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Distribution of digits in integers:
fractal dimensions and zeta functions

by

L. OLSEN (St. Andrews)

1. Introduction and statement of results. Let N > 2 be a fixed
positive integer. For a positive integer n € N, let

(1.1) n = do(n) + di(n)N +da(n)N? + ...+ dy () (R) NV,

where d;(n) € {0,1,..., N — 1} and d,(,)(n) # 0, denote the N-ary expan-
sion of n.

The purpose of this paper is to introduce a very general class of subsets
of N defined in terms of the asymptotic behaviour of the digits in the N-ary
expansion of the integers, and to study the “fractal” dimensions and zeta
functions associated with these sets. In particular, we compute the “fractal”
dimensions of the set of positive integers n such that each digit ¢ in n appears
with frequence p; for some probability vector p = (p;);, i.e. we compute the
“fractal” dimensions of the set

_ {0 <k <~(n) | dk(n) = i}]
(1.2)  B.(p) = {n €N ‘ e

in the limit as r \, 0; and, for a given function f : {0,1,...,N — 1} — R,
we compute the “fractal” dimensions of the set of positive integers n such
that the sum of f over the digits in n equals a given real number ¢, i.e. we
compute the “fractal” dimensions of the set

d + f(d + ...+ fldyn
(13) E(t) = {neN ‘f( o(n)) + f(di(n)) Sldy )(n))_t‘ Sr}
v(n) +1
in the limit as r \, 0. For example, if x ~ 6.032078568 denotes the unique

—pi| <r for alli}
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real number such that
9

D (sin(i) — 7/10)2"™" = 0,
i=0
and we let
9
d = log (Z i@ 127/ 10) /log(10) ~ 0.8386016690,
i=0
then it follows from Corollary 5 that there are roughly n positive integers
m less than n such that the average of the sum of the sines of the decimal
digits in m equals 7/10; more precisely, if
(n) sin(do(n)) +sin(dy(n)) + ... +sin(dy ) (n))
a(n) =
v(n)+1
denotes the average of the sum of the sines of the decimal digits in n and
we write

B = {neN|la(n)—7/10] <},  Nu(B) = {1,....n} N Bl
then

log N, (E . log Ny, (E;
lim lim inf LH = lim lim sup L() =
™0 n logn ™0 g logn
Also, if we define the zeta function (g, of the set E, by

CAOGERY %,

nek,
and denote the abscissa of convergence of ¢, by oc g, , then

limo. g, =d.
™0

In Section 1.1 we introduce several natural fractional dimensions and zeta
functions of subsets of N. The key idea is that the fractional dimensions
and the abscissa of convergence provide natural discrete analogues of the
usual fractional dimensions in fractal geometry; indeed, this point of view is
supported by Corollaries 4 and 5 which provide natural discrete counterparts
of some well-known results in fractal geometry.

In Section 1.2 we define the notion of a continuous deformation of the
digits of a positive integer. Using this notion we introduce a very general class
of subsets of N defined in terms of the asymptotic behaviour of the digits
in the N-ary expansion of the integers. These sets include, for example, the
sets in (1.2) and (1.3), i.e. the set of positive integers n such that each digit
i of n appears with frequence p; for some probability vector p = (p;);, i.e.
the set

B.(p) = {n cN ‘ {0<k<~(n)|dr(n) =i}|

y(n) +1

pi‘ < r for all z'},
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and the set of positive integers n such that the sum of the function f over
the digits of n equals a given real number ¢, i.e. the set

B - {n . ‘ ‘f(do(n)) +f(d1$(2; . ot F(dyny(m) _t‘ . }

Section 1.3 contains the main result of the paper, viz. Theorem 2. In The-
orem 2 we compute the fractional dimensions and abscissa of convergence
of the zeta functions of the sets introduced in Section 1.2. The fractional di-
mensions and abscissa of convergence of the zeta functions will be expressed
in terms of entropies of certain probability measures. This provides an in-
teresting connection between dynamical systems and arithmetic functions
in number theory.

In Sections 1.4 and 1.5 we apply Theorem 2 to compute the fractional
dimensions of the set B, (p) and the set E,(¢) (in the limit as r \, 0) (cf.
Corollaries 4 and 5). Corollary 4, giving the fractional dimensions of the
set B, (p), provides a natural discrete analogue of a classical result due to
Besicovitch and Eggleston on the Hausdorff dimension of certain sets of
non-normal numbers, and Corollary 5, giving the fractional dimensions of
the set E,.(t), provides a natural discrete analogue of a result in dynamical
systems on the Hausdorff dimension of sets with prescribed ergodic averages.

Finally, in Section 1.6 we consider a more general class of zeta functions
associated with subsets of N and give an upper bound for the abscissa of
convergence.

1.1. Fractional dimensions and zeta functions of subsets of N. We will
now define various notions of fractional dimensions of a subset of the positive
integers N. For E C N, let N,,(E) = |{1,...,n} N E|. Following [BeF], we
define the lower and upper fractal dimension of E by
(14)  dim(E) = liminf M, dim(E) = lim sup M.

n logn n logn
Definitions of dimensions for discrete sets also appear in [BIK, BaT1, BaT2,
Fu, Na]. However, these definitions have been designed for other purposes
and generally take different values than dim(F) and dim(FE). Motivated by
the so-called exponent of convergence for limit sets of Kleinian groups, we
define the exponent of convergence 6(E) of E C N by

=)

nek

(1.5) 0(E) = sup {t >0

The number §(F) can clearly also be defined in terms of Dirichlet series and
the corresponding zeta functions. For £ C N we define the zeta function (g
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of E by
1

(1.6) Ce(t) = e
nek

If we let oc g and 0, g denote the abscissa of convergence of (g and the
abscissa of absolute convergence of (g, then clearly o p = 0,5 = §(E).
Since the coefficients in the Dirichlet series (1.6) are positive, it follows from
the general theory of Dirichlet series (cf. [Ap, Theorems 8.2 and 8.3]) that
Ocp = 045 = dim(E). Hence we have

PROPOSITION 1. Let F be a subset of N. Then
dim(E) < dim(E) = o0cp = 0,5 = 6(F) < 1.

