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1. Introduction. Throughout the paper, the integer part of a real num-
ber ¢ is denoted by |¢].
The Piatetski-Shapiro sequences are sequences of the form

(|nDnen (¢ >1, ¢ € N).

They are named in honor of Piatetski-Shapiro, who proved (cf. [22]) that for
any number ¢ € (1, %) there are infinitely many primes of the form |n¢|.
The admissible range for ¢ in this theorem has been extended many times

over the years, and the result is currently known for all ¢ € (1 &) (cf. Rivat

» 205
and Wu [23]).

In the present paper we examine various arithmetic questions about the
Piatetski-Shapiro sequences. For instance, denoting by P(m) the largest
prime factor of an integer m > 2, we exhibit a positive function é(c) which
has the property that, for any non-integer ¢ > 1 and real € > 0, the inequality

(1.1) P(|n¢]) > nfle)—¢

holds for infinitely many n. Our results extend and improve the earlier work
of Abud [I] and of Arkhipov and Chubarikov [3]. The latter authors claim
that for any ¢ € (1,2) one has

P( anJ) > n(27713c)/2875
for infinitely many n; however, since they do not establish a result similar to
our Proposition (see §4)) to eliminate prime powers p* with k > 2, their

result cannot be substantiated for ¢ > % = 1.712.... The results presented
here are much sharper than those in [3] and cover a wider range.
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Throughout the paper, we make the convention that if a result is stated
in which ¢ appears, then € denotes an arbitrary, sufficiently small positive
number.

THEOREM 1. Let 6(c) be the piecewise linear function given by

2—c zf%gc<%,
3 —2¢ if%gcg%
(92 —49¢)/68 if ¥2 << 1%,
0(c) = q (74 —31c)/86 if 19 <c< 12
(23 —10c)/25 if 2 <c<
(4—2¢)/3 if 38<c<3,
(3—1¢)/6 if5<c<2.

Then for any c € [%, 2) the inequality (1.1)) holds for infinitely many n.

THEOREM 2. There exists a constant 8 > 0 such that, for any ¢ > 2,
c € N, the inequality

P(|n°]) > nP/e

holds for infinitely many n.

Theorem [I] is proved in §§5H6} Theorem [2]is proved in §5

The most important tool for our proof of Theorem [I| is the following
exponential sum estimate, which is obtained by adapting the work of Cao and
Zhai [11] (actually, our result is much simpler in form than that in [I1]). Here

and below we use notation like m ~ M as an abbreviation for M < m < 2M,
and (mq,...,mg) ~ (My,..., M}) means that m; ~ My, ..., my ~ M.

THEOREM 3. Let

S = Z a(m)b(my, mg)e(Amo‘mfmg),
(m,m1,ma)~(M,Mq,M>

)
where M, My, My > 1, A # 0, |a(m)| < 1, |b(m1,m2)| < 1, and the con-
stants o, 3,7 satisfy a(a — 1)(a — 2)By # 0. Writing N = MMy and
F = |A\M°‘M1ﬁM; we have

S (MN)™ < MPSNT/SFVS £ MNT/S 4 \37/49 N46/49 /49
L VI23/29 N2T/29 3/58 | rA3/58 \27/29 [72/29
L MMI5/152 NT/8 R25/304 L r41/54 \25/27 7/108
+ MY/OSN + MUON T,
This is proved in
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As another application of Theorem [3] we give in §4] a detailed proof of
a result sketched by Cao and Zhai [12]; their earlier paper [10] covers the
narrower range 1 < ¢ < %.

THEOREM 4. For fized c € (1, %) we have
6
(1.2) #{n <z :|n°| is squarefree} = 27 + O(z'79).

A third application of Theorem [3is the following result, which is needed
for our proof of Theorem [I] and may be of independent interest; the proof is

given in
THEOREM 5. For fized ¢ € (1, %) the inequality

Z log p Z 1> (c—¢)xlogx

p<ze n<z
pl[n°]
holds for all sufficiently large x.
A question that has not been previously considered is the following: for
which values of ¢ is it true that one has
P([nf]) <n°
for infinitely many n? In this paper, we show that this is the case whenever
(1.3) 1<c< 3918 =1.2007....
More precisely, we prove the following result in §6]

THEOREM 6. For any number ¢ in the range (1.3)) we have
#{n <z:P(|n°]) <n}>a'"c

Finally, we consider a problem connected with Carmichael numbers,
which are composite natural numbers N with the property that N |a® — a
for every a € Z. The existence of infinitely many Carmichael numbers was
established in 1994 by Alford, Granville and Pomerance [2]. In §7| we adapt
the method of [2] to prove the following result.

THEOREM 7. For everyc € (1, %) there are infinitely many Carmichael

numbers composed entirely of primes from the set
P = {p prime: p = |n°] for some n € N}.

We call the members of 2(9) Piatetski-Shapiro primes. The proof of The-
orem [7] requires a considerable amount of information about the distribution
of Piatetski-Shapiro primes in arithmetic progressions. Here, we single out
one such result. Writing

m(x;d,a) = #{p <z :p=amod d},
me(z;dya) =#{p<zxz:pe€ 2 p=amod d},
we establish the following result in §7]
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; ; 18
THEOREM 8. Let a and d be coprime integers, d > 1. For fized c € (1, 1)
we have

me(x;d,a) = v2' w(z;d, a) + (1 — ) Szﬂfzﬂ(u; d,a)du
2
+ O(x17/39+7'y/13+6)'

We remark that, for each of the various results obtained in the present
paper, the admissible range of ¢ depends on the quality of our bounds for
certain exponential sums; the particular type of exponential sum that is
needed varies from one application to the next.

2. Notation and preliminaries. As usual, for all t € R we write
e(t) =, |t =minft—nl, {t} =t |¢].
ne”L

We make considerable use of the sawtooth function

ORIEIUES BEUES

along with the well-known approximation of Vaaler [25]: there exist numbers
cnp (0 < |h| < H) and dj, (Jh| < H) such that
1 1
(2.1) )W) _— che(th)‘g 3 die(th), o< T < 7
0<|h|<H |h|<H
We use the following basic exponential sum estimates several times.

LEMMA 9. Let f be three times continuously differentiable on a subin-
terval T of (N,2N].

