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On the irreducibility of certain polynomials
with coefficients as products of terms in an
arithmetic progression

by
CARRIE E. FINcH (Lexington, VA) and N. SARADHA (Mumbai)
1. Introduction. In 1929, Schur [I0] used prime ideals in algebraic

number fields to prove that the Taylor polynomials for the exponential func-
tion, with some possible variations in the coefficients, are irreducible.

THEOREM 1. Let m be a positive integer and let ag, ..., an, be arbitrary
integers with |ag| = |am| = 1. Then
M xm—l
1.1 am — +apm—1 ———+---+ax+a

1s irreducible over the rationals.

Filaseta [7] used Newton polygons to obtain Schur’s result, and also
strengthened the result by allowing more possible values for the leading
coefficient than just those of absolute value 1.

THEOREM 2. Let m be a positive integer and let ag, . .., an, be arbitrary
integers with |ag| =1 and 0 < |a,,| < m. Then the polynomial given in (1.1))
1s 1rreducible over the rationals except when

am==xbandm=6 or a,==x7andm =10.

Filaseta’s use of Newton polygons to demonstrate the irreducibility of
the polynomials in is based on the theorem of Dumas [3] regarding the
construction of the Newton polygon of the product of two polynomials. In
particular, Filaseta employs the following useful lemma, from [6].

LEMMA 1. Let k and [ be integers with k > 1 > 0. Suppose g(z) =
Z?:o bjx’ € Z[z] and p is a prime such that p{b,, p|b; for all j €
{0,1,...,n—1— 1}, and the rightmost edge of the Newton polygon for g(z)
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with respect to p has slope < 1/k. Then for any integers ag,at, . .., an wWith
|ao| = |an| = 1, the polynomial f(z) = 377 a;bjz’ cannot have a factor
with degree in the interval [l 4+ 1, k].

From this lemma, we see that using Newton polygons to eliminate the
possibility of factors of a particular degree hinges on finding primes that
divide certain coefficients of the polynomial. To obtain Theorem [2| Filaseta
appeals to a result of Ecklund, Eggleton, Erdés and Selfridge [5] on prime
divisors of binomial coefficients. We refer to [7] for details. Moreover, using
the same tools, Allen and Filaseta [1], [2] proved the following result.

THEOREM 3. Let m > 1 and ao,...,an denote arbitrary integers with
lag| = 1.

(i) Suppose m + 1 = K'2% with k' odd and (m + 1)m = k23" with
ged(k”,6) = 1. Let 0 < |ay,| < min{k’,k"}. Then
(1.2) ami—ka _1£+~-+a2x—2+a1x+a0
(m+1)! " " ml 2!
is irreducible over the rationals.
(ii) Suppose 0 < |ap| < 2m — 1. Then
2m 2m—2

x X

T em—1) T T3 em—3) \ ,
X

X
+a2ﬁ+a1T+ao

(1.3)

18 irreducible over the rationals.

We observe that the common thread among the polynomials in ,
, and is that the denominators of the coefficients are products
of integers in an arithmetic progression; in the case of and , we
see an arithmetic progression with initial term 1 and common difference 1,
and in we see an arithmetic progression with initial term 1 and com-
mon difference 2. In this paper, we prove analogous results by considering
denominators which are again products of integers in an arithmetic progres-
sion with initial term an odd integer a and common difference 2. Let

(14)  f() =~

m 2

@t @r2m-1) " TaarzytaTh

m

x
a+2)---(a+2(m—1))
xmfl .’L'2
" @t ) (at2m=2) T 24ax2)
Letting P(n) denote the greatest prime factor of the positive integer n
(putting P(1) = 1), we prove the following results.

(15)  gla) = an

T
+a +(lla+a0-
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THEOREM 4. Let a > 1 be an odd integer, max{a,110} < k < m/2 and
ag, . . ., am be arbitrary integers with P(aganm) < 2k+a. Then f(x) and g(x)
do not have a factor of degree k.