The reader is referred to the recent monograph by Lapidus & van Fran-
kenhuysen [LvF] for a different attempt to develop a theory of fractal di-
mensions (of so-called fractal strings) based on zeta functions.

1.2. Subsets of N defined by continuous deformations digits. We will
now introduce the notion of a continuous deformation of the digits of a
positive integer.

We first introduce some notation. Let

b :U{O,l,...,N—l}", »={0,1,...,N -1},
n
i.e. X* is the set of all finite strings w; . ..w, with elements w; from {0, 1, ...

.., N —1}, and X is the set of all infinite strings wiws ... with elements w;
from {0,1,...,N —1}. We let S : ¥’ — X denote the shift map, i.e.

S(UJ1WQ .. ) = WoWs ...

Forw=wi...wp,0=01...0, € 2", welet wo =wy...wpo1...0, € X*
denote the concatenation of w and o, and for w € X*, we write

D=ww... € X,

Let P(X) denote the family of probability measures on X, and let Pg(X)
denote the family of shift invariant probability measures on .
Recall that if n is a positive integer, then

n = do(n) + di(n)N +da(n)N? + ...+ dy () (R) NV,

where d;(n) € {0,1,2,...,N — 1} and d,;)(n) # 0, denotes the N-ary
expansion of n. We denote the string do(n)di(n) ...d,n)(n) € X* of N-ary
digits of n by d(n), i.e.

d(n) := do(n)di(n)...dym)(n) € X
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(We emphasize that d(n) is not the product of the N-ary digits in n. If, for
example, N =7 and n =2+5-7+4-72+6-7%, then d(n) equals the string
25406.)

With each positive integer n we will now associate a natural probability
measure [(n) on X. Define I : N — P(X) by

(n)

1 vy

(1.7) I(n) = ————= > dsriamm)
V() +1 &=

where d, denotes the Dirac measure concentrated at z. The probability
measure I(n) describes in a measure-theoretic way the distribution of the
digits in n, and enables us to use methods from ergodic theory and large
deviations. By a continuous deformation of the digits of a positive integer,
we mean a pair (X, =) where X is a metric space and = : P(X) — X is
continuous with respect to the weak topology; we will think of the composite
n +— Z(I(n)) as a continuous deformation of the digits of n. Let (X, =) be
a continuous deformation. For a subset C' of X and r > 0, we let

(1.8) A (C)={neN|dist(Z(I(n)),C) < r}.

If C ={z} for x € X, we will write A,.(x) = A, ({z}). For different choices
of X and = we obtain sets describing the distribution of different number-
theoretic functions. We emphasize that we do not assume that X is a vector
space and that the deformation map = : P(X) — X is affine. Indeed,
interesting examples are obtained for certain non-affine deformations; cf.,
for example, the non-affine deformation in example (1.11) below. For a digit
i€{0,1,..., N — 1} we define the cylinder [i] generated by i by

[i] = {wiws ... € X |w =i}
e Distribution of digits: Let X = RY and define = : P(X) — X by

(1.9) S() = ().
Then
A (C) = {n € N | dist (<|{O Sk SJ(E:L))J—?(”) — ZH) ‘,C) < r}.

e Distribution of sum of digits: Let X = R and define = : P(X) — X by
(1.10) W= S ).

i=0,1,...,N—1

Then
A(C) = {n €N ’ dist (dO(”) i dl%ﬂ;ﬂ () C) < r}.

o Distribution of powers of sum of functions of digits: Fix a positive
integer m and let f : {0,1,..., N — 1} — R be a function. Let X = R and
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define = : P(¥) — X by
) Ew= Y A G adid- i),

Then
d + ..+ fldyn m
A (C)=<neN|dist f(do(m)) Sy () ,C ) <rop.
v(n) +1

1.3. Dimensions of subsets of N defined by continuous deformations of
digits. Theorem 2 below computes the fractional dimensions of A, (C) (in
the limit as » \, 0). For a continuous deformation (X, =) and z € X, we
define H(x) by

h(p)
(1.12) H(zx)= sup ——
ueps(z) log N

E(p)==

where h(u) denotes the entropy of u (as usual, we put sup,,p Igé—“}, =0).

THEOREM 2. Let X be a metric space and let = : P(X) — X be con-
tinuous with respect to the weak topology.

(i) If C € Z(P(X)), then

lim dim(4,(C) = lim dimn(4,(C)) = lim 5(4,(C)) =0.

(ii) If C C =Z(P(X)) is closed, then

lim dim(A,(C)) = lim dim(A,(C)) = lim §(A,(C)) = sup H(x).
1}{%&( (@) lim im(A,.(C)) ﬁ{%( () sup (v)

In particular, for x € E(P(X)) we have
lim dim(A,(z)) = }% dim(A,(z)) = }% 0(Ar(z)) = H(x).

\,0
To prove Theorem 2, it clearly suffices to prove the upper bound
(1.13) limsup §(A,(C)) < sup H(z)
.0 xzeC

and the lower bound

(1.14) liminf dim(A,(C)) > sup H(x).
™0 zeC

The upper bound (1.13) follows from a more general result, Theorem 6, in
Section 1.6. Theorem 6 is proved in Section 3 using methods from large devi-
ation theory. The lower bound (1.14) is proved in Section 4 using arguments
from ergodic theory.

With the use of Proposition 1, Theorem 2 can clearly also be formulated
in terms of abscissa of convergence of Dirichlet series.
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THEOREM 3. Let X be a metric space and let = : P(X) — X be con-
tinuous with respect to the weak topology. Let C' be a subset of X, and let
ocr and o,, denote the abscissa of convergence and the abscissa of absolute
convergence of the Dirichlet series

1
Cao)(t) = Z e
neA,(C)
(i) If C € Z(P(X)), then

lim o, = lim 0, , = 0.
™0 \,0

(ii) If C C =Z(P(X)) is closed, then

lim o, = lim 0, , = sup H(x).
\,0 \,0 zeC

For particular choices of X and =, the supremum

h(p)
H(x)= sup
( neps(x) log N
E(p)=x

can be computed explicitly. Below we consider two interesting examples.