(i) Suppose that for some X\ > 0, the inequalities
A< XN (tel)
hold, where the implied constants are independent of f and X. Then
> e(f(n)) < NAVZ4 A7V
nel

(ii) Suppose that for some X\ > 0, the inequalities
A" <X (tel)
hold, where the implied constants are independent of f and X. Then

Ze(f(n)) < NAV/6 4 N3/4 4 N1/4AN-1/4,
nel

Proof. See Graham and Kolesnik |15, Theorems 2.2 and 2.6]. m
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LEMMA 10. Fiz ¢ € (1,2), and put v = 1/c. Let 21, 22,... be complex
numbers such that z;, < k®. Then

Z 2p =7y Z 2k 4 Z zk(W(=(k+1)7) —(=k")) + O(1).
k]iTVIL{CJ k<K k<K

Proof. The equality k = |n¢| holds precisely when & < n® < k + 1, or
equivalently, when —(k +1)7 < —n < —k”. Consequently,

Z Zk—zzk K] = [=(k+1)7])

k<K k<K
k= Lnej

= > (b + 1) =K + > z((—(k +1)7) = p(=k)).
k<K k<K
The result now follows on applying the mean value theorem and taking into
account that >, B

LEMMA 11. (Erdés—Turan) Let ty,...,tx € R, 8 € (0,1), and H > 1.
Then

K
#{k < K : {ty} < B} — K/J’<<—+Zh‘z tkh‘
k=1

Proof. See Baker [4, Theorem 2.1|. =

We need a simple “decomposition result” for sums of the form
> Am)fm)
X<n<X,

where f is any complex-valued function, and X3 ~ X. A Type I sum is a

sum of the form
S[ = Z Z aj f(kl)

k~K I~L
X<kl<X1

in which |ag| <1 for all k ~ K. A Type II sum is a sum of the form

(2.2) Sr= > apb f(kl)

k~K I~L
X<kI<Xy

in which |ag| < 1 and |b] < 1 for all (k,1) ~ (K, L). The following result
can be derived from Vaughan’s identity (see Vaughan [26] or Davenport [13],
Chapter 15]).

LEMMA 12. Suppose that every Type I sum with L > X?/3 satisfies the
bound

S < B(X)
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and that every Type II sum with X'/3 < K < X'/? satisfies the bound
S < B(X).
Then
> A(n)f(n) < B(X)X".
X<n<X;

A standard procedure for estimating Type II sums with functions of the
form f(n) = e(g(n)) can be derived from the proof of [I5, Lemma 4.13].

LEMMA 13. Let1 < @Q < L. If f is a function of the form f(n) = e(g(n)),
then any Type 11 sum (2.2) satisfies

1Sul> < X2Q7 '+ xQ71 Y > IS(g, )],
0<lq|<Q I~L
where
Sa.)= ) elg(kl) —g(k(l +q)))
keZ(q,l)

for a certain subinterval Z(q,l) of (X, X1].

3. Exponential sums with monomials. Theorem [3|is proved via the
method of Cao and Zhai [II]. The upper bound in our theorem has nine
terms, whereas in [11, Theorem 6| the corresponding upper bound has four-
teen terms. Since Cao and Zhai omit the details of their optimization, we do
not know how our optimization differs from theirs.

For the proof, we require four general results from the literature, which
are reproduced here for the convenience of the reader; some other results are
quoted during the course of the proof.

LEMMA 14. Let Y = (yg)k~x and Z = (2;)i~1, be two sequences of com-
plex numbers with |yx| <1, |z| < 1. Let ay, B € C, and put

Sas(V,Z) =D Y arBie(Byra).

k~K I~L
Then
|Sa,5(Y, Z)[> < 20(1 + B)Sa(Y, B~1)S5(2, B),
where
SaY, B )= Y Jagow| and S3(Z,B )= > |8yl
k,k! ~ K LU~L
[ye—ypr |<B™1 |z1—2y | <B™1

Proof. See Bombieri and Iwaniec [8, Lemma 2.4]. m
LEMMA 15. Let o, 8 € R with af # 0, and let K, L > 1. Put
k1P
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Then for any C > 0 we have
#{(k,k,1,1) : kb~ K, 1,1~ L, lu(k,l) —u(k,1)| < C}
< KLlog(2KL) + K*L*C.
Proof. See Fouvry and Iwaniec [I4, Lemma 1|. =

LEMMA 16. Let N,Q > 1, and let Z = (zp)nn be a sequence of complex

numbers. Then
2 N
DT,
n: N<n+tq<2N

>
n~N lgl<@

Proof. See [14, Lemma 2|. =
LEMMA 17. Let

J K
LQ) =) _CiQ% + > DpQ %,
j=1 k=1

where Cj,cj, Dy, dy, > 0. Then
(i) For any Q > Q' > 0 there exists Q1 € [Q' Q] such that

<< i CdeCJ 1/(cj+dx) + ZC c]~ + kaQdk

Jj=1k=1 J=1

(ii) For any @ > 0 there exists Q1 € (0, Q)] such that

Z CdeC] 1/(cj+dk) + ZDkQ dk

ji=1k=1 k=1

Proof. See [15, Lemma 2.4] for a proof of the first assertion; the second
assertion can be proved similarly. m

Proof of Theorem[3 Let T1,...,Ty respectively denote the nine terms in
the bound of the theorem.
Applying [14, Theorem 3| we have the bound

S22« MY2N3ARYA L N TN 4 N3/ 4 A0 N /A
where .Z = log(2M N). In the case of ' < M2N'/? it follows that
SL < Th+ Ty + T,

and the theorem is proved; thus, we suppose from now on that F > M2N1/2,
By Cauchy’s inequality we have

ISP <N Z ‘Z e(Am* mfmg)z

myi~M; m~M
mor~ Mo
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Let Q be a parameter (to be optimized later) such that 10 < Q < M/3~¢,
Applying Lemma [16| to the inner sum, we obtain (after splitting the range
of ¢ into dyadic subintervals)

(3.1) S22 « M?N2Q7 ' + MNQ'%,

where
Z Z c(m, q1)e m,fh)Amfmg)

mi~My m~M
ma~Ma 1 ~Q1

for some Q1 € [%, Q], with

c(m, q1) = a(m + q1) a(m — q1),
t(m,q1) = (m+q)* — (m —q1)*.
Note that |c(m,q1)| < 1 for all (m,q1) ~ (M, Q1).
Next, we put Q2 = @2 and again apply Cauchy’s inequality, Lemma
and a dyadic splitting argument to derive the bound
(32) Z713% <« M2N?Q3Q;' + MNQQy 'Y = M?N? + MNQ; '3y,

where

Z Z m ,q1, QQ (t(m7 q1, q2)Amfm;)

myi~My; m~M
ma~Ms 1~Q1
q2~Q3

for some Q35 € [%, Qg], with

c(m,q1,q2) = c(m+ q2,q1) c(m — g2, q1),
t(m, q1,q2) = t(m + g2, q1) — t(m — g2, q1).
Note that |c(m, q1,¢2)| <1 for all (m,q1,q2) ~ (M, Q1,Q2).
We now partition the sum X;. To do this, we put
Qo = minfQ1,Q3} and Q= max{Qr, Q5}.
Let f be the function defined by

fla, @) = (qugg™ Y2,

and let ¢ > ¢ > 0 be suitable constants (depending only on «) such that the
interval

= [c f(Qa,Qp), ¢ [(Qas Qb)]

contains all numbers of the form f(q1,¢2) with (g1, g2) ~ (Qa, Qp). Let 1 be
selected from the range

(33) max{Q2Q, %, 32Q,'Q, '} <n<dje—1.
Let ax = (1 + )" ¢ f(Qa, Qp) and Ty = [ag, (1 +n)ax] for 0 < k < K, where
log(c/c)
- Log(l + n)J '
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Note that K < n~! for all  satisfying (3.3)). Since t(m, q1, g2) = t(m, g2, q1)

we have
> > > e(t(m, q1,q2) Amim3).

