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On annihilators of the class group of an imaginary
compositum of quadratic fields

by

RADAN KUCERA (Brno)

1. Introduction. Let k be an imaginary compositum of quadratic fields
and suppose —1 is not a square in the genus field K of k in the narrow sense.
This paper resumes the study of the Stickelberger ideal of k that started
in [1], in a similar way as [2] does for circular units of a real compositum of
quadratic fields. The aim of the paper is to prove a divisibility relation for the
relative class number A~ of k and, in the case that 2 does not ramify in k/Q,
to construct new explicit annihilators of the class group of k£ not belonging
to the Stickelberger ideal. These new annihilators are obtained as quotients
of elements of the Stickelberger ideal, the usual source of annihilators, by
suitable powers of 2.

The main result of this paper can be summarized as follows:

THEOREM 1.1. Let k be an imaginary compositum of quadratic fields
such that 2 does not ramify in k/Q. Let X' be the set of all odd Dirichlet
characters corresponding to k. Let Sy, be the Stickelberger ideal of k defined
by Sinnott in [4] and let T, C Z[Gal(k/Q)] be the subgroup defined below by
means of explicit generators. Then S+ 27}, annihilates the ideal class group
Clg of k, and

. _ [Kx (kN Kx)]
(Sk+2T): S =[] 5 ,
xeXx’
Ky #kNKy,

where K is the genus field of the quadratic field corresponding to x.

Hence this approach gives explicit new annihilators of Cl; if and only
if there is an odd Dirichlet character y corresponding to k£ such that the
degree [K, : (kN K,)] > 4.
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2. Definitions and basic results. Recall that &k is a compositum of
quadratic fields such that —1 is not a square in the genus field K of &k in the
narrow sense. This condition can be written equivalently as follows: either
2 does not ramify in k and k = Q(V/dy,...,\/ds), where dy,...,ds with
s > 1 are square-free integers all congruent to 1 modulo 4, or 2 ramifies in
k and there is a unique = € {2, —2} such that k = Q(v/d1, ..., /ds), where
dy,...,ds with s > 1 are square-free integers such that d; = 1 (mod 4) or
d; = x (mod 8) for each i € {1,...,s}. In the former case, let

J={p€Z;p=1 (mod 4), |p| is a prime ramifying in k},
and, in the latter case, let
J={z}U{p€Z;p=1 (mod4), |p| is a prime ramifying in k}.

We assume that k is imaginary, i.e. at least one of d;’s is negative. For any
peEJ, let
Ip| if p is odd,
p is even.

For any S C J let (by convention, an empty product is 1)
ns = H Ny, Cs =M Q¥ =Q((s), Ks=Q(/ppeS),

peES
and kg = kN Kg. It is easy to see that K; = K and that n; is the
conductor of k. For any p € J let o, be the non-trivial automorphism in
Gal(K /K p\qpy). Then G = Gal(K;/Q) can be considered as a (multiplica-
tive) vector space over [y with Fo-basis {op; p € J}.
For any positive integer n let
t
On = — !

Ogn n '

(t,;n)=1
be the usual Stickelberger element in the rational group ring over the Galois
group of the nth cyclotomic field; here 7+ means the automorphism sending
each root of unity to its tth power. For any S C J we define

Qs = COTK /g 10805 /i Ong € Q[G,
Bs = corg/ig 1€80s /s Ong € Q[G],
where G, = Gal(k/Q). Here res and cor mean the usual restriction and

corestriction maps between group rings (see [4]). Let N = > o0 € Z[G]
and Ny = 3 g, 0 € Z[G]. Finally, let Sj be the G-module generated
in Q[G] by {$Nk} U {ar; T C J} and similarly let S, be the Gj-module
generated in Q[G| by {3 N} U{Br; T C J}. We have proved in [I], p. 159,
Remark]| that S}, and S}, are precisely the modules S’ for K and k used by
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Sinnott (see [4, p. 189]) to define the Stickelberger ideal, so Sx = Si NZ[G]
and S = S, N Z[Gy] are the Stickelberger ideals of K and k, respectively.

