where ¢, d are rational integers such that 4y = ac? + bd? and (ac,bd) = 1.

Let
cva+ dv—b eva —dv/—b
Then from equation (2), we get
a” — ﬁn bk
3) o g T

It is easy to verify that (a, () is a Lehmer pair and so from (3) it fol-
lows that all the prime divisors of the corresponding nth Lehmer num-
ber @, = (o™ — B")/(a — ) must divide b. Since (a? — (3%)? = —abc?d?,
these prime divisors also divide (a? — (3%)2. Hence the nth Lehmer num-
ber u, = (a" — ")/(a — ) has no primitive divisors. Since n is a prime,
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by Lemma 1 and Table 2 in [2] when n > 13 there is no Lehmer number
Un(a, B) which has no primitive divisors and so no solution of equation (1)
when n > 13. For 7 < n < 13, in [2] all Lehmer pairs (a, 3) for which
Un(a, B) have no primitive divisors have been listed; we consider each value
of n separately.

If n = 13, then a = (1 ++/=7)/2, which correspondingly gives k = 0,
a=1,b=7¢c=1,d=1 and consequently y = (ac® + bd?)/4 = 2, z = 181

is the only solution of the equation az? + b2F+! = 4y13.

If n = 11, then there is no Lehmer number which has no primitive
divisors and so no solution of equation (1).

If n =7, then

a=1+vV=7)/2, (14+vV=-19)/2, (V3+V=5)/2, (V5+V=T7)/2,
(V13 +v=3)/2, (V14 +v=22)/2.
The first five values of « give us:

e y = 2 as a solution of 2% + 73 = 4y (z = 13),
e y =5 as a solution of 22 + 19 = 4y” (x = 559),
e y = 2 as a solution of 322 + 5 = 4y (z = 13),
e y = 3 as a solution of 522 + 73 = 4y (z = 41),
e y = 4 as a solution of 1322 + 3 = 4y" (z = 71).

If n = 5 and a = 1, then the values of a for which us(«, 3) has no
primitive divisors as given in [2] are:

a=1+v=5)/2, 14+vV=7)/2, 1+ V—11)/2, (1++/—15)/2,
which gives us:

e y = 2 as a solution of 2% + 7 = 4y° (z = 11),
e y = 3 as a solution of 22 + 11 = 4y° (z = 31).

No solutions are found when a = (1 ++/=5)/2, (1 ++/—15)/2. =
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