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Integral power sums of Hecke eigenvalues
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Y.-K. Lau (Hong Kong), G.-S. LU (Jinan) and J. Wu (Nancy)

1. Introduction. The set of primitive holomorphic cusp forms of even
integral weight k& > 2 for the full modular group SL(2,Z), denoted by Hj,
consists of the common eigenfunctions f of all Hecke operators T}, whose
Fourier series expansions at the cusp co are of the form

(1.1) fo n(E=D/2g2minz (I 5 > ),

and the coefficients )\f(n) are (Hecke) eigenvalues of T),. As a function
of n, Af(n) is real-valued and multiplicative. Furthermore, it was shown
by Deligne that for every prime p there is a (complex) number ay(p) such
that

(12)  Jay(p)l =1 and Ap(p") = as(p)” +as(p)" >+ +asp)™”

for all integers v > 1. This yields the Deligne inequality
(1.3) [Ar(n)] < d(n)
for all integers n > 1, where d(n) is the divisor function.

In this paper we consider, for f € Hj, the asymptotic behavior of the
(th power sum Sy(f;z) of the Hecke eigenvalues defined as

Se(fiz) == Ap(n)

n<x

where £ € N and x > 1.

1.1. O-results on Sy(f;x). This problem received attention of many
authors (see [26] for a detailed historical description). For ¢ = 1, the best
result to date (given by [26, Theorem 3]) is

Si(fizx) <5 x1/3(logx)p1+/2
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1/2 1/2
1024721 (6 f)/ 1022170f(6+\ﬁ)/ ~3 = 0118....

When the Sato—Tate conjecture holds, p1 /o can be replaced by 6,5 =
8/(3m) —1 = —0.151.... The case £ = 2 is the well known result obtained
independently by Rankin [22] and Selberg [24]. Their powerful method, now
called the Rankin—Selberg method, gives

Sa(f; ) = Cra + Op (@),

where Cy is a positive constant depending on f A key point of their
method is the analytic properties of the Rankin—Selberg L-function

L(s, f x ) :=((28) > Ap(n)’n*

n>1

where pi"/z =

As usual, ((s) denotes the Riemann zeta-function.

The study of Sy(f; x) for other ¢ requires similar auxiliary tools. Associ-
ated to each f € H}, we have the symmetric mth power L-function (m € N)
defined by

(14) L(S, Sym H H 1 _ Oéf m 2jp-5>—1

p 0<j<m
for ¢ > 1; here and below we write s = o + ir. With ([1.2)), one has
(1.5) L(s, f x f) = ((s)L(s,sym* f)

for Res > 1. Using Moreno & Shahidi’s work [19] on L(s,sym™f) for m =
2,3,4, Fomenko [I, Theorems 1 and 4] established the following estimates:

Ss(fi7) <ge 2”575, Su(fi2) = Dyxlogx + Fya + O (2%/1079),

where Dy and Fy are constants depending on f and ¢ is an arbitrarily small
positive number. Recently Lii improved Fomenko’s results and investigated
the higher moments:

(1.6) Se(f;x) = xPy(logx) + Opc(x¥F5)  (3<¢<8),
where Py(t) =0 for £ = 3,5,7, Py(t), Ps(t), Ps(t) are polynomials of degree
1,4,13 respectively and
63 = 3 =0.75, 05 = 12 = 0.9375, 07 = 53 = 0.984375,
0,=%=0875, 0= g; =0.96875, 03 = 2L =0.99218....

See [15, Theorems 1.1 and 1.4], [16, Theorems 1.1 and 1.2] and [17, Theorems
1.1 and 1.2]. A key ingredient of the proof is the properties of L(s,sym™ f)
(m =5,6,7,8) in the excellent work of Kim & Shahidi [I1].

Our first aim is to refine the exponents 6,.

