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1. Introduction. Let g(k, p™) be the smallest s such that every element
of Fpn is a sum of s kth powers in Fjn.

It is sufficient to restrict ourselves to the case 1 # k|p™ — 1, and it is
well known (see [1, Theorem GJ) that

" —1

(1) g(k,p™) exists if and only if Zd —

tk for all d|n, d # n.

We shall suppose from now on that g(k,p™) exists.

Several bounds for g(k,p™) are known. For surveys see [7] and [13]. Re-
cent results can be found in [5]-[9] and [13].

In the case n = 1 it was proved in [4, Theorem 1] that

(2) g(k,p) < 68kY?(Ink)?  for k < (p—1)/2.

Whether (2) holds true for n > 1 has not been known yet.
In this note we prove

g(k,p™) < 6.2n(2k)Y/" Ink,
which yields an extension of (2) to arbitrary n. Moreover, we show
gk, p") > L(((n+ DR)/" 1)
if n + 1 is a prime such that p is a primitive root modulo n +1 and k& =

(" =1)/(n+1).

2. Preliminary results. The following result can be found in [2] for
n = 1. For arbitrary n but p odd it is a simple deduction from [10, Theo-
rem 1]. For arbitrary n and p = 2 the result was shown in [13, Theorem 3].
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LEMMA 1. For k < (p™ —1)/2 we have
g(k,p") < |k/2] + 1.

The next lemma was proved in [3, Section 1] for n = 1 and in [13,
Theorem 1] for arbitrary n.

LEMMA 2. For p" > k? we have
g(k,p") < [32Ink| +1

3. Extension of the Dodson—Tietavainen bound. Let
Ag={a¥+ . 428 |z, 2, € Fpn},  o(z) = 2T (@) /P
u) = Z Y(uy) and My = max{|Ss(u)| | u € Fy.}.

yEAs
LEMMA 3 (cf. [11, Lemma 1]).
M, < (|As|k)Y2.
Proof. We have

Do ISP =Y ISs(u)]® — A

UG]F;,L UEF n
=D D — A = (0"~ A4l
y,zEA ’U,EIF n

Since S;(uv) = Ss(u) for every 0 # v € A; we get
" —1
> ISs)? = P,
uEF;n

Hence,
M7 < (" = |AD|AIk/ (0" = 1) < |Aslk. m

LEMMA 4 (cf. [12, Lemma 2)). If |As| > 2k then
g(k,p") < s(1+ | (2Inp™)/In2)).

Proof. Let r =1+ [(2Inp")/In2], a € F» and let N = N(a) be the
number of solutions of

yi+... .ty =acFp, y €A,

PN= Y wln o )

Y1, Yr €A u€Fyn

— Z (Ss(u)) (—ua) > |As|" — (p" — 1) M.

uG]Fpn

Then
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Hence, by Lemma 3, |As|/k > 2 and /2 > (Inp™)/In2, we get
N > 5 (A )2 (A /R /2 =g +1) > p (AR /2272 = 41) >0, m
THEOREM 1. If g(k,p") exists then for 1 <k < (p" — 1)/2 we have
g(k,p™) < 6.2n(2k)Y/" Ink.

Proof. For2 < k <11 we get the result by Lemma 1. For 12 < k < p”/2
the theorem follows by Lemma 2 since
32Ink+1  32In12+1
nk'/"Ink — nl2/71In12
Hence, we may restrict ourselves to the case k > max(12, p™/2). If g(k, p")

exists, then there exists a basis {b1,...,b,} C A; of F,n over F,. Since
k < p™/2 the expression

< 6.

which is a sum of at most n|(2k)*/"| kth powers, represents at least
(LR + 1) > 2k
distinct elements of Fp». Hence by Lemma 4,

g(k,p") < n[(2k)""|(1 + (2Inp™)/In2)

1 4
< gl/n <ﬁ n ﬁ) KU Ink < 6.2n(2k)/" Ink. u
n n

COROLLARY 1. If g(k,p™) exists then for 1 < k < (p™ — 1)/2 we have

g(k,p™) < 68kY2(Ink)2.
Proof. By (2) and Lemma 2 we may suppose that n > 2 and k > p™/2.
Then

6.2n(2k)Y " Ink < 34Inp"kY/™ Ink < 68k ?(In k)?

and the assertion is covered by the previous theorem. m

4. A lower bound. Now we prove a lower bound, that is, an existence
theorem.

THEOREM 2. Let r and p be primes such that p is a primitive root
modulo r. Let n =r—1 and k = (p" —1)/(n+1). Then g(k,p") exists and
we have

g(k,p™) > 5(((n+ k)" —1).

Proof. Since p?#1 mod (n+1) for 1 <d<n we have (p"—1)/(p?—1)tk
and g(k,p") exists by (1).
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We have A1 = {0,1,¢,¢?,...,("}, where ¢ denotes a primitive rth root
of unity. Then

As={vo+viC+mC+. .. +v("|0<vy+vi+vo+...+v, <s}
={(vo —vn) + (v1 —va)(
it Wi =) 0< g+ v, < 8}
C{po+ i+ oo+ i1l | =5 < oy pay ey fin < S}
The cardinality of the latter set is at most (2s + 1)", whence
Ay #Fp if s < I(((n+1)k)Y"™ - 1),

which implies the theorem. =
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