1.4. An application: Besicovitch—Eqggleston subsets of N. The first ap-
plication of Theorem 2 investigates the frequency of the digits in the N-ary
expansion of integers, and provides a natural discrete analogue of a classical
result due to Besicovitch and Eggleston.

COROLLARY 4. Let X = RY and define = : P(X) — X by Z(u) =
(u([i]))s. For C C RN, we have

g (ML A0 B = 1) ),

v(n) +1

Let A = {(povpla"'7pN—l) | pi = 07 Zzpl = 1} denote the set Of N-
dimensional probability vectors. Then Z(Ps(X)) = A and

A (C)=B,(C):= {nEN

> pilogp;
H(p) = “TleN

If C C A is closed, then

fO’f'p = (vapla” . 7pN71) S A.

lim, dim(B,(C)) = lim dim(B,(0)) = lim (B (C))

. p; log p;
— sup _Zzpl g Di )
(po,p1,---, pN-1)EC logN
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In particular, forp = (po, p1,-..,PN-1) € A we have (where we have written
B,(p) = B:({p}))
- ; Di log p;
lsy disn (B, (p) = Ly Toi(B (p)) = limy 8(B (p)) = — LB

Proof. Using standard properties of the entropy, it is easily seen that if
P= (p07p17 tee 7pN71) S A? then
h(p ; Di log p;
H(p):= sup 1(]3]:—211]\[ -
peps(x) log og
(u([))i=p
The desired result now follows from Theorem 2. m

The result in Corollary 4 was first obtained in [O12] and provides a nat-
ural discrete analogue of a classical result due to Besicovitch and Eggleston
on the Hausdorff dimension of certain sets of non-normal numbers. For a
real number z € [0, 1], we let

n=1

where ¢, (z) € {0,1,...,N — 1}, denote the unique non-terminating N-ary
expansion of x. Let B(p) denote the set of reals x such that the frequency
of the digit ¢ among the first n digits of = approaches p; as n — oo for all
i€{0,1,...,N — 1}, i.e. the set

{1 <k <nle(z) =i}

(1.15)  B(p) = {x € [0,1]

— p; for all z}

n
Besicovitch and Eggleston proved that
. > ipilogpi
1.1 dim B(p) = - =*—"—
(1.16) im B(p) = ~ =%

where dim denotes the Hausdorff dimension. Formula (1.16) was first proved
by Besicovitch [Be| for N = 2 in 1934, and later for general N by Eggleston
[Eg] in 1949.

Other references to the distribution of digits in integers can be found in
[DT2, NS, Sh].

1.5. An application: subsets of N with prescribed digit sum averages. The
second application of Theorem 2 studies the distribution of averages of sums
of functions of digits, and provides a natural discrete analogue of some recent
results from dynamical systems on the dimension of sets with prescribed
ergodic average. We note that there is a vast literature discussing other
approaches to the study of the asymptotic properties of the sum of digits
(cf. [BS, Bu, Co, De, DT1, DT3, GKPT, K, KC]).
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COROLLARY 5. Let f:{0,1,...,N—1} — R be a function. Let X =R
and define = : P(X) — X by Z(u) =, f(i)u([i]) (recall that the cylinder
[i] is defined by [i] = {wiwa... € X |wy =1i}). For C C R, we have

A,(C) = E.(C)
::{neN’dist<f(d°<n>)+f(d1(n))+"'+f(d”(”)<n>),0>gr}.

Let I = [0, max; f(i)] and write

N-1
Tt:{sz‘ Z(f(i)—t)xf@:o} fort € R.
=0
Then Z(Ps(X)) =1 and
M) L3l
H(t) = = 1 L I.
®) Mesplgiz) log N wers log N °8 < xt Jorte

i Fu(i)=t
If C C I is closed, then

lim dim(E,(C)) = lim Tm(E,(C)) = lim 3(E,(C))

1 P PAQ)
= supmax log <ZL>

teC z€T, log N xt

In particular, for t € I we have (where we have written E,(t) = E,({t}))
lim dim(E,(t)) = lim dim(E,(t)) = lim §(E,
lim dim(E,(1) = lim T(E.(1) = lim 5(, (1)

N0
1 e f(9)
= max log (Z’ < > .

zeT, log N xt

Proof. We must prove that if ¢t € I, then

h(p) 1 >zl
1.17 H(t) = = 1 2 .
( ) ®) HESpuSI()E) log N géaT)t( log N ©8 < xt
i F@uli)=t
Let M denote the right hand side of (1.17).

We first prove that H(t) > M. Fix x € T} and write p;, = .CCf(i)/Zj zf ),
Then (p;); is a probability vector and we can define a shift invariant prob-
ability measure v on X by v = )(Zozl(zi pid;). Clearly > . f(i)v([i]) =
>, f(i)p; = t, whence

p; log p; pf @)
log N log N log N xt

Taking maximum over all = € T; shows that M < H(t).
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Next we prove that H(t) < M. Let A = {(po,p1,---,pn-1) | pi > 0,
> .;pi = 1} denote the set of N-dimensional probability vectors. Let u €
Ps(X) with Y, f(i)u([z]) = t. Then clearly

b < Serlilogn(@) _ 0 Sipdosp
N logN N (p07p17"'7pN71)€A logN
Zi f(i)pi:t
Finally, a standard calculus argument using Lagrange multipliers shows that
; pilog p;
(po,p1,--,PN-1)EA log N
> f)pi=t

This shows that H(t) < M.
The desired result now follows from (1.17) and Theorem 2. m

The result in Corollary 5, i.e. the equality

lim dim(A,(¢t)) = lim dim(A,(t)) = sup —
liy dim(A, (1) = iy Fm(A(0) = swp L
> F@ui)=t

1 Z.xf(i)
- 1 i
( wel, log N og( zt ))’

provides a natural discrete analogue of a result from dynamical systems on
the dimension of sets with prescribed ergodic average. Let f : X — R be a
continuous function and ¢t € R. Let E(t) denote the set of w e X' such that
the ergodic average of f over the orbit (w,Sw,S?w,S%w,...) of w equals
t, i.e.

