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Class numbers of cyclotomic function fields
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SUNGHAN BAE and PYUNG-LyuN KANG (Taejon)

0. Introduction. Let A = F,[T] be the ring of polynomials over a finite
field F, with ¢ elements, and k = F(T"). We assume that ¢ > 2. For each
M € A one uses the Carlitz module to construct a field extension k(M),
called the Mth cyclotomic function field, and its real subfield k™ (M). It
is well known that the divisor class number h(M) of k(M) is divisible by
the class number h™ (M) of kT (M). Write h= (M) = h(M)/h*(M). We
call h= (M) the first factor or relative class number, and h™ (M) the second
factor or real class number of k(M).

In a recent paper Guo and Shu [GS] studied A~ (P"™) and ht(P™), where
P is an irreducible polynomial in A. Shu obtained very useful formulas for
these factors as products of character sums. We use these formulas to obtain
upper bounds for these factors in the case of prime cyclotomic function fields,
modifying the method of Feng [F].

In the classical case there are certain matrices, called the Maillet matrix
and Dem’yanenko matrix, whose determinants are very closely related to the
first factor of the class number. We define some matrices analogous to those
matrices, which are easy to define and easy to handle. Adopting the ideas
of Wang [W] and Hazama [H] and using the formulas of Shu we can express
h=(P™) and h™(P") as the determinants of those matrices. The matrices
are useful to compute the class numbers in many cases. We use them to
improve the lower bound of [GS, Theorem 3.1].

In the final section we find all the possible polynomials M with h~ (M) =
1 when ¢ is odd. The cases of h(M) and h™ (M) are given in [KM].

1. Basic facts and notations. Let M be a polynomial in A. It is well
known that the Galois group G of k(M) over k is isomorphic to (A/M)*.
Thus characters on G can be regarded as characters on (A/M)*. A character
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X is called real if its restriction to F7 is trivial, and nonreal otherwise. For
a polynomial N € A we let Ny (resp. My) be the set of all polynomials
(resp. monic polynomials) in A with degree less than the degree of N and
prime to N. Let ¢(N) = |Ny/|. It is known that (cf. [GS])

(1) mon= I (X ww),

xnonreal A€My,

(2) pron= I (= X degAx@)).

x real, x#id AeMy,

where f, is the conductor of x. When M = P™, a power of an irreducible
P, then the formulas can be written as

(3) e = II (X W),

x nonreal AeM

(4) e = T (=X degax(a)),
x real, x#id AeM
where M = M.

From the formulas (1) and (2), we see that if M | N, then h= (M) | h~ (V)
and bt (M) |ht(N).

2. Upper bounds for prime cyclotomic function fields. In this
section we follow the method of [F] to obtain upper bounds for h~(P)
and h™(P), where P is an irreducible polynomial of degree d. Further,
M = Mp.

THEOREM 1. Let r = M| = (¢ —1)/(¢ — 1). We have
h=(P) < rla=2)r/2

and

(r—1)/2

1

+ 2

h™(P) < < g (deg A) o E degA-degB> .
AeM A,BEM, A#B

Proof. Let xo be any generator of the group of characters of (A/P)*.
We write characters of (A/P)* in the form y = V" 1 < i <
0<k<qg—2 Let ABe M.For0<k<q-—2,

T

r -k -1
ik, s (g—1)i—k _ _ r ifn?=* =1,
dox AR T By =0 Yy 1:{077 .
=1

p otherwise,
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where 7 = x0(A/B). Thus

S X(AX(B) =

x nonreal

ng;?nfk if na=1 =1,
{ 0, otherwise,

rg—2) ifn=1,
=< -7 if 7! =1and n#1,
0 otherwise.

Then

RGN | S SPY A)r/(r(q—m)

x nonreal AEM

IS wrm)

x nonreal A, BeM

—3 X (¥ «aum)

x nonreal A,BeEM

IN

1
= —r(q—Q)TT(q_z) =r.

The equality in the last line of above equation comes from the fact that
there is no element in M whose order in (A/P)* is ¢ — 1. Hence

h~(P) < pla=2)r/2

For ht we proceed as follows. As for h~, we have

Y X (AXB) = { -1 ifpii=1,

X real, y#£id -1 otherwise.
Then
_ 1 B
A,BeM x real, x#id
1
= > (degA)’—— 3 degA-degB,
AeM "7 A Bem. A+B

which implies the result.

COROLLARY. (i) If deg P =1, then h~(P) =1 and h*(P) = 1.
(i) If deg P = 2, then h*(P) = 1.

