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Application of the circle method on multidimensional
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1. Introduction and notation. Limit-periodic functions f : N — C
are limits of periodic functions under the Besicovitch seminorm

1 1/2
Il += timsup (5 3 1700 )
N—oo n<N
These functions appear naturally in number-theoretical problems and a fa-
mous example is the indicator function of square-free numbers. For some
general properties of limit-periodic functions, the interested reader is re-
ferred to the book [9].

In forthcoming work (see also [B]) Briidern shows among other things
that binary additive problems with limit-periodic functions are within the
grasp of the circle method. Thereby he gives alternative characterisations
for limit-periodicity.

We will extend some of his results to higher dimensions using elementary
functional analysis and the circle method.

Before we can state the results, we need notation and some definitions.

Vectors x = (21, ...,2q) in N or R? will be written in bold face, and in
particular 1 = (1,...,1). The relations < and = (congruence modulo ¢) are
to be understood componentwise, and |x| := max |z;|.

For p > 1 and f : N® — C, the Besicovitch seminorms are given by

1 1/p
(1.1) 1£llp == limsup (=5 > [f@))
N N
— 0
In|<N

and the function spaces
Li={f N> C:|f[lp < oo}
are defined as usual.
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A function f : N® — C is called periodic if there is a ¢ € N such that
f(n) = f(m) whenever n = m mod ¢. A function f : N® — C is called
limit-periodic (in EZ) if there is a sequence of periodic functions f,, with
limy, oo ||f — fmllp = 0. The space of limit-periodic functions is denoted
by Dg. We will give an interesting example of a multidimensional limit-
periodic function in Section 5.

Surprisingly, we have to deal with a directed scalar product to under-
stand the Fourier analysis of limit-periodic functions. For N € N and a
direction w in

(1.2) Ki:={xeR?:|x| =1, z; >0},

let ©(w, N) be the number of elements in the rectangle {n € N¢ : n < wN}.
For f and ¢ in suitable function spaces, the limit

(1.3) (f,g)w = lim Z f(n

N @
e n<wN

will exist, and we refer to it as “scalar product”, although it is not definite.
In the special case w = 1 we have ©(1, N) = N? and get the standard
scalar product (f,g). If ¢ is the constant function g(n) = 1, we obtain the
mean value M(f) of f.

The auxiliary functions

ea(n) :=e(a-n):=exp(2mia-n) for a € RY,
Yga(n) = {

will be useful because the set {eq : a € R?/Z?} is an orthonormal basis
with regard to our scalar product in the space of periodic functions. The
functions 1) o on the other hand provide a basis with the additional property
of decreasing norm for ¢ — oo.

1 lanamOdqa forquandaENd
0 else

We can only hope to be able to apply the cirle method to a function f
if the scalar products (f, e, /q> exist. For this reason, we define

Vd —{feﬁd (fsea/q) exists for all g € N, a e N},

But it turns out to be an insufficient condition for d > 2 as we will see in
Section 6. The function f has to be even in

W= {f € VI (f easg)w = (f.€ayq) for all w € K% g €N, a € N}

The generalised Fourier coefficients (f, e,/q)w have to be independent of w.
But fortunately this is true for limit-periodic functions, as we will see in
Section 2.
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In Sections 3 and 4 we will look at the case p = 2. One tool in the
analysis of functions in £¢ is the exponential sum

(1.4) Sp(a):= > f(n)ea(n)
[n|<N
which satisfies the orthogonality relation
(1.5) Yo lrmP= | ISy« da.
[n|<N [0,1]¢

The integral on the right-hand side can be evaluated by the circle method.
In this context, the major arcs 9 = M(Q, N) are defined by

(1.6) M = U U {aeR?: |a—a/q| < Q/N},
GSQ(\aI)Sql
ajq)=

where Q = Q(N) < N'/* is a monotone and unbounded function in N. The
minor arcs m are the Complement of M in (Q/N,1+ Q/N]%.
For a function f € V{ let

S _Z Z f7ea/q

a=1 |a|<q

(a59)=1
be the singular series of f, where (a; q) := ged(aq, . .., aq,q). This is just the
sum of all rational Fourier coefficients of f. Therefore, by Bessel’s inequality,
this series is bounded by || f||3 and convergent as we shall show in Section 3

below (see Lemma . We give an asymptotic formula for the contribution
of 9 to (1.5).