)~ fue 5| LSS ) )

n
Then

h
dim E(t) = sup (1) :
neps(x) log N
§fdu=t
This result was proved for Holder continuous functions f by Pesin & Weiss
[PW] and has recently been extended to arbitrary continuous functions by
Fan et al. [FFW] and Olsen [Ol1].

1.6. Some generalizations. In this section we introduce a more general
class of zeta functions than those introduced in Section 1.1, and we study
the abscissa of convergence and Euler products of these.

Let s = (sg,51,---,5y_1) be a family of real numbers with s; € (0,1).
Recall that ¥* = (J,,{0,1,..., N — 1}" denotes the set of all finite strings
W1 ...w, with elements w; from {0,1,..., N — 1}. For a finite string w =
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w1 ... .wy € X* with elements w; from {0,1,..., N — 1}, we write

Sw = Sw; -+ - Sw, -

Also, recall that if n € N is a positive integer, then
d(n) = do(n)di(n)...dym(n) € L~

denotes the finite string of N-ary digits do(n),d1(n),...,dy@m)(n) of n. In
particular, we have s4(,) = S4,(n)Sd, (n) - - - Sd.y(ny (n)- For a subset F of N, we
define the s-exponent of convergence §(E;s) of E by

d(E;s) = sup {t >0 ‘ Z sﬁl(n) = oo}.
nek

As in Section 1.1, the exponent §(F;s) can also be defined in terms of zeta
functions. We define the s zeta function of E C N by

Cu(tis) = sh.
nek

If we let oc p(s) denote abscissa of convergence of (g(t;s), then clearly
oce(s) = 0(E;s). In the theorem below we give an upper bound for
0c,A,.(0)(8) = 8(A,(C);s); recall that the set A,.(C) is defined in (1.8).

THEOREM 6. Let s = (s0,51,...,Sn—1) be a family of real numbers with
s; € (0,1). Let X be a metric space and let = : P(X) — X be continuous
with respect to the weak topology.

(i) If C € Z(P(X)), then

lim 5(A,(C)is) = 0.

(i) If C C Z(P(X)) is closed, then

. ()
limsup 0(A,(C);s) < sup ——=——""—.
™0 peps(zy i i(li]) logs;

E(pec

We will now prove an Euler product for (4, (c)(t;s). We define the mod-
ified s zeta function of a subset E of N by

1
Zg(t;s) = — sk .
,;E y(n) +1 74
Next we define the Euler product of E. A finite string w € X* is called
periodic if there exists a finite string o € X* and a positive integer n > 2
such that w = o...0 where n copies of o have been concatenated. A string
is called primitive if it is not periodic. We define the set P of N-ary primitive
integers by

(1.18) P = {n € N|d(n) is primitive}.
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The s Euler product of E is now defined by
1 ) 1/(v(n)+1)

Qe(ts)= ] (W
n€ENP d(n)

THEOREM 7. Let s = (S0,581,...,8n—1) be a family of real numbers with
s; € (0,1). Let X be a metric space and let = : P(X) — X be continuous
with respect to the weak topology. Let C C X be a closed subset of X and
r > 0.

(i) For t € C with Ret > oc A, (c)(s) we have
exp Za,(c)(t;8) = Qa,(c)(t;s)-

(ii) Assume that s = (s,...,s) for some s € (0,1). For t € C with
Ret > o a,(c)(s) we have

d
@ZAT(C) (t;s) = Ca,(c)(t;s)log s.

In particular, for t € C with Ret > oc A, (c)(s) we have

d
Ca,(c)(t;s) logs = 7 logQ A, (c)(t;s).

In Section 2 we collect some notation. In Section 3 we prove Theorem 6
and the upper bound (1.13), and in Section 4 we prove the lower bound
(1.14). Finally, in Section 5 we prove Theorem 7.

2. Notation and preliminary results. In this section we collect some
notation. Let
Yr=Awy...wp |w;=0,1,...,N — 1}

and recall that
=z, T={wiwe... Jwi=0,1,...,N -1},
n

i.e. X" is the family of all strings of length n, X* is the family of all finite
strings, and X' is the family of all infinite strings. For w € X", we will write
lw| = n. For w = wy...w, € X™ and a positive integer m with m < n, or
for w = wiws ... € X and a positive integer m, let w|m = wy ...w,, denote
the truncation of w to the mth place. The cylinder [w] generated by a finite
string w € 2™ is defined by

w] ={0 € X |oln=uw}

3. Proof of Theorem 6 and the upper bound (1.13). To prove
Theorem 6 we need some results from large deviation theory. In particular,
we need Varadhan’s [Va] large deviation theorem (Theorem 3.1(i) below),
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and a non-trivial application of this (viz. Theorem 3.1(ii)) providing first
order asymptotics of certain “Boltzmann distributions”.

DEFINITION. Let X be a complete separable metric space and let (P,,),
be a sequence of probability measures on X. Let (a,), be a sequence of
positive numbers with a,, — oo and let I : X — [0, 00] be a lower semi-
continuous function with compact level sets. The sequence (P,,), is said to
have the large deviation property with constants (a, ), and rate function I
if the following hold:

(i) for each closed subset K of X we have
1
li —log P,(K) < — inf I(x);
imsup _— log (K) < — inf I(x)
(ii) for each open subset G of X we have
1
lim inf — log P, > — inf I(x).
im in an og P, (G) > Inf ()

THEOREM 3.1. Let X be a complete separable metric space and let (Pp,),
be a sequence of probability measures on X . Assume that the sequence (Py,)n,
has the large deviation property with constants (an), and rate function I.
Let F: X — R be a continuous function such that

Sexp(anF) dP, < oo  for all n,

and )
Mhinoo 11mnsup - log S exp(a,F)dP, = —oc.
{M<F}
(Observe that the above conditions are satisfied if F' is bounded.) Then the
following statements hold:

(i) We have

1
lim —1 WF)dP, = — inf (I(x) — F(x)).
im —— og | exp(an F) inf (I(z) = F(2))
(ii) For each n define a probability measure Q, on X by
exp(anF') dP,

{exp(anF') dP,
Then the sequence (Qn)n has the large deviation property with constants
(an)n and rate function (I — F) —inf,.cx (I(z) — F(x)).