(1.7)

00|~1 |

(*) The exponent 3/5 in the error term remains the best since its birth.
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THEOREM 1. Under the previous notation, we have

03 = 5 = 0.7, 05 = 93 = 0.9302.. 97:}%_09832
_ 151 175 2933
0y =11 =0.8628..., 6O=12 =0.9668. fs = 2333 = 0.9918.

For f € Hi, £ € N and Res > 1, let us define

(1.8) Fy(s) ==Y Ap(n)'n°

n>1

It is known that Fy(s) factorizes into

(1.9) Fy(s) = Gu(s)He(s)

where Gy(s) is product of the Riemann (-function and L(s,sym™ f) with
m < ¢, and Hy(s) is a Dirichlet series absolutely convergent in Res > 1/2
(see [26, Lemma 2.4], for example). Since the automorphy of L(s,sym™ f)
is available only when m < 4, the cases 5 < ¢ < 8 cannot be treated
directly. The basic idea of Lii to overcome this difficulty is the use of the
Rankin—Selberg L-functions attached to sym™ f and sym™f,

L(s,sym™f x sym"f) : H H H (1 —ap(p)™ Hap(p)"2p==)~!
p 0<j<m0<t<n
for Res > 1. See [15, (3.1)], [16, Lemmas 2.1 and 2.2], and [13, Lemma 7.2].
When ¢ < 8, the theory for general Rankin—Selberg L-functions guarantees
that Gy(s) is a general L-function in the sense of Perelli [2I]. The values of
¢ in are obtained with the (individual or averaged) convexity bounds
for general L-functions.

The main idea for our improvement is an alternative expression of Gy(s)
in Lemma below, different from [I5] 16}, [I7) [13]; this expression decom-
poses Gy(s) into a product of L-functions, general and (more importantly)
of lower degree (< 3). Hence we can take advantage of their (individual or
averaged) subconvexity bounds (see Lemmas and below). Our
sharpening relies on these delicate results, and the method also leads to
improvements of [I5, Theorems 1.2 and 1.3] and [I7, Theorems 1.3-1.5].

1.2. 2-results on Sy(f;z). In addition to O-results on Sy(f;x) one
may consider f2-estimates. The case of / = 1 was considered by various
authors. Currently the best result is due to Hafner & Ivi¢ [4, Theorem 2]:

D(loglog x)'/*
) o 1/4
Si1(fir) = < /eXp{(logloglogx)3/4 ‘

For even ¢, we denote by A,(f;z) the error term in (1.6). Ivi¢ [7, (7.23)]
conjectured

(1.10) Ao(f; ) = 2(25/9).
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Our second aim is to establish some (2-results, which in particular con-
firm (1.10).

THEOREM 2. Under the previous notation, we have
(1.11) Se(fiz) = 22 (1=3,5),

(1.12) Ag(fro) = 21"2R) (0=2,4,6).

Our principal tool in the proof is Kiihleitner & Nowak’s general Omega
theorem for a class of arithmetic functions [12, Theorem 2]. To implement it,
we need a more precise decomposition of the Dirichlet series Hy(s) in (|1.9)
(see Lemma [4.1)). For the sake of unconditional results, we are restricted

to ¢ < 6 because the automorphy of L(s,sym™ f) is merely available for
m=1,2,3,4.

2. Preliminary lemmas. This section is devoted to some preliminary
results for the proof of Theorem

2.1. Decomposition of Fj(s). As indicated in the introduction, our
starting point is a new decomposition of Fy(s).

LEMMA 2.1. Let f € Hy. Then
(2.1) Fy(s) = Ge(s)H(s)

Gs(s) = L(s, f)?L(s,sym>f),

Ga(s) = ((s)?L(s,sym® f)’ L (s, sym" f),

Gs(s) = L(s, f)°L(s,sym® f)3L(s,sym™* f x f),

Go(s) = ((s)°L(s,sym?f)*L(s,sym" f) L(s,sym™ f x sym*f),

Gr(s) = L(s, f)¥L(s,sym® f)3L(s,sym* f x f)°L(s, sym®* f x sym?® f),
Gs(s) = ((s)PL(s,sym®f)*' L(s,sym™ f)° L(s, sym* f x sym* f)°

x L(s,sym* f xsym*f),

and the function Hy(s) admits a Dirichlet series convergent absolutely in
Res > 1/2 and Hy(s) # 0 for Res = 1.

