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0. Introduction. Let A = Fq[T ] be the ring of polynomials over a finite
field Fq with q elements, and k = F(T ). We assume that q > 2. For each
M ∈ A one uses the Carlitz module to construct a field extension k(M),
called the Mth cyclotomic function field , and its real subfield k+(M). It
is well known that the divisor class number h(M) of k(M) is divisible by
the class number h+(M) of k+(M). Write h−(M) = h(M)/h+(M). We
call h−(M) the first factor or relative class number , and h+(M) the second
factor or real class number of k(M).

In a recent paper Guo and Shu [GS] studied h−(Pn) and h+(Pn), where
P is an irreducible polynomial in A. Shu obtained very useful formulas for
these factors as products of character sums. We use these formulas to obtain
upper bounds for these factors in the case of prime cyclotomic function fields,
modifying the method of Feng [F].

In the classical case there are certain matrices, called the Maillet matrix
and Dem’yanenko matrix, whose determinants are very closely related to the
first factor of the class number. We define some matrices analogous to those
matrices, which are easy to define and easy to handle. Adopting the ideas
of Wang [W] and Hazama [H] and using the formulas of Shu we can express
h−(Pn) and h+(Pn) as the determinants of those matrices. The matrices
are useful to compute the class numbers in many cases. We use them to
improve the lower bound of [GS, Theorem 3.1].

In the final section we find all the possible polynomials M with h−(M) =
1 when q is odd. The cases of h(M) and h+(M) are given in [KM].

1. Basic facts and notations. Let M be a polynomial in A. It is well
known that the Galois group G of k(M) over k is isomorphic to (A/M)∗.
Thus characters on G can be regarded as characters on (A/M)∗. A character
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χ is called real if its restriction to F∗q is trivial, and nonreal otherwise. For
a polynomial N ∈ A we let NN (resp. MN ) be the set of all polynomials
(resp. monic polynomials) in A with degree less than the degree of N and
prime to N . Let φ(N) = |NN |. It is known that (cf. [GS])

h−(M) =
∏

χ nonreal

( ∑

A∈Mfχ

χ(A)
)
,(1)

h+(M) =
∏

χ real, χ6=id

(
−

∑

A∈Mfχ

degAχ(A)
)
,(2)

where fχ is the conductor of χ. When M = Pn, a power of an irreducible
P , then the formulas can be written as

h−(Pn) =
∏

χ nonreal

( ∑

A∈M
χ(A)

)
,(3)

h+(Pn) =
∏

χ real, χ6=id

(
−
∑

A∈M
degAχ(A)

)
,(4)

where M =MM .
From the formulas (1) and (2), we see that if M |N , then h−(M) |h−(N)

and h+(M) |h+(N).

2. Upper bounds for prime cyclotomic function fields. In this
section we follow the method of [F] to obtain upper bounds for h−(P )
and h+(P ), where P is an irreducible polynomial of degree d. Further,
M =MP .

Theorem 1. Let r = |M| = (qd − 1)/(q − 1). We have

h−(P ) ≤ r(q−2)r/2

and

h+(P ) ≤
( ∑

A∈M
(degA)2 − 1

r − 1

∑

A,B∈M, A6=B
degA · degB

)(r−1)/2

.

Proof. Let χ0 be any generator of the group of characters of (A/P )∗.
We write characters of (A/P )∗ in the form χ = χ

(q−1)i+k
0 , 1 ≤ i ≤ r,

0 ≤ k ≤ q − 2. Let A,B ∈M. For 0 ≤ k ≤ q − 2,

r∑

i=1

χ
(q−1)i−k
0 (A)χ(q−1)i−k

0 (B) = η−k
r∑

i=1

ηq−1 =
{
rη−k if ηq−1 = 1,
0 otherwise,



Class numbers 253

where η = χ0(A/B). Thus

∑

χ nonreal

χ(A)χ(B) =

{
r
∑q−2
k=1η

−k if ηq−1 = 1,

0, otherwise,

=





r(q − 2) if η = 1,

− r if ηq−1 = 1 and η 6= 1,

0 otherwise.