THEOREM 1.1. For all f € WY there is a function Q(N) — oo with

| 1S()]? dov = &y N¥ + o(NY).
m

In Landau’s O-, o-notation the constants may depend on the functions
f and Q(IN) of course, but we will suppress this dependence here.

If the function f is regular, we can save a small power of N in the term
o(N?) (see [BGPVW] for a one-dimensional example). But even for general
limit-periodic functions, o(N?) is the best we can hope for.

This allows us to show that limit-periodic functions can be characterised
by their contribution on the minor arcs.

THEOREM 1.2. A function f € L3 is limit-periodic if and only if f € W4,
and for all Q(N) — oo we have §_|Sy(c)|* doe = o(NY).
We will deduce Theorem [1.2] from Theorem [T.1] by a functional-analytic

argument in Section 3. It can be used to deal with binary problems involving
limit-periodic functions, as we will see in Section 5.
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2. Basic lemmata. In this section we will deduce some important prop-
erties of limit-periodic functions from periodic ones by the continuity of the
scalar product. The proofs are all quite standard but it is not easy to find
an adequate reference, so we will give a sketch of every proof.

LEMMA 2.1. Let w € K% and for m € N let f, f, € Eg. If p > 1 let
9y 9m € Eg, with the dual index p' given by 1/p+1/p' = 1.

(i) If (f,9)w exists, then |{f, 9)wl < zra | Fllp - llgll-

(11) If hmm—>oo Hf - mep - 07 hmm—>oo Hg gm”p - 0; and <fmvgm>w
exist for all m € N, then (f,g)w exists and satisfies (f,9)w =
hmm—»oo<fmvgm>w-

(iii) If M(fm) exists for all m € N and limy,—o0 ||f — finllp = 0, then
M(f) exists and M(f) = limy—oo M(fm). The case p = 1 is al-
lowed.

Proof. First, we see that for N > max{1/w; : 1 <1i < d},

O(w,N) = H >Hw,<N—>

i=1
where [z] := max{n € N: n < z}. Since n < wN implies [n| < N, we can
use Holder’s inequality and the estimate above to bound |(f, g)w| by

ot IO 1 (3 ) (3 )

W
d N—ooo ;4 In|<N In|<N

and thus gain statement (i). Applying this inequality to the situation in (ii),
we see by standard arguments that (f,, gm)w is a Cauchy sequence in C
and that the limit G = limy,— o0 (fin, gm)w exists. To compare the finite
approximation on (f, g)w with G, we split the expression as follows:

Zf

n<WN
< |G—<fm,gm>w|+]<fm,gm>w— 5 X fuln
n<wN
’ Z Fin (1) gm (n) — Z f(n
n<wN n<wN

The first term is small due to the definition of G when m is large enough,
while the second one is small because the limits (fy,, gm)w exist. The last
one can be treated by limy, o ||f — fimllp = 0, limy, o0 [|g — gm ||y = 0 and
Holder’s inequality. Choose m = m(e) large enough; then for N > Ny(m, €)
the difference is bounded by e.

Since |M(f)| < || fll1 < |Ifllp, a similar calculation yields (iii). m
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The next three lemmata give some basic properties, which can be trans-
ferred from periodic functions to limit-periodic functions by Lemma [2.1

LEMMA 2.2. For f € Dfol the mean value M(f) exists. When p > 1 and
g€ Vg, (1/p+1/p' =1) the scalar product (f,g) exists and is given by

<f7g> = Z Z <f7 ea/q)(ea/qag>'

q=1 |a|<q
(a;9)=1

In particular, Dg C Vg .

Proof. Use Lemma[2.1], linearity and observe that this lemma is clear for
f=¢€asq m

It will be important that (f, e,/q)w is even independent of w for f € Dg.