Proof. (i) is trivial. If d = 2, then r = ¢ + 1. Then

1
Z(degA)2——1 Z degA-degB =q—
AeM "7 A BEM, A4B

g¢—1) _
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3. Determinant formulas for 4~ (P™) and h*(P"™). In this section we
let M = P", e = nd the degree of M, and r = ¢(M)/(q —1). Let N = Ny
and M = M ;. Write

M={A1,... A}

For each polynomial A prime to M, define sgn(A) to be the leading coeffi-
cient of A and sgn,;(A) = sgn(B), where B = A mod M with deg B < e.
Define 6(A) € Z to be 1 if sgn,,;(A) = 1 and 0 otherwise. We denote by A’
an inverse of A modulo M. Define r x r matrix

K = (sgny(A;A})).
Fix a character ¢ : Fj — C of order ¢ — 1. For each k =1,...,q — 2 define
KW =38 (K),

and a (¢ — 2)r x (¢ — 2)r matrix

KO 0 0

0 K® 0

K= ) ) ) )
0 0 K(a=2)

THEOREM 2. h™ (M) = det K = [[?Z2 det K(*).

Proof. For each k with 1 < k < ¢q— 2, let {xgk), .. .,er)} be the set of
all the characters of (A/M)* whose restriction to F} is equal to ¢*. Let

[0SO 0
1 0o NG 0
a® = ("), e=
VT I S :
0 0 =2

From the orthogonality relation among characters we can see that {2 is a
unitary matrix. Then we have

det K = det(2KK02%) Hdet< “”)

where

=3 S (A ® (senp (AB')XH(B).

AeM BeM
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Note that
S 3 xPaysa)x ()
AeN BeN
=Y > xPemsox(s)
CeN BeN
( Z X(k) (k) >( Z 5(C (k) > = 5;0(M Z X(k)
BeN CeN AeM

On the other hand,

SN Pysas)x (B)

AeN BeN

= Z Z ( Z Z wk(a)ak(ﬁ)é(aﬁflAB/))ng)(A)ng)(B)

AEM BEM  acF; BEF;

=@-1 > 3 FA)F senp(AB)XP(B) = (¢ - Da?.

AeM BeM
Therefore we have
k k
a:,(;j) = 0,1 Z X( J(A
AeM
Then
det K = Hdet (5” S a4 ) - II 3 x@=n ().
AeM x nonreal Ae M

This theorem gives an easy way of computing the relative class numbers.

EXAMPLE 1. Let ¢ = 3 and M = T? + 1. Then with M = {1,7,T + 1,
T — 1} we have

1 -1 1 1
1 1 -1 1
K=17 41 1 4
1 1 1 1

and h™ (M) = det £ = 8.

EXAMPLE 2. Let ¢ =4 and M = T? + oT + 1 where « is a generator of
F}. Then

1 1 1+« 1 1+«

1 1 1+« o' Qa
K=1]1 1 1 14+« 1 ,

1 « « 1 1+«

1 14+« 1 1 1
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det K = 2 4 2035 det K = § — 203 and h~ (M) = det K = 567 =
3.7

We will see from the Corollary to Theorem 4 below that the irreducible
polynomials in the above examples are regular.

EXAMPLE 3. Let ¢ =5and M =T? + T + 1. Then

-1 -1 -2 -2 2
1 1 -2 1 -1
-1 1 1 2 1
1 2 1 1 2 |7
-2 -1 -1 1 =2
1 2 -2 2 -2 1

det KM = 92 4 607, det K®) = 92 — 60i, det K?) = 160, and h~ (M) =
det L =210 .5.13-29. Thus M is irregular.

EXAMPLE 4. Let ¢ =3 and M = T3+ T2 —1. Then h— (M) = 2'2.5.79.

UG W W T G WY

For the prime ¢ dividing ¢ — 1, we improve the lower bound for the /-part
of the relative class number given in [GS, Theorem 3.1].

THEOREM 3. Let £ be a prime factor of q — 1 and ¢ be the highest
power of ( dividing ¢ — 1. Then =Y divides h= (M), and so (¢ — 1)"
divides h=(M).

Proof. Write ¢ — 1 = ¢°m. Let ¢ be a primitive £°th root of 1. Then the
entries of K(*'*™) with0 <i <c, (k,f) = 1and 0 < k < £°%, are the powers
of ¢ and the first column of K“'*™) is (1,...,1)%. If we subtract the first
column from the other columns, then the entries in the other columns are
divisible by 1 — (%, whose absolute value is ¢, where a = 1/(£¢~% — £¢=i=1),
since £ is totally ramified in Q(¢*). Then det K ¢'*™) is divisible by ¢£¢(r=1),
Multiplying all these we conclude that det K is divisible by "=V since
there are £¢~% — (¢! such k’s.