Now we restrict to 1 < a < 29. We have
THEOREM 5. Let a be an odd integer with 1 < a < 29, and let m > 1

and ag, . . ., ay, be arbitrary integers with P(agay,) < a+ 4. Then
(i) f(z) has no factor of degree > 2,
(ii) g(x) has no factor of degree > 3, and
(iii) g(x) has no factor of degree 2 except perhaps when

(a,m) € {(21,4), (19,59), (5,121), (19,114), (21,113), (21, 163), (21, 554) }.

Further if there exists a prime p > a + 2 diwviding a + 2(m — 1), then f(x)
has no linear factor. Also if such a prime p does not divide aga,, then g(x)
has no linear factor.

When (a,m) = (21,4), by choosing ag = ag = 1, a1 = —15, aa = —140,
a3 = 35, we see that
_ z? N 3523 1402* 15z
©21-23-25-27  21-23-25 21-23 21

(2% — 90z — 315)(x? + 1035z — 1035).

+1

g()

326025
We thank the referee for providing this example. As in the proofs of Theo-
rems [2| and [3) our method also depends on the use of Dumas’ theorem on
Newton polygons for the irreducibility of polynomials. On the other hand,
we do not use results from Ecklund, Eggleton, Erdés, and Selfridge [5]. In-
stead, we establish a Sylvester type result on the greatest prime factor of
a product of several consecutive terms in an arithmetic progression. This
result is of interest independent of its application to establish Theorems
and |5, We show for instance that for any k > 2,

Pnn+2)---(n+2(k—1))) >2k+a

if n > 2k 4 a, where n is odd and a is a positive odd integer less than 29,
except for an explicitly given set of values of (n,k,a). This result depends
on a result of Lehmer [§] and several computations. The above assertion is
also true for any odd a provided k is large; see Lemma [bl As an application
of Theorem 5| we give another criterion for the irreducibility of .

COROLLARY 6. Let P(apanm,) < 5. Suppose there ezists a prime p such
that

pl(2m—1) and ptaoam.
Then the polynomial given in (L.3)) is irreducible over the rationals.
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Let a be an even integer equal to 2b, say. Then f(x) and g(x) can be
transformed into a polynomial of the form

a, :Um +...+a/§+a/
"hb4+1)---(b+m—1) Iy 770
with af, = 1,qg,...,a,,_; integers. The case b = 1 and |ap| = 1 is Schur’s

polynomial given in . For some results on the factors of such polynomi-
als, we refer to [I1]. We will not deal with this case in the present paper.

The remainder of this paper is organized as follows. In Section 2, we
prove the result about the greatest prime factor of a product of consecutive
terms in arithmetic progression. In Section 3, we use Newton polygons to
exclude some factors of the polynomials in question. In particular cases, all
factors of degree > 2 are excluded. Theorem [ comes out as a consequence of
Lemmas[5]and [T1] In Section 4 we discuss linear factors and prove Theorem [j]
from Theorems [§ and [O1

2. Greatest prime factor of a product of integers in arithmetic
progression. The letters n, d, k denote positive integers with ged(n, d) = 1.
Set A=n(n+d)---(n+ (k—1)d). Let m(n) denote the number of primes
< n and mg(n) be the number of primes < n that are co-prime to d. Let
vp(n) denote the power of the prime p in n and p; denote the ith prime.
In this section, we obtain lower bounds on P(A), and conclude the section
with Theorem |8 a particular result for P(A) when d = 2.

We state without proof our first lemma. See [9] for details.

LEMMA 2. For 0 < i < k, suppose P(n + id) < cok. Let S =
{n,n+d,...,n+ (k — 1)d}. For every prime p < cok with ptd, choose
n+ipd € S such that p does not appear to a higher power in the factoriza-
tion of any other element of S. Let S1 be the subset of S obtained by deleting
from S all n + i,d with p < cok and ptd. Then

[T (n+id) < (k- p e ®=00.
n+ideSt pld

When d = 1, the product on the right hand side is taken as 1. In the next
lemma, inequality (i) is an easy consequence of the formula of Legendre on
the v,((k — 1)!). The estimate for 7(z) in (ii) is due to Dusart [4].

