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Sums of two powers of linear forms
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LEONHARD SUMMERER (Wien)

Introduction. In this paper we are interested in the proportion of forms
F(X) = F(X1,...,X,) of degree m with integral coefficients which can
be written as Lq(X)™ 4 Lo(X)™ with arbitrary linear forms L, Ly with
algebraic coefficients.

We consider forms
(1) FX) =) ¢X*= > o« Xt X0

[e a1+...4+a,=m

with coefficients g, in Z and define their height H(F') to be the maximum
modulus of these coeflicients.
Write Z(n, m, X) for the number of such forms F' with H(F') < X which
can be written as
F(X) = Ly(X)™ + Lo(X)™,

where L1, Ly are linear forms.
Our main result is as follows:
THEOREM 1.1. For m > 3 and n > 4m,
Z(n,m, X) =< X2/m,
with the constants implicit in =< depending only on n and m.

The particular quantity Z(n, 3, X) was estimated by the author in [Su],
the result there is covered by Theorem 1.1.
Two challenging open problems should be mentioned in this context (see
also [K], [E-K]):
Write Z,.(n,m, X) for the number of forms F as in (1) with H(F) < X
which can be written as
F(X)=Li(X)™ 4+ ...+ L.(X)™.

The estimate of Z,.(n, m, X) for r > 2 remains open.
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200 L. Summerer

Write Z(n, f, X) for the number of forms F' as in (1) with H(F) < X
that have a representation
F(X) = f(L1(X), L2(X))

where f is a binary form of degree m over Z and Li, Lo are linear forms.
The estimate of Z(n, f, X) represents a generalization of Theorem 1.1 in
another sense. Some of our methods, especially in Section 2, readily apply
to this more general situation.

1. The outline of the proof. We start with the observation that
forms F' counted in Z(n, m, X ) are the mth power of one single linear form
L (which we then call degenerate) precisely when the linear forms L; and
Lo have proportional coefficient vectors a and b. Their number is of order
of magnitude X™/™ for n > m and we may exclude this case from our
considerations and focus on non-degenerate forms.

The crucial fact and thus the base for all further investigation is con-
tained in

ProPOSITION 1.1. Let F be a non-degenerate form of degree m over C.

If
F(X) = Li(X)™ + Ly(X)™ = My (X)™ + Mx(X)™,

then, after a suitable permutation of My, M,
LT =M" and LY = Mj",
so that Ly = (M7 and Ly = EMs, with mth roots of unity (,&.

Proof. Since L1, Lo are linearly independent, grad F' = 0 precisely on
the space L1 = Lo = 0, which is therefore determined by F', and is thus
the same as the space M; = My = 0. Therefore Ly = a3 My + asMs and
Lo = 1 M7 + B2 M5 and we obtain a system

a{nfja% —I—[ﬁn*jﬁg =1= a{a;nfj —i—ﬁ{ ;"*j for j € {0,m},
o oy + 0By =0=ajay T + BB Vii1<j<m—1
If ayap # 0, we must have 3102 # 0 and (%) for j = 1 implies

(ar/B1)™ " = —(B2/a2) and (a1/B1) = —(B2/az)™ !,
so that after a little computation

2
(ar/B)™ 2™ = (=)™,

For j = 2, () implies further

(a1/B1)™ % = =(B2/a2)? and  (c1/f1)? = —(B2/2)™ 2,

and a similar computation shows

(ar/By)™ 4 = (—1)™.

(%)
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The combination of these two facts yields (c1/31)?™ = 1 and we obtain
af' =01, oyt =0y or of' =01, oy’ = =55
Comparing coefficients in the case j = 0, we see that the right hand equalities
cannot be satisfied, whereas for j = 1,2 the left hand equalities would give

Braz + a1 = 0 = Biaj + aifs,
which contradicts the assumption a;3; # 0. If g = 0, then 32 # 0, 51 = 0,
and we get of" = 33", hence the desired conclusion follows. If a; = 0, we
get 01 # 0, B2 = 0 and we have to interchange M7, M5 to fall under the case
as = (0 again.

The uniqueness of the representation of non-degenerate forms of degree
m implies the existence of representations over certain number fields for
rational forms. Let F(X) = (D a;X;)™ + (O a,X;)™ and K be the field
generated by the quotients a;/a; (1 <1i,j <n;a; #0).

COROLLARY 1.2. The field K depends only on the form F. It is either
the rational field or a quadratic number field. When K is rational, also
the quotients a//a; are rational; when K is quadratic, then ai/a} (1 <
1,5 < n; a # 0) is the conjugate of a;/a; in K. There exist representations

F(X) = )\(ZaZ X)™+ N alXi)™ where aq, ... an,ay, ... al, A\ are
in K, and if K is quadratic, the pairs A\, \' respectively a;,a;, (i =1,...,n)
are pairs of conjugates.

/!

Proof. By Proposition 1.1 the pair of points (ay :...: ay),(a}] :...:a))
in (n — 1)-dimensional projective space is uniquely determined by the form
F'. Every automorphism either leaves these two points fixed (i.e., leaves the
quotients a;/a; and aj/a};, when defined, fixed), or interchanges these two
points (i.e., interchanges a;/a; and a;/aj). If every automorphism is of the
first kind, then K = Q and all the quotients a;/a; and a}/a’; lie in Q. If
there is an automorphism of the second kind, then K is quadratic and a;/a;
and a;/a’; are conjugates in K.

There are representations of F' with (aq,...,a,) and (a},...,a,) in K"
and these vectors are not proportional. Hence if K = Q, every automorphism
maps A(D_ a; X;)™, N (D a; X;)™ into themselves, and therefore A\, \' € Q. If
K is quadratic, an automorphism may also interchange the two summands
of F'. Since the coefficients of the two appearing linear forms are respective
conjugates in K, the same must hold for A, \’.

DEFINITION 1.3. We call a non-degenerate form of degree m over Q
which has a representation of the shape

— )\(ZaiXi)m +)\'<Za;Xi)m

with A\, X, a;,a; € Q, i =1,...,n, representable over Q.