LEMMA 2.3. We have Dg C Wg.

Proof. Due to Lemma it suffices to show that (f,ea/q)w is inde-
pendent of w for periodic functions f. Using the tensor product property
e(an) = [[%, e(ayn;) we can verify that (eq, €8)w = (€a, €g) for a, B € R%
The result follows by linearity and the fact that periodic functions are linear
combinations of functions eq with o € Q. w

As the periodic functions form a C-algebra, we also get a multiplicative
structure for limit-periodic functions.

LEMMA 2.4. Let f € Dg and g € Dg be limit-periodic functions and
r > 1 with 1/p+1/p = 1/r. Then the product fg is also limit-periodic with
fg € DL

Proof. A variant of Hélder’s inequality states that || fgl|» < |/ f||p]lg|ls for
functions f € £ and g € Dg. Let (fmm) and (gm) be sequences of periodic
functions which approximate f and g. Apply this estimate to the right side
of |fg = fmgmllr < [[f(g = gm)llr + [(f = fm)gmll» and use the fact that

convergent series have bounded norms. =

3. Parseval’s formula. In this section we will turn to the case p = 2
and give a characterisation of limit-periodic functions in [,g by functional
analysis. The following proposition may be viewed as a generalised Parseval’s
formula for functions in Dg - £§l.

PROPOSITION. A function f € Eg is limit-periodic if and only if f € Vg
and |13 = &;.

It can be used to deduce Theorem from Theorem which we shall
do first.
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Proof of Theorem . Lemma gives Dg C Wg and therefore it suf-
fices to show the part about the minor arc integral. We may choose Q(N)
to be a slowly growing function in N. (The theorem is true if it is true for
these functions Q(N).) By inserting formula in Theorem we get

[ISr@)Pda= | [Sp(@)?da— | [Ss(a)* da
m [0,1)d m

_ (;d 3 |f(n)\2—6f)Nd+o(Nd).

[n|<N

If f is limit-periodic, we have the relation G¢ = || f||3, and thus the integral
over the minor arcs is of order o(N?). Otherwise, we obtain & < || f||3, and
the first term is no longer of order o(N¢). u

The proof of the Proposition itself is quite standard but has some small
subtleties because the scalar product is not defined on the whole space ﬁg.
We will give a sketch of the proof for the sake of completeness by decompo-
sition into the next two lemmata.

For a function f € Vﬁl, we look at the periodic approximation

F = Z Z <faea/q>€a/q

g<m |a|]<q
(a59)=1
and the truncated singular series

Z Z (£ €asg)l?

g<m l|a|<q
(a;9)=1

LEMMA 3.1. For f € V§ and m € N we have || f—F |3 = | f3—6¢(m).
In particular, & exists, and Sy < || f||3.

Proof. Noting that f € V¢, we get by direct calculation
1f = Eall3 = 1F1I3 = (F Fa) = (Fony £) + (Frny )
The orthogonality of {eq : @ € R?/Z?} provides
(fs Fm) = (Fm, f) = (Fm, Fin) = G ¢(m).

The convergence of & and the estimate & < || f||3 are due to the positivity
of |[f = Ful3- =

For periodic functions f of period g, we have the identities f = F;, and
Sf(m) = & for m > ¢. Thus, we get the equation

(3.1) 1113 = &y,
which can be transferred to limit-periodic functions by the following lemma.

LEMMA 3.2. The functional G : Vg — R; f +— &y is continuous.
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Proof. For f,g € Vg, by the triangle inequality and Cauchy’s inequality,

|6f - g| < Z Z fa ea/q ea/q7f g> <f_g> ea/q><ea/q7g>|

=1 |a|]<q
(a;9)=1

< (Gf)l/z(efaq)l/2 + (6f79>1/2(6g)1/2-
Recalling the estimate & < || f||3 from Lemma we obtain the result. m
Finally, we put all together and get the proof of the Proposition.