0<k<K (q1,q2)~(Qa,Qp) m~M

mi~Mq
Harg2)€Ze 700

Let Dy, be the number of 6-tuples
(mv TAfL, q1, ala q2, 672) ~ (Ma Ma Qaa Qaa Qba Qb)
such that f(q1,¢2) and f(q1,q2) lie in Zj; and
tm7q17q2 _tﬁ/%alaaé L ——%——,
[t( ) — i )| AN
and let £ be the number of 4-tuples (my,mi,ma, ma) ~ (My, My, My, My)

such that )

[A[Me—201Q5

An application of Lemma for each value of k (taking B < M _QFQ1Q§
and using the fact that F' > M2N'/?) yields the bound

o< (MTPFQUSE)Y? Y D

|m’fm'2y my m2| <

0<k<K
Using Cauchy’s inequality again we have
(3.4) < MTPFQiQ3En" > Dy,
0<k<K

First assume that o # 3.

If Qy > QuM¢/* we are in a position to apply [II, Theorem 2|; the
conditions Qp < M and Q,Qp < M?3/27¢ are certainly satisfied. For a
suitably chosen 7 satisfying we obtain the bound

(3.5) M~n™' > Dyp< B,
0<k<K
where
= MQuQp+ M'F'QuQy+ M'Q Q)" + M2 Q30
+ M3/4F—1/8QZ/4Q§ +M3F_1/2Qa + QC1l3/6Q2/2
+ MPYAQIQ) + MR},
In the case that Q < Q,M¢/* we apply |II, Theorem 1] with the choices

= 0 and n = ¢’/ec. Since the condition @, < M 2/3=¢ i3 clearly satisfied,
we see that

M~y 'Dy <« M~ Dy < MQuQy+M*QuQuF '+ M 2Q2Q8+Q2Q*.
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Since
_ _ 8/3 5/2
M7?QpQ8 < M7?QuQ8 - MY? and Q20" < QP°Q) - M7/,
we obtain (3.5)) in this case as well.
Since Q, < Q1 and @, < Q2 = Q? we find that
(3.6) M~<p' Y D, < By,
0<k<K
where
By = MQ} + MFTIQ} + MVAQY + M2Q12 + M3 FVRQP!
+ M3F*1/2Q1 + Q?S/ﬁ + MF*1/4Q35/4 +M’1/2Q17/2.

We now notice that for « = 3 we have t(m, q1,q2) = 24mqiqa, so the
bound (3.6]) is immediate in this case.
To bound E we use Lemma [I5] to derive that

M?N?
FQiQ3
Combining , and leads to
M™%5? < M72FQuQ3(N+M2N?/(FQ1Q3))Bs < (M~2NFQ}+N?)By.
Taking into account we see that
M35t « MANY + M2N2Q1—2 MEX?
< M*N* + (FN?Q1 + M*N*Q1?)B,.
In the last expression only one term has a negative exponent of (01, namely,
(M2N4Q1_2)(M3F_1/2Q1) < MONAF—1/2,
in the other terms, we replace @)1 by Q. In view of we derive the bound
ISBM ™45 < MENSQ~ + MAN4Q~ . M3 5*
< M3NBQ™ + MPNTF + MSN7 + MT/ANTRQ13/4
£ MANTFQ® + MYWANTET8QI/A L MTNTRY2Q—2
+ MANTFQ/6 1 MONTF3AQY3/4 L (T2 NT FQU/?
+ MTNSQ™3 + MYONSF-1Q=3 4 M2/ANSQL/A
+ MANSQS + M2T/ANSF-L8Q~1/4 4 pONSF—1/20—4
+ MONBQT/S + MTNSF=1/AQV/4 1 M1 /2 NS5/
=Ui+---+Uy (say).

Because F > M? and Q < M1/3, we can discard Uys and Uig in view of
the term M5/SN in the bound of Theorem [3] Collecting terms for which the

(3.7) E<NZ+
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exponent of F'is 1, we use ) < M3 to eliminate Us and Uyp:
U5 < U2 and U10 < Ug.

Collecting terms in which F' is absent, we use Q < M'/3 to eliminate Ui,
Uis, Urs, Ur7 and Usg:

max{U11, Uis, U1, Ur7, Urg} < Us.
We can also discard the term Ujg since the bound Ujg < Uy follows from
the inequalities F' > M? and @ > % Finally, the term Ujs can be eliminated
as the inequality F > M2N/2 implies that
U12 — MlONSF—lQ—3 S (MSNSQ—4)1/2(M7N7F1/2Q—2)1/2 — (U1U7)1/2.
After eliminating these terms, we are left with the bound
|S|8M—48 < M4N7FQ25/6 + (M17/4N7F + M5N7F3/4)Q13/4
+ M19/4N7F7/8Q11/4 + M5N7F + M8N7
+ M7N7F1/2Q72 + M8N8Q74'
Now we apply Lemma [17]to derive that
|S|8M*4€ < M5N7F + M8N7 + M223/37N7F49/74
L )f296/49 \r368/49 (224/49 | 3 r131/21 N7 (225/42
1 \f184/29 \r216/20 [012/20 | r125/21 N7 29/42
4 M172/29 \216/29 [16/29 | 3 r115/19 N7 p25/38
+ M164/27N200/27F14/27 + M4N7F + M5N7F3/4
+ M17/4N7F + M19/4N7F7/8 + M19/3N7F1/2 + M20/3N8
=Vi+---+Vig (say).
We can discard half of these terms using the following facts:
(1> Vs < (‘/'152‘/222%703)1/777;
(i) Vs = V22/21V919/21;
(i) V5 = V12/21V919/21;
(iv) max{Vi1, Via, Vi3, Via} < Vi
1
(v) Vis < V20572
Therefore, we arrive at the bound
ISIPM ™ < Vi + Vo + Vi + Vo + Vs + Vi + Vig + Vig
=TP+ TS+ TS+ TP+ TS+ T§ + TP + T%,

as required. m
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4. On the divisibility of |n°| by squares. The following proposition
is needed for the proofs of Theorems [4] and 5

PROPOSITION 18. Fiz c € (1, 18479) Let 1 < D < 292, and let (2d)d~D

be a sequence of complex numbers such that zg < logd. Then

(4.1) Y Y 1=z Z—+O

d~D n<x d~D
d?|[n°]

Proof. First, suppose that D < z27¢7%¢. Let Sy be the inner sum on the
left-hand side of (4.1). By the argument used to prove Lemma we see
that

Sa= Y ([=()] — [~(P1+1)"]) +0(1)

I<zc/d?
= D ([@1+1) = (@)) = Y d(=(d?))
I<zc/d? I<zc/d?
+ > p(=(d+ 1)) +0(1).
I<zc/d?

