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1. Introduction. Let K/k be an extension of number fields and let O
and Oy be their rings of integers. By Theorem 1.13 in [Na] we know that

Ok = OLK:k]—l oI,

where I is an ideal of Oy. By Theorem 1.14 in [Na] the Og-module structure
of Ok is determined by [K : k] and the ideal class of I. This class is called
the Steinitz class of K/k and we will indicate it by st(K/k). Let k be a
number field and G a finite group; then we define

Ri(k,G) = {x € Cl(k) : 3K /k tame, Gal(K/k) = G, st(K/k) = x}.

It is conjectured that this subset of Cl(k) is always a subgroup. The problem
has been studied by a lot of authors since the 1960s and R;(k, G) has been
proved to be a group for some particular choices of G. In particular the
conjecture for finite abelian groups is a consequence of a paper by Leon Mc-
Culloh of 1987 (JMC2]). Other results from literature cover some particular
nonabelian groups: see for example [B], [BS], [BGS], [Cal], [Ca2|, [CaS], [E],
[GST], [GS2], [Loll, [Lo2], [MS], [MCI], [S1], [S2] and [Sov].

The study of realizable Steinitz classes is closely connected to a similar
question involving Galois module structure. In that context R¢(O[G]) de-
notes a subset of the locally free class group Cl(Ox[G]) and is defined in a
similar way to R¢(k, G). Again R;(Ok[G]) is conjectured to be a group, which
is in some sense a generalization of the conjecture about Steinitz classes.

In this paper we will study Ry(k, G) when G is a semidirect product of
the form C(I"™) x C(l), where [ is an odd prime number and C(m) denotes
a cyclic group of order m. We will use the notation and some techniques
from [C2] to prove the conjecture for such groups and to give an explicit
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description of Ry(k, G). In particular the case n = 2 is interesting because,
together with [B, it completes the study of realizable Steinitz classes for
groups of order [3. We will also give an alternative proof of the results
of [B], based on class field theory.

Some of the results in this paper are parts of the author’s PhD thesis [C1].

2. Preliminary results. We start by recalling the following two fun-
damental results.

THEOREM 2.1. If K/k is a finite tame Galois extension then

d(K/k) = Hp(ep—l)[K!k’}/ep’
p

where ey is the ramification index of p.
Proof. This follows by Propositions 8 and 14 of Chapter IIT of [L]. =
THEOREM 2.2. Assume K is a finite Galois extension of a number field k.

(a) If the Galois group of K/k either has odd order or has a noncyclic
2-Sylow subgroup then d(K/k) is the square of an ideal and this ideal
represents the Steinitz class of the extension.

(b) If the Galois group is of even order with a cyclic 2-Sylow subgroup
and a is any element of k whose square root generates the quadratic
subextension of K/k then d(K/k)/« is the square of a fractional
ideal and this ideal represents the Steinitz class of the extension.

Proof. Thisis a corollary of Theorem I.1.1 in [E]. In particular it is shown
in [E] that in case (b), K/k has exactly one quadratic subextension. m

Further, considering Steinitz classes in towers of extensions, we will need
the following proposition.

PROPOSITION 2.3. Suppose K/ki and ki/k are extensions of number
fields. Then
st(K/k) = stk /R)E PN (s6(K k).

Proof. This is Proposition 1.1.2 in [E]. =
We will also use some other preliminary results.

LEMMA 2.4. Let m,n,x,y be integers. If x =y (mod m) and any prime
q dividing n also divides m then
2" =y" (mod mn).