REMARK. In the examples above £¢("=1) is the highest power of ¢ divid-
ing h~ (M). It is interesting to know whether this fact is always true as is
mentioned in [IS].

COROLLARY. h™(P™) =1 if and only if deg P =1 and n = 1.

The second factor can be treated similarly. We keep the notations as
before. For each polynomial A € A, prime to M we define deg,,;(A) to be
the degree of the polynomial B which is congruent to A modulo M with
degree less than the degree of M. Define an r x r matrix

L = (degy (AB')) 4, em-
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Let {x1,...,Xr} be the set of all the real characters modulo M with y; = id

and let 1 1 A
o = %(Xz( j))-
= ) degy(A) = D x1(A)degy(A).
AeM AeM

A similar process to that for the first factor replacing {2 by A, h(AB’) by
degy (AB')h(AB’) will give

THEOREM 4. h™ (M) = W!det L|.
Note that Theorem 4 also holds for ¢ = 2, in which case h(M) = h™ (M).
COROLLARY. If deg P =2, then h™(P) = 1.

Proof. One can see easily that the matrix L is a (¢+1) X (¢+ 1) matrix
such that its diagonal entries are 0 and all the other entries are 1. By ele-
mentary row and column operations we can see that det L = (—1)%q. Since
d(P) = q, we get the result.

EXAMPLE 5. Let ¢ =3 and P = T3 — T + 1. Then with
M={,T,T+1,T—-1,T*T*+1,T*> - 1,T> + T, T* + T + 1,
T°+T-1,7T°-T,T>-T+1,T>-T -1}

we have
02 2 22 211221 2 2
102 2 2 2 2 2 21 21 2
1 202 212 212 2 2 2
122012 2 2 2 2 2 21
21 2 2 021212 2 2 2
2 2 2 2 2 01 2 2 2 211

L=|2 2112 2 0 2 21 2 2 2],

211 2 2 2 202 2 2 21
2 2 21 2 2 2102 21 2
2 2 2 21121 20 2 2 2
21 21 212 2 2 20 2 2
221 21 2 2 2 2 2 1 0 2
2 2 2 2 2 2 2 211120

det L = 3'°.7 and d(P) = 21. Thus h*(P) = 3°.

Similarly, for P =T2 + T2 — 1, h*(P) =53 - 313.
REMARK. It is mentioned in [IS] that a computer program to calculate
the class numbers of the subfields of k(P) has been devised by R. D. Small.

From Theorems 2 and 4 one can construct another program to calculate
ht(P™) and h™ (P").
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4. Polynomial M with h~ (M) = 1. In this section we assume that ¢ is
odd. From the Corollary of Theorem 3, h~ (M) = 1 only if M is square-free
and divisible only by irreducible polynomials of degree 1.

PROPOSITION 5. If three distinct irreducibles divide M, then 2| h™(M).

Proof. Let Py, P, and P3 be distinct irreducible polynomials of degree 1
dividing M. Let x; be the quadratic character modulo P; and x = x1Xx2X3-
Then y is a nonreal character with conductor N = P; P, P3. Now consider

> x(A).

AeMn

Each term in the sum is either 1 or —1 and there are |M x| = (¢—1)? terms,
which is an even number. Thus } 4\, X(A4) is even and nonzero, and we
get the result.

COROLLARY. Suppose that q is odd. Then h= (M) =1 if and only if M
is one of the following types:

(i) M = P, where P is an irreducible polynomial of degree 1.
(i) ¢ = 3 and M = PP, where Py and P, are distinct irreducible
polynomials of degree 1.

Proof. From Proposition 5 we only have to consider the case M = P P
with deg P, = deg P, = 1. When ¢ = 3, one can compute easily from
the formula (1) that A~ (M) = 1. Now assume that ¢ > 3. From [KM,
Theorem 3(b)], h* (M) = 1, but from [KM, Theorem 4(c)], h(M) > 1. Thus
h= (M) > 1 in this case.

PROPOSITION 6. Assume that ¢ = 1 mod 4 and M = PPy with P, #
Py, deg P, = deg P, = 1. Then h™ (M) is divisible by 2.

Proof. Let x; be a generator of the group of characters modulo P;. Let
q—1=4m and
X = XT'X3"
Then y is nonreal with conductor M. The values of x lie in the set {41, +i}

and there are ¢ — 1 elements in M. For each a € {£1,£i} let m, be the
number of A € M with x(A) = a. Then

D X(A) = (m1 —m_y) + (m; — m_,)i.
AeM

Since my+m_1+m; +m_; = g— 1, which is even, m; —m_; and m; —m_;
must have the same parity. Thus 2 must divide |, x(A)[?, and so 2
divides h™ (M).
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