Proof. Let T, (x) (resp. Ty, X T,(x)) be the polynomial which gives the
trace of the nth symmetric power of an element (resp. the trace of the
Rankin—Selberg convolution of the mth symmetric power and the nth sym-
metric power) of SLy(C) whose trace is . Then T,,, X T),(x) = Tpp ()T ().
Thus the expression is a consequence of Lemma below with m = 4.
The absolute convergence of Hy(s) for Res > 1/2 can be easily deduced by

the Deligne inequality ((1.3)). =
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LEMMA 2.2. Let m € N. For 0 </ <2m and 0 < j <2m+ 2, define
¢ ; .
0 = { (epj2) = (gpoa)  #3= ¢ (mod2),
7 0 otherwise,

where (7;) is the binomial coefficient with the convention that (TZL) =0 if
1< 0. Then

[y

m— m

(22) 2" = (ar; — arom—)Ti(@) + Y _(armij — aemrjr2)Tm(z)Tj(2)
5=0 j=0

for£=0,1,...,2m.

Proof. Let Uy,(x) be the nth Chebyshev polynomial of the second kind.
Then
sin((n + 1))

(2.3) Up(cosf) = g , To(z) =Up(x/2).
It is well known that the U,, are orthogonal with respect to the inner product
2 s
(2.4) (U Un) 1= = | Un(cos 0)Up (cos 0) (sin 0)* d6 = 6,
T
0

where 6,5, is the Kronecker symbol.
Firstly we establish the following formulas: for 0 < i, 5 < m,

(2.5) (UnaUs, U; — Unp—j) = 0,
(2.6) (UnUi, Untj — Unyjt2) = 6ij-
We begin with a simple trigonometric identity (for 0 <i < m)
(2.7) U (cos0)U;(cos ) = Z Upn+i—2d(cos ),
d=0

which can be verified as follows:
cos((m —4)0) — cos((m + i+ 2)0)
2

D “sin((m +i — 2d + 1)) sin 6 =
d=0
= sin((m + 1)0) sin((i + 1)0).
Combining this identity with the orthogonality relation (2.4), we deduce
that

(2.8)  (UnUi,Uj — Ugpp—j) = <Z Un+i—2d,Uj — U2m—j>
d=0
= Z(Umﬂemy Uj) — Z<Um+i72da Usm—j)
d=0 d=0
= A—B.
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Sincem+i—2d=j< m+i—2(i—d) =2m — j, A and B take the same
value (0 or 1) and ({2.5)) follows from ({2.8]) immediately.
Similarly, for 0 < ¢,j < m, we have

(UnUs, Unsj = Umijr2) = > (Umti-2d: Unts) = > (Umti-2d; Umtjt2)-
d=0 d=0

Then it is trivial to verify .

Now we are ready to prove . Denote by Va,,(2) the vector space of
all real polynomials of degree < 2m over R. It is well known that Ty(x),
Ti(x),...,Tom(z) constitute a basis of Vo, (). In view of the identity

T (2)Tj(2) = Tingj (@) + Tgj—2(2) + -+ Tmj(@) (0 <j <m),
which is equivalent to (2.7]), we easily see that
To(z), ..., Tm—1(x), T (x)To(z), . .., T (x) T ()

constitute a basis of Vo, (x). Thus for 0 < ¢ < 2m, we can write

—_

m—

(2.9) 2= ame(NTi(x) + > b e () Ton(2) T ().
=0

=0
Therefore it remains to show

(2.10) am,(J) = e — Geam—; 0<j<m-—1),
(2.11) bme(J) = @msyj — Gomtjre (0S5 <m).