Proof. Let n = qi ..., be the prime decomposition of n (¢; and ¢; with
i # j are allowed to be equal). We prove by induction on r that 2" = y"
(mod mn). If r = 1, then mn = mq; must divide m? and there exists b € N
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such that
q—1 . '
" = (y+bm)" =y + Z <q1> (bm)'y™ " + (bm)?* = y" (mod mn).
7
i=1

Let us assume that the lemma is true for » — 1 and prove it for r. Since
qr | m, as above, for some ¢ € N we have

xn — (yq1...qr—1 + cmgy ... qr_l)QT

qr
=+ 30 () gy ) = (o ).
i=1

DEFINITION 2.5. Let K /k be a finite abelian extension of number fields,
let Ji be the group of ideals of k, let P be the group of principal ideals,
let m be a cycle of declaration of K/k and let H}} Ik be the kernel of the
Artin symbol (K—/k) : JJit — Gal(K/k), where Ji* is the group of all ideals
of k prime to m. Then we define the subgroup W (k, K) of the ideal class
group of k in the following equivalent ways (the equivalence is shown in [C2],
Proposition 2.10]):

W(k,K) = HE/k - Py/ Px,
W(k,K) = {z € J /Py : = contains infinitely many primes of absolute
degree 1 splitting completely in K},
W(k,K) ={x € Ji/Py :  contains a prime splitting completely in K},
W(k, K) = Ng/i(Jk) - Pr/ Py
In the case of cyclotomic extensions we will also use the shorter notation
W(k,m) = W(k, k(Cm))-

LEMMA 2.6. Let m,n be integers. If any prime q dividing n also divides
m then W(k,m)" C W(k,mn).

Proof. Let © € W(k,m). By definition and by Lemma 2.11 from [C2],
x contains a prime ideal p prime to mn and such that Ny q(p) € P, where
m=m - Py and P@‘ is the group of all principal ideals in Z generated by a

natural number ¢ = 1 (mod m). Then, by Lemma Ni/(p") € PG with
N = MNP, and it follows from Lemma 2.12 of [C2] that =™ € W (k, mn). m

We conclude this section by recalling a technical definition from [C2].

DEFINITION 2.7. We will call a finite group G of order m good if the
following properties are satisfied:

1. For any number field k, R;(k, G) is a group.
2. For any tame G-extension K/k of number fields there exists an ele-
ment ag ;, € k such that:
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(a) If G is of even order with a cyclic 2-Sylow subgroup, then a square
root of ag/; generates the quadratic subextension of K/k; if G
either has odd order or has a noncyclic 2-Sylow subgroup, then
« K/k = 1.

(b) For any prime p, with ramification index e, in K/k, the ideal

class @ of

(p(ep —L)m/ep—vy (O‘K/k))l/2

is in Re(k, G).

3. For any tame G-extension K/k of number fields, for any prime ideal
p of k and any rational prime ! dividing its ramification index ey, the
class of the ideal

p(l—l)%’
is in R¢(k, G), where ep(l) is the exact power of [ dividing ey, and, if

2 divides (I — 1)%, the class of

is in R¢(k, G).

4. G is such that for any number field k, for any class z € Ry(k,G)
and any integer a, there exists a tame G-extension K with Steinitz
class = and such that every nontrivial subextension of K /k is ramified
at some primes which are unramified in k((,)/k.

The importance of this definition lies in the fact that for good groups
G we can apply Theorems 3.19 and 3.22 of [C2] to obtain a description of
Ri(k, G) for certain group extensions G of G.

3. Some I-groups. In [B], Clément Bruche proved that if G is a non-
abelian group of order 12 = wv and exponent v, where [ is an odd prime,
then Ry(k,G) = W(k,1)*~1/2 under the hypothesis that the extension
k((y)/k(() is unramified, thereby giving an unconditional result when G
has exponent I.

In this section we prove that Ry(k, C(12) x, C(1)) = W (k,1)!=1/2 with-
out any additional hypothesis on the number field k. Indeed we will consider
a more general situation, studying groups of the form G = C(I") x, C(1),
with n > 2, where p sends a generator of C'(I) to the elevation to the
(I"~! 4+ 1)th power. Together with Bruche’s result this will conclude the
study of realizable Steinitz classes for tame Galois extensions of degree [3.

