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Farhi arithmetic functions associated to Lucas sequences
by

QING-ZHONG J1 (Nanjing)

1. Introduction. Throughout this paper, let Q, Z, N and N* denote the
field of rational numbers, the ring of rational integers, the set of nonnegative
integers and the set of positive integers. For any a,b € Z \ {0}, let ged(a,b)
(resp. lem(a, b)) denote the positive greatest common divisor (resp. the posi-
tive least common multiple) of a and b. Let d > 2 and m be any positive inte-
gers. Define vg4(m) = a if d* | m. For example, v6(12) = 1, v6(72) = 2. If pis
a prime, then v, is the normalized p-adic valuation of Q, i.e., v,(p®a/b) = a
if ged(p, ab) = 1, ged(a,b) =1, a,a,b € Z.

It is known that an equivalent version of the Prime Number Theorem
states that loglem(1,2,...,n) ~ n as n tends to infinity (see e.g. [HW]). One
thus expects that a better understanding of the function lem(1,2,...,n) may
entail a deeper understanding of the distribution of the prime numbers. Some
progress has been made in this direction. Before we state our main theorems,
let us first give a short account of the recent results on this subject.

In his pioneering paper [F], Farhi introduced the arithmetic functions

nn+1)---(n+1)

, e N*.
lem(n,n+1,...,n+1) "

(1) Fi(n) :=

He proved that the sequence (F});cn satisfies the recursive relation
(2) Fi(n) =ged(l!,(n +1)F_1(n)), n e N".
Using this relation, he proved

THEOREM 1.1 ([E]). The function F; (I € N) is l!-periodic.

An interesting problem is to determine the least period of Fj (see [E]).
In [HY], by using (2) and F;(1) | F;(n) for any positive integer n, Hong and
Yang gave a partial answer. A complete solution was given by Farhi and
Kane [FK].
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THE LEAST PERIOD THEOREM (Farhi, Kane). The least period T} of F;
s given by

(3) n= [ 0= J[ »O,
p

prime p prime, p<l
where
0 if vp(l+1) = max vp(i),
(4) 5p(l) = : : ==
max v,(i) otherwise.

1<

In [JJ], Q. Ji and C. Ji introduce an extension of the above arithmetic
function Fj(n). Precisely, they study the function F; sy : N — N (with [ € N
and f € Z[z]) defined by

[f(n)f(n+1)--- f(n+1)

5 F == )
O ™ = e (F ) fr D 0+ D)
Note that for f(z) =z, F(; y)(n) is Farhi’s original function Fj(n). Ji and Ji
prove that F; f) is periodic for any | € N and any f € Z[z] with

ged(f(z), flx+ 1) f(x+2)--- flz+1)) =1 inQlz].
They give, in addition, a multiple (effectively calculable) of the period of
F.5) (for a fixed [ and a fixed f). In the case when f is affine, they obtain
an explicit formula for the exact period of F; ), looking like the Farhi-Kane

formula .

In this paper, we shall generalize the sequence of natural numbers {n},>o
to the Lucas sequence { Ly, },,>0 which is defined as follows. Let P, ) be non-
zero integers such that ged(P, Q) = 1. For each n > 0, define L,, = L(pg)(n)
as follows:

(6) Lyo=0, Ly =1, Lpyo=PLyt1 +QLy, n > 0.

The sequence L = {L(p)(n) }n>0 is called a Lucas sequence with parameters
(P, Q). It is well-known that L, # 0 for all n > 1 if and only if (P, Q) #

n € N.

(£1,-1).
Fix e N. If (P, Q) # (£1,—1), we call
|LnLn+1 T Ln+l|
7 F n) = , n>1,
@ t.re) (") lem (Lo, Lng1s- - - Lnst)
the Farhi arithmetic function associated to the Lucas sequence L =
{L(pq)(n)}nzo0-

Let p be a prime and | € N. Define ¢,(l) as follows: If v,(l + 1) <
maxi<i<; Vp(t), then g,(l) := max;<;<; vp(i).
Now assume that v,(l + 1) > max;<;<; vp(7). Put

= [ ¢O

g prime, g<l
q#p
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Then €,(l) is defined to be the least non-negative integer e such that, for
any positive integers d > 2 and n > 1,

{va(n),va(n +1),...,va(n + )} \ {max va(n + i)}
={va(n+p°T,), va(n+1+p°T),. .. ,vd(n+l+peTg)}\{gr<1?§l va(n+i+p°Ty)}.