LEMMA 2.1. For any S C J and any 0 € G we have
(1+0)-as=a-Ng+2 Z ar -ar  for suitable a,ar € 7.
TCS
Proof. This is a direct consequence of [I, Lemma 18], because
(I1+o0)ag=2as—(1—0)ag. =
PROPOSITION 2.2. For any S C J we have [Ks : k]! -corge /i, Bs € Sy

Proof. 1t is easy to see that Gal(K/k) is a subspace of the (multiplica-
tive) vector space Gal(K/Q) over Fa. Let p1,. .., p, be a basis of Gal(K/k).
Then corg/p 1 =3 eca(km @ = (1+p1) -+ (1+ pr). Using [I, Lemma 17]
we obtain

[K : kK] corg i Bs = corgpresg g as = (14 p1)--- (1 + pp) - as.
It is now easy to show by induction on 7 using Lemma that
[K : /{KS] COT [/ Bs = 2rlg. Ng + 2" Z ar - oar
TCS
for suitable a,ar € Z. The proposition follows from [K : k] = 2" and
[kKg: k] =[Kg:kg| =

Let 7 denote the complex conjugation (both in G and Gy, but there is

no danger of confusion). Following Sinnott, we define

A = {5 € Z[G]; (1 +T)5 € NKZ},
We have S C A, and Sk € Ak (see 4, Lemma 2.1]). Moreover, we shall
need

o Ak + 3NkZ if =3¢ J,
K7V Ak + INKZ + ap_ 52 if -3 € J,
and
e Ap+iN,Z if =3¢ .J,
k Ak —+ %NkZ =+ ﬁ{—d}Z if =3¢ J.

LEMMA 2.3. The indices [A} : Ak| and [A} : Ay are equal to the
numbers of roots of unity in K and k, respectively.

Proof. First assume that —3 ¢ J. Then +1 are the only roots of unity
in both K and k and the lemma follows. Now, let —3 € J. Then K has
exactly six roots of unity and a;_3 = corK/Q(\/_—?))(% + %0_3). On one
hand, if /=3 ¢ k then ;_3y = Ni. On the other hand, if v/—3 € k then
Br_gy = cork/Q(\/_—g)(% + %0'_3). The lemma follows in both cases. =
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PROPOSITION 2.4. For any S C J we have vs = [Kg : kg] ™' - Bs € AJ.

Proof. One can see immediately from the definitions that Sk + %N K7 C
S} and that in the case —3 € J we have SK—l—%NKZ—I—a{_g}Z C Sj. Sinnott
proved in [4, Proposition 2.1] that [S} : Sk] is equal to the number of roots
of unity in K, and a similar discussion to the proof of Lemma [2.3] gives

S — SK—F%NKZ if—3¢J,
K7\ Sk +ANKkZ + ap 5yZ if —3 € J.

This implies that S}, C A%. We can prove similarly S}, C Aj.. We have
Bs € S, C A}, ie. [Kg : ks]-vs € A). To avoid distinguishing two cases,
in the case —3 ¢ J we put a(_3y = 0. Proposition gives that there are
¢, d € 7 such that
_ c
[Kg : ks] ™" - corgp, Bs + 3 Nk +d-ay_3 € Ak.

In both cases we have 3a;_3; € Ak and so

3
3[Kg : k‘s]_l “ COT[¢ /) Bs + ?C - Nk € Ag.
Hence

3
COTf¢/k (375 + EC . Nk) € Ay,

which means 3vs + (3¢/2) - N € Ai and so 3ys € Aj.. The proposition
follows as [Kg : kg] and 3 are relatively prime. m

LEMMA 2.5. For any S C J and any o € Gy we have
(1—0)-vg:a-Nk—|—22aT-'yT for suitable a,ar € 7.
TCS
Proof. In [1, proof of Lemma 19] we have derived the identity
(1-0)-Bs =alkKs: k|- Ny+2> ar[kKg: kKr] - Br
TCS
with a,ar € Z. Dividing by [kKg : k] = [Kg : kg] gives the lemma. m
LEMMA 2.6. Letpe S C J. Then
(1+resg, /k op)vs = (1 — Frob(|p|, k))ys\ ppy + (@7 : K] Ny,
where Frob(|p|, k) is any extension to k of the Frobenius automorphism of
p| in K py/ Q.
Proof. [1, Lemma 20] states
(1 + resKJ/k O'p),BS = (1 - FI‘Ob(‘p|, k))[kKS : kKS\{p}]ﬂS\{p}
+[Q° : Kg|[kKs : k]N.
Since [kKyg : kKg\ (3] = [kKs : K|[kKg\ () : k]!, the lemma follows. a
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LEMMA 2.7. For any non-empty S C J we have
(1+7)ys = [Q% : Ks]Nj.