The mean value theorem yields the estimate
x

(@11 = (@) =qd"* > DT+ 0(1) = = +0(1)

I<zc/d? I<zc/d?

(see, e.g., LeVeque [21), pp. 138-139] for the last step). Hence, to finish the
proof in this case it suffices to show that the bound

(4.2) Y. U(=d+E)) < DT

I<zc/d?

holds uniformly for 0 < ¢ < 1. Applying [10, Lemma 3| with kK = A = % the
left-hand side of (| . is

S U+ 7)< a2 4 d )
I<zc/d?
< D72/3x(0+1)/3 +D72x17’y < D71x172€’

where we have used the inequality D < 22775 in the last step.
Next, we consider the case D > 227¢7%¢_ It suffices to show that the sum

(4.3) => > (- [~ (@1 +1)7])
d~D I~L
satisfies the bound
S(D,L) < x'7%
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uniformly for all L > 1, D?L < z°. Noting that the summand in (4.3 is
always either 0 or 1, and it is 0 whenever

{=(P)} > (L +1)7 (@),
an application of Lemma [T1] yields the bound

S(D,L) < ZZ 1

d~D I~L
{= (@) <(D2L)71

DL
B RN SEL 3y S
h<Hi d~D I~L
for any number H; > 1; we choose H; = DLz~113. Since
DL(D?L)™' = DY D?*L) <« D7 'o < 277,
1

we need only show that for 5 < H < H; and any sequence (bp)p~p of
complex numbers with |by| < 1, the following bound holds uniformly:

(4.4) =Y > > eln ) < Hzl™%,
h~H  d~DI~L

If it is the case that D > 22¢73%16¢ we can deduce (4.4) from Robert and
Sargos |24, Theorem 3|, which yields

1/4
* € —1/2 -1

(4.5) S <<g;DLH<(DL2H> + L7+ F >

where

(4.6) F = H(D*L) < Hz.

The second and third summands in are easily dispatched. Indeed,
DL'?Ha® <« Ha®/*** <« Ha' =%,
and
(4.7) DLHF '2° < (D*L) 772 < 2717 <« Hal 7%,
Taking into account and the inequality D > 22¢73%16¢ e have for the
first summand in :
_F Y 1/2 —1/4 773/4 11 /4, e
DLQH) x° = (D*L)"/*D Y *H**F "¢
< ($C)1/2(x2c—3+165>—1/4H3/4(Hx)1/4$e — Hz'"3,

which gives (4.4]) and finishes the proof in this case.
We treat the remaining case 227¢7%° < D < 22¢73+16¢ y5ing Theorem
Let n < 1 be a real number such that for F < nL the derivative of the

DLH(
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function [ — h(d?l)Y has absolute value at most 1/2 for h ~ H, d ~ D. If
F < nL, the Kuz'min-Landau inequality (cf. [I5, Theorem 2.1|) gives

S* <« DLHF™!,

and the proof is completed using the estimate (4.7). Now suppose that
F > nL. We apply the B-process to the sum over [ in S*. Following the
argument that yields [24], (6.10)] we have

1/2 =
YhBdTL®
R —— S § § § j e(ut)e()‘min{L,|t|_1}dt
1/2 ~1/ o
r / 71/2 h~H d~D V<v<Vp HBDVV

+DLHF~'? + DHlog D,

where

1 P
V=W=F/L, Y=F Bf=-— 5= =7

L=y L—n
It is easy to see that

DLHF—1/2 _ D—l(DQL)l—’y/2H1/2 < H1/2.'L'26_5/2+6£
since D?L < z¢ and D > 227¢7% and that
DHlog D < Hg? 3+

since D < x2¢73+16¢ Taking into account that ¢ < % we obtain the bound
DLHF~'? + DHlog D < Hz'~%,

which is acceptable with regard to (4.4]). To bound the integrand above, we
apply Theorem [3| pointwise with (F'/L, DH) instead of (M, N); as a result,
it suffices to show that

(F/L)5/8(DH)7/8F1/8 4t (F/L)ll/IO(DH)F—1/4 < (Fl/Q/L)H$1_4E.
Replacing F by H(D?L)Y, we now obtain nine separate bounds of the
form
(4.8) D'LSHY(D?L)"™ <« v~ ¢,
where C'is a positive constant (not necessarily the same at each occurrence)
and the numbers r,t, s, u, v satisfy
t>0, s+t>0, u>0, r>2s+t.

Indeed, using the inequalities H < DLz ~173¢ DL <2¢ and D < |lg2¢-3+162
the left-hand side of (4.8) is

DTLsHt (DQL)'yu < DT+th+t(D2L)'yul,—t+3ts
—_ Dr—25—t(DQL)s+t+'yu:L,—t+3ta

< (x2073+165)r7237t(:L,C)s+t+'yux7t+3ts < xfoE
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provided that
(2c=3)(r—2s—t)+c(s+t)<t—u+w.

This leads to the bound

.7 19 149 12 85 163 Tl _ 149
¢ <min{g, 17, 57 75 190 950 59 = 87

and the proof is complete. n

Proof of Theorem [, Using Proposition [I§ and a dyadic splitting argu-
ment, the left-hand side of ([1.2)) is equal to

S INTUED SNTUNED SIS S PR}

n<z d?||nc| d<zc/? n<x d<zc/2
|n¢|=0mod d?

The theorem then follows by extending the series to infinity. m

Next, we turn to the proof of Theorem |5, which eliminates p¥ with k& > 2
from a Chebyshev-style approach to establishing a lower bound for P(|n¢]).

Proof of Theorem[J Clearly,
(4.9) Z log|n¢| ~ cxlog .

n<x

The left-hand side of (4.9) may also be written as

DD Ady=D Ad) > 1= logp > 1+E

n<z d||n°] d<z¢ n<lz p<x¢ n<lx
d|[n¢] pl[n°]
where
<< Y ke Y 1=Ya Y1
k>2, p<ze/k n<w d<z° n<wz
p?LE/2)| ne] d?|[n°]
Here,
aqg = Z logp <2logd (d < z°).
k>2,p<aze/k
plk/2] =g

By Proposition [18 we have E < z, and Theorem [5| follows immediately. =

5. Large prime factors of |n¢|

Proof of Theoremfor cE (M §). Let 6 = £2. We show that

20803 3
(5.1) Z logp Z 1< (0(c) + O(e))xlogx
prQ(C)fé n<x

pl[n°]
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for all large z. In conjunction with Theorem [f this establishes that there
is a positive proportion of natural numbers n < z divisible by some prime
p > 299 thus, P(n) > n’©=9 for such n.
We cover [1,2%()~¢] with O(log z) abutting intervals of the form

Ip =[D,(1+¢)D]
with 1 < D < 2()=¢, For each D we cover [1,2°/D] with O(log x) abutting
intervals of the form

Jr=[L,(1+¢)L]
with 1 < L < 2¢/D. As in the proof of Lemma the double sum in (/5.1)
is
(5.2) > logp D> (I=(1)7] = =l +1)7]) + O,

pgxe(c)—e lng/p

Arguing as we did after (4.3)), the contribution to (5.2)) from the pairs (p, 1)
that lie in Zp x Jr, is at most

w, 1
WD,LaogD)(DL>7—1<7+0<5>>+0( D DY e<h<pz>7>\),
Voh<m U pezpxan

where
Hy = DLz '™ and Wp =#{(p,]) € Ip x J1.}.
Now
> Wp,r(log D)(DL)~ (v + O(e))
D,L

<(140() > logp Y ()

pgmg(‘?)_‘s leC/p
lo
<(1+0(E)e Y 2
pSIEG(C)_‘S p

< (0(c) +O(e)) zlog x.