REMARK ([EK| Proposition 3.3]). Fix [ > 1. There is at most one prime
p such that v, (I + 1) > max;<;<; vp(i). Hence T}, is well-defined.
In this paper, we prove the following theorems.

THEOREM 1.2. Let the notation be as above. Then the Farhi arithmetic
unction Fy poy is lem(1,2,...,1)-periodic.
1,P,Q)

THEOREM 1.3. The notation being as above, let T(; pq) be the least pe-
riod of the Farhi arithmetic function F pg). Then

L oif |P=1,

1) T, :L T =
(1) (1,P,Q) (2.PQ) {2 otherwise.

(2) Assume that | > 3. If P> +4Q # 0 and the map L : N — 7,
n — |Ly|, is injective, then

e T(,pq) is a multiple of Ty and a divisor of lem(1,2,...,1).

o Assume that v,(I4+1) < max;<i<; vp(4) for every primep < 1. Then
Tapo) = lem(1,2,...,1). In addition, if l+1 > 5 is a prime, then
also T( pgy = lem(1,2,...,1).

o The least period Ty p ) is

(8) Ta.rg) = H pr.
p prime, p<l

THEOREM 1.4. Fiz a positive integer l. Let p <l be a prime such that
ep(l) = maxj<;<;vp(i). Let T' be a positive multiple of p*®. Then, for any
integer n > 1,

{wp(n), vp(n + 1), vp(n+ D} {max vy(n +14)}
={vp(n+T),v,(n+1+T),...,0p(n+1+T)}\ {frgl?%clvp(n—i—i#—fl’)}.

This paper is organized as follows: In §2, we prove the periodicity of
the F; pg)- In §3, we consider the least period of F; pg). In §4, we apply
Theorems [1.2] to special Lucas sequences. For example, the sequences
of Fibonacci numbers and of Pell numbers are Lucas sequences. If f(z) =
> o2 cng™ is the g-expansion of some normalized cusp eigenform of even
weight k& with respect to IH(V), then, for every prime p with ptN¢,, the
sequence {cpn }p>0 is a Lucas sequence.
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2. Periodicity of F|; pg). In this section, let L = {Lp@g)(n)}n>0 be
the Lucas sequence with parameters (P, Q) and (P, Q) # (£1,—1).

For a fixed I € N, in order to prove the periodicity of the Farhi arithmetic
function F(; p ) defined by , we will use the following key lemma which
is easy to prove.

LemmaA 2.1 ([1J]). Let ay,...,a, and by, ..., by be any 2n positive inte-
gers. If ged(as, aj) = ged(bi, by) for any 1 <i < j <n, then
© a-an _ bieeeby .
lem(ay,...,a,)  lem(by,..., by)

It is clear that the Lucas sequence L, = Lp)(n) defines two sequences
of integer numbers, {P,,}7°; and {Q,}>2,, as follows: given m > 1, put

P1:P7 leQa Lm+n:Pan+Qan—17 n > 1.

It is easy to see that the sequences {P,}5°; and {Q,}5>; are well-defined
and do not depend on the choice of m. In fact,

(10) P,=L,1 and Q,=QL,
by the well-known formula Ly,1y, = Lpt1 Ly + QLpLp—1.

LEMMA 2.2. Forn > 1, we have the recursive formulae

(11) Pn+1 :PPn+Qn7 Qn+1 :QPn7
and
(12) ged(Pp, Q) =1,  ged(Py, Q) = 1.

Proof. The formulas are obvious from and the definition of the
Lucas sequence; and is easy to prove by induction on n. =

LEMMA 2.3. Fizl > 1. Then the function hi(n) = ged(Ly, Q) forn > 1
is l-periodic, i.e.,
(13) ged(Lin, Q1) = ged(Lpyy, Q1), n2>1.