202 L. Summerer

Otherwise by Corollary 1.2 there exists a uniquely determined quadratic
number field Q(v/d) in which A\, N, a;,a} (i = 1,...,n) lie and are conjugates
respectively. We then call Q(\/E) the representation field of F.

As a consequence of these results, we first split Z(n, m, X) into the quan-
tities Z(d,n, m, X), which refer to the possible representation fields of the
forms in question. With these notations, the uniqueness of the number field
associated to each form yields

Z(n,m,X) = Z Z(d,n,m,X),
d#0

sq-free

and with a view toward the estimate of Z(n,m,X) we may first count all
forms with representation field Q(v/d) for fixed d, and then sum over all
these number fields.

THEOREM 1.4. Let n > 2m and h = h(d) be the class number of the
quadratic number field Q(\/E) Then there exists a constant C' > 0, depend-
ing on m only, with

Z(d7 n,m, X) < X2n/mh2(d)c"*’(d) ’d|*n/(2m),

where w(d) denotes the number of distinct prime factors of d, and the implied
constant in < depends only on n and m.

The proof of this theorem will only be given at the end of the paper, but
meanwhile we will show how Theorem 1.1 can be deduced from the above
result if we use a well known estimate for the class number of quadratic
number fields:

PROPOSITION 1.5. Let Q(v/d) be a quadratic number field with class
number h(d). Then for all € > 0,

h(d) < |d|*/?*e.

Moreover, if d < 0, then h(d) ~ |d|*/?, and the exponent 1/2 cannot be
improved.

Proof. This is an immediate consequence of Dirichlet’s class number for-
mula (see e.g. [NRRL, p. 91, Theorem §)).
Deduction (of Theorem 1.1): Theorem 1.4 yields, for n > 2m,

Z(n,m,X) = Z Z(d,n,m,X) < Z X2”/mh2(d)0”(d)|d\—"/(2m)

d#£0 d#0
sq-free sq-free
— X2n/m Z h2(d)cw(d)|d‘—n/(2m)
d#0

sq-free
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Proposition 1.5 then gives h(d) < |d|'/?*¢ for ¢ > 0 and it is clear that
C*d « |d|* for ¢ > 0 with the implied constant depending on m, e only.
Neglecting the condition that d be square-free we find

Z(n,m,X) < X2n/m Zdl—n/@m)—i—s.
d=1
Now 1 —n/(2m)+e < —-1—-1/(2m) 4+ < —1 for n > 4m and ¢ small, so
that our sum is convergent, and we finally obtain
Z(n,m, X) < X2v/m,

To round up our discussion of Z(n,m, X), it remains to give a lower
bound for this quantity. This turns out to be trivial since every pair of
non-collinear vectors ((ai,...,an),(b1,...,b,)) € Z™ x Z™ with |a,|,|b;| <
¢(n)X'/™ determines a form of the required shape via

F(X) = (Zax)m + (be)m

Z(n,m, X) > X2/m

The estimate

follows immediately.

Within a given number field, the representation of a given form F' as

FO) =AY axs) +X (Y ax)”

with X\, X, a;,a} € Q(v/d) for i = 1,...,n, which are supposed to be con-
jugates for d # 1, is far from being unique (e.g., a;, a; may be replaced by
va;,vay).

Our next task is therefore to reduce the number of possible representa-
tions belonging to the same F', in order to be able to sum over all represen-
tations to consider. This amounts to imposing conditions on the pair (A, \’)
that appears in some representation of F.

DEFINITION 1.6. Let F' be a form of degree m counted by Z(d,n,m, X)
in the representation of Definition 1.3. Then we call (A, \') the leading coef-
ficient pair of F in this representation, and we identify (A, \") with (A, A).
In the case d = 1 we get in this way a pair of rational numbers and for d # 1
a pair of conjugate numbers from the given quadratic number field.

As already noticed, the leading coefficient pair is not uniquely determined
for a given form, but it is an easy matter to show that there is always a
representation of F' with integer leading coeflicient pair and that moreover
two such pairs differ only by an mth power in the respective representation
field in each component.
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This leads us straight to the question of finding a sufficiently small
set that contains a system of representatives for Q(v/d)*/(Q(+/d)*)™. This
makes it necessary to pass to ideals, since O4 need not be a factorial ring.

Let h = h(d) be the class number of Q(v/d) and A1, ..., A the distinct
ideal classes, where it is assumed that A; is the principal class. We then
choose from each class an integer prime ideal p; € A; that is relatively
prime to 2md such that when A; # A; and A; = A;', then p; = ¢l.
This choice is possible, for in each class one can find a prime ideal that is
relatively prime to a given one (see e.g. [N, p. 22, exercise 5]). Once such a
©; is chosen for A;,i # 1, the conjugate g} obviously lies in .A; * and satisfies
all requirements as well.

A series of standard arguments from algebraic number theory allow us
to prove:

PROPOSITION 1.7. Let m;, be elements in Oq4 satisfying (miq) = pira, 1 <
i < h, with integral and mth power free a € {(p")™1 and let e, 1 < j <w
be units in Uy that build up a system of representatives of Uy/UJ*. Then
the set {ejmiq | 1 < j < w,1 < i < h, a as above} contains a system of

representatives II for Q(v/d)*/(Q(v/d)*)™.

Proof. We have to show that any A € Q(v/d) may be written as A =
£;migb™ with €, m;, as indicated for suitable b in @(\/E) Let therefore (\)
be the principal ideal generated by A. Then we may write (A) = a{'a uniquely
with an mth power free integral ideal a. Choosing the representative g; of
the ideal class A; in which ag lies, we have

() = pap; "ag = palp; tao)™,

where p;lao is principal by construction, and thus the same is true for p;"a,
which shows that a € (p")~!'. We have thus found some i € {1,...,h} and
an integral ideal a € (pI™)~! such that (\) = p"a modulo mth powers of
principal ideals. If we let m;, € O4 be such that (m;,) = p;"a, the element
;e 18 determined up to a unit € € Uy and for the required representation
A = emiab™ we may obviously choose ¢ in a set of representatives of Uy /UJ".
This set is trivially finite for d < 0 and by Dirichlet’s Unit Theorem for
d > 0 as well, which concludes the proof.