Proof. The lemma follows from the identity (1 4 7)8s = [Q° : kg]Ny
given by [I, Lemma 21]. =

3. Divisibility of the relative class number A~ of k by a power
of 2. Let
X={¢ec@G&r)=1,¢&(0)=1forall o € Gal(K;/k)},
X' ={¢e @G &(r)=—1,¢&0) =1 for all 0 € Gal(K,/k)},
where G is the character group of G. Then X and X' can be viewed also as

the sets of all even and of all odd Dirichlet characters corresponding to k,
respectively. For any y € X U X’ let

Sy ={p € J; x(op) = -1},
hence ng, is the conductor of x.
Let 7, be the Gj-module generated in Q[Gy| by {3Nx} U {vs; S C J}.
Proposition states that 7] C Aj.
THEOREM 3.1. The set B = {ys; x € X'} U{3Ni} is a Z-basis of T
and
=" ()
Q \[K:K'|-[K:kK] ’

where K’ is the genus field in the narrow sense of kt = kNR, h™ = hy/hy+
1s the relative class number of k, and @ is the Hasse unit index of k, that
is, @ = [E: (ENR)W], where E and W are the group of units of k and the
group of roots of unity in k, respectively.

Proof. We can prove that B is a system of generators of 7/ in the same
way as [I, Lemma 22] was proved—it is enough to use Lemmas 2.7
instead of Lemmas 19-21 of [1]. In [I, Theorem 3] we have proved that the
set

B' = {fs,; x € X'} U{3Ny}
is a basis of Sj.. As S; C 7/ and the sets B and B’ have the same number of
elements, we see that B is in fact a basis of 7,/. The transition matrix from

B’ to B is the diagonal matrix whose diagonal consists of [Kg, : kg, ], for
all Yy € X', and 1. Thus

[776/ : Sl/f::l = H [KSX : ksx]
xeX’

Lemma and [4, Proposition 2.1] give that both [A} : Ai] and [S;, : Sk
are equal to the number of roots of unity in k& and so [A] : S}] = [Ax : Skl
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This equality and [I, Theorem 3] imply
1
(A} i) = Q JCOORERN | QLR N
xEeX’

therefore

4T =2 <#X>*%#X')Hi[k:ks"]

Q Lex [KS : ksx]
W n+ . g-k+Ql2
S H
EX’

In [2, Lemma 8] we have proved
[11Ks, : @ = [K': Q"2
xXEX
and we can prove
[[ [&s, :Q=[K:qQ*Y?
XEXUX'
in the same way. Therefore
(3.1) I] s, - Q) = [k : K)FU2 [k gk
xeX’
and the theorem follows. m

COROLLARY 3.2. The relative class number h™ of k is divisible by the
following power of 2:

Q- (K : K'|[K : )/2)EQ/4 | =
Proof. This follows from 7 C A}. =

REMARK. Let us mention that the strength of Corollary consists
mainly in the algebraic interpretation of the divisibility result, because if
[k : Q] > 8 then one can get the stronger divisibility result below using
the analytical class number formula and genus theory as follows. For any
X € X' let B;, be the first generalized Bernoulli number and k, be the
imaginary quadratic field corresponding to x. Let h, and w, be the class
number of k, and the number of roots of unity in k,, respectively. The
analytical class number formula (for example, see [5, Theorem 4.17]) gives

T =Quw H B1 ~) and hy = wx(—%BLX),
xeXx’

where w = #W € {2,6} is the number of roots of unity in k. It is easy to
see that each w, equals 2 with at most one exception. This exceptional case
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wy = 6 appears if and only if w = 6, and in any case

_ by
h=2Q [] =
xeX’
The genus field of k, is K, , so genus theory gives
%[KSX : Q] = [KSX : kx] | hx,
and using (3.1)) we obtain
Kg, : K : K'[K : Q) F/*
02 a0 [T B9 g, (BRI Q)

16
xeX’

h™.