Proof. Forn>1and ! >1, by , we have
ng(Ln+l7 Ql) = ng(Pan + Qanfla Ql) = ng(Pan, Ql) = ng(Lna Ql) L

LEMMA 2.4. Fiz | > 1. Then the function g;(n) = ged(Ly, Lpyy) for
n > 1 is [-periodic, i.e.,

gn+1l)=gn), n=>1

Proof. By Lemma [3.1[i) below, we have gcd(Ly, L,—1) = 1. Hence, for
alln > 2,

gi(n) = ged(Ln, Lyt1) = ged(Ln, PrLn + Q1Ln-1)
= ng(Ln7 Qan—l) = ng(Ln7 Ql)
Moreover, g;(1) = ged(L1, @Q;). Hence, Lemma applies. m
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Proof of Theorem . If | =0, then F(; pg)(n) = 1 is a constant func-
tion, hence it is periodic. Fix [ > 1. For any pair (7, j) such that 0 <i < j </,
by Lemma the function g(; j)(n) = ged(Lnti, Lintj) is (j — i)-periodic.
Put T = lem(1,2,...,0). Then T is also a period of gcd(Lp+i, Lntj), i-e.,

ged(Ln+is Lntj) = ged(Lntivt, Lntj+r) for all n > 1. By Lemma we
obtain

\LnLni1 - Lol |LngrLngigr - Loy
lcm(Ln, Ln+1, e ,Ln_H) ICHI(Ln+T, Ln+1+T, ceey Ln+l+T) ’
ie. Fupgy(n)=Fypgn+T)foralln>1. u

3. The least period of F(; pg). Let the notation be as in §2. First we
recall some well-known properties of the Lucas sequence.

LEMMA 3.1. Let the notation be as above. We have the following prop-
erties:

(i) ([Rv p- 9, (2'11)]) ng(Ln,Lm) = ‘Lgcd(n,m)"
(ii) ([RL p. 10, (2.14)]) ged(Lp, Q) =1 for n > 1.
(iii) (|R) p. 5, (2.1)], Binet’s formula) Let o, [ be the roots of the poly-
nomial X% — PX — Q. Then
o — ﬁn
L,=———".
By Theorem we know that the Farhi arithmetic function Fi; p ) is
periodic. Let T{; p ) be its least period.
1 if|P|=1,
2 otherwise.
Proof. By Lemma [3.1(i), we have ged(Ly, Lnt1) = 1. Hence
F _ ’LnLn+1|
WP ™ Yem (L, Logi)
Therefore T(; pg) = 1.
If n = 2k, then
ged(Ln, Ln+2) = |Lo| = |P|,  ged(Ln, Lnt1) = ged(Ln+1, Lnt2) = 1.
If n =2k + 1, then

ged(Ly, Lpt2) = ged(Ly, Lyp+1) = ged(Lpt1, Lnyo) = 1.

PROPOSITION 3.2. T(; pg) =1, T(2,pQ) = {

= 1.

Hence

F - | Ly Lp41Ln+2] = L s odd,
@ " Nem(Ly, Litt, Lnta)

1 if |P| =1,

2 otherwise. m

|P| if nis even.

Therefore T3 pg) = {
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For every positive integer n, denote by @, (X) the nth cyclotomic poly-
nomial. We have a result analogous to [W, Lemma 2.9].

LEMMA 3.3. Let K = Q(\/d) be a quadratic field. Let p be a prime and
p an ideal over p. Suppose pfn and a is an integer in K.

(i) p|Pn(a) if and only if the multiplicative order of a modulo p is n
(i.e., a™ =1 (mod p) and n is minimal).

(i1) Assume p|Py(a). Then we have the following statements:
(a) If (%) =1, then p=1 (mod n).
(b) If (%) = —1, then p> =1 (mod n).

PropoSITION 3.4. Let p be a prime such that the map N — 7Z,

n — |Lyn|, is injective. Let a € N. Then there exists a prime q such that
q| Lpatr and gt Lpa.

Proof. By Lemma [3.1](iii), we have
(= B)Ln = B" [ [ Pal/B).
din

Let p be a prime and a € N. Then

(14) Lyot1 = 7P VP 01 () B) Lpe.

Let ¢ | Lyet1 be a prime. Denote by q an ideal over ¢ in K = Q(/P? +4Q).
Since Ng/g(B) = af = —Q and ged(L,,Q) = 1 for any integer n, we
deduce that q | ﬁpa(p_l)épaﬂ(a /B) if and only if the multiplicative order of
a/B modulo q is p®** by Lemma (1) (or [W, Lemma 2.9]). By assumption,

|Lpa+1] # |Lpe|, hence there exists a prime ¢ such that ¢ | B”a(”_l)@paﬂ (o)),
S0 q| Lpat1, but qf Lye. m

Let d be a positive integer. Define the local Farhi arithmetic function
Fu,1,q) as follows:

|Lgcd(n d)Lgcd(n+1 d)--- Lgcd(n—H d)|
(15) Furan) = : : : :
(LLd) 1cm(Lgcd(n,d)a Lgcd(n—i—l,d)a B Lgcd(n—i—l,d))
PROPOSITION  3.5. The local Farhi arithmetic function Fg g is
ged(d,lem(1,2,...,1))-periodic.