Proof. Statement (i) follows from [El, Theorem II.7.1] or [DZ, Theorem
4.3.1], and statement (ii) follows from [El, Theorem I1.7.2]. m

LEMMA 3.2. Let X be a metric space and let f : X — R be an upper
semicontinuous function. Let K1, Ko, ... C X be non-empty compact subsets
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of X with K1 D Ko O ... Then

inf sup f(t)= sup f(t).
k ek ten, K

Proof. This result follows by a standard compactness argument, and the
details are therefore omitted. m

Recall that if w € X*, then we define w € X by w = ww... We now
define L : X* — P(X) by

1 n
L(w) = - ;55;% for w e X",

PROPOSITION 3.3. Let s = (s0,S1,...,5N—1) be a list of numbers with
€ (0,1) and define & : X — R by

O(w) =logsw, forw=wwsy...€X.
Write Sy = Sw, ---Sw, forw = wi...w, € X". Let X be a metric space

and let = : P(X) — X be continuous with respect to the weak topology. Let
C C X be a closed subset of X and r > 0. If

t> sup —,
pEPs(X) §@du
dist(Z(p),C)<r

> Y dew
m wex™
dist(Z(L(w)),C)<r

Proof. We first prove that
1
3.1) li ~1 < (uf@du+ n(w)
G1) lmswp —log > st swp  (uf@dut b

o m #Eps(Z)
dist(E([E,(Z(]r)),C)Sr dist(Z(u),C)<r

then

for all w > 0. Fix w > 0. For a positive integer m we define L,, : X —
Ps(X) by

m—1
_ 1
Lin(w) = L(wlm) = =Y 8wt
k=0

m
Next, let P denote the probability measure on X' defined by
oo N 1
P % (S h0)
X (250
n=1 =1
Finally, we define F': P(X) — R by
F(u) =ul®dp,
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and for m € N, we define probability measures P,,, Q,, € P(Ps(X)) by
{; exp(mF) dPpy,

P,=PoL} m(E) =
°Lus  Qm(E) {exp(mF) dP,,

for E C Pg(X).

It now follows that

{TEZ|dist(E(Lm(T)),C)Sr}

= > | Soim AP (W)

ceX™ [o]n{reX|dist(E(Lm(7)),C)<r}

= Y st P(lo]n{r € X | dist(S(Lim(7)),C) < 1})

ocexm
> > st P([o]) = > SUNT™,
cexm™ ocex™
dist(E(L(0)),C)<r dist(E(L(0)),C)<r
Hence
(3.2) > Y
cexm™
dist(E(L(0)),C)<r
{T€Z|dist(E(Lm(T)),C’)Sr}
m—1
=N™ S exp (u Z @Skw) dP(w)
{reX|dist(E(Lm(7)),C)<r} k=0
=N S exp (umS@d(me)) dP(w)

{reX|dist(ZE(Lm (1)),C)<r}

— N™ | exp(mF(Lyw)) dP(w)
{reX|dist(Z(Lm(r)),C)<r}

=N™ S exp(mF (Lyw))dP(w)
{EL,eB(C,r)}

=N™ S exp(mF)dP,,
{=Ee€B(C,r)}

= N" Qmn({Z € B(C,1)}) {exp(mF) dP,,.

Since the sequence (P, = Po L"), € P(Ps(X)) has the large deviation
property with respect to (n), and rate function I : Pg(X) — R given by
I(u) = log N — h(u) where h(u) denotes the entropy of p (cf. [El]), it now



268 L. Olsen

follows from Theorem 3.1 that the sequence (@), has the large deviation
property with respect to (n),, and rate function (I — F) —inf,cp (s (1(v) —
F(v)). It therefore follows from (3.2) and Theorem 3.1 that

1
li — v
1mﬂ§up - log Z Sy
oex™
dist(=(L(0)),C)<r

1
< logN—HimsupE log Q. ({Z € B(C,1)})

1
+ limsup — logS exp(mF) dP,,
m m

< log N — inf I(u)—F — inf (I(v)—-F
<logN— inf ()~ F(w) ~ inf (1) = F(¥)
Z(n)eB(C,r)

+ inf(10) = F(v)

=logN+ sup  (F(u)—I(n)
HEPs(X)
Z(n)eB(C,r)

= sup <uSd5du + h(,u)).
HEPs(X)
E(w)eB(Cir)
This proves (3.1).
Next, write

h(p)
s = sup —
REPs(X) S@d,u

dist(E'(p),C)<r
and let ¢ > s. Put ¢ = (t —s)/3 > 0. Hence, for all p € Pg(X) with
dist(=(p),C) < r we have —h(pn)/{Pdp < s+e = (s+2¢) — ¢, and so

(s+2€)§d5d,u+h(ﬂ) < €X¢d,u < —ec

where ¢ = log(1/max; s;) > 0. This and (3.1) imply that

1 1
i — t < i _ s+2¢
1m73up - log Z Sy < hmrsup — log Z S5
ocex™ oex™
dist(=Z(L(0)),C)<r dist(I1(0),C)<r
< s ((s+25)§@du+ h(u))
HEPs(X)

dist(Z(u),C)<r

— EC.