Clearly ([2.9) is equivalent to

[asy

(2.12) (22)" = - ame(J)U;(z) + Z by e () U (2)Uj ().
§=0 J=0

For 0 </ <2m and 0 < j < 2m + 2, we have

esin((j +1)0)

2 T
1 N 2 : 2
((22)°,U;) = - (S) (2cosf) - (sin @)~ df
2t T 207
=— S (cos 0) cos(j60) df — —S (cos )" cos((j + 2)0) dh.
o o
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In view of the formula

2@7" 2€ -1\ ¢
S (cos 0)! cos(j0) df = — S (Z tz ) A7 dz
T

5 2mi et 2

14
_ €\ 1 —0j+2d—1
_§<£—d>2m ) dz

|z]=1
_ { ((f—i)/2) if j =/¢(mod?2),
0 otherwise,
we obtain
(2.13) (22),U;) =ag; (0<£<2m,0<j<2m+2).

For0<j<m-—1, from- - and , we infer that

%—ae,2m—j=<( ) Uj — Usp—j)

= UwU U2m ] +me€ U UzaU U2m ]>
= =0
:amf(])-

Similarly for 0 < j < m, we deduce

Q¢ m4j — W m+j+2 = E A, Z U’L7 Um+] Um+j+2>

+ Z bmf U U’La Uerj - m+j+2>

= bm Z( )
by (2.13] -, -, and ( again. This proves and - "
2.2. Mean values and subconvexity bounds

LEMMA 2.3. For any € > 0, we have

T
(2.14) VIc(/7 +in) [ dr <. T
0
uniformly for T > 1, and
(2.15) C(o +i7) <z (|7] 4 1)max{(/3)(1=0), 0} +e

uniformly for 1/2 < o <2 and |7| > 1.

These are Theorem 8.4 and (8.87) in [5] and Theorem I1.3.6 in [25].
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LEMMA 2.4. Let f € H} and e > 0. Then
T

(2.16) VIL(5/8 +ir, f)|* dr <. T"*°
0
uniformly for T > 1, and
(2.17) Lo +ir, f) <ge (7] + 1)max{(2/3)(1=0), 0}+e

uniformly for 1/2 <o <2 and || > 1.

These are [0, Theorem 2, (1.8)] and [3], Corollary], respectively.

LEmMA 2.5 ([14, Corollary 1.2]). Let f € Hf and e > 0. Then
(2.18) L(o +ir,sym?f) <o (7| + 1)mexd(11/8)(1=0), 0}+=
uniformly for 1/2 <o <2 and |7| > 1.

2.3. Mean values and convexity bounds for higher rank L-
functions. For our purpose we need an immediate consequence of Perelli’s
mean value theorem and convexity bound for the general L-function in [21].

For d := {di,...,ds}, m := {my,...,ms}, n := {ny,...,ns} with
dj €N, 1 <mj; <4 and 0 <nj <my, define

J

(2.19) L‘fln’n(s) = H L(s,sym™ f x sym™ f)%
j=1

where we make the convention that
L(s,sym®f) = C(s),
L(s,sym'f) = L(s, f),
L(s,sym™f x sym®f) = L(s,sym™f).
The works of Hecke (see [8]), Gelbart & Jacquet [2], Kim [9] and Kim &
Shahidi [10] [11] show that L(s,sym™f) (1 <m < 4) is a general L-function,
and so are L(s,sym™f x sym”"f) for m,n < 4 by [23]. Plainly Sgl,n(s) is
also a general L-function with parameters o;j = 1/2, 5; > 0 for all j and
M = N:dl(m1+1)(n1 +1)+~~-+dJ(m,]+1)(nJ+1)
with the notation as in [21]. Thus
A=3{di(mi+1)(m +1) 4+ +ds(my+1)(n;+1)}, B>0
and

H:=1+Re(B/A) — (N —1)/(24) > 1/N > 0.