Proof. On the one hand, it is easy to see that F{; 1 ) is lem(1,2,...,1)-
periodic. On the other hand, d is clearly a period of F{; 1, 4), since

acd(ged(n +1, ), ged(n + j, d)) = ged(ged(n + i + d, ), ged(n + § + d, )
for all 0 <4,j <. Hence ged(d,lem(1,2,...,1)) is a period of F; 1 4). =
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Let d > 2. Put
(16) eq(l) = max, va().
Define

91,0.4)(n) = Fy 1 geaty(1)

’Lgcd(n,ded(l))Lgcd(n—i—l,ded(l)) o Lgcd(n-i-l,ded(l))’

lcm<Lgcd(n,ded(l))7 Lgcd(n—l—l,ded(l))? ) Lgcd(n—f—l,ded(”))

PROPOSITION 3.6. We have

17 n)= .
( ) g(l7L7d)( ) lcm(Ldvd(n) 5 Ldvd(n-‘rl)a ) Ldvd(n-‘rl))

|Lgoam) Lgvatnt) -+ Lgoamin |

Hence d*® is a period of 9(,L,d)-
Proof. On the one hand,

I
| Lgpat) Lgeatns) -+ Lgeansn| _ Tlico Egrateso|
lem(Lgogm) Lgeanr)s -+ Lgeanrn)  Lrpaxge oy avatnso|

and

| Lgcd(n,dea) Lgcd(n+1,ae0)) " Lgod(nri,aea)]

lCm(Lgcd(n,ded(U)y Lgcd(n+1,ded(l>)7 RN Lgcd(n+l7d5d<l)))

l
Hi:O ’Lgcd(n—l—i,ded(”)’

|Lmaxogigz ged(n+i,ded (D) ’

On the other hand, it is easy to see that

{dvd(n)7 dvd(n-i-l)’ o 7dvd(n-i-l)} \ {max dvd(n—I—i)}

0<i<l
={ged(n,d*"), ged(n+1,d*Y). ... ged(n+l,d*O)}\ {max ged(n+i, d*V)}.
<i<
Hence holds. By Proposition ded®) = ged(dee® lem(1,2,...,1)) is
a period of g(, 1 q). ®
LEMMA 3.7. Let p be a prime. Assume that the map N — Z, n+— |Lpn|,
18 injective.
(i) Letay,...,an,b1,...,b, € N and
ap <<, by << by

Then Lpay -+ Lpan = Ly =+ Ly, if and only if a; = b;, 1 <i < n.



150 Q. Z. Ji

€

(ii) p® is the least period of g rp) if and only if e is the least non-
negative integer such that, for any n > 1,

{wp(n), vp(n +1),... -, up(n+ D} \ {max vy (i)}

= {vp(n+p°), vp(n+1+p°), ... ,vp(n—l—l—i—pe)}\{%gai(l vp(n+i+p°)}.
<i<
(iii) If p° is a period of g 1 p), then it is also a period of

nn+1)---(n+1) )
lem(n,n+1,...,n+1) /)

K p)(n) = vp(Fi(n)) = vp<

(iv) p® W is the least period of 9(,L,p)» where 0,(1) is defined by .

Proof. (i) We argue by induction on n. The statement is obvious for
n = 1. Suppose that it holds for n — 1. If a,, < by, then there exists a prime

q such that q| L, and gfLpw by Proposition Hence q| Lyp, - Lppn

and qf{Lpa1 - - - Lpen. This is a contradiction. Hence a,, > b,,. Similarly, we
get a, < b,. Therefore a, = b,. Hence

Lyor -+ Lyont = Ly - Lp

n—1"-
By induction, we get a; = b;, 1 <i<n—1.
(ii) This is clear from (i).
(iii) For 0 <i <, set a; = vp(n + 1) and ; = vp(n + i+ p°). Then

| Lpeo Lyer - -+ Lpeu | o ’LpﬂoLpﬁl ) "Lpﬁl|
lcm(Lpao s Lpa1 sy Lpaz) lCm(Lpgo s Lpgl sy Lp@l ) '