4. The case of tame ramification. Let us assume that k/Q is not
wildly ramified, i.e. 2 does not ramify in k&, which means that the conductor
n = ny of k is odd. Thus the parity of a character y € X U X’ is determined
by its conductor ng, . Moreover ng for all S C J runs over all positive
divisors of n without repetition. So we shall simplify our notation and if
d = ng we shall write Ky, kq, Qq, aq, Bq, a4 instead of Kg, ks, Q°, ag, s,
vs etc.

We want to construct annihilators of the class group Cly of k& outside
of the Stickelberger ideal Sj. Let T, = 7, N Z[G}]. The aim of this section
is to show that elements of 7} annihilate the principal genus PGy of k, i.e.
the subgroup of Cl; of all classes containing the prime ideals of k£ whose
Frobenius on K/k is trivial. (Note that PGy is also sometimes called the
“non-genus part” of Cly.)

LEMMA 4.1. FEach ideal class in the principal genus PGy contains in-
finitely many prime ideals above primes p =1 (mod n).

Proof. As K is the maximal absolutely abelian subfield of the Hilbert
class field Hy of k, and K is a subfield of the nth cyclotomic field Q,,, we
have Hp N Q, = K. Therefore for any class C € PGy there is an element
in Gal(HyQ,,/k) whose restriction to Q, is trivial and restriction to Hy is
the Artin symbol of C'. The lemma follows from the Chebotarev density
theorem. m

Let us fix a class C' € PGy and a prime ideal P € C above p = 1
(mod n). Of course, to show that elements of 7; annihilate C' we shall use
Stickelberger factorization of Gauss sums. Let x: (Z/pZ)* — Q}, be the nth
power residue symbol modulo a prime ideal 3 of QQ,, above P, i.e. for any
t € Z relatively prime to p we have x(t) = t??~D/" (mod 9PB). For any a € Z
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with n t a, we consider the Gauss sum

p—1

Tg = — Z X(t)_aC;a

t=1

where ¢, is a fixed primitive pth root of unity. If n|a € Z we put z, = 1.

LEMMA 4.2. For any positive integer r |n and any a € Z we have

r—1
H Latin/r = X(r)aT ’ p(r—l)/Z *Lar-
=0

Proof. The Davenport—Hasse relation (for example, see [3, Theorem 10.2
of Chapter 2]) gives

r—1 r—1

ar
H Latin/r = X(T’) *Lar - H LinJr-
=0 i=1

Moreover if n 1 b then xp, - x_, = x(—1)p (for example, see [3, GS 2 in §1 of
Chapter 1]). But x(—1) =1 as n is odd and the lemma follows. =

Well-known properties of Gauss sums show that xfl Jd is a non-zero ele-

ment of the dth cyclotomic field Qg for any positive d|n. We define y; =
No./K, (Ii/d)‘ Let p be the prime ideal of K below 3. Recall that P is the
prime ideal of k below 3.

LEMMA 4.3. We have
(ya) = p®  as ideals of K

and

(Nie,/ky(a)) = P%4 as ideals of k.

Proof. This has been proved by Sinnott (see [4, formulae (2.2), (3.2),
(3.6), and (3.7)]), in the former case for Sinnott’s k£ being our K, so Sinnott’s
g;(—1,p) and ¢/(—1) correspond to our y4 and agq, and in the latter case
for Sinnott’s k being our k, so Sinnott’s g;(—1,P) and #,(—1) correspond
to our Ng, /i, (ya) and (g m

LEMMA 4.4. For any d|n and any prime q|d we have

pQeK] yq-(lfFrob(q,Kd/q))

NKd/Kd/q(yd) = d/q

Proof. It is easy to see that
d d
N@d/@d/q(mn/d) = H Lon/d-

b=1 (modn/q)
1<b<n, gfb
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FrOb(Q7Qn/q) _

If an integer b satisfies b = 1 (mod n/q) and ¢|b then Lo /d = ZTgn/d-

Hence
d —d Frob(q,Qp/q)~
N@d/@d/q (mn/d) qn/d ! H x (n/d)+in/q

and Lemma [£.2] gives

7dFr0b( 7@71 )_1 n —
NQd/Qd/q (xfril/d) = mqn/d i ’ (X(Q)q /4. p(q /2, :L‘qn/d)d
o d'(l_FrOb(Q7Qn/q)7l) . d(q—l)/Q