IN
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We therefore conclude that there exists an integer M such that

E sfj < e~ ™/2 for all m > M.
ocexm™
dist(=(L(0)),C)<r

This gives the desired result. m
THEOREM 3.4. Let s = (sg, S1,...,Sn—1) be a finite list of numbers with

s; € (0,1). Let X be a metric space and let = : P(X) — X be continuous
with respect to the weak topology. If C C X is a closed subset of X, then

: h(p)
limsup §5(A-(C)) < sup ——=—F7777.
N0 (4-(9)) peps(z) 2o M[i]) log s
E(n)eC

Proof. Define @ : ¥ — R by ®(w) = log sy, for w =wiwy... € X¥. We
first prove that

h
(3.3) 0s(A(C)) < sup _ hlw) for all » > 0.
weps(z)  §Pdu
dist(Z(u),C)<r

We therefore fix r > 0 and

h
t > sup —M

HEPs(X) S(ﬁ dp
dist(E(pn),C)<r

It now follows from Proposition 3.3 that

m wexm™
dist(Z(L(w)),C)<r

This clearly implies that

Z (Sdo(n) Sdl (n) e Sd’y(n) (n))t

neA,.(C)
= > (Sdo (k) Sdy (k) - - 50y ()"

m  p=N™ . . NTtl_]
keA,.(C)

<> >, sL<ox
m

w€277L+1
dist(=(L(w)),C)<r

whence 05(A,(C)) < t. Since this holds for all ¢ as above, inequality (3.3)
follows.
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It follows immediately from (3.3) that

h

(3.4) limsup ds(A,(C)) < inf sup —M.

"\0 B peps(D) @ du

dist(Z(u),C)<1/k
Finally, since the function = : P(X) — A is continuous we conclude that
Z7'B(C,1/k) is compact for all k. Hence, the set C}, =Ps(X)NZE"1B(C,1/k)
is compact. Also, since the entropy function h : P(X) — R is upper semicon-
tinuous (cf. [Wa, Theorem 8.2]), we deduce that the function f: P(X) — R
given by f(u) = —h(u)/§ P dp is upper semicontinuous. Lemma 3.2 therefore
implies that
(3.5) inf sup f(p) = sup f(p).
k pecy weN,, Cr

Since N, Cx = Np(Ps(X) N E7'B(C,1/k)) = Ps(X) N E71C, combining
(3.4) and (3.5) gives

: . h(p) h(p)
limsup ds(A,(C)) < inf sup ——— = sup —F.
™0 ° k REPs(X) S@d,u HEPs(X) Séd/‘
dist(Z(u),C)<1/k E(weC

The desired result now follows since {@dp = ", pu([i]) log s; for all proba-
bility measures g on Y. m

Proof of Theorem 6 and the upper bound (1.13). Theorem 6 follows imme-
diately from Theorem 3.4. We will now prove (1.13). Let s = (sg,...,sn-1)
= (1/N,...,1/N), and observe that for this choice of s we have

1 1 .
Z nt S Z NO@+DE Z Sd(n)
neA.(C) neA,.(C) neA.(C)
for all £ > 0 and all » > 0, whence
limsup 6(A,(C)) < limsup §(A,(C);s)

\.0 r\,0
h(p) h(p)
< sup — . = sup )
pers(s) i i) 1og(1/N)  epg(s) log N
Z(mec Z(n)ec

This proves (1.13). =

4. Proof of the lower bound (1.14). Throughout this section X will
be a metric space and = : P(X) — X will be continuous with respect to the
weak topology. Recall that L : X* — P(X) is defined as follows. For w € X*
we write W = ww ..., and we let

n—1
1
L(w) = - Z(Sskw for w e X",
=0
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For a subset C C X, n € N and r > 0, let
II,(Cr) ={w e X" | dist(Z(L(w)),C) < r},
C .. log|Hn(C, 7’)|
A = lim1 f——
©) 7“1{% e nlog N

LEMMA 4.1. Let K(X) = {C C X | C is closed and non-empty} and
equip IC(X) with the Hausdorff metric D. Then the function A : K(X) — R
is upper semicontinuous, i.e. for each C' € K(X) and ¢ > 0, there exists
0 > 0 such that

AK)<AC)+e  foral K € K(X) with D(K,C) < 4.
Proof. Let C' € K(X) and £ > 0. Next, choose 79 > 0 such that
lim inf log [ITn(C, 7|
n nlog N
for 0 < r < ro. Let § = ro/2. We now claim that A(K) < A(C) + ¢
for all K € K(X) with D(K,C) < 4. To prove this, let K € I(X) with
D(K,C) <. Forall 0 <r < and all n € N we have
(4.1) II,(K,r) C II,(C,ro).
Indeed, first observe that B(K,r¢/2) C B(C,rg) since D(K,C) < § =1¢/2.
Hence, if w € IT,,(K,r), then Z(L(w)) € B(K,r) C B(K,ro/2) C B(C,r).
This proves (4.1). It follows from (4.1) that
log |11, (K, )| < lim inf log | I1,,(C, ro)|

<AC)+e¢

lim inf A
o nlog N T n nlog N <AC)+e
for all 0 < r < §, whence
log |IT,,(K,
AK) = lim liming 28U oy (o

™NO n nlog N

We will equip ¥ with the metric dx(w, o) = N~ swinleln=cln} 1y the
results below (Lemma 4.2 and Proposition 4.4) we will always compute the
Hausdorff dimension of a subset of X' with respect to the metric ds;.

LEMMA 4.2. Let C C X be a closed subset of X. Then
dim{w € X' | limdist(=(L(w|n)),C) = 0} < A(C).
(Recall that dim denotes the Hausdorff dimension.)

Proof. For asubset E of X, we let dimg F denote the lower box dimension
of E; the reader is referred to [Ed] or [Fal] for the definition. We will use
the fact that dim £ < dimgF for all E C X' (cf. [Ed]). Write M = {w € X |
lim,, dist(=Z(L(w|n)), C) = 0}. Also, for n € N and r > 0, write

M, (r) ={w e X | dist(Z(L(wl|k)),C) < r for k > n}.
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We clearly have M C |, M, (r) for all > 0, whence
(4.2) dim M < supdim M, (r) < sup dimgM,,(r)
for all r > 0. However, it is easily seen that My,(r) € Uyem, o] for

k > n. Hence, for k > n, the family ([w])yem,(c,r) is a covering of M, (r) of
sets with diam([w]) = N~F. This implies that

: . Jog 1T (C )|
Combining (4.2) and (4.3) gives
dim M < liminf M for all r > 0.
k klog N

This completes the proof. m

LEMMA 4.3. Let p € Ps(X) with supppu = X. (Here supp p denotes the
topological support of p.) Then there exists a sequence (fi,)yn of probability
measures on X such that:

(1) pn, — p weakly.
(2) For each n, the measure ., is a Gibbs state for a Hélder continuous
function. In particular, p, is ergodic and supp p, = X for all n.