(1) Actually pler ~Dm/er=vp(@x/k) ig the square of an ideal by Theorems and
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LEMMA 3.1. Let | be an odd prime. The group G = C(I") x,, C(l) with
n > 2 is identified by the exact sequence

1—- Cc(")—-G—-C(l)—1
if the action of C(1) on C(I") is given by . Further G is isomorphic to

n _ n—1
(o,7:0' =7" =1, 010t = 7" Ty,

Proof. Let G be the group in the above exact sequence, let H be a sub-
group of G isomorphic to C'(I") and generated by 7; let x € G be such that
its class modulo H generates G/H, which is cyclic of order [, and such that
el = 7" qe a7 = 7" *lz. Then 2! = 79 for some a € N. Since G
is of order (™! and it is not cyclic, the order of z must divide I and so

n—1 n
" =g =1,

i.e. [ divides a and there exists b € N such that ¢ = bl. By induction we

prove that, for m > 1,
(T_bl‘)m _ T—bm—blnfl(m—l)m/me‘

This is obvious for m = 1; we have to prove the inductive step:
(T_bilf)m _ T—b(m—l)—blnfl(m—2)(m—1)/2xm—17_—bx

_ ,7_—b(m—1)—bl"_1 (m—2)(m—1)/2xm—17_—bl,—(m—l)xm

_ T*b(mfl)fbl"71(m—Q)(mf1)/27_,b(1+ln71)m—1 xm

— p—b(m=1)=b"" (m=2)(m—1)/2=b=b(m—1)I"~" ,m

—bm—>bl"" Y (m—
-7 bm—bl""1t(m 1)m/2xm‘

bg. we obtain

Then writing o = 7~
ol = (17bg) = 770l = prate —
Further
oro = 1 0prg et = 7oA T ALY = LT
and o, 7 are generators of (G. Thus G must be a quotient of the group

l "

(o,7: ol =7" =1, 0107 = Tln_lﬂ).

But this group has the same order as G and thus they must be isomorphic. =

It follows that to study R¢(k, C(I") %, C(1)), for any number field k, we
can use Proposition 3.13 of [C2].
For any v € C(I") of order o(y) we define Ej , . as the fixed field in

k(Co('y)) of
Gropn = {9 € Gal(k(Cory))/k) = 31 € C(), plgr)(7) = @},

where g((o(4)) = C:a;(g) for any g € Gal(k((o(y))/F)-
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LEMMA 3.2. Let 7 be a generator of C(I"). Then Ey, ;,+ = k((n-1).
Proof. By definition Ej, , - is the fixed field in k((n) of

Ghopr = {9 € Gal(k(Gn)/k) : g1 € C(1), p(g1)(r) = 77}

— {g € Gal(k(¢)/k) : Ja € N, 72" +1 = s (9}
= {g € Gal(k(Gn)/k) : v (g) =1 (mod 1" 1)}
= {9 € Gal(k(Gn)/k) : g(Gn—1) = Gnr} = Gal(k(Grn ) /k(Gn—1))-

Hence Ej ;7 = k((n-1). =
LEMMA 3.3. We have
Ri(k, C(I") x,, C(1)) D W (k,m~1)-Di/2,

Further, for any x € W(k, 1" ') and any positive integer a, there exists a
tame G-extension K of k with Steinitz class x'""YY2 and such that any non-
trivial subextension of K/k is ramified at some primes which are unramified

in k(Ca) /.

Proof. By Theorem 3.23 of |[C2], C(I) is a good group and so, recalling
also Lemma the hypotheses of Proposition 3.13 of [C2] are satisfied and
we obtain

Re(k, C(I") %, C(1) 2 Re(k, C(1)"" - W (k, Eppur) =V,
where 7 is a generator of C'(I™). We easily conclude the proof since 1 €
Ri(k,C(l)) and, by Lemma Eppr = k(Gn-1), ie.
W(k, By, ) = W(k,1"71).
Further the extensions constructed in Lemmas 3.10 and 3.11 of |[C2] can be
chosen so that all their proper subextensions are ramified at some primes

which are unramified in k((,)/k. Hence, actually, the same is true for the
extensions obtained using Proposition 3.13 of [C2]. =

To prove the opposite inclusion we need some lemmas.