Hence it suffices to show that for any pair (D, L), any number H € [1, Hy],
and any sequence (ap)p~pg of complex numbers with |ay| < 1, the following
bound holds uniformly:

St = Z ap Z e(h(pl)) < Hz' ™.
h~H (p,l)GIDXJL
We consider three separate cases.

CASE 1: c € [233, 42} We use [24, Theorem 3| to obtain the bound

1/4
(5.3) S*<<x5DLH<< ul > +L1/2+F1>.

DIL?’H
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Here we write
F=H(DL)" < Hzx.

The last two terms in (5.3]) are handled easily, for
PDIV2H « 22D « Frapt?
since D < 227 ¢4 whereas
®DLHF™' = 2(DL)™ < 2710 <« Ha' ™0,
For the first summand, we have

F

1/4
_ .6 1/2 y1/4 773/4 121/4
— 29(DL)V2 DY R
DL?H) #(DL)

2DLH (

< $5($C)1/2(.’123—26_6)1/41‘]3/4([{93)1/4 < HII—(S
since D < x372¢~¢. This completes the proof in Case 1.

Now suppose ¢ > 112 . Before separating the argument further, we observe
that (using the Kuz’ mln Landau inequality as in the proof of Proposition
it suffices to consider the case that F' > nL for an appropriate constant n =< 1.
Following the argument that gives [24, (6.10)] we have

12 YhPdmo
64 SF<—% DD Y e <>‘mm{f:,ml}dt
F/ —1/2'h~H d~D V<v<Vi HoDTVE

+DLHF~'? 4+ DHlog D,

where

1
V=W=F/L Y=F B=——"0, =1

Since F > L it is clear that
DLHF~'? 4+ DHlog D < DL'?Hz? < DY?Hz/?*0
S Hw(@(c)+€)/2+6 << Hxl*(s

thus it only remains to bound the integral in (5.4). We group the variables
h,d, v differently in the next two cases.

CASE 2: c € [%, %g). To bound the integrand, we apply Theorem

pointwise with (M, My, Ms) replaced by (D, H, F'/L), and thus it suffices to
verify that

DOENTEYS 4. DO NR-1/4 o (R1/2[~1)F =2
Since F = H(DL)” and N = M1 My = H?(DL)YL™!, this gives rise to nine
upper bounds of the form

(5.5) D'L*HY(DL)"™ < 2~
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where C'is a positive constant (not necessarily the same at each occurrence)
and the numbers r, s, t, u, v satisfy

t>0, s+t>0, uwu>0, r>s.
Using the inequalities H < DLz~ "% and DL < z¢, we see that the left-hand

side of ([5.5) is

< Dr+th+tx7t+u+t6 — DTS (DL)s+tx7t+u+t5 < Drfsxc(ert)ftJrquté;

therefore, (5.5)) holds provided that
(5.6) D< x(v—l—t—u—c(s-‘rt))/(r—s)—a'

Taking all nine bounds into account, we must have D < 291(©)=¢ where

{7740 7—3c 92—49c 54—28c 54—29c 266—139c 100—53c 6—3c 20*56}
4 > 7T 0 68 42 39 192 74 0 5 0 22 -

After a simple computation one verifies that

01(c) = 2229 = g(c) for all c € [L2, 180)

so this completes the proof in Case 2.

CAsSE 3:c € [%, g) We proceed just as in Case 2 but with the roles of D
and H interchanged, i.e., we apply Theorem [3| pointwise with (M, My, Ms)
replaced by (H, D, F/L), and we have N = MMy = DH(DL)'L~*. We
obtain nine new bounds of the form (5.6 with different values of r, s, t, u, v,
and this leads to the requirement that D < z%2(9)=¢ where

_ i [5—2c 8—4c T4—3lc 46—20c 43—18c 230—103c 82—35c 22—T
O3(c) = min { 2%, 55e, Lggte, e, Bigghe, 2 nte, e B L

After a calculation, one verifies that 62(c) = 6(c) for all ¢ € [1%2,5). This
completes the proof in Case 3 and finishes the proof of Theorem [I] for values

of ¢ in the interval [%, %) "

01(c)=min

)

Not far to the right of ¢ = %, it becomes more efficient to estimate the

< hnc )
Z
q

n~N

in order to give a good lower bound for P(|n¢]). We use this approach for
values of ¢ > %

PRrROPOSITION 19. Uniformly over all integers a we have:

(a) Fiz c € (3,2). For any natural number q < NB=/6=3¢ e have

1—¢
(5.7) #{an:LnCJ:amodq}:];[+O<Nq >

(b) There exists a constant B > 0 with the property that for any fized
¢ > 2, ¢ & 7, the estimate (5.7) holds for any natural number
q < NB/e,
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From Proposition [I9 we derive the following corollary, which establishes
Theorem (1| for any ¢ € [%, 2) and also establishes Theorem .

COROLLARY 20. Let
_ 0 < 9
o= {690 TEse<2
B/c? if c>2, cé&Z.
Then
(5.8) P([n°]) > nfse)=¢
for infinitely many n.
Proof. Let p be a prime in the interval [%N‘%(C)_S/Q, N93(C)_5/2]. Apply-

ing Proposition with £/6 in place of ¢, the number of n ~ N for which
p||n| is > N/p > N1=03()+e/2 for all large N, and (5.8) holds for every
such n. =
LEMMA 21. There is a constant b € (0,1) such that for anyc > 2, c ¢ 7,

the bound ,

Z e(an’) < N17b/¢

n~N
holds uniformly for all a such that N=%/? < |a| < N2, where the implied
constant depends only on c.