(18)

By Lemma i), we obtain

lcm(Lpao y Lp(ll yoeey Lpal ) - ’meax(ao AAAAA ap) |7

ICHI(LPBO 5 Lpgl gee ey Lpﬂl ) = ’meax(go ,,,,, By) |

By and (i), we get

l l

g Q; — max q; = g B; — max ;.
— 1<i<l — 1<i<lI
1= 1=

Hence vy (Fi(n)) = vp(Fi(n + p©)), ie., Kip)(n) = K p)(n + p°). Therefore
p© is also a period of K(;p)(n).

(iv) If vp(I +1) < ep(l) = maxj<ij<;vp(i), then from the Least Period
Theorem and Proposition it is easy to see that p»() is the least period
of 9(,L.p)-
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If v, (1 4+ 1) > ep(1), then p() = 1. Tt is easy to show that

fop(m). -+ D). vl + D} {mas, (1)}

= {op(n+ 1), vp(n+ 1+ 1), vyl + L+ D} {max vy(n +i+ 1)}

Hence, from (ii), we know that p»®) =1 is the least period of 9U,Lp)- ™

THEOREM 3.8. Let the notation be as above. Assume that the map
N — Z, n — |Ly|, is injective. Fizl € N.

(i) If a positive integer T is a period of F(; pq), then it is also a period

of Fj.
ii) The least period Ty p is a multiple of T; and a divisor of
1,P,Q)
lem(1,2,...,1).

(iii) If for every prime p < I, we have vy(l + 1) < maxj<ij<;vp(i), then
Tupo =T =lem(1,2,...,1). In addition, if | +1 > 5 is a prime,
then T(l7P7Q) = lcm(l, 2, ceey l)

(iv) The least period T(; pq) is given by

(19) Torg = I »*7,
p prime, p<l
where g,(1) is defined as follows: If v,(I + 1) < maxj<;<; vp(i), then
ep(l) = ep(l) = maxi<;<;vp(i). If vp(l 4+ 1) > maxj<i<;vp(i), then

put ! l
Tp — H qu( )

q prime, q<l
a7#p
and define e,(1) to be the least non-negative integer e such that, for
any positive integers d > 2 and n > 1, T = peTZQ s a period of
9(,L,d)-

Proof. (i) Let T' be a period of F; p ). Let p be any prime. Then T' is
also a period of g 1, ). By Lemma (iv), we obtain p% () | T. Hence T} | T,
i.e., T is a period of Fj(n).

(ii) This is obvious by (i) and Theorem

(iii) This is clear from (ii).

(iv) By Theorem (1.2

Torey= [ »*"
p prime, p<l]
where 0 < €,(l) < ep(l). By the Least Period Theorem and (i), we have
ep(l) = ep(l) = maxy<;j<; vp(7) if vp(I + 1) < max;<i<; vp(7).
Note that there is at most one prime p such that v, (I+1) > max;<;<; vp(7).
Assume now that there exists one prime p < [ such that this inequality holds.
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Put
T = H ¢® and T =p°T), 0<e<eyl).
q prime, <!
q#p

Then it is clear that 7' is a period of F; p) if and only if T' is a period of
9(,1,4) for every positive integer d > 1. u

LeEMMA 3.9. Let L, = L(pg)(n) be the Lucas sequence with parameters
(P, Q) such that gcd(P,Q) = 1 and A = P> +4Q > 0. Then |Ly,| = |Ln| if
and only if either m =n, or P = %1 and {n,m} = {1, 2}.