A bound for Z(d,n,m,X) is thus obtained by counting all representa-
tions of forms in question whose leading coefficient pair lies in the subset
of IT x II for which (A, \’) is a pair of conjugates for d # 1. We denote
this set by II; and by Z((A,\),d,n,m,X) the number of forms counted
in Z(d,n,m,X) which have leading coefficient pair (A, \’). We may thus
resume the preceding observations in the form

Z(d,n,m,X)= > Z((\N),dn,m,X),
(MA)ETT,
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which turns out to be the crucial quantity to estimate. Special attention has
to be paid to the dependence of all the constants on (A, \') and on d, in view
of a later summation over these parameters.

2. Some basic inequalities. Throughout this section, we recall the
fact already mentioned in the introduction, that

Z(n,m,X)=Z(n, f,X) with f(X,Y)=X"+Y"™,

and since the following observations readily apply to arbitrary forms f of
degree m, we may as well treat the general case, keeping in mind f(X,Y) =
X™ 4+ Y™ as an example. We thus have to consider forms F' that have a

representation
F(X) = f(Z a; Xi, ZbiXi)

with algebraic coefficients (a;, b;)i=1,... n-
In order to study n-tuples (a;,b;) that guarantee that F' is counted in
Z(n, f, X), we have to bring into evidence the assumptions
dalp <1 VpeP and |galoo <X

for the coefficients of F'.

For this purpose, we use the fact that Z[X,Y] is a unique factorization
domain to write

fFX,Y)=4L(X,)Y)...[,(X,Y),

where [3,..., 1, are linear forms with coefficients in a splitting field Q(f)
of f and these m factors are uniquely determined up to a constant factor.
Applying this decomposition to F' we find

F(X) = ll(Z a; X, ZbiXi) iy -%(Z%Xi, ZbiXi)a

and this quantity has to be an integer for any X € Z". In particular, we
may choose X; = 1 and X; = 0 for ¢ # j to obtain the coefficient qo,....m,....0
of F, which implies

(i, bi) .. lm(ai, bi)|p, <1 Vp,

|l1(ai, bz) e lm(ai, bz)’oo S X.

If we abbreviate I;(a;, b;) by l;- and consider products of the linear forms

l1,..., Ly involving different variables, i.e. expressions of the type l? oo dim
with i; € {1,...,n} for 1 < j < m, we cannot expect the same result since

this mixed product will in general not be a rational number.

Nevertheless a similar result holds for valuations in the field K obtained
by adjoining to Q(f) all the a;,b;,1 < i < n:
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PROPOSITION 2.1. There is a positive constant c(n, m) such that for ev-
ery (i1, ...,im) € {1,...,n}™, we have

[l i, <1 forv € My(K), the non-archimedean valuations of K,
.

Proof. If F = Fy...F; is some decomposition of F' with polynomi-
als F; = F;(X) in n variables, [La, Proposition 2.1, Sec. 3| asserts that
|Fily ... |Falo = |F|v for all non-archimedean valuations v. Proposition 2.3
in the same text handles the case of archimedean valuations as well: if
deg f < m, then |Fi|,...|F4ly < ¢(n,m)|F|, for v|oco with some positive

v <c(n,m)X  forv|oo, the archimedean valuations of K.

constant depending on n, m only.
In the present context, let F'(X) = L1(X)...L;,(X), where L;(X) =
lj (Z CL,;XZ‘, Z lez), hence

(max [51],) .. (max 17
71 Tm

v) < c(n,m)X

as claimed.

After this treatment of forms F' represented by arbitrary binary forms
f, it is time to come back to the case f(X,Y) = X™ + Y™ or even better
F(X,Y) = AX™ 4+ NY™. Instead of the variables (a;,b;) we have (a;,a}) €
Q(v/d)? where a; and a/, are conjugates for d # 1 and independent rationals
for d = 1. For the following it will even be convenient to deal with rational
variables only; we obtain this by the change of variables

a; = A;+ B;Vd and d) = A, — BiVd

with (4;, B;) € Q2. The factors in the decomposition of f(a;,a}) thus be-
come

Li(as, ) = AYma; + XMy
— (\Ym C2j—1)\/1/m)Ai L4 CQj-lA/l/m)\/EBi’
where ( is a primitive 2mth root of unity, and we have
K = Q(Va,¢, \Um, XY™

so that [K : Q] < 4m3. By abuse of notation, we write [;(A;, B;) for this
expression, and (A, B) for the n-tuple (A4;, B;)i=1,... n-

3. The archimedean bound. In this section we study rational solu-
tions (A;, B;)i=1,...n of the inequalities

11 i
| o

obtained in the last section. We abbreviate ¢ := ¢(n,m) and consider the
following domains So(X) and S(X):

-----

v <c(n,m)X  for v|oo,
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DEFINITION 3.1. Let So(X) C R? be the domain defined by
So(X):={(A,B) € R?: |I;(A,B)...1;m(A,B)|o < X}.
By S(X) we denote the domain in R?" defined by
S(X):={(A,B) e R : |Ii* ... lim|, < X for v|oo and any (i, ...,im)}.

PROPOSITION 3.2. Let f =1y...l, be the decomposition of the binary
form f(X,Y) = AX™ + NY™. For1 <s<m, k=0,1,2,..., let Ps(k) be
the set in R? defined by the inequalities

|ls|v < Qf(mfl)k(cX)l/m’
i#s

; < 2(mfl)(k+l) (CX>(m71)/m
Then if (A,B) lies in S(X), there exist s,k such that each component
(Ai, B)) of (A,B) lies in P,

Proof. For 1 < j < m, pick i; with \l;j|v = max; |l§]v, where as above
l5; = 1;(Ai, Bi). By Proposition 2.1,
[ i, < eX.
Pick s with

lis|, = min; ]l;j |u, and then pick k € Z with

2—(m—1)k(CX)1/m.