LEMMA 3.4. Let T be a generator of C(I") and 0 < ¢ < n be an integer.
Then

Gl

kot S G

7/‘1’77-’

where ék,u,rlc is the subgroup of Gal(k((in)/k) consisting of all the elements
whose restrictions to Gal(k(Gn-c)/k) are in Gy, -ie.

Proof. For any positive integer a we define
fiza : C(1) = (Z/o(r*)Z)"

by Tz (9) = 1(g1)(1®) for all g; € C(I). To simplify notation, for g €
Ghprie we will write vy, e (g) instead of vy, e (glk(c,,_.))- By definition, if
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g€ ék%Tzc, then there exists g1 € C(l) such that
TlCVk,TZC (g) — /I/(gl)('rlc) _ Tlcp‘-rlc (91).
We also observe that
Vi, r l Vi r v ,.C(g)
Gt = G = g(Gn)" = g(Gee) = G
and
) — (1) (71 = ) () =
From the above equalities we deduce
Vik,r(9) = Vg 71(9) = fire(91) = fir(g1) (mod ")
and therefore by Lemma [2.4] we obtain
Vi (9") = fir(g1) (mod I™).
We conclude that . .
Porld) — piela) (gl ()

and hence ¢ € Gl ®

LEMMA 3.5. Let 7 be a generator of C(I") and 0 < ¢ < n be an integer.
Then

W (k, By, e)'” C W (k, "),

Proof. Let x be a class in W(k, By, , .1c). By definition there exists a
prime p in the class of z splitting completely in Ej , e /k. By Theorem
IV.8.4 in [Ne¢],

PEHE

where m is a cycle of declaration of Ek urie/k and Hy i 1s the kernel
. ” k,u,‘rlc/
of the Artin symbol

By ek
<’“”l/> LR Gal(E, , e /k).

Then, by Proposition I1.3.3 in [Ne],

(k(czn)/k) ‘E _ (Efw,rle/k> 9
P bt p '

k(Gn)/k -
<W) € Gal(k(€17b)/Ek7u7TlC) = Gk‘,,u,TlC
and it follows by Lemma [3.4] that

<k(Cln)/k
pt

Thus

> _ <k(5l;)/k> c Gl e © Grpr = Gal(k(Gr)/ B i,z )-
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(Ek,u,T/k> _ (k(cm)/k>
p p i pr

and so the class 2!° of p' is in W (k, Ey, ,u.r), which is equal to W (k, ") by
Lemma .

LEMMA 3.6. Let K/k be a tamely ramified abelian extension of number
fields and let p be a prime ideal in k whose ramification index in K/k is ey.
Then Nyjq(p) € Py, where m = ep - poo, i-e. Nyq(p) is an ideal of Z
generated by a natural number a = 1 (mod ep). In particular, by Lemma 2.12
of [C2], p € H&Cep)/k and so its class is in W (k, ep).

Then
=1

Proof. This is Lemma 1.2.1 of [E]. =

LEMMA 3.7. Let K/k be a tame C(I") x, C(l)-extension of number
fields and let p be a ramifying prime, with ramification index ey,. Then the

classes of

ep—1 l”7~+1 1—1 nt1

1
p 2 ep and p 2 ep
are both in W (k, 1"~ 1)(I=D/2,
Proof. The Galois group of K/k is C(I") x,, C(l), which is isomorphic

to
n _ n—1
G=(o7:0'=7" =1, 0107t = 7" 1),

by Lemma 3.1
Since the ramification is tame, the inertia group at p is cyclic, generated

by an element 7%¢?; by induction we obtain
(Tao_b)m
b

n—1 _
_ Tam—l—abl (m 1)m/20_bm‘

The order e, of 7%¢” must be a multiple of [, since the element %0 is
nontrivial and G is an I-group. Hence, recalling that 7" = 1, we find that

ep is the smallest positive integer such that
T gher — 1.