- an/d p
Therefore

d d-(1-Frob(q,Q,, /o)1) dlo—
Nia/ Ky (Wa) = Nag/iyy, (Fnsa) = Nay, /Ky, (Tgnsa fol L pta iy

and the lemma follows. =

Let Y be the subgroup of the multiplicative group K* generated by —1, p,
and all conjugates of y4 for d | n. The following lemma shows that the action
of the augmentation ideal of Z[G] on elements of Y gives the square of an
element of Y multiplied by a power of p:

LEMMA 4.5. For any d|n and o € G we have

Cll_ =p° Hyzat for suitable integers a, a;.
t|d
Proof. If d = 1 then y4 = 1 and the statement is trivial. Suppose that

d > 1 and that the lemma has been proved for all divisors of n smaller
than d. Let R, C J be determined by o = [[,cx_or. If (ng,,d) =1 then

—0

yd = 1. Suppose that (ng,,d) > 1 and that the lemma has also been
proved for this d and all p € G having (ng,,d) < (ng,,d). Fix any ¢ € R,
q|d. Then p = 040 satisfy ng, = ng,/|q|. On one hand, if ng, = 1 then

l—og

i " =Ya " =vi Nk, Ya)
and Lemma together with the induction hypothesis gives what we need.

On the other hand, if ng, > 1 then the lemma has already been proved for
d with both p and o,. Hence

— 1- 1— Tq
v T =g e (yg ) —( Hyg‘“) : (p”-Hyf’”)
td
= <pa+b ) Hyt (as+b) ) ) H(y;*%)—%t

t|d t|d

-1

and the lemma follows from the induction hypothesis. =
THEOREM 4.6. The set
={p} U{ya; d|n,d>0,d =3 (mod 4)}
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is a Z-basis of Y, more precisely BU{—1} is a system of generators of Y
and B is multiplicatively independent over Z.

Proof. Lemma gives that Y is generated by {—1,p} U{yq; d|n}. Let
d|n,d =1 (mod 4) and put S = {g € J; ¢ <0, ¢|d} and p = [[ 504
Then the number of elements of S is even and p acts on y4 as the complex
conjugation 7. Hence

T d d . K,
ys =Yg = NQd/Kd(x—n/d) = N@d/Kd( n/d) p QK]
Therefore
y?i — pd.[@d:Kd} . y;*P — pd.[Qd:Kd] . H(y;+aq)nt65,t<q(iat)
q€eS
pd-[Qd:Kd} . H NKd/Kd/m (yd)HtGS,t<q(_0't).
qes

Lemmas [4.4) and [4.5] give

CQI _ H yQat

t|d, t<d

for suitable integers a, a;. But p is not a square in K, so a is even and

ya=2p"* ] v

t|d, t<d
We have shown that B U {—1} is a system of generators of Y.

Lemma says (yq) = p?@ as ideals of K, moreover (p) = p’V¥. As p
splits completely in K, we have the G-module homomorphism Y — Z[G]
sending each y € Y to § € Z[G] satisfying (y) = p°. The image of Y is
a submodule of finite index in the Stickelberger ideal Sk, hence the Z-
rank of Y cannot be smaller than the Z-rank of Sk, which is equal to
1+ 3[K : Q] (see [4, Theorem 2.1]). But this equals the number of elements
of B. Therefore B is multiplicatively independent over Z. u

LEMMA 4.7. Lety € Y and d|n. If there is a positive integer r such that
Y% € kq then y € k.

Proof. Tt is enough to prove the lemma for » = 1 and to use induction.
Assume y2 € kq. Then for any o € Gal(K/ky) we have (y?)!~ = 1 and so
Yy = +1. Lemmagives that y' =7 belongs to a subgroup of Y generated
by p and by y? for all ¢ |n. Theorem implies that this subgroup has no
torsion and so y' ™7 =1. =

PROPOSITION 4.8. For any d|n there is zq € kq such that either

ZC[le:k‘d} — NKd/kd (yd)

or
Z([in5kd] = pliakdl/2 . NKy/kq(Ya)-
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Proof. If Kgq = kg there is nothing to prove. Assume that K; # kg and
so [Kq : kq] is even. As in the proof of Proposition we choose a basis
pi,---,pr of the (multiplicative) vector space Gal(K;/kq) over Fo. Then
[Kd : kd] =2" and