Then

h−(P )2/(r(q−2)) =
∏

χ nonreal

∣∣∣
∑

A∈M
χ(A)

∣∣∣
2/(r(q−2))

=
∏

χ nonreal

( ∑

A,B∈M
χ(A)χ(B)

)1/(r(q−2))

≤ 1
r(q − 2)

∑

χ nonreal

( ∑

A,B∈M
χ(A)χ(B)

)

=
1

r(q − 2)
rr(q − 2) = r.

The equality in the last line of above equation comes from the fact that
there is no element in M whose order in (A/P )∗ is q − 1. Hence

h−(P ) ≤ r(q−2)r/2.

For h+ we proceed as follows. As for h−, we have
∑

χ real, χ6=id

χ(A)χ(B) =
{
r − 1 if ηq−1 = 1,
−1 otherwise.

Then

h+(P )2/(r−1) ≤ 1
r − 1

∑

A,B∈M
degA · degB

∑

χ real, χ6=id

χ(A)χ(B)

=
∑

A∈M
(degA)2 − 1

r − 1

∑

A,B∈M, A6=B
degA · degB,

which implies the result.

Corollary. (i) If degP = 1, then h−(P ) = 1 and h+(P ) = 1.
(ii) If degP = 2, then h+(P ) = 1.

Proof. (i) is trivial. If d = 2, then r = q + 1. Then
∑

A∈M
(degA)2 − 1

r − 1

∑

A,B∈M, A6=B
degA · degB = q − q(q − 1)

q
= 1.



254 S. H. Bae and P.-L. Kang

3. Determinant formulas for h−(Pn) and h+(Pn). In this section we
let M = Pn, e = nd the degree of M , and r = φ(M)/(q − 1). Let N = NM
and M =MM . Write

M = {A1, . . . , Ar}.

For each polynomial A prime to M , define sgn(A) to be the leading coeffi-
cient of A and sgnM (A) = sgn(B), where B ≡ A mod M with degB < e.
Define δ(A) ∈ Z to be 1 if sgnM (A) = 1 and 0 otherwise. We denote by A′

an inverse of A modulo M . Define r × r matrix

K = (sgnM (AiA′j)).

Fix a character ψ : F∗q → C of order q − 1. For each k = 1, . . . , q − 2 define

K(k) = ψ
k
(K),

and a (q − 2)r × (q − 2)r matrix

K =




K(1) 0 0
0 K(2) 0
...

...
. . .

...
0 0 K(q−2)


 .

Theorem 2. h−(M) = detK =
∏q−2
k=1 detK(k).

Proof. For each k with 1 ≤ k ≤ q − 2, let {χ(k)
1 , . . . , χ

(k)
r } be the set of

all the characters of (A/M)∗ whose restriction to F∗q is equal to ψk. Let

Ω(k) =
1√
r

(χ(k)
i (Aj)), Ω =




Ω(1) 0 0
0 Ω(2) 0
...

...
. . .

...
0 0 Ω(q−2)


 .

From the orthogonality relation among characters we can see that Ω is a
unitary matrix. Then we have

detK = det(ΩKΩ∗) =
q−2∏

k=1

det
(

1
r
x

(k)
ij

)
,

where

x
(k)
ij =

∑

A∈M

∑

B∈M
χ

(k)
i (A)ψ

(k)
(sgnM (AB′))χkj (B).
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Note that
∑

A∈N

∑

B∈N
χ

(k)
i (A)δ(AB′)χ(k)

j (B)

=
∑

C∈N

∑

B∈N
χ

(k)
i (CB)δ(C)χ(k)

j (B)

=
( ∑

B∈N
χ

(k)
i (B)χ(k)

j (B)
)( ∑

C∈N
δ(C)χ(k)

i (C)
)

= δijφ(M)
∑

A∈M
χ

(k)
i (A).

On the other hand,
∑

A∈N

∑

B∈N
χ

(k)
i (A)δ(AB′)χ(k)

j (B)

=
∑

A∈M

∑

B∈M

( ∑

α∈F∗q

∑

β∈F∗q

ψk(α)ψ
k
(β)δ(αβ−1AB′)

)
χ

(k)
i (A)χ(k)

j (B)

= (q − 1)
∑

A∈M

∑

B∈M
χ

(k)
i (A)ψ

k
(sgnM (AB′))χ(k)

j (B) = (q − 1)x(k)
ij .