LEMMA 3.
. k—p log(k—1)
—1hH > — .
() vk =) = "= = =

T 1.2762
ii < 1 1.
(ii) m(z) < log:c< + oz 7 ) for x >
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LEMMA 4. Letk >2,¢9>1,¢1 >0,d > 1 and k—7g(cok) > 1. Suppose
n > c1kd and P(A) < cok. Then
(21) (Cld)kffrd(cok) < kﬂd(cok) prup((kfl)!).

pld

Proof. Observe that A is not divisible by primes dividing d and that
every prime > k may divide only one term of A. Hence there are at least
k—mq(cok)+my(k) terms which are divisible only by primes < k. By deleting
a term in which a prime p < k, ptd appears to the maximum power, using

the notation from Lemma [2| we see that |Si| > k — my(cok) > 1. We set
t:=|S1| — 1. We arrange the elements of S; as

n+igd<n+id<---<n+ud.

Then by Lemma
t

H(n + ivd) < (k . 1)! Hp—yp((k’—l)!)_
v=0 pld
This gives
TR <n(n 4 d) - (n+ (k= maleok) = 1)d) < (k= D Tpm» @00,
pld
Since n > c1kd, we get
(cld)kfﬂd(cok) kkfﬂd(cok) < kk prup((kfl)!)
pld

Y

which gives the assertion of the lemma. m

Putting together the inequalities from Lemma [3| with the result in Lem-
ma [4| and observing that mg(cok) < m(cok), we obtain the following re-
sult.

COROLLARY 7. Let k>2, co>1, ¢1 >0, d=p prime and k —mpy(cok) > 1.
Suppose that n > c1kp and P(A) < cok. Let

0 if p>k,
f(k,p) = LI P — log(k — 1) otherwise.
p—1 k(p-1) klogp
Then
o+ 1.2762¢q _ 0 1.2762c¢y loo
0 log cok log cok  (log cok)? e
p < exp o 1.2762¢,
+ f(k,p)

1— _
logcok  (log cok)?
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For the rest of this section, we restrict our attention to arithmetic pro-
gressions with common difference d = 2. We denote

Ay=n(n+2)---(n+2(k—1)) with n odd.

Before we state the next lemma, we note that Allen and Filaseta [1] showed
that for every n > 213, there exists a prime p € (n,1.05n]. We will use this
result in the next lemma.

LEMMA 5. Leta > 1 be an odd integer, k > max{a, 110} and n > 2k+a.
Then P(Agz) > 2k + a.

Proof. Suppose P(A3) < 2k + a. First assume that n > 40(k — 1). Note
that 2 + a/k < 3 since a < k. We apply Corollary [7| with ¢g = 3 and
c1 = 19.5. Note that w(cok) < k since k > 110. We find that the right hand
side of the inequality in Corollary [7]is a decreasing function of k since each
term involving k is a decreasing function of k. Hence if the inequality is not
valid for some k = kg, then it is not valid for any k > ko. We check that the
inequality is not valid for kg = 110. This proves the assertion of the lemma
for n > 40(k — 1).

Next we assume that n < 40(k — 1). Note that n > 213. Then there
exists a prime p in {n +2,...,n+ 2(k — 1)} since the interval (n,1.05n] is
contained in (n,n + 2(k — 1)] as n < 40(k — 1). Further this prime exceeds
n > 2k + a, by assumption. Thus P(A3) > 2k +a. m

Now we restrict to odd a < 29.

LEMMA 6. Let 1 < a < 29, a odd, k > 31 and n > 2k + a. Then
P(Ag) > 2k + 29.

Proof. Suppose P(As) < 2k + 29. We follow the argument as in Lem-
ma o, First let n > 40(k — 1). We apply Corollary [7| with ¢g = 2 + 29/k
and ¢; = 19.5. We check that the inequality in Corollary 7 is not valid
for kg = 100. Thus we may assume that k& < 99. Now we check that
the inequality with actual values of the m-function is invalid for all
31 < k <99.