(3) h(pn) — h(p).

Proof. This lemma is proved in [Ol2] and the proof is therefore omit-
ted. m

If 4 is a probability measure on X, we define the upper Hausdorff di-

mension of u by
dimp = inf dimFE.
w(E)=1

(Recall that dim denotes the Hausdorfl dimension.) The next result pro-
vides a formula for the upper Hausdorff dimension of an ergodic probabil-
ity measure on X. This result is well known and follows easily from the
Shannon—-MacMillan-Breiman theorem. However, for sake of completeness
we have included the short proof.

PROPOSITION 4.4. Let p be an ergodic probability measure on Y. Then

(4.4) dimp = h

Proof. Since p is ergodic, it follows from the Shannon—MacMillan—Brei-
man theorem that
log pu([w|n
)

for p-a.a. w € X.
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Clearly B(w, N~") = [w|n] for all w € X and n € N, and therefore

log u(B(w,N7")) _ logu([w|n])  h(n)
= f -a.a. X
log N—7 —nlog N —>10gN or pra.a. W €
The desired result follows from this and the fact that
log u(B(w,N™"))
log N—"

dim p = esssup
w

(cf. [Fa2]). m

PROPOSITION 4.5. Let C' be a closed subset of X. Then

h(w)
sup ——— < A(C).
peps(z) 1og N
E(n)eC
Proof. Fix p € Ps(X) with Zp € C and € > 0. It follows from Lemma
4.1 that the function K(X) — R : K — A(K) is upper semicontinuous with
respect to the Hausdorff metric D, and we can therefore choose §. > 0 such
that

(4.5) AK) < AC)+¢  for all K € K(X) with D(K,C) < 6..

Next, choose an S-invariant measure v on X such that supprv = X and
let up = (1 —r)p+rv € Pg(X) for r € (0,1). As = is continuous and
Z(p) € C there exists 0 < 7. < 1 such that

(4.6) dist(Zp,,C) < d:/2 forall 0 <r < r..

Fix 0 < r < r.. It follows from Lemma 4.3 and the continuity of =
that we may choose a sequence (i, ), of ergodic S-invariant probabil-
ity measures on X' such that p,, — p, weakly, supp p,, = X for all n,
h(ptrn) — h(p,) and dist(= gy, C) < Je..

Define L,, : ¥ — Ps(X) as in the proof of Proposition 3.3, i.e. L,,(w) =
(1/m) Z;n;ol dgky- It follows from the ergodicity of p,, and the ergodic
theorem that p, ,({w € X' | lim,, Lyw = prn}) = 1. Hence

(4.7)  dimp,, < dim{w € X' | lim Ly,w = 10}
< dim{w € ¥ | limdist(ZLw, C U{Zu,n}) = 0}
< A(CU{Ep)) < AC) + =

where the last inequality in (4.7) follows from (4.5) and (4.6).
Also, since pi,,, is ergodic, it follows from Proposition 4.4 that

. h(ﬂrn)
4. o = — )
(48) dim ey, log N
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Finally, the properties of the sequence (g )y, imply that

h TN h T
log N log N

Combining (4.7)-(4.9) and using the fact that the entropy map h :
Ps(X) — R is affine (cf. [Wa]) we conclude that

1-— h h h .
_( T)lcfgiv-i-fr’ (v) _ _lo(gﬂf\z < AC)+e foralle >0and 0 <7 < 7.

Letting first » \, 0 and then € \, 0 gives —h(u)/logN < A(C). Since
u € Ps(X) with Z(u) € C was arbitrary, this yields the desired result. m
THEOREM 4.6. Let C be a closed subset of X. Then

e ‘
A(C) < lim inf dim(A,(C))

Proof. Fix € > 0. We can thus choose r¢ > 0 such that
IOg ‘Hn(c’ T)‘
nlog N

A(C) — € < liminf for all 0 < 7 < rp.

Hence, for each 0 < r < rg there exists a positive integer n, such that
(4.10) N =) <11, (C,r)|  for all n > n,.

Next, for each n € N, let k,, denote the unique integer with N¥» < n <
NF»+1 Tt clearly follows that

(4.11) Np(Ar(C)) > Nywa (A (C)) > |, (C, 7))

Hence, for all 0 < r < rg and n > N"" (and so k,, > n,), inequalities
(4.10) and (4.11) imply that
kn(A(C)—e)
log N, (A,.(C)) > log |, (C,1)] > log N — (A(C) —2) kn .
logn log Nkn+1 log Nkn+1 kn,+1

This shows that dim A,.(C) = liminf,, %% > A(C) — ¢ for all
0 < r < rg, whence liminf,~ o dim A, (C) > A(C) — €. Finally, letting € \, 0

completes the proof. m

Proof of the lower bound (1.14). The lower bound (1.14) follows imme-
diately from Proposition 4.5 and Theorem 4.6. m

5. Proof of Theorem 7. We begin with a small lemma that allows us
to consider only N-ary primitive integers (cf. (1.18)).

LEMMA 5.1. Let X be a metric space and let = : P(X) — X be contin-
uous with respect to the weak topology. Let C be a closed subset of X and



r > 0. Let

i.e. m is the unique integer such that d(m) = d(n)...

then m € A, (C).
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d(n). If n € A.(C),

Proof. Recall definition (1.7) of the measures I(m) and I(n). We clearly

have
1
1m) = S

y(m)

T 2 Osia)

i=0
1 v(n)

S Dam D F Y ;551'(%) = I(n).