First of all we assume that {2 divides ep. If 18 is the exact power of I divid-
ing a, we obtain e, = ["=# and in particular # < n — 2. So we have

o(r%?)o ™t = 7T NG = (paghy T

and

_pn—1 _spn—1—p
e bl O’b — (TaO'b) abl +1

(%)t = ,
where aa = 19 (mod {™). Hence, in particular, the inertia group is a normal
subgroup of G. Thus we can decompose our extension in K/k; and ki/k,
which are both Galois and such that p is totally ramified in K/k; and un-

ramified in k1 /k. By Lemma 3.14 of [C2] the class of p is in W (k, By, , ragb),
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where the action p is induced by the conjugation in G and, in particu-
lar, it sends the class of 7 in Gal(ky/k) = G/{7%") to elevation to the
(—&bl”flfﬂ + 1)th power, as seen above, and the class of o to elevation to
the (I"~! 4 1)th power. The group G, prage consists of those elements g of
Gal(k((n-s)/k) such that vy ;a,b(g) is congruent to a product of powers of
"'+ 1 and —abl®'=# + 1 modulo {"~#. But all these are congruent to 1
modulo "~ '~# and thus G praotlk(¢_1_g) = {1} Hence

By, pragh 2 k(Gn-1-8) = k(Ce, /1),
ie.
W(k,Ey, prags) € W(k,ep/l).
Therefore, by the assumption that [?| ep and by Lemma the class of

ﬂln+1
p? @ isin

=1t
Wi(k,ep/l) 2 & C W (k" 1)I-D2
ep—1ntl

and the same is true for p 2 .

It remains to consider the case e, = I. We now define k; as the fixed
field of 7 and we first assume that p ramifies in K/k;. Then its inertia
group in Gal(K/k;) = C(I") is of order | and thus must be generated by
7" Hence by Lemma 3.14 of [(2] the class of p is in W (k, Ekw’Tlnﬂ) and
p(lfl)lnﬂ/e*a is the square of an ideal of a class in W (k, Ekvuﬁlnfl)(lfl)lnﬂ,
which is contained in W (k, 1"~ 1)(=D¥/2 by Lemma,

Finally let us consider the case of p ramified in k1 /k. By Lemma the
class of p is in W (k, ). Hence the class of

1— ln+1 ep—1 ln+1

p T @ =p 2
is in W(k,1)(t=DI"/2. By Lemma
W(k’l)(lfl)l"ﬂ C W(k,l"ﬁl)(l’l)P/Q C W(k’lnfl)(lfl)l/Q' -
THEOREM 3.8. We have
Re(k, C(I") %, C(1)) = W (k, 1"~ 1) (702,
Further the group C(I™) x,, C(l) is good.

Proof. From Theorems [2.1] and by Lemmas [3.3] and it is imme-
diate that

Ry (k, C(I") %, O(1)) = Wk, ["=1yU=D/2,

Now we prove that C(I") x, C(l) satisfies all the defining conditions of good
groups:

1. This follows immediately, since W (k,1"~1)(=D/2 is a group.
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2. This is part of Lemma [3.7]
3. This is also proved in Lemma [3.7
4. This follows by Lemma "

4. Nonabelian extensions of order 3. As a particular case of The-
orem we state the following proposition.

PROPOSITION 4.1. The group C(I?) x,, C(l) is good and
Ri(k, C(1%) 1, C(1)) = W (k,1)=D2,

Up to isomorphism, the only other nonabelian group of order I3 is

l l

G=(z,y,0:2' =y =0 =1, ox = xo, oy = yo, yzr = xY0),

~

which is a semidirect product of the normal subgroup (z,0) = C(I) x C(I)
and the cyclic subgroup (y) of order [, where the action u; is given by
conjugation. Clément Bruche proved in [B] that

Ry(k,G) = W (k,1)E=DP/2,

We can give a different proof of Bruche’s result, using class field theory.
We will also prove that the nonabelian group of order [* and exponent I
studied by Bruche is a good group.