Therefore we have
x

(k)
ij = δijr

∑

A∈M
χ

(k)
i (A).

Then

detK =
q−2∏

k=1

det
(
δij

∑

A∈M
χ

(k)
i (A)

)
=

∏

χ nonreal

∑

A∈M
χ(A) = h−(M).

This theorem gives an easy way of computing the relative class numbers.

Example 1. Let q = 3 and M = T 2 + 1. Then with M = {1, T, T + 1,
T − 1} we have

K =




1 −1 1 1
1 1 −1 1
1 −1 1 −1
1 1 1 1




and h−(M) = detK = 8.

Example 2. Let q = 4 and M = T 2 + αT + 1 where α is a generator of
F∗4. Then

K =




1 1 1 + α 1 1 + α
1 1 1 + α α α
1 1 1 1 + α 1
1 α α 1 1 + α
1 1 + α 1 1 1


 ,
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detK(1) = 9
2 + 27

√
3

2 i, detK(2) = 9
2 − 27

√
3

2 i, and h−(M) = detK = 567 =
34 · 7.

We will see from the Corollary to Theorem 4 below that the irreducible
polynomials in the above examples are regular.

Example 3. Let q = 5 and M = T 2 + T + 1. Then

K =




1 −1 −1 −2 −2 2
1 1 1 −2 1 −1
1 −1 1 1 2 1
1 1 2 1 1 2
1 −2 −1 −1 1 −2
1 2 −2 2 −2 1



,

detK(1) = 92 + 60i, detK(3) = 92 − 60i, detK(2) = 160, and h−(M) =
detK = 210 · 5 · 13 · 29. Thus M is irregular.

Example 4. Let q = 3 and M = T 3 +T 2−1. Then h−(M) = 212 ·5 ·79.

For the prime ` dividing q−1, we improve the lower bound for the `-part
of the relative class number given in [GS, Theorem 3.1].

Theorem 3. Let ` be a prime factor of q − 1 and `c be the highest
power of ` dividing q − 1. Then `c(r−1) divides h−(M), and so (q − 1)r

divides h−(M).

Proof. Write q − 1 = `cm. Let ζ be a primitive `cth root of 1. Then the
entries ofK(`ikm), with 0 ≤ i ≤ c, (k, `) = 1 and 0 < k < `c−i, are the powers
of ζ`

i

and the first column of K(`ikm) is (1, . . . , 1)t. If we subtract the first
column from the other columns, then the entries in the other columns are
divisible by 1− ζ`i , whose absolute value is `a, where a = 1/(`c−i − `c−i−1),
since ` is totally ramified in Q(ζ`

i

). Then detK(`ikm) is divisible by `a(r−1).
Multiplying all these we conclude that detK is divisible by `c(r−1), since
there are `c−i − `c−i−1 such k’s.

Remark. In the examples above `c(r−1) is the highest power of ` divid-
ing h−(M). It is interesting to know whether this fact is always true as is
mentioned in [IS].

Corollary. h−(Pn) = 1 if and only if degP = 1 and n = 1.

The second factor can be treated similarly. We keep the notations as
before. For each polynomial A ∈ A, prime to M we define degM (A) to be
the degree of the polynomial B which is congruent to A modulo M with
degree less than the degree of M . Define an r × r matrix

L = (degM (AB′))A,B∈M.
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Let {χ1, . . . , χr} be the set of all the real characters modulo M with χ1 = id
and let

Λ =
1√
r

(χi(Aj)).

Let
d(M) =

∑

A∈M
degM (A) =

∑

A∈M
χ1(A) degM (A).

A similar process to that for the first factor replacing Ω by Λ, h(AB ′) by
degM (AB′)h(AB′) will give

Theorem 4. h+(M) = 1
d(M) |detL|.

Note that Theorem 4 also holds for q = 2, in which case h(M) = h+(M).

Corollary. If degP = 2, then h+(P ) = 1.