Next we assume that 213 < n < 40(k — 1). Since now (n,1.05n] C
(n,n + 2(k — 1)], there exists a prime > 2k + a dividing Ay. Hence we may
assume that n < 213. Then we need only consider 2k + a < n < 213 with
n odd. For these finitely many values of n and k, we check directly that the
assertion of the lemma is true. m

Let T be the set of all integers M > 1 with P(M (M + 2)) < 31. Table 1
below shows 101 such integers put in groups according to the largest prime
factor of M (M + 2). It follows from Lehmer’s work [§] that if n > 1 is an
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integer, then P(n(n+2)) > 37 except when n = M with M given by Table 1.
Thus Table 1 gives all the integers of T.

Table 1
p  Integers M with P(M(M +2))=p
3 1
5 3,25
7 5,7, 243
11 9,33,75

13 11, 13, 63, 273, 845, 1573

17 15, 49, 117, 119, 187, 1375

19 17,19, 55, 133, 169, 245, 323, 361, 625, 663, 1615, 3211, 3969

23 21, 23, 115, 207, 253, 297, 343, 1125, 1309, 2185, 2275, 2873,
3703, 6875, 8073, 9315, 18513, 41743, 57475, 1128125, 1447873

29 27, 85, 143, 145, 375, 435, 493, 665, 2871, 8379, 9945, 12673,
14875, 16443, 24563, 41325, 45617, 87723, 184875

31 29, 31, 91, 93, 153, 341, 403, 525, 527, 713, 897, 1083, 1519,
1953, 2695, 3625, 4123, 5423, 7161, 19435, 22475, 86273,
130975, 203203, 2509045, 3322053, 287080365

The next three lemmas deal with the complementary case of Lemma [f]
when k < 30.

LEMMA 7. Let 2 < k < 30. Suppose no M € T is of the form n+ 45 for
any j with 0 < j < (k—2)/2. Then P(A3) > 2k + 29.

Proof. We divide the integers n,n +2,...,n+ 2(k — 1) into pairs
(2.2) (n,n+2),(n+4,n+6),....
Note that there are at least [k/2] pairs. By hypothesis, none of these pairs
coincides with (M, M + 2) for any M € T'. Then the product of integers
in each pair in (2.2) has a prime factor > 37. Since these integers are in
a block of length at most 30, we see that each pair in (2.2) must have a

distinct prime > 37 dividing their product. Thus As is divisible by at least
[k/2] primes > 37. Hence

P(A2) = pj+11-
We check that p /9411 > 2k +29 for 2 < k < 30, which completes the proof
of the lemma. =

LEMMA 8. Let 3 < k < 30 and n > 2k + 29. Then P(Az2) > 2k + 29
except when (n, k) is one of the following ten pairs:
(91,3),(115,3), (115,4), (117, 3), (143, 3), (243, 3), (341, 3),
(525,3), (663, 3), (2871, 3).
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Proof. By Lemmal 7] we need only consider n such that

M =n+4j for some M € T and some j with 0 < j < (k —2)/2.
Then we find that
(2.3) 2k+29<n<M<n+2k-2).

Let p be the largest prime < M and ¢ the smallest prime > max{2k+29, M }.
If p > n, then implies that p divides Ao. If p < n and ¢ < p + 2k,
then ¢ divides Ay. Thus for any k > (¢ — p)/2, the product As is divisible
by either p or ¢q. So the assertion of the lemma is true provided p > 2k + 29.
Thus we may assume that either

qa—p

-2
k<7 or k>p 9.

2

Combining with ({2.3]), we have

max{2k +29,M —2(k—2)} <n < M,

- —9
k<min{31,‘12p} or p29<k§30.

(2.4)

Thus for each M € T, we check for the finitely many values of (n,k) in
(2.4) whether P(A) > 2k 4 29. We illustrate the above procedure with an
example. Let M = 243. Then p = 241 and ¢ = 251. Hence

k<5 and 239<n<243, n odd.