Ng, kg (Ya) = yitten)(ter),

By induction on r using Lemma 4.5 we show that

y((11+p1)'--(1+pr) _ (pa . Hthat) [Ka:kal/2

t|d

for suitable integers a, a;. We put

Zd = pf[fa/ﬂ . Hyg‘t
t|d
and one of the two equalities in the statement of the proposition follows de-
pending on whether a is even or odd. As z; € Y and zc[le:kd} € ky, Lemma
gives zg € kq. =

THEOREM 4.9. The elements of T, annihilate aoll ideal classes in the
principal genus PGy, of k.

Proof. As C has been chosen as an arbitrary class in PGy it is enough
to show that 7, C A, where A is the annihilator of C. We have P € C and
so A = {a € Z|[G]; P“ is principal}. Sinnott proved that the Stickelberger
ideal S, is contained in A.

On one hand, if /=3 € k then 3|n and 33 = 3 € 7.. On the other
hand, if /=3 ¢ k and /=3 € K then 83 = Nj € 7. Let us define 83 = 0
in the last case, i.e., when v/—3 ¢ K, just to avoid distinguishing the three
cases. So in all cases we have N, 303 € S C A.

Proposition gives that for any d|n there are v € {0,1}, v € {0,1,2}
such that g = vq+ (u/2) Ny +vf3 € Ag; moreover v = 0 if 3 1 d. Theorem 3.1
states that {ys; x € X', d =ng } U{3Ni} is a Z-basis of T/, hence

{04; x € X', d = ng, } U{Ni}

is a Z-basis of 7, = T/ N Ay; notice that d3 = 303 if /=3 € k. Thus the
theorem will be proved if we show that 64 € A for any d |n.
Proposition states

Kak tkg]x
Zo[l atka] _ p[Kd-kd} /2. NKd/kd(yd)
for suitable x € {0,1}. Using Lemma and Proposition we have
() = (P N, )

— pdBat[Kakal(z/2)Ny _ plKa:ka](dya+(z/2)Nk)
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as ideals of k and so
(2g) = PHat(@/2)Ni

which means dvyg + (#/2)Ny € A, hence d(vq4 + (/2)Ny) € A as d is odd
and N € A. We have mentioned that 335 € A and that 3 1 d implies v = 0.
Therefore dvfs € A and so dég = d(vq + (x/2)N, +v033) € A. It is easy to
see that

[Kd : kd]éd = g+ [Kd : kd]((a;/2)Nk + '0,33) € S]/C NA, =8, C A

As d and [K, : kg] are relatively prime we have obtained 4 € A and the
theorem is proved. =

COROLLARY 4.10. The elements of 273, annihilate the ideal class group
Clk Of k.

Proof. The Galois group Gal(K/k) is 2-elementary and so the square of
the Frobenius of any prime ideal of k is trivial on K. Thus the square of any
ideal of k£ belongs to a class from the principal genus PGy of k.

REMARK. The elements of the augmentation ideal I of Z[G] also map
any class in Clg to a class in PGy, so 17}, annihilates Clj. But these annihi-
lators are in fact already obtained in Corollary [£.10] because Proposition [2.4]
and Lemma [2.5] imply that for any ¢ € Gy and any § € 7} we have either
(1-0)d €27 or (1—0)d+ Ny € 27.

Proof of Theorem|[1.1 Corollary gives that S +27}, annihilates Cly.
Using d4 defined in the proof of Theorem we can describe a Z-basis of
Sk + 27;,. We know (see [I, Lemma 22 and Theorem 3]) that

{[Ka: kqlda; x € X', d =ng, } U{Ny}
is a Z-basis of S;, and (see the proof of Theorem that
{204; x € X', d =ng } U{2N;}
is a Z-basis of 27}. Therefore
{min(2, [Kd : kd])éd; X € X/, d= nsx} @] {Nk}

is a Z-basis of S + 27 and we can easily compute the index

(Se+27) S = ] [Kd2k:d]

xeX’, d:nSX
Ka#kq

which gives the index formula of Theorem because K, = K4 and kN K,
= kg with d = ng, . =
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