Proof. This is a special case of Karatsuba [20, Theorem 1]; see also
Briidern and Perelli [9, Lemma 10|. One can adapt the work of Baker and
Kolesnik [7] to give an explicit value for b; an even larger value for b would
follow by incorporating the recent work of Wooley [27]. =

Proof of Proposition . The condition |n¢] = a mod ¢ is equivalent to

¢ 1
(5.9) “g{”}<“+.
q q q

According to Lemma the number of n ~ N for which (5.9)) holds is

o) el 2 (0D

1<h<qN¢
Thus, to deduce (a) it suffices show that the bound
hn¢ N1—25
5.10 e < 1< h < gN®
SR W

n<N
holds for any ¢ < NB=9/6=3¢ We apply Lemma @(ii) with A\ < hAN¢3¢~1,

which gives

> e(hnc) < JZ(WWWC@/G +gN g RPN,

n<N
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Taking into account the following bounds, which are valid for any ¢ € (%, 3):
p/6g5I6 N(e=3)/6 < (N(e=3)/6+e < =22
gN—V4 < N/A—e/6=3s < N2
BoVAPIAN—C/A < BIANC/A < NB/8-Tle/24-28 o =22
we finish the proof of (a).
For parb), choose any positive f < min{1, b}, where b is the constant

of Lemma 21| We must prove (5.10)) for any ¢ < N/ ¢ Clearly, if € > 0 is
sufficiently small we have

N*C/Q S ‘Z\]‘fﬁ/c2 S S NE S J\]‘C/Z7

SERSS

and by Lemma [21] it follows that

hn¢ N1—25
>, e(”) < N7V «
n<N q q

which completes the proof of (b). m

6. Smooth values of |n°|. The proof of Theorem [6] is based on the

following result which we prove by adapting Heath-Brown [17].
PROPOSITION 22. Fiz c € (1, %). Let (a)ken be a bounded sequence

of mon-negative numbers for which

K
6.1 E
(6.1) ap > 5

for all large K < %1‘ Put

K =gt 10 [ =176 R»n)= Z aray.

(k,l)~(K,L)
kl=|n®]

Then
> R(n) >z

n<x
Proof. In view of Lemma [10| we have
Y R(n)=Ty+Ti+O(1),
n<zx
where

To=v > aakl) ™' > (KL > '
(k,)~(K,L)
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from , whereas
Ti= Y aa@(=(kl+1)7) = (= (k)7)).

(k,1)~(K,L)
Hence, it suffices to show that T} < z!72¢.
Using (2.1)) and writing ¥*(t) = > o <p cne(th), yu = —(kl +1)7,

2zl = —(kl)7, we see that T7 < S1 + S + S3, where
S1= ‘ Yo e (yw) — " (i) |,

(k,l)~(K,L)

So=Y dn > e(hyn),

Ih|<H  (k1)~(K,L)

and S3 is defined as So with 24 instead of yi;. We choose H = 2 1+¢,

that the contribution to Sz + S3 from h = 0 is O(KLH ') = O(z179).
To bound the contribution to So + .53 for non-zero h, we use the exponent
pair (%, %) for the sum over [ and treat the sums over k,h trivially. For

example,

SO

d v
= (h(kt +1)7)

Since 2% < |h|2% < x71+7 for any ¢ < 2 we have

Z ’Ze(hykl)‘ < KLM2(ze 7o) 1/2 o Be/2-14Te o pl—e
kK I~L

= |h|(z°) 71K = |h|xb.

The sum 57 is treated using a partial summation argument given in
Heath-Brown [I8] with R(n) replacing A(n). It suffices to show that

Z Eh Z R(n)e(hn”) < Bx™*°,

h<H B<n<Bj
where B = KL, B is an arbitrary number in (B,4B], and |e| = 1 for
each h. We can rewrite this as

Z En Z ag Z aje(h(kl)”) < Bx™°.

h<H k~K B/k<I<Bi/k

By a standard technique (explained, e.g., in Harman [16], §3.2]) we need only
show that the bound

S=> e > by celh(kl)) < KLo~*
h~H' k~K o I~L
holds whenever H' < H, |bg| < 1, |¢;| < 1. We use Baker |5, Theorem 2]. It is
easy to check the hypothesis X > Lj Ly holds with the choice X = H'(KL)7,
Ly = H', and Ly = K; hence, for any exponent pair (x,\) we derive that
24K

/ 1/2 117V T IS L 2N
S < (H'K)Y2L + (HK )5 (H' K7 LY) %% L 242+ ) log z.
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Examining the ‘worst’ case in the proof of [5, Theorem 2| leads us to choose
the exponent pair (see [19])

432 1, 32 3843 4304
(R,)\) = BA (m +€,§ + 205 +€) = (m,m) +O(€)
Noting that the bound
(HK)'?Llogz < KLz~
follows from the identity H = Kz~ °¢, it remains to show that
24K _ k& 1+rtA — 92
HKz2s (KTLY)2%2 L 2%2% logax < K Lz~ =,
Recalling our choices of K, L and H, we are led to the bound

(24 K)(c—1)<1—A, or c<3¥08 4

Proposition [22| immediately yields the following result.

COROLLARY 23. For any fized c € (1, %)1

(a) for at least Coz'~¢ natural numbers n < x one has P(|n°]

)
(b) for at least Cox' =% natural numbers n < x one has P(|n¢]) >

<nf,
n2—c—a

)

where Cy > 0 depends only ¢ and .

The reader can easily obtain Corollary by taking (aj)ken to be the
indicator function either of the integers with P(k) < z/2, or of the prime

numbers. Note that assertion (b) completes the proof of Theorem |1|for values

of ¢ in the interval [%, %).

7. Carmichael numbers composed of Piatetski-Shapiro primes.
Our first goal is to establish two preliminary lemmas that are needed for an
application of Lemma [12| with the function

f(z) = e(ma” + zh/d),
where m, h,d € N. In what follows, we suppose that 1 < N < N; < 2N.

LEMMA 24. Suppose |ag| <1 for all k~K. Fiz v€(0,1) and m,h,deN.
Then for any L > N2/3 the Type I sum

Sr=>_Y are(mk'l" + kih/d)
k~K I~SL
N<kI<N;

satisfies the bound
S; < mV2NV3Y/2 L =12 N1-7/2,
Proof. Writing F'(I) = mkYlY + klh/d we see that
IF" ()] = my(1 =)D 2 <mK'L""2 (I~ L).
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Using Lemma [9] leads to

Z e(mk + klh/d) < m'PK2L02 4 g 22002,

I~L
N<kI<N;

Since |ag| < 1 for all k ~ K we see that

Sy < Z) S e(mk0 + kih/d)

k~K  I~L
N<kI<N,

< m1/2K1+’Y/2L’y/2 + m—l/QKl—’y/ZLl—’y/Q.