Proof of Proposition. Lemma gives D§ C Vg Let fi be a sequence of
periodic functions converging to f € D4. Then (3.1)) provides ||fx||3 = &y, .
Since both sides are continuous, taking the limit £ — oo gives the result.

If now || f||3 = & is assumed, then we get the convergence || f—F,,[|3 — 0
for m — oo from Lemma As the functions F;, are periodic, f is limit-
periodic. m

4. Application of the circle method. Now, we focus on the proof of
Theorem [I.1} The evaluation of the major arc integral

(4.1) S|Sf IRCEDDS | 1Si(@)) da

9<Q l|a|<q |a—a/q|<Q/N
(a;9)=1

can be reduced to the approximation of Sf(a) in the neighbourhood of
rational points with small denominator. The main ingredient is the following
lemma.

LEMMA 4.1. For functions f € Wg, we have the asymptotic formula
> f@)vga(n) = (f,vga) Y 1+ 0N
n<x n<x
uniformly in a € N%, g € N, and |x| < N.
Proof. We define

1
Ti= | 3 rm)gam) = (vga) 31,
n<x n<x
The dependence of T on N, x, ¢q, and a is suppressed. We have to show that
for every € > 0 there is an Ny € N so that for all N > Ny, ¢ € N, a € N¢,
and |x| < N, we have T' < e.
Due to the fact that ||f|l2 < oo, there is a constant ¢y > 0 such that

S ImP < 2 S )P <

n<x In|<N
for all N € N and [x| < N.
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Let us first look at the case where ¢ > qo is large. Using the triangle
inequality and Cauchy’s inequality as well as Lemma [2.1] -(i we get

1/2 1 1/2
r< (e ) (o a1 blall g 1

n<x n<x n<x

For N > ¢ we can estimate N ¢ > n<x Yga(n) by (2/q)* while for N < ¢
this expression can be estimated by 1/N 4 We end up with

T < \/@\/max{@/q)d, 1/Nd} + fcry/1/q% < €
for all ¢ > go and N > Ny if we choose gy and N7 large enough. To obtain
the uniformity in ¢ and a, it now suffices to show the estimate for any fixed
q < qo and |a] < gq.
The special case of small x has to be treated separately before we embark
on the general proof. Let £ > 0; then for |x| < kN we get N=¢3"___ 1), a(n)
<k and N7¢3°

1 < k%. This provides the estimate

T< 1/cjvlid/2—f— ,/Cflid <€
if we choose £ so small that each term is less than €/2.
For x with |x| > kN, choose eventually a parameter n > 0 with d ,/cfn

n<x

< €/3 and deyn < 62/9. Now, we can approximate our directions in K4
(see (T.2))) by a finite set of points w; € K? such that for every w € K¢
there is a w; with |[w — w;| < n (K% is relatively compact). As f € WY, it
is possible to choose N() > Nj such that

W], Z f qu <f7 wq7a>
n<w
for all wj, N > Np, and M > kN.
The vector x/|x| is in K. Therefore, |x/|x| —w;| < 1 for some w;. With
this approximation, we obtain the estimate

(4.2)

<€/3

> Fm)egam) = vga) D1 <[ D0 Fmgatm) = Y fm)eam)]

n<x n<x n<x n<w;|x|

D IRCITNCIEATNED'S 1\+\<f,wq,a> > -3
n<w; x| n<w, x| n<wjlx|  n<x

By (4.2) and the restriction |x| > xN, the middle term does not exceed
Nde/3. We apply Cauchy’s inequality to the first term and see that it is
bounded by

1/2
‘ > f)¢ga(m)(Insx— Inzw, x) S\/C7Nd/2( > |1néx—1nst|x\|> ’

In|<N [n|<N
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where 1,<x = 1 if the condition n < x is satisfied and 1,<x = 0 otherwise.
Write y = w;|x|. Then the sum on the right can be estimated by

d d
Z Z Ini<a, — 1ni§yz" < Z |zi — yi’Ndil <dx— Y‘Ndil'

[n|<N i=1 i=1

Because of ‘x — wj|xH < nN and the choice of 1, we obtain the desired
estimate. The inequality |(f,1q.a)| < \/Cf allows us to apply this calculation
also to the third term. This concludes the proof. =

Lemma used with the formula e/, = Zleq €a/q(P)¥g b provides
(43) Z f a/q f ea/q Z 1+ q Nd)

n<x n<x

For « in the major arcs, we get an asymptotic expression by using sum-
mation by parts. In order to describe this in the multidimensional setting,
we need some more notation.