The next lemma follows plainly from [21, Theorem 4] and [18| Proposi-
tion 1].
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LEMMA 2.6. Let f € Hy,, d; € N, 1 < mj; <4 and 0 < n; < m; for
1<j<J. Let £§n7n(s) be defined as in (2.19). Then for any € > 0, we have

2T
(220) S |2g1,n(o- + 17-)‘2 dr <<f,€,d,m,n TQA(d,m,n)(l—a')+e
T

uniformly for 1/2 <o <1 and T > 1; and
(2.21) Lon(0 +17) Kfeamn (|7] + 1)mextaAldmn)i=a), 03+
uniformly for 1/2 <o <14¢€ and || > 1.

3. Proof of Theorem [1} By the Perron formula [25, Corollary II.2.1]
with (1.3]), we can write

, | leHT Llte
> Ap(n) =5 g. Fy(s )ds+of,< - )
n<x 14e—iT

uniformly for 2 < T < z, where the implied constant depends only on f
and . In view of Lemma [2.1], the point s = 1 is the only possible pole of the
integrand in the rectangle k < o < 1+¢ and |7| < T for any x € [1/2+¢,1).
The residue at s = 1 is equal to zPy(logz) for £ = 4,6,8, and P, = 0 if
¢ =3,5,7. Thus,

1 s 331+€
Z)\f(n = zPy(logx) — o S Fg(S)? ds—l—Oﬂe( T ),

n<x

where .Z is the contour joining 1 4+ e + 1T, k +iT, kK —iT, 1 + & — iT with
straight lines. The absolute convergence of H;(s) for Res > 1/2 + ¢ yields
Hy(s) <ye 1 in the same half-plane. Hence the preceding formula can be
written as

plte
(3.1) > Ap(n)f = zPy(logz) + O, (T + R4 9%;),
n<x
where
1 1+e
R = - i |Gy(o +1T)|z do,
T 2Ty
Ry = 2" S |Go( H+17-)| — <<f7 e sup T S |Ge(k +i7)| dT.
. 1<ni<r 11 5
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Next we shall treat only the case £ = 3, since the other cases are similar.

According to (2.17)) and (2.21)), we have

14€
(3.2) W g | TR0 g

K

1+¢ o o
7/34¢
< T | <T10/3> do

K

T7/3+e T 1+e plte
<<f,€ logx T10/3 <<f75 T

provided T' < z3/10.
In order to estimate RY, we take k = 5/8 and apply the Cauchy—Schwarz
inequality to obtain

(33) 9%?3’ <<f $5/8+E sup 1371(T1)1/21372(T1)1/2T1_1,
1I<TL<T
where
2T 27
Iy (Ty) = | |L(3/8+ir f)I*dr, ITzo(Ty) = | |L(5/8+ir,sym®f)|* dr.
Ty T

By and , we get
Ly(Ty) <pe TV and  I3o(Th) <ge TpO75/8FF,
Inserting this into yields
(3.4) MY g0 ad/Brepl/ate,
Combining and with and T = 2%/10 we obtain the required

result.

4. Proof of Theorem To facilitate our proof, we give a finer de-
composition of Fy(s) in (|1.8).

LEMMA 4.1. For { = 2,3,4,5,6, the Dirichlet series Fy(s) admits the
factorization

(4.1) Fy(s) = Go(s)¥e(25)T0(s)

where Gy(s) is defined as in Lemma[2.1]

(4.2) Yy(s)= H G2(£—2j)(3)_0(€’2j) X H G2(z-1—2j)(5)c(€’2j+1)
1<5<[¢/2] 1<5<[(e-1)/2)

with Go(s) = C(S), Gl(s) = L(S, f)y G2(3) = C(S)L(37Sym2f> and

C(¢,d) := <fz> (2971 — 1),
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and Yy(s) is defined by a Dirichlet series that is absolutely convergent in
Res > 1/3. Moreover, the meromorphic function W(s) has no pole on the
line Res = 1.