2= (m=DHD (eX)Vm < 1%, <

In view of the aforementioned result of Proposition 2.1 and the minimality
of |l%|,, we have k > 0 and we obtain

‘ H lj‘ < 2M=DU+D) (o x)=1/m (o x) = 9m=D)(k+1) (o x)(m=1)/m
i#s
By the choice of 7; maximizing |l;j |y, for each i, 1 <1i < n, we have
Ll <2 OV [T 5] < 2t D)
J#s

thus indeed each (A;, B;) € Ps(k).
As a consequence of this result we have

XCUUP(k)
k=1s=1

so that we may focus only on the two-dimensional pieces Ps(k) that build up
So(X). However, it will be convenient to deal with convex sets containing

these P{¥) and whose volumes may be bounded explicitly in &, (A, \’) and d.
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LEMMA 3.3. For k > 0 we have
V(PR « 27k 122\~ /m x2/m,
where the constant in < depends on n and m only.
Proof. Notice that the inequality

I

i

< 2m=1) (1) (o) (m=1)/m

implies the existence of some r # s with |I,], < 25+ (cX)'/™ since not all
the m — 1 factors can be greater than their geometric mean and we have to
deal with the system

‘ls’v < 27(m71)k(cX)1/m’ ’lr’v < 2k+1(CX)1/m.

We start with the observation that the volume of the domain given by
the inequalities

tA+uB| <X and [vA+wB|<Y

is XY /|tw — uv|. In the application below the coefficients ¢, u, v, w are the
ones of the linear forms [, and [, (see Section 2); in particular

[tw —wo] = (AN ¢,

so that [tw — uv| > [AN|Y/™. Moreover XY = 2~ (m=2)k+1(cX)2/™ and we
indeed obtain
V(Ps(k)) < Z_kd_l/Q(A)\/)_l/mX2/m,

since the change of variables from (a;,a}) € Q(v/d) to rational (4;, B;) from
Section 2 has determinant 1/2v/d.

From now on we will refer to Ps(k) as the sets defined by the inequalities
|lg]y < 27m=DR )™ 1], < 287 (eX)Y™  for some 7 # s,

which have the same properties as the initial covering sets and the advantage
to be convex and symmetric with respect to the origin.

4. The non-archimedean bound. We start by analyzing the inequal-
ities |12t ... 1%m|, < 1 for v | p with a fixed prime p that stem from Proposition
2.1. Our goal is to show that p-adic solutions (A, B) of these inequalities lie
in a finite number of discrete Z,-modules of Qi", each of which being the
n-fold cartesian product of a two-dimensional such module. For this pur-
pose, the main tool is a result about the index of some discrete Z,-modules
determined by a system of equations over an algebraic number field. This
result, stated below as Theorem 4.1, was proved by the author in [Su] with
the purpose of applying it to the kind of problem in question.
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REMARK. If A, B are rank r submodules of a free Z,-module N of rank
r, we define the index of B in A by [A: B] :=[M : B]/[M : A], where M is
a module in N containing both A and B. This index is well defined, since
it is independent of the choice of M under the given restrictions.

THEOREM 4.1. Let p € P and K be an algebraic number field. For each
v|p let A, be a non-singular m x m matriz with entries from K,. Then
every X = (z1,...,2m) € Q)" satisfying |Ayx|, <1 forv|p lies in a discrete
Zp-module Ao(p) of Q' of rank m. Moreover

Ay(p) C Ao(p) C Ao(p),

where Ay(p) denotes the module defined by |x|, < [Ay[;" for all v|p and
Ao(p) is defined by |x|, < | ATt det A,|,t for all v|p. For the index of
Ao(p) in Z; we have

[Zy = Ao(p)] > {H;lzzx|det Aylo}ps

where {A}, := min{p? : g € Z, p? > A} and |A,|, denotes the mazimum
norm of the entries of A,.

In order to apply this result, we first restrict ourselves to one pair of
variables (A, B) € Q2 and write I; for I;(A, B). This way of proceeding is
motivated by the following observation: Since |I%* .. .Iim|, < 1 for any choice
of (i1,...,4m) by Proposition 2.1, this holds in particular for the maximum
of all such products. Consequently,

, )
max\l}]vgpzd for1<j<m
1

with ng) +.. .+z§§ ) < 0 and the above system holds for any pair of variables

(A;, B;) with the same m-tuple (z§v), R 27(,1{)) The linear forms /; having
rational variables (A4, B) and coefficients from a field K with [K : Q] < 4m3,
the value group of v is a subset of (4m?)~!Z and we may restrict ourselves
to m-tuples in this discrete group. For any such m-tuple, we want to single
out the two most restrictive ones that define the system
) )

(*) |lj0’11 <po, |lj1|v <p,
where jo # j1 and 2(") := —(z;, + z;,) is maximal.

~ We have thus shown that each pair of variables (A;, B;) of (A, B) with
I3+ .. . lim], < 1 satisfies (x) for one of the m(m — 1) possible choices of
(Jo,j1), where for given (A,B) the pair (jo,j1) is the same for all two-
dimensional components.

This argument applies to any v |p and we pick vy such that
2P (A, B) := 2(")(A,B) := max 2" (A, B),

vlp
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and let (Ij,,1;,) be the pair of linear forms corresponding to the choice of
(Jo, 1) for wo.