In these cases we check directly that P(A) > 2k+ 29, the only exception be-
ing (n, k) = (243, 3). By the above procedure we find only the 10 exceptions
listed in the statement of the lemma. =

Finally we show

LEMMA 9. Let 3 < k <30 andn > 2k +a with 1 < a < 29, a odd.
Assume that As is not equal to any of the ten products in Lemmal[8. Then

P(Ag) >2k+a
except when (n,k,a) € {(23,3,17),(31,3,25)}.
Proof. By Lemmas [7] and [§ we need to check the assertion only when
2k+a<n<2k+29, 1<a<29, aodd, 3<k<30,
which is done by direct computation. =

For each odd a € [1,27], let T(a) be the set of M € T for which
P(M(M +2)) < a+4 < M. For example, when a = 1, T(a) = {25};
when a = 3, T(a) = {7,25,243}. Let k be given and n > 2k + a with
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1 <a <29, aodd. We denote by a* the smallest a such that
P(AQ) < 2k + a.

With the above notation, we combine Lemmas [6] and [9] to obtain the follow-
ing theorem.

THEOREM 8. Letk > 2 andn > 2k +a with 1 <a <29, a odd. Then
(2.5) P(As) >2k+a
except for the following values of n, k and a:

k=21<a<29 withn e T(a),
k=3, (n,a) = (23,17), (31,25),
(2.6) k=3, (n,a*) = (91,25), (115, 17), (117, 11), (143, 23), (243, 13),
(341, 25), (525, 25), (663, 23), (2871, 23),
k=4, (n,a*) = (115, 15).

Proof. Let k > 3. Suppose (n,k,a) € {(23,3,17),(31,3,25)}. Then
P(Aj3) < 2k + a and these exceptions are listed in (2.6). Now assume that
(n,k,a) ¢ {(23,3,17),(31,3,25)}. Then by Lemmas [6] and [9] we find that
P(As) > 2k + a except possibly when (n, k) equals any of the ten pairs in
Lemma 8. Let us take (n,k) = (91,3). Then P(Az) = 31 > 2k + a except
when a = 25,27. Thus o* = 25. Similarly a* for other pairs in Lemma 8 are
found and listed in (2.6).

Now we take k = 2. Then

Pn(n+2)) >37>2k+a

for all n except those n = M listed in T'. For any given odd a, 1 < a < 29,
by our notation 7T'(a) denotes the values of n > 2k + a for which does
not hold. Hence T'(a) gives the set of exceptional values of n. This proves
the theorem. m

3. Newton polygons. As mentioned in the Introduction, a result of
Dumas [3], from 1906, led Filaseta [6] to Lemma |1} Filaseta also remarks
in [6] that this lemma may be strengthened by only requiring that p not
divide aga, in place of the condition that |ag| = |am| = 1; we make use of
this stronger version of the lemma here. In [I1], Shorey and Tijdeman gave
a refinement of Lemma [I] using the notion of Newton function. Let f be any
polynomial of degree n in Z[z]. The Newton function N f,(x) with respect
to a prime p is a real valued function on the interval [0,n] which has the
Newton polygon of f with respect to p as its graph. We shall give below a
slightly modified version of their lemma.
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LEMMA 10. Let k and [ be integers with k > | > 0. Suppose u(x) =
Z;L:o bjxl € Zz] and p is a prime such that ptb, and p|b; for all j €
{0,1,...,n —1—1}. Let ap,ay,...,a, be integers with pfapa,. Put v(z) =
Z?:o ajbjz. Then for any factor h(x) of v(z) having degree k > 1, we have

Nu,(y) < Nhy(y), Nup(n) — Nup(n —k +y) > Nhy(k) — Nhy(y)
for any y € [0, k] where Nhy(k) is a positive integer.