REMARKS. (i) In view of ([I.5]), we have W5(s) = ((s)~! and 13(s) =1
(ii) The factorization (4.1)) holds for all £ € N (with G/(s) being defined
as Fy(s) in [13, Lemma 7.1]). We restrict to £ < 6 for unconditional results.

Proof of Lemma [{.1 It suffices to compare the local factors on both
sides of ([4.1]), and check that log Fy(s) and log(G(s)¥(2s)) coincide up to
p~2¢ for suitable exponents C(¢, d).

Write A¢(p) = 2cos@; then Af(p”) = T, (2cos ) = U, (cos ). The p-local
factors of Fy(s) and its logarithm log Fy(s) are respectively

¢ Uy(cos )" — U1 (cos 0)*
1+Z L (cos 0)* and Ui (cos ) n 2(cos0)" — 3U1(cos0) L0 1 .
ps p25 p35

v>1

Recalling that (2.1)) follows from (2.2) and the fact that Uy (x)! = (2x)°, the
local factor of log Gy(s) is

v )4
(43) Z Ul(COS( 9)) p—z/s'

v
v>1
Hence, the difference between the local factors of log Fy(s) and log Gy(s)
equals
(4.4) (Us(cos )t — U1 (cos 0)%¢ — U, (cos(29))z)p_2s + O(p™3).
Observing that Uy = U? — 1 and Uj(cos(26)) = Uj(cosf)? — 2, the
coefficient of p~2¢ in (4.4) equals
l

> (=pha -2 (2) U7 (cos )%
d=2
[(t=1)/2] 2] .
> C(0,25 + 1)U (cos0)*T12) — N " C(£,25)Un (cos )22,
j=1 j=1
In view of (4.3)), we can replace the first term in by the local factors of
[(¢=1)/2]
(4.5) > C(6,2) +1)log Gagp1-25)(25)
j=1
[£/2]
- Z C(¢,27)log Ga(p—2jy(2s)
j=1

up to O(p~3%). This proves the factorization of F(s).
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It remains to evaluate the order of ¥y(s) at s = 1. Gg;(s) has a pole of

order 925 = (2])'/(3'(j+1)') at s =1,1e.90=1,92=1,94 = 2,96 = 5,98 =
14, and the values of C(¢,d) (2 < d < ¢ < 6) are given in the table:

(\Nd| 2 3 4 5 6
2 | 1

3 |58 3

4 |6 12 7

5 |10 30 35 15

6 |15 60 105 90 31

Hence the order of ¥y(s) at s = 1 (which is negative for a pole) is given
by (4.5) with log G, (2s) replaced by —ga,, and is equal to 1,0, 7,10, 61 for
£ =2,3,4,5,6 respectively. This completes the proof. =

We are ready to prove Theorem [2] In light of Lemma [4.1] we write

o) = fi(s) .
Fis) ngjgé/zgj(23)h( )

[(e-1)/2] '
h(s) = G2(67172j)(28)0(672j+1)T€($)'
j=1

The conditions (A)—(E) required in [I2, Theorem 2] will be verified with the
following choice of parameters (in the notation of [12]):
J=[0/2, nj=2 ol=1-27¢-10"" (1<j<J),
(4.6) K=1, mi=1, r =2 of=0,
a=2"11-2"9>1/3 (asl>2).

Apparently fi(s),g;(s) and h(s) are absolutely convergent Dirichlet se-
ries for Res > 1:

fils) = Jar(mn™,  gi(s) =D bj(mn*,  h(s) = c(n)n",
n>1 n>1 n>1
with a1(1) = b;(1) = ¢(1) = 1 and a1(n),b;(n),b3(n),c(n) < n° for any
€ > 0 and all n > 1, thanks to the Deligne inequality . Note that
bj(n) is the inverse arithmetic function of b;j(n) with respect to Dirichlet
convolution. Conditions (A), (B) and (D) in [I2] are quite obviously valid,
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for instance,

filo +ir)
fi(ll —o+1i7)
for ¢ = a and |7| > 1, as the degree of Gy(s) is 2°.