DEFINITION 4.2. To each (A, B) € Q2" with [I}* ... I%|, < 1 forall v|p,
we associate the quantity 2P (A, B) € (4m?)~'Ny defined by

2®)(A,B) := max{— min (z, + 2,,)}.

vlp Jo#J1

Now, what can be said about |lj,|, and |}, |, for v # vy? From z{”) +
o+ 27(73:) <0 and ng) <...< zﬁs), we obtain zfﬁ) < mT_lz(p) and thus

m2*1 ~(P)

»(v0)
|lj0‘vo <po and ’lj0|v <p )
(vo) m=—1_(p)
‘ljl ‘vo < pz“ and ’lh ‘v <p?
for v = vy respectively v # vg.

Conversely, if (A, B) is given with 2(P)(A,B) = 2(P), there are at most
4m? possible choices for the valuation vy with z(v0) — z(p), and once vg is
fixed, m(m — 1) possibilities for the pair of linear forms (,,(;, ).

In order to complete the data in the above system, it remains to estimate
the number of (zj(-:(’),z](fo)) for which 2(P) = —(z](-:O) + zﬁ»fo)) in (4m3)~1Z.
By definition of z(P), for v = vy,

(v) v (v) (v) (v)
zj, +.. 420 <z;,0 = (m—1)z; " <z
v m—1 v
= —(m—1)zP < (m— 2),2](-0) = —mz(p) < zj(o),
which yields —Z—:%z(p) < zj(;)) < 0 and this leaves only Om(z(p)) possibilities
for zj(-:‘)) in (4m3)~1Z; zj(-fo) is then uniquely determined by z(P) = —(ZJ(-:O) +
).
In order to apply Theorem 4.1 to the given situation (with m = 2 vari-

ables), we need to bring the system (%) into a slightly different form. For any
linear forms I; # I € {l1,...,l,,} we denote by L, the matrix consisting
of the coefficients of I; and [, and by A, its determinant. In this case

A\L/m _<2j—1)\/1/m 1 Vd
)\l/m _CQk—l)\Il/m 1 _\/a
yields A;p = (¢¥~1 — 2R~ (AN)/™(~2V/d). Notice that only the first

factor depends on (j, k) and that

[kl = [¢371 = R, 22 (AN 2arm /)
—. Kﬂjfl o Czkil‘v’AH/(Qm),
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where A € Z and thus |A|, = |A|, for v |p. In view of the identity
om=(1-¢)...(1 ==y (1-¢3

it is an easy exercise to show that [¢%~1 — ¢2k=1|, > |2m|, = |2m|, and we
obtain

|Aj ko > [2mlp| A,

which is independent of v | p.
Now we are in a position to apply Theorem 4.1 with

»(v0) 0
30

AUO = (p »(v0) ) Lj07j17
0 p-i

pm2—12(17) 0
A, = ( p%z(p) > Lj,j,  forw |p, v # vo.

0

COROLLARY 4.3. For given z(®) there is a positive constant c; (m), de-
pending on m only, such that the n-tuples (A;, B;)i=1,...n of rational num-
bers satisfying z(A,B) = 2P) lie in the union of c;(m) discrete Z,-modules
A(p) of Q2" for which A(p) = Ao(p)"™, where Ag(p) is a discrete Zy-module
mn QI% with

det Ag(p) := [Z% : Ao(p)] > {[2m],|A|L/ C™p= ™},

Proof. By assumption z(")(A,B) = 2(P) and the aforementioned argu-
ments yield that each component X =(A4;, B;) of (A, B) satisfies |4,X]|, <1

for v|p for some pair (z](go) , z](fo)) defined above, the number of resulting

systems of matrices (A,,v|p) is bounded by ¢;(m)zP) and each of the A,
is non-singular, as required. Moreover

~(P)

max|det Ayl = [det Ay |vy 2 p |2m, Al ™),

vlp

and each two-dimensional component (A;, B;) of (A,B) lies in a discrete
Zp-module Ag(p) of index

m) 2P
[ZQ : Ao(p)] = {’2m|p|A’;19/(2 )p b

Since the choice of (jo, j1) that determines 2() is independent of the pair of
variables (A;, B;), we obtain A(p) = Ag(p)™ as desired.

Our next task is to combine the results of Corollary 4.3 for all p € P. For
this purpose, we again refer to a general result of the author that establishes
the connection between the discrete Zj,-modules of Theorem 4.1 and the
lattice built up by the rational points that lie in all those p-adic lattices. We
state this result here without proof, the details may be found in [Su].
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THEOREM 4.4. Let K be an algebraic number field and suppose that for
every valuation v € My(K) we are given a non-singular m X m matriz A,
with entries from K, such that A, = I, mod v for almost all v € My(K).
For p € P let Ag(p) be the discrete Z,-module of Qy' of Theorem 4.1 con-
sisting of y = (y1,--.,ym) € Q) that satisfy |[Ayy|, < 1 for all v|p. Then
every X = (T1,...,Tm) € Q) satisfying |Ayx|, <1 for all v € My(K) lies
in the lattice Ag in R™ that is the intersection of the rational points of the
modules Ag(p):

Ao = () (@™ N Ao(p)).

peP

Moreover,

det Ao = [[1Z : Ao(p)] > H{%x | Ay o}p-

peP p€EP

Following the strategy adopted for a fixed prime p, we now apply the
results of Theorem 4.4 to our problem. We will need:

DEFINITION 4.5. To each (A,B) € Q> with |I%*...lim|, < 1 for all
v € My(K), we associate the quantity z € [],cp(4m?) "Ny defined by

z(A,B) := (%) (A, B))per,
where z(P) (A, B) is as in Definition 4.2.