LEMMA 4.2. Let k be a number field. Then
Rq(k, G) D W (k,1)(=DF/2,

Further, for any x € W(k,l) and any positive integer a, there exists a tame
G-extension of k with Steinitz class 2=DP/2 and such that any nontrivial
subextension of K/k is ramified at some primes which are unramified in

k(Ca) /K.

Proof. Let x € W(k,l). By Theorem 3.19 in |C2] there exists a C(I)-
extension ki with Steinitz class ¢~1/2 and which is totally ramified at
some prime ideals which are unramified in k(¢,)/k. Let p be one of them.

Now we would like to use Lemma 3.10 of |[C2] to obtain a C(I) x C(I)-
extension of K /k; which is Galois over k, with Gal(K/k) = G. Unfortunately
this is not possible since the exact sequence

1-Cl)yxC(l) - H—-C() —1

does not identify the group H uniquely as the group G. Nevertheless, the
argument of that lemma at least produces a C(l) x C(I)-extension of ky
which is Galois over k and with st(K/k;) = 1. Further we can assume that
Gal(K/k) is nonabelian of order [? (since the action of C(I) on C(I) x C(I)
is the given one and in particular it is not trivial), that K /k; is unramified
at p and that any nontrivial subextension of K /k is ramified at some primes
which are unramified in k((,)/k.
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We want to prove that Gal(K/k) = G. To this aim, we assume that
this is not the case, i.e. that Gal(K/k) = C(I?) x, C(l), and we derive a
contradiction. First of all, by construction, Gal(K/k1) = C(I) x C(I) and
this must be a subgroup of Gal(K/k) = C (1) x, C(1): the only possibility
is that it is the subgroup H consisting of all elements of C(I%) x,, C(l)
having order 1 or [. Since the prime ideal p ramifies in k;/k and not in
K /ky, its ramification index is [, and therefore its inertia group is contained
in H. Hence by Galois theory we conclude that the inertia field of p in K/k
contains k1, i.e. p ramifies in K /ky and not in k; /k. This is a contradiction,
since p is ramified in k1 /k.

Hence we have proved that in the above construction the extension K /k
has Galois group G. By Proposition

SO/ ) = st /) RN (8K ) = 0702
To prove the opposite inclusion we need the following lemma.

LEMMA 4.3. Let K/k be a tame G-extension of number fields. The ram-
ification index of a prime ramifying in K/k is | and its class is contained
in W(k,1).

Proof. The ramification index of a ramifying prime is equal to [, since
the corresponding inertia group must be cyclic and any nontrivial element
in G is of order {.

Let k1 be the subfield of K fixed by the normal abelian subgroup (z, o)
of the Galois group G of K/k.

If a prime p ramifies in k;/k, then its class is in W (k,[) by Lemma

If a prime p ramifies in K/kj, then it is unramified in k;/k (the ramifi-
cation index is prime) and so its inertia group is generated by an element of
the form xz%c¢, where a,c € {0,1,...,1— 1} are not both 0. By Lemma 3.14
of [C2] the class of p is in W (k, Ej, 1, zege). For any b € {0,1,...,1 — 1} we
have

,ul(yb)(:naac) _ ybl,ao_cy—b _ :L,ao_c-i-ab’
and this expression cannot be a nontrivial power of x%¢¢. Hence, by defini-
tion, the group Gy, gagc must be trivial and we conclude that Ej, ,, gage =
k((;). Therefore, in particular, the class of the prime ideal p is contained
in W(k,l). =

PROPOSITION 4.4. The group G is good and
Ri(k,G) = W (k,1)-DF/2,
Proof. The proof is straightforward using the preceding lemmas. =
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