Noting that KL =< N (else the result is trivial) and so K < N3, we finish
the proof. =

LEMMA 25. Suppose |ag| < 1 and |b| < 1 for (k,1) ~ (K,L). Fiz v €
(0,1) and m,h,d € N. Then for any K in the range N3 <« K < NY? the
Type I sum

S = E E ax by e(mk™17 + klh/d)
k~K I~L
N<kI<N,

satisfies the bound
Sy < m VAN L VO NT/O+/6 4 N11/12,
Proof. We can assume that KL < N. By Lemma [I3] we have

(7.1) 1Sul? < KPL2Q7 '+ KLQ™ > > [S(g;1)],
I~L 0<|g|<Q
where
S(gn)= > e(F(k), F(k)=mk'(I"~(1+q)") - kqh/d,
keZ(g;l)

and each Z(g;n) is a certain subinterval in the set of numbers k ~ K. Since
F" ()] = my(1 = K21+ ) — 1) < mEO 2L Y (k~ K,
it follows from Lemma [0l that
S(g;1) < K(mK 2L )2 4 (mK 2L 1g) 712,
Inserting this bound in (7.1) and summing over [ and ¢, we derive that
’SH|2 < K2L2Q—l + ml/2K1+’y/2L3/2+’y/2Ql/2
+m 2K L5212/
< N2Q ' 4+ m\2K-12N3/2/21)2
L V2RV2NS220-1/2,
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where we used the fact that KL =< N in the second step. Since the above
holds whenever 0 < @ < L, an application of Lemma [I7] gives

1S|? < KN + m—Y2NZ/2 L VB 13 N34 /3 | jr—1/2 N2,
Finally, for K in the range N'/3 <« K < N'/? we arrive at the bound
1S0]? < m~V2N2-Y/2 /3 N1A/9+/3 L N11/6
and the result follows. m

For any coprime integers a and d > 1, we denote by @C(lcg the set of
Piatetski-Shapiro primes in the arithmetic progression a mod d; that is,

ﬁéci ={p=amodd:p= |n°| for some n € N}.

Our next goal is to estimate the counting functions

Te(x;d,a) = #{p < x: pE@da} and  Y.(z;d,a) Z log p

p<zx
(c)
peEP da
in terms of the more familiar functions

m(r;d,a) =#{p<z:p=amodd} and I (z;d, a) Z log p.

p<lx

p=amodd
By Lemma [I0] we have
Te(x;d,a) = Xy (x) + Xa(z) + O(1),
where
)=y > P D)= Y @W(=(p+ 1)) —v(-p")).
p<w p<lzx
p=amodd p=amodd

Using partial summation one sees that
xT
Si(x) =ya" w(wid,a) —y(y — 1) V0 w(u; d, a) du,
2
Next, we turn our attention to Xo(x). We begin by considering sums of the
form
(7.2) S= Y A (n+1)7) —h(=n?)).

N<n<N;
n=amod d

Arguing as in [15, pp. 47-49], for any real number M > 1 we derive the
uniform bound
(73) S <N max 3 ‘ 3 A(n)e(mn?)| + NM~ 4 N0V,

1<m<M N<n<Na3
n=amod d
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To bound the inner sum, we note that

Z A(n)e(mn”) Z Z A(n)e(mn” + (n —a)h/d),

N<n<Ngy h 1 N<n<Nsy
n=a mod d

hence it suffices to give a bound on exponential sums of the form
T = Z A(n)e(mn” +nh/d),
N<n<No

where 1 < N < Ny < 2N. We do this with an application of Lemma [I2]
taking into account the estimates of Lemmas 24] and 25} we find that

TN ¢ <« m1/2N1/3+’Y/2 + m1/6N7/9+’Y/6 4 m—1/4N1—’y/4 + N11/12
for any fixed e > 0. Inserting this bound in ([7.3) and summing over m, it
follows that
SN—E < N—2/3+37/2M3/2 + N—2/9+77/6M7/6
+N3’Y/4M3/4 +N_1/12+’YM+NM_1.
Since the above holds for any real M > 1, using Lemma [I7] we find that
SN € « N™2/3+37/2 | N=2/94T7/6 | N3v/4 4 N—1/124y
4 NL/3+37/5 4 NAT/39+T7/13 | N3/TH34/T o \11/244/2,
Since 7.(x; d,a) < x7, this bound is trivial unless the exponent of each term
in the parentheses is strictly less than . Thus, from now on we assume that

v € (%g, 1) In this case, after eliminating lower order terms, the previous
bound simplifies to

(7.4) S < NL7/39+77/13+¢

for any fixed € > 0.
To bound X (x), let

Gx)= Y (ogp)(W(—(p+1)7) —v(-p")),

p<z
p=amodd

H(z)= Y An)@(—(n+1)7)—1(-n?)).

n<x
n=amodd

Clearly,

and by partial summation,

Gz) [ Glu
Fa(x) = 102;:2 + S u(lo(g 1)L)2 du.
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Splitting the sum H (z) into O(log z) sums S of the form (7.2) with 2N < z,
and using (7.4), we see that the bound H(z) < g 17/39+77/T3%¢ holds for any
fixed € > 0, and from the preceding observations we derive a similar result
for Xo(x). Putting everything together, we have proved Theorem
Replacing the function 7.(z;d, a) with the weighted counting function

c(w;da)= Y logp= Y ([=p"] = |=(p+1)7])logp

p<z p<w
pE [@((iﬂ) p=amodd
,a

and using a similar argument, we obtain the following statement.

THEOREM 26. For any c € (1, %—g) and € > 0 we have
e(x;d,a) =y 1 9(x;d,a) + v(1 — ) S w2 9(u;d, a) du
2
+ O($17/39+77/13+s)

where the implied constant depends only on c, €.

For the proof of Theorem [7] we also require the following variant of
the Brun—Titchmarsh bound for Piatetski-Shapiro primes, which is a conse-
quence of Theorem

THEOREM 27. For any c € (1, }g) and A € (0,—% + %) there is a

number C = C(c, A) > 0 such that if gcd(a,d) =1 and 1 < d < z* then

Cx7
Cc ’d7 S .
me(z; d; a) o(d) log

Proof. Let € > 0 be chosen (depending only on ¢, A) so that
maX{ZA'y,égjL —|—6}<'y A—c¢.
Then by Theorem [§it follows that

(7.5) Te(z;d, a) < 2V n(zyd, a) + S W 2n(ud, a) du + 27 AF,

224

where the implied constant depends only on ¢, A. Since
—A
x'yfAfs < x7 x7

< 1<d<at
logz — ¢(d)logx (lsdsa®),

the result follows by applying the Brun—Titchmarsh theorem to the right
side of (7.5)). =

We now outline our proof of Theorem [7] We are brief since our construc-
tion of Carmichael numbers composed of primes from 2 closely follows the
construction of “ordinary” Carmichael numbers given by Alford, Granville
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and Pomerance [2]. Here, we discuss only the changes that are needed to
establish Theorem [7l

The idea behind our proof is to show that the set 29 is sufficiently
well-distributed over arithmetic progressions so that, following the method
of [2], the primes used to form Carmichael numbers can all be drawn from
2 rather than the set & of all prime numbers. For this, we apply the
results derived earlier in this section.

The following statement plays a crucial role in our construction, analo-
gous to that played by [2, Theorem 2.1].