As the reader may easily check, for given (A, B) there are only finitely
many components of z(A,B) different from 0; we denote their number by
r(z) :=r(z)(A,B) and we are reduced to considering z € @pep(élm?’)*lNo
so that the expression [ [, .pc1 (m)2P) = ¢;(m)"=) [Lep 2(P) is well defined.
This implies that the matrices A, fall under the hypotheses of Theorem 4.4
and we find:

COROLLARY 4.6. For given z, the n-tuples (A, B) of pairs (A;, B;) € Q?
of rational numbers satisfying z(A,B) = z = (2P)),cp lie in the union of
c1(m)"® [Lep 2(P) lattices A of R*™ for which A = Ay, where Ag is a lattice
in R? with

det Ag > H{]2m|p\A|;/(2m)pZ<p) o
pEP

Proof. By assumption z(A,B) = z = (2(P)),cp and 2(P) = 0 for almost
all p € P, so that A, reduces to Lj, ;, for v|p in this case. If in addition to
2(P) = 0 we also have pf2mA, we obtain |A,|, = |A,|;* = 1, which yields
A, X|, <1« |X] <1, as required for the application of Theorem 4.4.
Trivially, for 2(P) = 0 and fixed p, all solutions X = (A;, B;) of | A, X[, < 1 lie
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in one single Z,-module Ay (p) of determinant > {|2m/|,|A| 11/ (zm)}w whereas
for z(P) £ 0, Corollary 4.3 yields ¢;(m)z®) Zy-modules of determinant >
{l2ml,| AR/ ™ p*""},.

Consequently, we have ¢ (m)"® HpeIP 2(P) cases in which we may apply
Theorem 4.4 to find that many lattices Ay in R? in which the (4;, B;) lie,
whose determinant is bounded from below by

m) @)
[T{12mlpl AL Cmp=" 1.
peP

Unfortunately this estimate may be too weak for those primes for which
|2m\p|AI}D/(2m) can be small, that is, for the divisors of 2m and A. That
is where the role of the chosen system IT; in which (A, \’) lies becomes
obvious. Since only primes p lying below the h prime ideals @1, ..., p, that
were chosen as representatives for the ideal classes of Q(\/E) may appear in
mth power in A, we can expect to get a sufficiently decent bound for all but
finitely many primes.

We consider a partition of P into 3 sets: Py, P», P35, where

P ={peP:p|2mor p;|p for some 1 < j < h}.

Note that P; is finite for each d independently of (A, \") and moreover, for
given (A, \') € II; there is just one prime py lying below the ideal class
containing the mth power part of A and \'. We thus do not have to worry
about the estimate of the index of Ay(p) in this exceptional case. Next, we
set

Po={peP:p|lA p¢g P}

The set P; is finite for any fixed (A, \) € I1y; it is for the primes in this set
that the estimate of the index of Ay(p) will have to be improved so as to
allow a summation over all (A, \) in a fixed field Q(v/d). Finally, set

Ps={peP:pg(PLUP)} ={peP:pif2mA}.

1/(2m) _
» =

This set causes no problems since |2m/|,|A| 1 in this case.

PROPOSITION 4.7. In the case p € Py the estimate for the index of Ay(p)
m ZIQ, from Corollary 4.3 can be replaced by

23+ Ao(p)] > Ay Crpmext= 1/ Gm),

Proof. Since trivially {\A|11,/(2m)pz(p) tp > |A|,17/(2m)pz(p) by definition of
{ 1,, the statement of the proposition is surely true for ) > 1/(2m). Now
assume z(P) < 1/(2m) as well as p| A and p & Py. If p° || A (i.e. p® is the
greatest power of p dividing A) with s # 0 (mod2m), then ]A\Zl,/(zm) 4
{p” : v € Z} and the presence of { }, makes us gain at least p'/(?™) which
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leads to .
{!A\},/(Qm)pz bp > ’A‘;/(Qm)pl/(%)
We are thus left with the case p® || A for some s = 0 (mod 2m). We claim

= 2m. Obviously s > 0 since p|A. If we had p*™ | A, we would get
p*™ | d™(AN)? by definition of A and further

ptd = p*™ | AN = 3Ir|p:a™ |\ 7| N = p=po,

pld = P | (W) and p=7% = 7| AN = 7™ |\, 7| N = p=po,
a contradiction to p # pg in both cases.

So we only have to consider the case |A|, = p*™, where we will show
that 2(P)(A,B) = 2P < 1/(2m) and p*" || A already imply (A,B) € "
n
" [Z3: Ao(p)] > 1= |A[/F™p > |A[/Empt/ Cm)
will prove the assertion.

Note that p?™ || A yields p*™ || d™(AX)?, hence for

pld = (p) =% 7 |[d"(A\N)? = 7™ || AN = p|Aand p| N

for m > 4 since p|d = m # 3, and
ptd,d=1 = p*™|(A\)? = p™|AN = p|Xand p|N,
ptd, d#1 = (p)=nr, (xx )" | AN = ar' |\, 77’ [N = p|\ p| N,
since p # po by assumption.

Altogether every valuation v |p has

Ay <p~' and [N, <p~

the entries of Lj, ;, being linear combinations of PAIDY L/m with integral
coefficients, this implies |Lj, j, |, < pt/m,

Now, by Theorem 4.1 (see notation there)
Axl, <1 = X, <A, < | Ayloldet A, |5t

= v =

Plugging in, we find
(p)

et A, [, > p*” A/ ™) = p=7' -1
and () ()
| Aply =p~ 0 [Ljq gy |0 < p~ 70 p_l/m‘
As already seen —z(v) < = 12(1’) and we conclude

m— (p)
Ay |y < pr=z" p=1/m,

In combination with the estimate of |det .4, |v this yields

_ m=1_(p)_ =(P)
’X|v Sp z +1pm72z l/m

<p for m >3

since z(P) was supposed < 1/(2m) and everything is proved.
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5. The synthesis of both problems. It is now time to recombine the
archimedean and non-archimedean parts of the problem, that is, to establish
a relation between points in the lattices A and those in the domain S(X).
The appropriate context for this purpose is the two-dimensional level, i.e.
the centrally symmetric, convex sets Ps(k)and the lattices Ag. For this lattice
point count, we refer to a result from the geometry of numbers:

PROPOSITION 5.1. Let A denote a lattice in R? and K a convex set in
R? that is symmetric with respect to the origin and has volume V (K). Then
the number of n-tuples (g1,...,8n) with g, € ANK fori =1,...,n for
which g1,...,g, span R? is < (V(K)/det A)*, with the implied constant
depending on n only.