Proof. Let o, 3 be the roots of the polynomial X? — PX — Q. By Lem-

ma (iii), Ly = Ly(o, ) = %25 which implies

LQH(_av _ﬁ) = —L2n<06,,8), L2n+1(_a7 _ﬁ) = L2n+1(a7ﬁ)7 n € N.
Hence we may assume that P > 0. Let a = (P ++V/A)/2, 3= (P —VA)/2.
If @ <0, then a > 3 > 0 and it is clear that L,+; > L, > 0 for all
n € N.
If @ >0, then o > || >0, f <0 and

a2n _ Q2n a2n+1 + 2n+1
Lan = \/257 Loni1 = \/ZW , nel
It is obvious that
(20) Lony1) > Lon,  Logmy1y41 > Lont1, neN

Assume that Loy, = Loy,+1 for some n,m € N. By Lemma (i), we get
P = L2 = ng(Lg, L2n> = ng(LQ, L2m+1) = L1 =1.
Since a > || > 0, we have 2m + 1 < 2n. By Lemma [3.1](i) and (20), it is
easy to see that n = 2m + 1. The equality Lg(2,,41) = L2m+1 implies that
a?mFl —8)2m+l = 1. Hence m = 0, since the function f(z) = o® — |B|* is
strictly increasing for x > 1 and f(1) =a—|f|=P =1. u
COROLLARY 3.10. With the same assumptions as in Lemma let p
be a prime and let a1,...,an,b1,...,b, € N be such that
a1 <o <ap, by << by
Then
PR N | T
lem(Lpor, ..oy Lpan) — lem(Lypy -y Lyn)
if and only if one of the following conditions holds:
(i) |IPl>1anda;="0b;, 1 <i<n-—1
(i) |P| =1, p is an odd prime, and a; = b;, 1 <i <n—1.
(iii) |P| =1, p =2, and if there exists an integer 1 < m < n—1 such that
am <1 and amy1 > 2, then by, <1 and a; =b;, m+1<i<n-—1.

(21)
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Proof. This is straightforward from Lemmas [3.9 and 3.7 =

Proof of Theorem . Let p < [ be a prime such that v,(l +1) <
maxj<;<; Up(2). By the Least Period Theorem, p2() is the least period of
the function

Kipy(n) = vpl(Fi(n)) = (

nn+1)---(n+1) >
lem(n,n+1,...,n+1) )"

Let T be any positive multiple of pe»(). Then
Kop(n) = Kgp(n+T), n>1

Let P > 2,Q > 1 and ged(P,Q) = 1. Let L, = L(pg)y(n) be the Lucas

sequence with parameters (P, Q). By Lemma the map N — Z, n — |L,]|,
is injective. By Lemma [3.7, p»®) is the least period of 9a,L,p)- Hence, for
)

any n > 1, we have g 1,,)(n) = gu.rp(n+1T), ie.,

‘vap(”) Lpup(nH) te vap(n+l> |
lcm(vap(n) s Lpup(n+1), ceey vap(n+z))
B | L yopnt) Lypntreny < -+ Lopntirm |
- lcm(vap<n+T> ) vap(n+1+T>7 Sy vap<n+l+T)) '
Let ap < a; < --- < g be a permutation of v,(n),vp(n +1),...,v,(n+1)

and let by < by < --- < by be a permutation of v,(n+T),v,(n+1+T),...,
vp(n + 1+ T). By Corollary [3.10(i), we have

ai:bi, Ogiﬁl—l,

that is,

{vp(n),vp(n+1),...,0p(n+1)}\ {lnglil%(l vp(n +1)}

= {pln+ )0l + 1+ T,y L+ TP {pmax v+ 4+ 7)) »

THEOREM 3.11. Fix |l € N and let the assumptions be as in Lemma|3.9
Let T be a positive integer. If T is a period of the Farhi arithmetic function
Fu,pg), then T is a period of the Farhi arithmetic function Fj.

Proof. Let T' be a period of F(; pg). Then for every n > 1, we have
Fupg)(n) = Fypo(n+T). Let n > 1. For any prime p, set o;; = vp(n + 1),
Bi =vp(n+i+T),0<i<I Then

| Lpeo Lo - - - Lped | _ g Lys - Ly |
lem(Lpeo, Lyevy ooy Lped)  lem(Lpso, Lysy sy Lg)

(22)
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(1) Suppose |P| > 1. By Corollary i), the condition implies
that

l

E a; — max (67} E max
— 1 7 /BZ 1<Z<lﬂl
=

Hence v,(Fj(n)) = vp(Fj(n+1T')). Since p is an arbitrary prime, we find that
Fi(n) = Fi(n+1T), ie., T is a period of Fj(n).

(2) Suppose |P| = 1. Since |L,(P, Q)| = |Ln(—P,Q)]|, it is sufficient to
consider P = 1. Let p be an odd prime. By Corollary (ii), the condi-
tion implies that v,(Fj(n)) = v, (Fi(n + T))

Assume that p = 2. Let 1) = prnme p<lp () be the least period of
Fy(n) defined by (3). Let | = 2° +a12° ! +--- + a. be the 2-adic expansion,
where a; € {0,1}, 1 <i <e.