The crucial condition (C) concerns the zero density of g;(s). Denote
by Np(0¢,T) the number of zeros of a generic L-function L(s) in o > oy
and 0 < 7 < T. Condition (C) will hold if Ny (0,T) < T1-1/10 when
o =0 =20 —107*. To this end, we invoke [20, Theorem 1]: if L(s) is in
the Selberg class and of degree d, then

Np(o,T) < T =% for2/d <o < 1.

‘ > |T’2£(1/27<7)

Each factor L(s) in Gg_2j)(s) is in the Selberg class and has degree d <
(0—2j+1)2.1f3<d< (0 —2j+1)2< (£—1)%, then 20— 10~¢ > 2/3 > 2/d
and so Ny (0, T) < TAF for 0 = 2o — 107¢, where

A<dl-2a+1079) =d2 " +107) < (122" +107%) < 2.

When d = 1 or 2, we have L(s) = ((s) or L(s, f) and thus N (o, T) < T
for o = 2a — 107, (This estimate is crude but sufficient.) Condition (C)
is hence satisfied. Condition (E) is also valid for our choice of parameters
in .

As Theorems 1 and 2 in [I2] are applicable, our proof of Theorem [2| is
complete.

Acknowledgements. The authors wish to thank the referee for com-
ments. Lau is supported by GRF (HKU 702308P) from the Research Grants
Council of the Hong Kong Special Administrative Region. Lii’s work is sup-
ported in part by a key project of the National Natural Science Founda-
tion of China (Grant No. 11031004), NCET (NCET-10-0548) and Shan-
dong Province Natural Science Foundation for Distinguished Young Scholars
(JQ201102).

References

[1] O. M. Fomenko, Fourier coefficients of parabolic forms, and automorphic L-func-
tions, J. Math. Sci. (New York) 95 (1999), 2295-2316.

[2] S. Gelbart and H. Jacquet, A relation between automorphic representations of GL(2)
and GL(3), Ann. Sci. Ecole Norm. Sup. (4) 11 (1978), 471-542.

[3] A. Good, The square mean of Dirichlet series associated with cusp forms, Mathe-
matika 29 (1982), 278-295.

[4] J. L. Hafner and A. Ivié, On sums of Fourier coefficients of cusp forms, Enseign.
Math. (2) 35 (1989), 375-382.


http://dx.doi.org/10.1007/BF02172473
http://dx.doi.org/10.1112/S0025579300012377

206

[5]

Y .-K. Lau et al.

A. Ivié, Exponent pairs and the zeta function of Riemann, Studia Sci. Math. Hungar.
15 (1980), 157-181.

—, On zeta-functions associated with Fourier coefficients of cusp forms, in: Proceed-
ings of the Amalfi Conference on Analytic Number Theory (Maiori, 1989), Univ.
Salerno, Salerno, 1992, 231-246.

—, Large values of certain number-theoretic error terms, Acta Arith. 56 (1990),
135-159.

H. Iwaniec, Topics in Classical Automorphic Forms, Grad. Stud. Math. 17, Amer.
Math. Soc., Providence, RI, 1997.

H. H. Kim, Functoriality for the exterior square of GLs4 and the symmetric fourth
of GL2 (with Appendix 1 by D. Ramakrishnan, and Appendix 2 by H. H. Kim and
P. Sarnak), J. Amer. Math. Soc. 16 (2003), 139-183.

H. H. Kim and F. Shahidi, Functorial products for GL2 X GL3 and the symmetric
cube for GLy (with an appendix by C. J. Bushnell and G. Henniart), Ann. of Math.
(2) 155 (2002), 837-893.

—, —, Cuspidality of symmetric powers with applications, Duke Math. J. 112 (2002),
177-197.

M. Kiihleitner and W. G. Nowak, An omega theorem for a class of arithmetic func-
tions, Math. Nachr. 165 (1994), 79-98.

Y.-K. Lau and G.-S. Lii, Sums of Fourier coefficients of cusp forms, Quart. J. Math.
Oxford, doi: 10.1093/qmath/haq012.