Proof. See [Su] for the details of this special case or [G-L] and [Sch] for
reference.
In the present situation, we have to deal with ¢y (m)"(?) [Lep 2(P) lattices

Ag = Ag(z) for given z and m possible covering sets P*) for given k and
we write z*(A,B) = (k,z) for those (A,B) whose components lie in the
intersection of one of the above lattices with one of the covering sets and
abbreviate ¢1 := ¢1(m).

COROLLARY 5.2. The number of n-tuples (A, B) of pairs (A;, B;) € Q?
satisfying z*(A,B) = (k,z) for which (A1, B1),..., (A, By) span R? is

<coxme @ L0 20 T = T ey, [ rmetrem =]
peP pEP pEP; pEP;
if we set HpG]P’ 2P) = 1 whenever 2(P) =0 for all p.
Proof. By assumption z(A,B) = z and the (A, B) in question lie in one
of c;(z) [Lep 2(P) lattices Ao with

m) 2P
det Ag > H{]2m|p\A|ll/(2 )p o
pEP

Moreover all components of (A,B) lie in one of the m covering sets Ps(k),
each of which is convex, symmetric with respect to the origin in R? with
volume

V(PR <« 27k A| Y/ Cm) x2/m,

Thus for a fixed lattice Ay and a given set Ps(k) the conditions of Propo-
sition 5.1 are fulfilled and in (V(K)/det A)" the main term X2"/™ has a
factor

<2k’A|(1>é(2m) H {|2m‘p|A|117/(2m)pz<m . H |A|é/(2m)pmax{1/(2m)7z(m})_ .

pEP1UP3 pEP,
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For p € P; we use the trivial estimate
(») (») (»)
{12ml,| AL/ C™p= "}, > [2ml,| AL/ C™p=" > A T

whereas for p € P; we have |2m|p]A|;/(2m) = 1, which leaves us with {p2<p) o
only.

By the product formula,

[PAYRS H |Alp H Alp = H Al =1
peP; pEP; pEPUco
and the dependence on A cancels.
Finally, taking into account the number of possible lattices Ag, we easily
get the desired result.

To get information about points (A, B) in S(X) that lie in the union of
the lattices A(z) for some z, we have to sum over all k € N and z = (2(P)) cp
with 4m3z®) € Z and 2 = 0 for almost all p. The summation over k
is straightforward since ), 27 <« 1; for the one over z we need some
technical details, most of which may be left to the reader:

LEMMA 5.3. The following estimates hold with positive constants co(m),
ca(m), c3(m) that depend on m only and will be abbreviated as cy, ca, c3:

oo s '
11 <1 +_eu(m) 4—32?("8)/(47”3)) < c2(m)h(d),
peEP s=1 m
> S s m3
11 (Hch(m)mp”[ e ”) < eg(m),
pEPg s=1
= s —nmax(1/(2m),s/(4m?)) | Ps| —n/(2m)
H (ch(m)4m3p < co(m) H P .
peEP> s=0 pEPs

Proof. The following estimate is obtained by elementary calculus:

(o] o0
Z spT K S sp"ds < p"
s=1 1

and the first assertion follows immediately since | P1| < h(d) by construction.
For the second one, we observe that only integer powers of p may appear
for p € P3, so that

H (1+ch4_;pn[—s/(4m3>]> — H <1+01 Zsp_"s) < H (I4cip™™),
s=1 s=1

pEP3 pEPs pEPs
and extending the last product over all primes yields

[T +er™ <3 s < ca(m)
peP s
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for n > 2, if we use the well known estimate w(s) < log s(loglog s)~! which
readily implies a*(®) < s° for any € > 0 and any fixed parameter a. For
the third product, we split up the sum involved in two parts, namely for
0 <s<2m?—1and s > 2m? so that max(1/(2m),s/(4m3)) = 1/(2m)
respectively s/(4m?) to obtain

—nmax(1/(2m),s/(4m?))
H <ch4 3p n ma: m),s/(4m >

PEP =

2m?—1
= H < Z 014 P —n/(2m) | Z s 3p( ns)/(4mf )>

pEP s=0 s=2m?2
< H(C —n/(2m)+cll —n/(2m))
pEP>
< eo(m)P:! T p/Cm),
pEP;

for suitable constants ¢, ¢/, ¢o depending on m only.

PROPOSITION 5.4. The number of n-tuples (A,B) = (A;, B;)i=1,...n of
pairs (A;, B;) € Q?* for which (A1, By),...,(A., By) span R? and which lie
in the union over k € N and z € @pep(élm?’)*lNo of the intersections of
P%) with one of the lattices A(z) is

< X2/™mp(d) (cgpg‘ 11 p*”/@m))
pEP>

Proof. The n-tuples (A,B) in question are precisely those treated in
Corollary 5.2 for a given z* = (k,z). Thus we have to sum over the (A, B)
in this estimate over all parameters k and z. In

ZZ (z)2 nk H (p) —nz® H (p){ —nz<p)} H (p) —nmax{1/(2m), (p>}

keEN =z pEP pEPs pEP:
we may take the sum over k and use the identity

Zcr(z) H v (2P _ H (p”P(O) T Z:p,,p(zuz»)))7

p€eP peP 2(P)

with ,(2(P)) being one of the above exponents. This leads to

H (1 + Z c1 ;ﬁp(ns)/ﬂms)) H <1 + ; c1 %p”[s/(‘img)})

peEP; s=1 pEPs3
—nmax(1/(2m),s/(4m>
< TI (ch4 _pnma(1/(2m) 5/ )))7
peEP> s=0

and those factors were estimated in Lemma 5.3 to give the predicted result.
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To determine the order of magnitude of Z((A,\),d,n,m,X), it only
remains to show that the n-tuples (A, B) counted there are among the ones
Proposition 5.4 deals with.