(i) If I + 1 = 2°*L then 0(I) = 0, i.e., vo(T}) = 0. Hence vo(Fj(n)) =
va(Fy(n+1T)) for all n > 1.

(ii) If I + 1 # 2¢*L, then 65(1) = e, i.e., vo(T}) = e. Hence the implication
(22) = [v2(F;(n)) = vo(Fy(n+T)) for any n > 1] is equivalent to saying that:
if there exists an integer ng > 1 such that ve(Fj(ng)) # va2(Fj(ng + 2¢7 1)),
then

| Lo Lgos - - - Lo | | Loso Ligsy - -+ Loy |
lem(Lgao, Looa, ..., Loar) " lem(Lgsg, Losy , .., Lys,)’

where a; = va(ng +1), B; = va(ng +i+2°71),0<i < L.

(23)

CASE 1. If [ =2¢ +2°71 4 49272 + 3273 + .- - + a, let ng = 1. Then
no+1=2°42"1 4 5272 4 13273 4 ... + b,
ng + 142671 = 26T 1 52672 4 p32°73 oL 4,
where by, ..., b, € {0,1} since [ +1 < 2¢+1.
CASE 2. If | = 2°¢ 4+ 49272 + a32° 3 + - - - + a, let ng = 2°" 1. Then
no+1=2°42"1 40322 + 432 % + ... +q,,
no+1+2071 =2 445272 4 03273 .. 1.
In each case, we always have

max  ve(ng+1i) =e,
no<no+i<ng-+l

max va(ng +i+2H =e+1,
no+2¢-1<ng4i4+2e—1<ng41+4+2¢—1

H{no <mno+i<nog+1|va(ng+i)=e}=1,
#H{no +2° <mo+i +2°7 <mg+ 1427 |wa(ng +i) = e+ 1} =1,
#H{no+2°7 <np4+i+2° <ng+1+2° | up(ng + i) = e} = 1.
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By Corollary [3.10[iii), holds. Hence implies that vy(Fj(n)) =
vo(Fy(n+T)) for any n > 1.

Thus, for any prime p, the equality v,(Fi(n)) = vp(Fi(n + T')) holds for
any n > 1. Therefore Fj(n) = Fj(n+T), i.e., T is a period of Fj(n). =

Proof of Theomm The least periods T(1 p,g) and T2 p ) have been
determined in Proposition[3.2} Let [ > 3. Assume v,(I41) > maxi<ij<; vp(i).
Then peTé is a period of g(; 1, 4) if and only if

{va(n),va(n +1),...,va(n + 1)} \ {max va(n + )}
= {va(n+p°Ty),va(n+1+p°T}),. .. ’Ud(n+l+peng)}\{§2?§l va(n+i+p°Ty)}

for any d > 2 and n > 1. Hence the case (2) is obvious from Theorem [3.8

Lemma Theorem and formula (3)). =

4. Special Lucas sequences. In this section, we shall apply the results
of §2 and §3 to special Lucas sequences, which are important historically
and for their own sake. These are the sequences of Fibonacci numbers, of
Lucas numbers, of Pell numbers, the sequence L,, = “Z:Zn and the sequence
{¢pn }n>0 which are the coefficients of the g-expansion of some normalized

cusp eigenform of even weight k with respect to I'h(N).

4.1. Fibonacci numbers. Let P = Q = 1. The numbers L,, = L 1)(n)
are called Fibonacci numbers. Here are the initial terms of this sequence:

0,1,1,2,3,5,8,13,21,34,55,89,144, ...
Fix | € N. Since P2 +4Q = 5 > 0, by Theorem the Farhi arithmetic

function

|LnLn+1 Lo
F(l,l,l)(”) = — nt
lcm(Ln, Ln+1, ceey Ln_H)
with respect to the sequence of Fibonacci numbers is lem(1,2,...,1)-peri-

odic. For example:

Ty =2, T91,1) =1, and lem(1,2) = 2;

T3 = T(3,171) = 3 and lem(1,2,3) = 6;

o T7 =105, T(72,1) = 210, and lem(1,...,7) = 420.