Proof. Suppose
v(z) = h(z)w(z)
with deg h(z) = k > [. If the leftmost edge of the Newton polygon of v(z) is
of slope 0, then its z-length is < [. Since h(x) is of degree k > [, the Newton
polygon of h(x) has at least one edge of non-zero slope. Thus Nh,(k) is a
positive integer.
From the hypothesis it is clear that

Nup(0) = Nvp(0) =0, Nup(n) = Nuvy(n),
Nuy(z) < Nvy(z) for x € (0,n).
Further, by Dumas’ theorem, we have

(3.2) Nup(y) < Nhy(y) fory € [0, k],
' Nuvp(n)—Nvp(n—k+y) < Nuy(n)—Nup(n—k+y) for yel0,k].
Let us translate parallel to xy-axes the Newton polygon of h defined on
the interval [0, k] so that the point (k, Nh,(k)) coincides with (n, Nuvy(n)).
Then the origin is shifted to (n — k, Nv,(n) — Nhy(k)) and any (z, Nhy(x))
for x € [0, k] goes to (n—k~+x, Nhy(z)+ Nvy(n)— Nhy(k)). Thus the shifted
Newton polygon of h goes from (n — k, Nvy(n) — Nhy(k)) to (n, Nvy(n))
and it lies on or above the Newton polygon of v in the interval [n — k, n|, by
Dumas’ theorem. Hence for any = € [0, k], we have

Nhy(z) + Nvp(n) — Nhy(k) > Nup(n — k+ x)

(3.1)

or

Nuvy(n) — Nvy(n — k+x) > Nhy(k) — Nhy(z).
Thus from (3.1)) and (3.2)) we get the assertion of the lemma. =

Note that Lemma [I| follows from the above lemma, since, when the last
edge of the Newton polygon of ¢ has slope < 1/k, then Ng,(n)— Ngp(n—k)
< 1, by taking v = g in the above lemma, from which we get Nh,(k) = 0,
a contradiction.

LEMMA 11. Let a, m and k be positive integers with a odd and k < m/2.
Assume that there exists a prime p > 2k + a dividing

(a+2(m—k)) - (a+2(m—1)).
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Then the polynomial

Fz)=a2"+(a+2(m—1)z™ '+ +(a+2(m—1))(a+2(m—2))-a
has no factor of degree k. Also the polynomial

G(2) = ama ™ +am—1(a+2(m—1))z™ 1+ - -+ag(a+2(m—1)) (a+2(m—2)) - - -a
has no factor of degree k, where ag,...,ay are integers with ptagm,.

Proof. Write F(z) = 2™ 4cp_12™ ' 4+ +c1x+cg and G(z) = apma™+
Am—1Cm1T™ 1 + - 4+ a1c12 + ageg, where
33) c¢i=(a+2j)---(a+2(m—1)) for0<j<m and ¢,=1

By assumption, there exists a prime p > 2k + a dividing cg, ¢, ..., Cm—k-
From Lemmall] we see that it suffices to show that the slope of the rightmost
edge of the Newton polygon of F(x) with respect to the prime p is < 1/k.
The slope of the rightmost edge is

(3.4) L= max {VP(CO)_VP(CJ)}

Therefore L equals
vpla(a+2)---(a+2(j —1)))/5 forsomel<j<m.
Let j < k. Since p > 2k + a, we see that
vpla(a+2)---(a+2(j —1)))/j=0<1/k.
Let j > k. Since p > 2k + a + 2, we have

. , a+2j a+2j J
2)... 2(7—1))) < 27)! < %
vplafa+2)--(a+2(j —1))) < vp((a+25)!) < p—1 _a+1+2/€<k‘

Thus, L < 1/k, as desired, completing the proof. m

Proof of Theorem[f] The assertion is a direct consequence of Lemmas

and 11l =
We combine Theorem [8| and Lemma [T1] to obtain the following theorem.

THEOREM 9. Let a > 1 be an odd integer less than 29, and let m be
any integer > 2. Assume that 2m # n + 2k — a for any (n,k,a) given by
. Then the polynomial F(x) in Lemma has no factor of degree > 2.
Further the polynomial G(x) also has no factor of degree > 2 provided ag
and a., are composed of primes < a + 4.