Multiindices 7 € I := {0, l}d are used to make some choice operation.
We write |7| := 71 + -+ 4+ 74 and 7 = (0,74) with o € I;_1. We need the
same decomposition for x = (y,z4), a d-dimensional vector of variables, to
define the differential operator 0y inductively by

oy if T4 =0,
{8 o2 idezl,

Zdy

Oy =
where 0, := 9/0x. For d = 1 the symbol dy with empty indices y and o is
to be understood as the identity. Using additionally the vector N = (M, Ny)
€ R% and the notation [1,N] = {x € R?: 1 < x; < N;}, we can define an
integral operator in a similar way by

T S /(s Na) dy if 74 = 0,
| fxydx:=¢ ‘
[1,N] Sl S[I,M} f(y, xd) dy d.Td if Td — 1.

In the case d = 1, the integral over y has to be ignored.
As this is only a new notation for well-known operators, the linearity is
preserved and can be shown by induction.

LEMMA 4.2 (Summation by parts). Let f: R% — C be d times continu-
ously differentiable and g : N* — C. Then

T

ST fm)gm) = 3" (I { a7 f(x) D g(n)dx.

n<N TEl, [1,N] n<x

Proof. We will give a proof by induction. The case d = 1 is well-known
and can be found, for example, in [S| p. 2]. If d > 2, we use the notation
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n = (k,ng) with k € N=! and, as above, N = (M, N,), x = (y, x4) and
T = (0, 74). Separating one summation, we obtain

Yo fm)-gm)= > Y fk,na)- gk, na)

n<N ng<Ny k<M
=Y S oFl | agsyna - Y glkona) dy
ng<Ngo€lg_1 [1,M] k<y

where we have applied our induction hypothesis to the inner sum over d — 1
variables. Now, we can invoke the one-dimensional formula for the summa-
tion over ng inside the integral to find that the above equals

S (-1 S Z{ S 07 F(y.na) - (k,nd)}dy

o€l 4 [1,M]k<y ng<Ng
= Z (—1)l!
oely 1
o Td
| Y[ cov | onogiviea - Y gl na) dua)dy.
1M]k<y T4€l [1,N4] ng<xq

Rearranging and combining the terms, we end up with the expression

> X ey

o€ly_1 Tq€1
o T4

X S S 0,20y f(y,xq) Z Z (k,ng) dzg dy
[1,M] [1,Ny] k<y ng<zq
= > (-pl g 07 f(x) ) g(n)dx. =
T€ly (1,N] n<x

At this point, we are in a position to give the approximation for the
exponential sum on the major arcs.

LEMMA 4.3. Let S¢(cx) be the exponential sum for f € W2. Then

Si(a/q+B) = (freasq) Y e(B-m)+Q* - o(N%)
In|<N
fora=a/q+ B € M with |B] < Q/N.

Proof. We write

a/q + ﬁ Z f ea/q+ﬁ ) Z eﬁ(n)f(n)ea/q(n)

[n|<N [n|<N
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and apply Lemma [£.2] to get

- Z |T| S QZW- Z f(n)ea/q(n) dx.

TE€l, [1 N} n<x

Next, we insert formula (4.3 to obtain

T

Sia/g+B)= Y (- | 97ea(x)(f,carg) D Ldx

TEl, [1,N] n<x

# YD | (2mi) TR - g oV dx,

rely [1,N]

where 87 :=[]._, 8 for a vector B € R? and 7 € I,.