LEMMA 28. Fizc € (1, %) and B € (O, —% + %) There exist numbers
n >0, xg and D such that for all x > xq there is a set D(x) consisting of at

most D integers such that
7 7

Delir: ) = O |= 2 ()

provided that

(i) d is not divisible by any element of D(x);
(i) 1 <d < aB;
(iii) ged(a,d) =1.

Every number in D(x) exceeds logxz, and all but at most one exceed x".

REMARK. In the statement and proof of Lemma [28] 1, x1, D and D(x)
all depend on the choice of ¢ and B, but this is suppressed from the notation
for the sake of clarity.

Proof of Lemma 28. For any such B we have 2B < % Applying [2]
Theorem 2.1] (with 2B instead of B) we see that there exist numbers n > 0,
x1 and D such that for all z > x; there is a set D(x) consisting of at most
D integers such that

Y 4 1-B
7.6 HNy;d,a) — ——|< ——— T <y<z
0 W= L@ | p@ )
whenever (i)—(iii) hold. Furthermore, every number in D(z) exceeds log z,
and all but at most one exceed z".

Let £ > 0 be chosen (depending only on ¢, B) so that
17 7
@+%+5§7_B_6a

and suppose that d and a are integers such that (i)—(iii) hold. Then by
Theorem 26] it follows that

’I9C(l'; d, a) =T +To+135+ O(T4),
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where
T, = ’Y"L"y_l 19(33’ d, CL),
To=~(1—7) S ' 29(u; d, a) du,
z1-B
Il_B
T3 =~(1—7) S W 29(u; d, a) du,
2
T4 = .%"Y_B_E.
By (|7.6) we have
097 -2 <1 <1192
Oy —— <11 <11y —
¢(d) ¢(d)
and
:L"Y {I;'Y(lfB) x'y 1'7(173)
0.9(1 —~ —|—O< >§T <1.1(1 -~ —|—O< >
C@ T @ ) S O e

Using the Brun-Titchmarsh bound ¥(z;d,a) < x/¢(d) for 1 < d < 28 we
also see that
x’Y(lfB)

¢(d)

T3 <

Finally, we note that

Combining the above estimates, we deduce that the inequalities

0.9+ 0(1));&) < Vu(aid,a) < (11 + 0(1))(;;)

hold as x — oo, and the result follows. m

As an application of Lemma [28 we derive the following statement, which
extends |2, Theorem 3.1] to the setting of Piatetski-Shapiro primes.

LEMMA 29. Fix ¢ € (1, %), and let A, B, By be positive real numbers
such that B < B < A< —% + %. Let C = C(e, A) > 0 have the property
described in Theorem . There exists a number o = xa(c, A, B, By) such
that if x > xo and L is a squarefree integer not divisible by any prime q
exceeding zA~B)/2 and for which

(7.7) >

prime q|L
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then there is a positive integer k < x'=B with ged(k, L) = 1 such that

#{d|L:dk+1<z andp=dk+1 is a prime in 2}
9=D=2(y1-B+B1yy-1

d|L:zP <d< P
oz 7 #d|L: 2z <d <z},

where D = D(c, B) is chosen as in Lemma

Sketch of proof. We follow the proof and use the notation of |2, Theo-
rem 3.1|. In view of Lemma [28| we can replace the lower bound [2] (3.2)] with
the bound
1 (dz'=B)Y
2 p(d)logx
Also, since dg < (dz'~B)4 for any natural numbers d < 2P and ¢ <
z(A=B)/2 Theorem enables us to replace the upper bound that occurs
after [2, (3.2)] with the bound

me(dat=B:d, 1) > (d| L', 1<d<zP).

4C (dz'=B)Y
q(1 — A) ¢(d)logx
for every prime ¢ dividing L’. Taking into account , we see that there
are at least

(!~ B) d’ (' B) g (v—1 B B
-_ > =D fd| L 2B <d <
4log x 1<dz<:B<p(d) ~ 4logz v #d| v sdsav)

*d|Z'x

Wc(darl_B;dq, 1) < (1<d< xB)

pairs (p,d) where p < dz'~5 is a prime in P9, p = 1mod L, (p — 1)/d is
coprime to L, d| L', and 28" < d < 2B. Hence, there is an integer k < z'~5
with ged(k, L) = 1 such that k has at least
(zt- BByl /. B B
d|L 2" <d<
Togs #{d|L 2™ <d < a7}
representations as (p —1)/d with a pair (p,d) as above. Since we can replace

[2, (3.1)] with the lower bound
#{d| L 2P <d<zP}y>2 P #{d|L: 2P <d < 2P},
the proof is complete. =

Let 7(z) be the number of primes p < z, and let 7(x,y) be the number
of those for which p — 1 is free of prime factors exceeding y. As in [2], we
denote by £ the set of numbers F in the range 0 < F < 1 for which

m(z, 2z F) > 21 (g = o0),
where the function implied by o(1) depends only on E. With only some slight

modifications to the proof of [2, Theorem 4.1|, using Lemma |29 in place of
[2, Theorem 3.1], we have:
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LEMMA 30. Fizc € (1, g—g), and let B, B1 be positive real numbers such
that B < B < —% + %, For any E € & there is a number x4, de-
pending on ¢, B, By, E and e, such that for any x > x4 there are at least
pEBHA-B+B0)(r—Y=¢ Curmichael numbers up to x composed solely of primes

from 2.

REMARK. It may seem more natural to state this result for any c €
(1, %) in view of our earlier results; however, it can be seen that the exponent
EB+ (1 — B+ Bj)(y—1) —¢ is never positive when ¢ > g—g, so the result is
vacuous in that case. This point is discussed further below.

Sketch of proof of Lemma 30. Following the proof and notation of [2|
Theorem 4.1], the condition is easily verified, so we can construct a set
P of primes in 2 with p < z with p = dk + 1 for some divisor d of L,
which satisfies the lower bound

—D—2(,.1—-B+B1\y—1
ups 2@ )

by Lemma 29| (compare to [2, (4.5)]). To complete the argument, we simply
observe that the lower bound for #{d|L : 1 < d < 2P} given in [2, p. 718]
is also a lower bound for #{d| L : 28 < d < 2B} if z is large enough, since

the product of any
" log 2P _ | Blogz
~|logy? | | flogy

primes ¢ € (y?/logy,y?] is a divisor d of L of size zB+t°(1) < d < 2B as
T —00. m

d|L:2P <d< 2B
log 2 #{d|L:z7 <d <z}

Taking B and B; arbitrarily close to —1—; + %, and noting that £ is an

open set by [2, Proposition 5.1|, Lemma implies that there are infinitely
many Carmichael numbers composed of primes from () provided that

6
(7.8) E(-d+3)+v—1>0
Since F < 1, this inequality cannot hold if v < %. Moreover, we do not know

that E can be taken arbitrarily close to one, i.e., that £ = (0, 1). At present,
it is known unconditionally that 0.7039 € £ (see Baker and Harman [0]),
and taking F = 0.7039 in ([7.8)) leads to the statement of Theorem .
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