The desired result follows from this. =

Proof of Theorem 7. (i) It follows from Lemma 5.1 that

neA,(C)

This implies that

Za o) (t;s) =

1
St —
) RS

ZZ

n€A(C)NP k=1

1
> ~n)+ 1 Sa(n)

neA,(C)

Z Z k(y +1 Sd(n)...d(n)

nEA,(C)NP k=1

k times

1 =1
Z (n)+IZEtdIE”)
1

neA,.(C)NP k=1
1 >
1 Szl(n)

>1/(W(n)+1)

log H <1_%

neA, (C)P Sd(n)

> Sy 1 o8

neA,.(C)NP

d(n) .d(n)"
————

k times
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(ii) For k € N write ar = [{n € N|y(n) + 1 = k}|. We now have

Cave)(tis) = D Shny = Z Yo s =Y aks™
k=1

A (C) k=1 n€A,.(C)
y(n)+1=
and
1
Za,(c)(t;s) = Z T S
Ly )+l
=2 2 Titum = Z s
k=1 neA,(C) ’Y(n) +1
y(n)+1=k

Hence

d
qZano)(t:s) Zakst log s = Ca,(0)(t;8) log s.

k=1
This completes the proof. m
References

[Ap] T. Apostol, Modular Functions and Dirichlet Series in Number Theory, Grad.
Texts in Math. 41, Springer, New York, 1976.

[BaT1] M. T. Barlow and S. J. Taylor, Fractional dimension of sets in discrete spaces.
With a reply by J. Naudts, J. Phys. A 22 (1989), 2621-2628.

[BaT2] —, —, Defining fractal subsets of Z%, Proc. London Math. Soc. 64 (1992),
125-152.

[BeF] T. Bedford and A. Fisher, Analogues of the Lebesgue density theorem for fractal
sets of reals and integers, ibid. 64 (1992), 95-124.

[BS] R. Bellman and H. Shapiro, On a problem in additive number theory, Ann. of
Math. 49 (1948), 333-340.

[Be] A. Besicovitch, On the sum of digits of real numbers represented in the dyadic
system, Math. Ann. 110 (1934), 321-330.

[BIK] R. Blei and T. Koérner, Combinatorial dimension and random sets, Israel J.
Math. 47 (1984), 65-74.

[Bu] L. E. Bush, An asymptotic formula for the average sum of the digits of integers,
Amer. Math. Monthly 47 (1940), 154-156.

[Co] J. Coquet, Power sums of digital sums, J. Number Theory 22 (1986), 161-176.

[De] H. Delange, Sur la fonction sommatoire de la fonction “somme des chiffres”,
Enseign. Math. 21 (1975), 31-47.

[DZ] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications,
Jones and Bartlett Publishers, Boston, MA, 1993.

[DT1] J.-M. Dumont and A. Thomas, Digital sum moments and substitutions, Acta
Arith. 64 (1993), 205-225.

[DT2] —, —, Modifications de nombres normaux par des transducteurs, ibid. 68

(1994), 153-170.



[DT3]
[Ed]
[Bg]
[E1]
[Fal]

[Fa2]
[FFW]

[Fu]

[GKPT)]

[KC]

(K]

[LvF]

[NS]

[Na]
[o11]

[012]
[PW]

[Sh]

[Va]

[Wa]

Distribution of digits in integers 277

J.-M. Dumont and A. Thomas, Gaussian asymptotic properties of the sum-of-
digits function, J. Number Theory 62 (1997), 19-38.

G. Edgar, Integral, Probability, and Fractal Measures, Springer, New York,
1998.

H. G. Eggleston, The fractional dimension of a set defined by decimal proper-
ties, Quart. J. Math. Oxford Ser. 20 (1949), 31-36.

R. Ellis, Entropy, Large Deviations, and Statistical Mechanics, Grundlehren
Math. Wiss. 271, Springer, New York, 1985.

K. J. Falconer, Fractal Geometry—Mathematical Foundations and Applica-
tions, Wiley, 1990.

—, Techniques in Fractal Geometry, Wiley, Chichester, 1997.

A.-H. Fan, D.-J. Feng and J. Wu, Recurrence, dimension and entropy, preprint,
2001.

H. Furstenberg, Intersections of Cantor sets and transversality of semigroups,
in: Problems in Analysis (Sympos. Salomon Bochner, 1969), Princeton Univ.
Press, Princeton, NJ, 1970, 41-59.

P. Grabner, P. Kirschenhofer, H. Prodinger and R. Tichy, On the moments of
the sum-of-digits function, in: Applications of Fibonacci Numbers 5, Kluwer,
Dordrecht, 1993, 263—-271.

R. Kennedy and C. Coope, An extension of a theorem by Cheo and Yien con-
cerning digital sums, Fibonacci Quart. 29 (1991), 145-149.

P. Kirschenhofer, On the variance of the sum of digits function, in: Number-
theoretic Analysis (Vienna, 1988-89), Lecture Notes in Math. 1452, Springer,
Berlin, 1990, 112-116.

M. Lapidus and M. van Frankenhuysen, Fractal Geometry and Number The-
ory. Complex Dimensions of Fractal Strings and Zeros of Zeta Functions,
Birkh&user, Boston, MA, 2000.

Y. Nakai and I. Shiokawa, Normality of numbers generated by the values of
polynomials at primes, Acta Arith. 81 (1997), 345-356.

J. Naudts, Dimension of discrete fractal spaces, J. Phys. A 21 (1988), 447-452.
L. Olsen, Multifractal analysis of divergence points of deformed measure theo-
retical Birkhoff averages, preprint, 2001.

—, Distribution of digits in integers: Besicovitch—-Eggleston subsets of N,
preprint, 2001.

Y. Pesin and H. Weiss, The multifractal analysis of Birkhoff averages and large
deviations, preprint, 1999.

I. Shiokawa, Asymptotic distributions of digits in integers, in: Number Theory,
Vol. T (Budapest, 1987), Colloq. Math. Soc. Jdnos Bolyai 51, North-Holland,
Amsterdam, 1990, 505-525.

S. R. S. Varadhan, Asymptotic probabilities and differential equations, Comm.
Pure Appl. Math. 19 (1966), 261-286.

P. Walters, An Introduction to Ergodic Theory, Springer, 1982.

Department of Mathematics
University of St. Andrews

St. Andrews, Fife KY16 9SS, Scotland
E-mail: lo@st-and.ac.uk

Received on 1.10.2001 (4119)