This requires two steps. On the one hand, the condition that
(A;, B;i)i=1,...n span R? means precisely that those n-tuples lead to non-
degenerate forms. On the other hand, (A,B) € S(X) C U~ U:Ll(ng))”
and (A,B) € |J, A(z) so that they fall under the conditions of the proposi-
tion. We have thus proved:

THEOREM 5.5. For (A, \') € Il and n > 2 we have

Z((\XN),dyn,m, X) < X2/ ™h(d) (C‘OP2| 11 p—n/(2m>>,
pE P>

where the constant in < depends on n and m only, in particular it is inde-
pendent of (A, \') and d.

We are now in a position to estimate E(A,A’)end Z((A\N),dyn,m, X) as
was outlined in Section 1 to get the desired bound on Z(d,n,m, X).

In order to bring into evidence the dependence on (A, \’) of the sum-
mands on the right, we note that |P;| < w(d)4+w(A\') and summarizing the
conditions p | AN, ptd and p # pg by p € T(AN) gives

H pfn/(Zm) < ’d‘fn/(Qm) H pfn/(Zn’L)7
pEP> pET(AN)

and we obtain
Z(()\, )\/)’ d, n,m, X) < X2n/mh(d)0(6)(d)|d‘_n/(2m)c‘6](/\>\,) H p—n/(2m).
PET(AN)

Let us keep the prime py and thus the ideal class of the mth power part of
A fixed to deal with the expression

S @ T e,

(AN)€eIT4(po) pET(AN)

where I1;(pg) abbreviates the above restriction on (A, \"). Note that each
summand depends only on N := N (\) = A\, so we get:

PROPOSITION 5.6. Let (A, \') € II; with (\) = pg'a where oo |po is
some fized prime ideal from {©1,...,0n}. Then the exponent of each prime
divisor of N := N'(\) = AN is bounded by a constant ¢, that depends on
m only and there are at most m*™N) ideals of the form (A = pita with
N(X\) = N. In particular, p§* | N.

Proof. Since (\) = pg'a = pi° [[ 0" where a is assumed to be free of
mth powers, the first statement of the proposition becomes obvious if we
note that m < ey < 2m — 1 and e¢; < m — 1 for ¢ > 0. Turning to the
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statement concerning the number of ideals that have norm N, we assume
N = p5opst...psr. If a prime p; does not split in Q(v/d), its exponent is
already determined by e;, whereas when p; splits, there are only m possible
choices for the exponent of each of its two factors in the decomposition of
(M) since the possible exponents are between 0 and m — 1 for ¢ > 0 and
between m and 2m — 1 for i = 0. Thus there are at most m*(®) ideals of
the form (\) = p{'a with given norm N.

PROPOSITION 5.7. Let M denote the square-free part of N = N(\),
= (M,d) und L :== M /7. Then there is a constant Cy > 0, depending on
m only, for which

Z w(N) H P —n/(2m) <<C°’(d)(ZCw(L)L n/(2m))

(AN) €I a(po) pET(N) =
Proof. By Proposition 5.6 we have

Z CBU(AA’) H pfn/(Qm) < Z(mco)w(N) H pfn/(Qm),
(AN)ET4(po) pET(AN) Ned peT(N)

where @ denotes the set of integers whose prime factors all have exponents
< ¢m- In the right hand sum, the summand depends on the square-free part
M of N only (= w(N) = w(M)) and since N is free of ¢,,th powers, we
may write

S me)* ™ I[ 5™ < Y (Gpme)* ™ [ O™,
Ned peT(N) M sqg-free peT (M)

If we keep (M, d) := 7 fixed, we have py{7 by assumption since (pg,d) = 1
and we obtain

I » /@™ = (yr)/Cm for pot M,
pET (M)

H p~ ™™ = (M/per) ™™/ ™) for po| M.
peET (M)

This implies further

Z (dmco)< ™M) H p/@m)
(M,d)=r pET (M)
M sq-free
e o
<Y Gmeo) DY) ST (o) D (M por) .
(M,d)=7 (M,d)=7
(Mvpo)zl pOlM

M sq-free M sq-free
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Both sums differ by a factor that depends on m only, SO

Z (¢ CO w(M) H p —n/(2m) < Z CO w(M)(M/T) n/(2m)

(M,d)=T1 peT (M) (M, d)—T
M sq-free M sq-free

With M /7 = L we get w(M) = w(L)+w(7) and summation over all divisors
7 of d gives (dropping the condition M sq-free)

Z( i (%%)‘”‘M)(M/T)fn/@m))

Tld (M,d)=T1

o
= (émeo wm(Z dmco)* L™ n/<2m>)
T|d L=

The number of 7 |d with w(r) = j is precisely (* d)), and thus we find

w(d)
> (Gmeo)* ™ =" (wgd)> ($mco) = (@meo + 1) =: 5@
T|d Jj=0

by the binomial theorem, which concludes the proof.

At this stage, we need a restriction on n that guarantees the convergence

of 70, Cy () p—n/Cm) o prove the final step in our deduction, namely
Theorem 1.4 already stated in Section 1.

THEOREM 5.8. Let n > 2m and h = h(d) be the class number of the
quadratic field Q(\/E) Then there exists a constant C' > 0 that depends on
m only with

Z(d,n,m, X) < X?p2(d)ce @ |g|—/ ),
with the constant in < depending on n and m.

Proof. As already seen, we have

Z(d,n,m,X)

= > Z(AN).dn,m,X)

(MNA)ETIT

<xma) 3 (3 &Y I e e a e
PoE{p1,-wrspn} WA EMa(po) PET(AN)

<x/mp(a) (e ( S 21} )y @/ 2
L=1

by Theorem 5.5 and Proposition 5.7. The estimate
w(L) < log L(loglog L)™' = (C’O)”(L) < If
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for any € > 0 with the constant in < depending on m, & then implies

00
Z CE—)U(L)Lfn/(Qm) <1
L=1

for n > 2m. Putting C := ¢,y leads to

Z(d,n,m, X) < X/ (d) 0D~/ m),

and the proof is complete.
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