X. Li, Bounds for GL(3) x GL(2) L-functions and GL(3) L-functions, Ann. of Math.
173 (2011), 301-336.

G.-S. Lii, Average behavior of Fourier coefficients of cusp forms, Proc. Amer. Math.
Soc. 137 (2009), 1961-1969.

—, The sizth and eighth moments of Fourier coefficients of cusp forms, J. Number
Theory 129 (2009), 2790-2800.

—, On higher moments of Fourier coefficients of holomorphic cusp forms, Canad.
J. Math. 63 (2011), 634—647.

K. Matsumoto, The mean values and the universality of Rankin—Selberg L-functions,
in: Number Theory (Turku, 1999), de Gruyter, Berlin, 2001, 201-221.

C. J. Moreno and F. Shahidi, The fourth moment of Ramanujan 7-function, Math.
Ann. 266 (1983), 233—239.

A. Mukhopadhyay and K. Srinivas, A zero density estimate for the Selberg class,
Int. J. Number Theory 3 (2007), 263-273.

A. Perelli, General L-functions, Ann. Mat. Pura Appl. (4) 130 (1982), 287-306.

R. A. Rankin, Contributions to the theory of Ramanujan’s function 7(n) and sim-
ilar arithmetical functions. I. The zeros of the function Y oo, T(n)/n® on the line
Res = 13/2. II. The order of the Fourier coefficients of integral modular forms,
Proc. Cambridge Philos. Soc. 35 (1939), 351-372.

Z. Rudnick and P. Sarnak, Zeros of principal L-functions and random matriz theory,
Duke Math. J. 81 (1996), 269-322.

A. Selberg, Bemerkungen tber eine Dirichletsche Reihe, die mit der Theorie der
Modulformen nahe verbunden ist, Arch. Math. Naturvid. 43 (1940), 47-50.

G. Tenenbaum, Introduction to Analytic and Probabilistic Number Theory, Cam-
bridge Stud. Adv. Math. 46, Cambridge Univ. Press, 1995.


http://dx.doi.org/10.1090/S0894-0347-02-00410-1
http://dx.doi.org/10.2307/3062134
http://dx.doi.org/10.1215/S0012-9074-02-11215-0
http://dx.doi.org/10.1002/mana.19941650107
http://dx.doi.org/10.1093/qmath/haq012
http://dx.doi.org/10.4007/annals.2011.173.1.8
http://dx.doi.org/10.1016/j.jnt.2009.01.019
http://dx.doi.org/10.1007/BF01458445
http://dx.doi.org/10.1142/S1793042107000894
http://dx.doi.org/10.1007/BF01761499
http://dx.doi.org/10.1017/S0305004100021095
http://dx.doi.org/10.1215/S0012-7094-96-08115-6

Integral power sums of Hecke eigenvalues 207

[26] J. Wu, Power sums of Hecke eigenvalues and application, Acta Arith. 137 (2009),

333-344.
Y.-K. Lau G.-S. Li
Department of Mathematics School of Mathematics
The University of Hong Kong Shandong University
Pokfulam Road Jinan, Shandong 250100, China
Hong Kong E-mail: gslv@sdu.edu.cn

E-mail: yklau@maths.hku.hk

J. Wu

Institut Elie Cartan Nancy (IECN)
CNRS, Nancy-Université, INRTA
Boulevard des Aiguillettes, B.P. 239
54506 Vandceuvre-les-Nancy, France
E-mail: wujie@iecn.u-nancy.fr

Received on 2.7.2010
and in revised form on 23.2.2011 (6434)


http://dx.doi.org/10.4064/aa137-4-3




	Introduction
	O-results on S(f; x)
	-results on S(f; x)

	Preliminary lemmas
	Decomposition of F(s)
	Mean values and subconvexity bounds
	Mean values and convexity bounds for higher rank L-functions

	Proof of Theorem 1
	Proof of Theorem 2