The first integral can be treated with Lemmal[4.2)by doing the calculation
backwards. The second one is estimated with |3| < Q/N and |eg(x)| < 1,
yielding

Se(a/q+B8) = (f,earg) > epm) +q*- 0( Z(Q/N)|T|Nd+|7|>

[n|<N T€ly
= <f7 ea/q> Z eﬁ(n) + QZd : O(Nd)' u
[n|<N

Now we can prove Theorem

Proof of Theorem[I1.1. Squaring the formula of Lemma[4.3]and using the
estimates [(f, caa)| < [fll> and | S ey (8 1)| < N9, we get

(44 IS5a/at+ B = |(feasa)P| 2 e(8-m)| +QH - o(N).

n|<N

The sum splits up into one-dimensional parts. We have

Y s w|=TI| S et

In|<N i=1 n;<N

which can be estimated by making use of the geometric sum formula and the
inequalities |3 < |1 — e(5)] as well as |e(3)| < 1, valid for 5 € [-1/2,1/2].
Thus, we have

’ Z e(Bini)

n; <N

_‘1—6(@‘(N+1))‘ < 2
1 —e(B) ~ |8l

This allows us to extend the integration over the major arc (]3| < Q/N) to
an integration over [—1/2,1/2]¢ and to estimate the error when |3| > Q/N.
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This case occurs if there exists a 3; with |3;] > Q/N and we can bound the
contribution of the large 3 by

S ‘ Z e(ﬁ‘n)‘Qdﬁﬁzd: S ‘ Z e(ﬁ~n)‘2dﬁ

IBI>Q/N |n|<N J=118;|>Q/N |n|]<N
d
4
ST 1 [ et s G
J=1i#j B;€[~1/2,1/2] ni<N 8;1>Q/N "

= O(N'- N/Q) = O(N/Q),

where a complete integral over [—1/2,1/2] yields N by the orthogonality
relation ([1.5)).

If we put all together and insert equation (4.4) into (4.1]), we get

> > | ISHe)Pde

9<Q l|a|<q |a—a/q|<Q/N

(a;9)=1
=3 (Kewal || X c@om| ap @ o)
q<Q(\a|)§q1 IBI<Q/N |n|<N

ajq)=

=@ [ | X o[ dsromi@) + @ o(v)

[~1/2,1/2]d |n|<N

The remaining integral gives N¢ by the orthogonality relation (I.5).
Eventually, we obtain

| ISf(@)? da = S¢(Q)(N? + O(N/Q)) + Q™ - o(NY).
m

Now, choose for ) a function in IV which goes to infinity, but still satisfies
Q™ - o(N9) = o(N?). Noting that the left-hand side above is bounded by
(IIf113 +€e)N? for N > Ny(e), we get once more the estimate & < || f||3 and
the desired asymptotic formula. =

5. Examples and applications. First we give a natural example for
a limit-periodic function in dimension d > 2. Let 7 € I; = {0,1}? be a
multiindex with |7| > 2. Define

va(n) = { 1 if ged(n,) =1,

0 else,

where we use the notation n, = (n17,...,n474).
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To see that the function is indeed limit-periodic, we note that it can be
written as

ym) = Y we)=Y_ nle) [T veon) =1~ vromr)),
e=1

elged(n,) Ti=1 ™

where p is the Mobius function and the product goes over all primes 7. The
condition |7| > 2 and the multiplicative structure ensures convergence in Eg
for all p > 1.

More generally let G be a finite set of such multiindices. Then the func-

tion
G = H Tr
TEG

is also limit-periodic in £g for all p > 1 due to Lemma

If we choose G = {7 € I; : |7| = 2} for example, we get the indicator
function of the set of integers with pairwise coprime components.

Taking products is one possibility to get new examples of limit-periodic
functions. Another is to take linear transformations f4 m(n) := f(An+m)
with A € N°*¢ m € N¢ and f € D§.