4. Linear factors of F'(z) and G(z). In this section we deal with the
linear factors of F'(z) and G(z). Again using Lemma |11 we show
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LEMMA 12. Let a > 1 be an odd integer and let m > 2. Assume that
there exists a prime p such that
pta, plla+2m—1), pYPD > (a+2)!2
Then the polynomial F(x) has no linear factor. Also the polynomial G(z)

has no linear factor if such a prime p does not divide agay,.

Proof. Since p divides a + 2(m — 1), we see that p|c; for 0 < j < m
where ¢; is given by (3.3). Further we require that L < 1 where L is given
by (3.4). Thus we need

(4.1) vplala+2)---(a+2(j—1)) <j forl<j<m.
Note that v,(a) = 0. Hence we may assume that j > 1. Also we may suppose
that p < a +2(j — 1), otherwise (4.1]) holds since the left hand side of the

inequality is 0. Suppose p® < a+2(j — 1) < p®*1. Then by taking blocks of
p,p?, ..., p% successive terms we see that

vpala+2) - (a+2( 1)) < ([ﬂ +1> S ([;a] +1>

: . | ol 1
e J g +0g(a+ (j )).
p—1 p—1 logp

Thus (4.1) is valid if
p=1e=10) > g 4 205 — 1),

which is true for j > 2 by the assumption on p. Now the result follows by
Lemma 1. =

5. Proof of Theorem 5. Suppose g(z) has a factor of degree k with
2 < k < m/2. By Theorem |§| we need only consider the exceptional values
given in withn =M = a+2(m—k) > a+ 2k. To exclude these cases,
we use Lemma 1. This requires finding a suitable prime so that

(5.1) pleoy...yem—r and L <1/k
where L is given by (3.4). For this, we use the following procedure.
Let p be a prime such that
(5'2) p | Cm—k
and p|(a+ 2(m — §)) with § > 1 chosen as small as possible.
Suppose a+ 2h is the least integer in {a,a+2,...,a+2(m—1)} divisible
by p. Let vp(a+2(h +ip)) =6, for 0 <i <r = (m—¢6—h)/p. Let
0o 6o + 61 Oo+---+06,
h+1" h+p+1""" h+rp+1 J

L' = max{
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Then we see that

Vp(co) = Vp(ch),
Vp(ch+1):: = Vp(Chip) = vp(co) — o,
Vp(Chi(r—1)p+1) =+ = Vp(Chrp) = Vp(co) — b0 — -+ — Op—1,
Vp(ch+rp+1) R Vp(Cmfl) = I/p(Co) — 90 — s = Gr.

Since 6, > 0, we have L’ > 0. Thus by definition, L = L'.
Assume that

1
(5.3) hi(-)1<k and 9¢<% for 1 <i <.
Then
0y + 61 . 0y h+1 n 01
h+p+1 h+1h+p+1 h+p+1

h+1 P 1

< ==

k(h+p+1) kh+p+1) &k
and by induction, we see that

bt tb, 1
h+sp+1 k
Thus L < 1/k, which is required in (5.1). Thus we need only satisfy (5.3).

Since

for 1 <s<r.

P <a+2h+ip)<a+2m—1)=M+2(k—1),

condition (5.3)) is satisfied if

0o 1

= and M +2(k—1 k.

h+1<k an +2( ) <pP
Thus we need only choose a prime p satisfying (5.2)) and (5.4). In Tables 2
and 3, we give a choice of p for most of the values of (M;a) listed in (2.6).
Note that the choice of p is not unique. When k& = 4, we have (M;a) =
(115;15-27). We exclude this case by taking p = 13 so that a + 2h = 39
giving 6 < h < 12 and 6y = 1, which satisfy (5.2)) and (5.4)).