4.2. Pell numbers. Let P = 2,Q = 1, so P2 +4Q = 8 > 0. The
numbers Ly, = L 1)(n) are called Pell numbers. The first few terms of this
sequence are:

0,1,2,5,12,29,70,169, 408, 985,2378,5741, . ..

By Theorem for every I € N, the Farhi arithmetic function F; 5 1y asso-
ciated to the sequence of Pell numbers is periodic and if [+1 > 5 is a prime,
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then lem(1,2,...,1) is the least period of F; 5 ). For example:

o 15 =T99,) =2, and lem(1,2) = 2;
o T3 =T32,) =3 and lem(1,2,3) = 6;
o T7 =105, T(751) = 210, and lem(1,...,7) = 420.

4.3. Cusp forms and elliptic curves. For any integer N > 1 and
any even integer k, let S(I(IN)) denote the set of all cusp forms of weight
k with respect to I'h(N). Let f € Sp(Io(N)) denote the normalized cusp
eigenform. If the g-expansion of f at oo is f(z) = Y .7, ¢ng", then the
coefficients {cy, }°° ; have the following properties:

(24) CprCp = Cpri1 + pk_lcpr_1 for p prime, pt N,
(25) ¢cpr = ¢, for p prime, p| N,

(26) Cmn = CmCn  if ged(m,n) =1,

(27) le(n)] < oo(n)nt* =172,

where og(n) is the number of positive divisors of n.
Let p be a prime such that ged(p, N¢p) = 1. Put

Lo=0, Lp=cyp-1, n=>L

It is clear that the sequence Ly, is the Lucas sequence L(p ) (n) with P = ¢,

and Q = —p*~1, by . Fix an integer | € N. We define a Farhi arithmetic
function F{; ;) (n) attached to the normalized cusp eigenform f and the
prime p with ged(p, N¢p) = 1 as follows:

\cpncan e Cpn+l|

(28) F(Lf,P) (n) n > 0.

= )
lem(cpn, cpntty ..., Cpntt)

From , we get P2 4 4Q = 0123 — 4p*~1 < 0. By Theorem for every
l €N, Fy tp) is periodic and if [ +1 > 5 is a prime, then lem(1,2,...,1) is
its least period.

EXAMPLE 1. Let 7(n) be the Ramanujan 7-function defined by
(29) Al) =q[J(1—gm* =D r(n)g"
n>1 n>1

It is well-known that A(z) is a normalized cusp eigenform of weight 12 with
respect to the modular group I'h(1) = SL(2,Z). Hence, for every prime p
with pt7(p), the arithmetic function

T(p™) T n+1 T n+l
Fan®) = Tt G e

is lem(1,2, ..., [)-periodic.
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Let E be an elliptic curve defined over Q and let L(E,s) = > > | ap/n®
be the L-function attached to E. Fix [ € N. Then, for every prime p where
E has good ordinary reduction, the arithmetic function

|apn(lpn+l cee apn+l|

F(l,E,p) (n) n > Oa

- lem(apn, Gyt ..oy Gpnit)’
is lem(1,2,...,1)-periodic.

EXAMPLE 2. Let E be the elliptic curve defined by y? = 23 4+ 2. Let p
be a prime. Then F has good ordinary reduction at p if and only if p = 1

(mod 4). Fix [ € N. Hence, for every prime p = 1 (mod 4), the arithmetic

function
|apnapn+l s apn+l|

F =
(l7E7p) (n) lcrn(apn7 aanrl, ey apn+l)

is lem(1,2,...,l)-periodic. Let T(; g, be the least period of F; g ). Then,
by Proposition T(2,pp) = 2 for all prime p=1 (mod 4).

4.4. Other sequences. Let a,b be integers such that ged(a,b) = 1
and |a| # |b|. For each n > 0, let L, = (a™ — b"™)/(a — b). Then it is easy to
verify that the sequence Ly, is the Lucas sequence L(p g)(n) with parameters

P =a+b0Q = —ab. In particular, if b = 1, one obtains the sequence
L, = a:__ll, now the parameters are P = a + 1,Q = —a. Finally, if also
a = 2, one gets L, = 2" — 1, and now the parameters are P = 3,Q = —2.

Since P? +4Q = (a — b)? > 0, by Theorem the function Fj 44 —ap)
is periodic and the least period T{; 44, —qp) depends only on [.
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