Now we want to see how Theorem (and the proof of Theorem [1.1))
may be used to solve some binary additive problems. Lemma allows us
to compute scalar products (f, g) of functions f € Dg and g € Vg,. But when
it comes to more elaborate binary problems, such as the evaluation of the
sum

S fm)g(m),
n+m=k

functional analysis gives no simple answer. In the special case of f € Dg and
g€ Wg however, we can immediately write down an asymptotic formula for
the sum above:

S f(n)g(m)

n+m=k 00

=kikay (f: €asq) (9 Casg)e(k - a/q) + o([k|%).
q=1 |a|<
(a5q)
This can be achieved by expressing the sum as
S S(a)T(a)ek - a) de,
[0,1]¢

Il

1

where S and T are the exponential sums of f and g respectively with sum-
mation constraint n < k. Then we split the integral into major and minor
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arcs. The minor arcs give a contribution of o(|k|?) due to f € D¢ when we
apply the Cauchy—Schwarz inequality and Theorem The major arcs can
be evaluated similarly to the procedure in the proof of Theorem and give
the main term in the asymptotics.

Now a few words about the space W. First of all we have D C Wd
from Lemma|2.3]| Therefore, we get many interesting examples of functions
g € W4 by looking at the space Dg.

Many other examples can be found if we use the tensor product. We
define (g1 ® g2)(n) = g1(n1)ga(ny), where n = (n;,ny) and g; € Wi (i €
{1,2}, d1 + d2 = d). Then we obtain g; ® g2 € Wg.

Let ng’d be the closure of the space of linear combinations of functions
g with g(n) = ngl gi(n;) and g; € V3. Then V2®d C W4 by the identities
Vi =W, llglly = T llgillp and Lemma 2.1

6. A counterexample. Theorem is not always true for functions
f € V4. To see this, we look at the counterexample f : N2 — R given by
1 if n1 > no,

f(ni,no ;:{
( ) -1 if ni S noy.
The symmetry f(ni,ne) = —f(n2,n1) (n1 # ne) simplifies the calcula-
tion of
. 1
(Fga) = lim — > f(n)=0.

In[<N-1
n=amodq

A direct consequence is that (f,e,/,) = 0 for every ¢ € N, |a] < ¢, and
thus we have &y = 0. On the other hand, we are also able to calculate the
exponential sum for the parameter N —1 explicitly, using the geometric sum
formula.

For ag ¢ Z, a1 ¢ Z, and a1 + ag ¢ 7 we get

—_— 1 e(cyN +agN) —1 e(a;N) —1
Stla) = —— .
e(ag) — 1 e(ag +ag) —1 e(ag) — 1
Let ag = 1, g = 1/N+ o, and |5;| < 6/N, 1 # 0 for some 1/100 > 6 > 0.
Substituting and using the 1-periodicity of e gives
5y(@) 1
Q) =
! e(1/N + ) — 1

(2 e(BiN +BN) -1
e(1/N + 1+ B2) — 1

— (e(aaN) +1)

(e(BN) + 1)“’W)_1)-

e(fr) — 1
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The (rough) estimates
le(1/N + 1) — 1] < 20/N,
le(1/N + B + B2) — 1] > 1/N,
e(BeN) +1] > 1,
le(B1N + B2N) — 1] < 204,
‘1 —e(/iN)
1—e(f)
are valid when N > 10 and imply the lower bound
1S(B1, 1/N + B2)| > (N/20)(—405N + N/2) > N?/200.
Since the §/N-neighbourhood of (0,1/N) is part of the major arcs, we get
[ 1S5(e)l2 dax > (N2/200)2 - (5/N)? = yN?
m
with some 1 > 0.

22

7. Further directions and generalisations. An obvious generalisa-
tion of limit-periodicity are almost-periodic functions. A function f € £4 is
almost-periodic if it is the limit of linear combinations of functions ey in the
Besicovitch seminorm. Theorem and the relevant lemmata generalise to
this function space with the appropriate adaptations (see also [P]).

Sometimes, when the function f under consideration is regular enough,
it is possible to improve significantly on the o(N¢)-bounds in this paper.
This is possible for the indicator function of k-free numbers and should be
possible for our functions 7g, too. Possible applications are binary problems
involving prime numbers and multidimensional sets with similar structural
properties.
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