Proof. One can see easily that the matrix L is a (q+ 1)× (q+ 1) matrix
such that its diagonal entries are 0 and all the other entries are 1. By ele-
mentary row and column operations we can see that detL = (−1)qq. Since
d(P ) = q, we get the result.

Example 5. Let q = 3 and P = T 3 − T + 1. Then with

M = {1, T, T + 1, T − 1, T 2, T 2 + 1, T 2 − 1, T 2 + T, T 2 + T + 1,

T 2 + T − 1, T 2 − T, T 2 − T + 1, T 2 − T − 1}
we have

L =




0 2 2 2 2 2 1 1 2 2 1 2 2
1 0 2 2 2 2 2 2 2 1 2 1 2
1 2 0 2 2 1 2 2 1 2 2 2 2
1 2 2 0 1 2 2 2 2 2 2 2 1
2 1 2 2 0 2 1 2 1 2 2 2 2
2 2 2 2 2 0 1 2 2 2 2 1 1
2 2 1 1 2 2 0 2 2 1 2 2 2
2 1 1 2 2 2 2 0 2 2 2 2 1
2 2 2 1 2 2 2 1 0 2 2 1 2
2 2 2 2 1 1 2 1 2 0 2 2 2
2 1 2 1 2 1 2 2 2 2 0 2 2
2 2 1 2 1 2 2 2 2 2 1 0 2
2 2 2 2 2 2 2 2 1 1 1 2 0




,

detL = 310 · 7 and d(P ) = 21. Thus h+(P ) = 39.
Similarly, for P = T 3 + T 2 − 1, h+(P ) = 53 · 313.

Remark. It is mentioned in [IS] that a computer program to calculate
the class numbers of the subfields of k(P ) has been devised by R. D. Small.
From Theorems 2 and 4 one can construct another program to calculate
h+(Pn) and h−(Pn).
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4. Polynomial M with h−(M) = 1. In this section we assume that q is
odd. From the Corollary of Theorem 3, h−(M) = 1 only if M is square-free
and divisible only by irreducible polynomials of degree 1.

Proposition 5. If three distinct irreducibles divide M , then 2 |h−(M).

Proof. Let P1, P2 and P3 be distinct irreducible polynomials of degree 1
dividing M . Let χi be the quadratic character modulo Pi and χ = χ1χ2χ3.
Then χ is a nonreal character with conductor N = P1P2P3. Now consider

∑

A∈MN

χ(A).

Each term in the sum is either 1 or −1 and there are |MN | = (q−1)2 terms,
which is an even number. Thus

∑
A∈MN

χ(A) is even and nonzero, and we
get the result.

Corollary. Suppose that q is odd. Then h−(M) = 1 if and only if M
is one of the following types:

(i) M = P , where P is an irreducible polynomial of degree 1.
(ii) q = 3 and M = P1P2, where P1 and P2 are distinct irreducible

polynomials of degree 1.

Proof. From Proposition 5 we only have to consider the case M = P1P2

with degP1 = degP2 = 1. When q = 3, one can compute easily from
the formula (1) that h−(M) = 1. Now assume that q > 3. From [KM,
Theorem 3(b)], h+(M) = 1, but from [KM, Theorem 4(c)], h(M) > 1. Thus
h−(M) > 1 in this case.

Proposition 6. Assume that q ≡ 1 mod 4 and M = P1P2 with P1 6=
P2, degP1 = degP2 = 1. Then h−(M) is divisible by 2.

Proof. Let χi be a generator of the group of characters modulo Pi. Let
q − 1 = 4m and

χ = χm1 χ
m
2 .

Then χ is nonreal with conductor M . The values of χ lie in the set {±1,±i}
and there are q − 1 elements in M. For each a ∈ {±1,±i} let ma be the
number of A ∈ M with χ(A) = a. Then

∑

A∈M
χ(A) = (m1 −m−1) + (mi −m−i)i.

Since m1 +m−1 +mi+m−i = q−1, which is even, m1−m−1 and mi−m−i
must have the same parity. Thus 2 must divide |∑A∈M χ(A)|2, and so 2
divides h−(M).
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