(5.4)

Table 2 (k = 3)

(M;a)

(31;25)

11 (117;13), (143;23-27), (341;25-27), (2871;23-27)

13 (91;25-27), (115;17-27), (117;15-27), (243;15-27), (663;23-27)
(
(
(

17 (117;11), (525; 25-27)
19 (243;13)
23 (23;17)
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Table 3 (k = 2)

(M; a)

(5:1), (13;9), (25;1,7,9,11,17)

(7:3), (19;15), (33;9-17), (49;13-17), (63;9-17), (75;9-17), (117; 13-17),
(133;15-17,23-27), (145; 25-27), (243;3,9-17,23-27), (273;9-17), (343; 23-27),
(845;9-17), (1125;23-27)

(31;27), (33;7,19-27), (55; 15-27), (75;7,19-27), (119;13-27), (143;25-27),
(187;13-27), (207;19-27), (253;19-27), (273;19-27), (297; 19-27), (341;27),
(361;15-27), (493;25-27), (625; 15-27), (713;27), (845;19-27), (1309; 19-27),
(1375;13-27), (1573;13-27), (1615; 15-27), (2275; 19-27), (2695; 27), (2871;25-27),
(3969; 15-27), (4123;27), (5423;27), (6875;19-27), (7161;27), (9315;19-27),
(16443; 25-27), (18513;19-27), (19435;27), (24563; 25-27), (41325;25-27),
(41743;19-27), (45617;25-27), (57475; 19-27), (86273;27), (87723;25-27),
(
(
(
(
(
(
(
(
(
(
(

11

130975; 27), (184875;25-27), (203203; 27)

63;19-27), (91;27), (115;19-27), (117;19-27), (169; 15-27), (245; 15-27),
323;15-27), (375;25-27), (403;27), (663; 15-27), (897;27), (1519;27),
1573;9), (2873;19-27), (3211; 15-27), (3625; 27), (3703;19-27), (8073;19-27),
9945; 25-27), (12673; 25-27), (22475; 27), (1128125; 19-27),

1447873;19-27)

49;19-27), (85;25-27), (153;27), (525;27), (527;27), (1953;27), (8379; 25-27),
14875; 25-27), (2509045; 27), (3322053; 27)

93;27), (133;21), (435;25-27), (665;25-27), (1083;27),

2185;21-27), (287080365; 27)

23;19), (343;19), (1125;19), (2185;19)

13

17

19

23

For the choices of p given in Tables 2 and 3, conditions (5.2)) and (5.4 . are
satisfied and thus all these values are excluded. When k = 2 and (M;a) =
(243;7),(1573;11), we take p = 5,7, respectively, and compute L’ to get
L < 1/k. Hence these cases are also excluded. Thus all values of (M;a)
given in (2.6) are excluded except when

(5.5) (M;a) € {(25;:3,5,13,15,19,21), (133;19), (243;5, 19, 21),
(343;21), (1125;21)}.

Next we illustrate the application of Lemma with an example. Let
(M;a) = (25;3). Then m = 13 and u(z) = x'3 + 2722 + ... +3.5...27.
The vertices of the Newton polygon of u(x) with respect to the prime p = 3
are

(070) - (97 5) - (127 7) - (13> 8)
By Lemmal[10] any quadratic factor h(z) satisfies Nh3(2) > Nuz(2) = 10/9



Irreducibility of certain polynomials 225

implying Nh3(2) > 2. Also we have
Nuz(13) — Nug(11) = 8 — 19/3 = 5/3 > Nhs(2),

which is a contradiction. Thus the case (M;a) = (25;3) is excluded. Below
we give the values of (M a, p) together with the vertices of the corresponding
Newton polygon which are excluded by Lemma

(25;5,3) : (0,0) — (9,5) — (12,7),

(25:13,3):  (0,0) — (8,5),
(25:15,3) 1 (0,0) — (6,4) — (7,5),
(25:;19,3) 1 (0,0) — (5,4).

As already noted, in the case (M;a) = (25;21) there are reducible polyno-
mials. Thus we are left with six undecided cases in .

In these cases including (M;a) = (25;21) we check directly with MATH-
EMATICA that the resulting polynomials f(z) do not factor. Thus f(z) has
no factors of degree > 2. This completes the proof of the theorem. =
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