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1. Introduction. Let ¢ > 2 be an odd integer, and ¢ be any integer
with (¢,q) = 1. For each integer a with 1 < a < ¢—1 and (a,q) = 1, we
know that there exists one and only one integer b with 1 < b < ¢g—1 and
(b, q) = 1 such that ab = ¢ mod q. Let N(c, q) denote the number of cases in
which a and b are of opposite parity. For example, N(1,3) =0, N(1,5) = 2,
and N(1,13) = 6. For ¢ = p an odd prime, D. H. Lehmer asked to find
N(1,p) or at least to say something nontrivial about it (see [3]). It is known
that N(1,p) = 2 or 0 mod 4 according as p = +1 mod 4. The first author
proved in [5] and [6] that for any odd integer ¢ > 3, we have the asymptotic
formula

N(1,q) = %<Z>(q> +0(q"/?d*(q) In? q),

where ¢(q) is the Euler function, and d(q) is the Dirichlet divisor function.
For any integer ¢ with (¢,q) = 1, using the method in [6] we can also
deduce that

1) N(e,q) = 36(a) + Ol *a(q) ).

where the big-O constant is uniform in c.
Let

Ble,) = N(e.q) ~ 56(0)

The first author also proved in [7] and [§] that
p—1
3 31
ZEQ(C,p)ZPQJrO(p-eXp( np))
g 4 Inlnp
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q p+1 1

/ 3 41
(2) 2 Bea 7¢2 )11~ ++1)+ - +O(q eXp<ln11111(fz)>’

=1 pella

where the last summation is over all 1 < ¢ < g with (¢,q) = 1, and p® || ¢
denotes that p® divides ¢, but p®*! does not divide g.

The formula shows that the error term in the asymptotic formula
is the best possible. In this paper, we find that there exist close relations
between the error terms F(c, q) and the classical Kloosterman sums

iy mb + nb
K(m,n,q): Z 6(),

b=1 q

where e(y) = >, and b-b = 1 mod q.

We shall use the properties of the Gauss sums and the analytic method
to study the mean value properties of K(c,1;q)E(4c,q), and give a sharper
asymptotic formula for it. We shall prove the following;:

THEOREM. For any odd integer ¢ > 3, we have the asymptotic formula

q

S K(e,159)E(de, q)
c=1
= A TI(1 ot )+ o0 eo(H00)),

pllg

2. Some lemmas. In this section, we give some simple lemmas which
are necessary in the proof of our Theorem. First we have the following:

LEMMA 1 (see Theorem 7.2 in []). Let q be a square-full number (i.e.
p |k if and only if p* | k). Then for any nonprimitive character x modulo q,

we have the identity
q
= Zx(a)e(a> =0.
a=1 q

LEMMA 2. Letu be a square-full number or uw =1, and v be a square-free
number with (u,v) = 1. Then we have the identity

s ui(f) = (- gty

Proof. Since ¢(n) and p(n) are multiplicative functions, and v is a
square-free number, we have
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hlv k|uh h|v rlh slu

( ef)) S o

slu hlv plh

s‘u ¢<S>> (1+p*(p—2)).

If u =1, then >, u(s)p(u/s) = 1 = ¢?(u)/u; if u > 1 is a square-full

number, then also

slu

0 szujmw(fj) o CERR
B A0
=¥ )pl.;'[u<1 p> u

Note the identity

S T

plv plv
1
2
= U¢ v 1 — >
®) H< p(p—1)
plv
Combining and we may immediately deduce Lemma

LEMMA 3 (see [2] and Lemma 6 in [6]). Suppose x is an odd character
mod q, generated by the primitive character x,, mod m. Then we have the
identities

q (g—1)/2
(1—2x(2)) > ax(a) = x(2)g x(a)
a=1 a=1

and
q

3ot = & ([0 ) (5 v )

a=1 plg

ptm
LEMMA 4. Let ¢ > 3 be an odd number. Then for any integer ¢ with
(¢,q) =1, we have

q 2
Blea) =50 X(C)(1—2x(2))2<;zax(a))-
a=1

x mod q
x(=1)=-1
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Proof. From the definition of N(c, ¢) and the orthogonality of characters
mod g we have

1 ! ! a+b 1 . : CL—H)
=32 2.0 Ty 2 U
=1 b=1 a=1 b=1
ab=cmod q ab=cmod q
Hence
14 a+b
(5) E(c,q) = N(c,q) — f¢( 3 > (-
a%zlcnf;ilq
_ 1 b2 - 1)¢ ?

Note that if xy(—1) = 1, then

a=1
and if y(—1) = —1, then
q (¢-1)/2
(7) Y (=1)x(a) =2x(2) Y x(a)
a=1 a=1

Combining f and Lemma [3| we immediately deduce Lemma

3. Proof of Theorem. Let ¢ = u - v, where u is a square-full number
or u = 1, and v is a square-free number with (u,v) = 1. Then for any
nonprincipal character y mod ¢, we have xy = x1x2, where x; is a character
mod u and s is a character mod v. If 1 is a nonprimitive character mod w,
then from the multiplicative properties of the Gauss sums and Lemma
we know that 7(x) = 7(x1x2) = 0. Note that if x is a primitive character
mod m with x(—1) = —1, then (see Theorems 12.11 and 12.20 of [1])

=3 axle) = 2T 0L,
a=1
> xR0 = 3 Y W) =,
c=1 b=1 c=1 q

S v@=Su0 ¥ = 5 a(%)ea,

x mod ¢q dlq x mod q/d d|(g,a—1)
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and for any nonprincipal character y mod ¢, from the Pélya and Vinogradov
inequality (see Theorem 8.21 of [1]) we know that

N+H

Z x(n) < ¢*?Ing.
n=N+1

By this estimate and the partition identities (see Theorem 3.17 of [1]) we
can deduce that (¢° < y)

Acy) = > x()dn)= > x(m)x(n)— > x(m)x(n)

¢g3<n<y mn<y mn<g3
=23 ) Y xm) — (X xm)
n<\/y m<y/n n<\/y

2
=2 3 wm) X xm)+ (X x(n) < Vaylng.
niyd  mEd/n ne/
Applying this estimate and Abel’s identity we have the asymptotic formula

+oo

mn
1<n<q3 @ Y

Tl

1<n<g¢?

Let h|v, x = x1x2 be a character mod uh, where y; is a character mod u
and o is a character mod h. If x; is a primitive character mod u, x2 is a
primitive character mod h, and x¥ denotes the principal character mod v,
then we have the identity

)00 = X° <Z>X(1)2”(”/h)72(x)72(><) =X (Z>“Qh2’

where w(n) denotes the number of different prime divisors of n.

Let x1 be a nonprimitive character mod u. Then from the multiplicative
properties of the Gauss sums and Lemma |I| we know that 7(xx2) = 0.

By Lemma [3] Lemma [4 and the above identities we have

q

© 3 K(e,139)E(de, q)

c=1

5 (1 2
=3 S S K e L) (1 — 21(2) (2> o)

xmodqg c=1
x(—1)=-1
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2 o 1 q 2
DD TQ(X)(X(2)—2)2<QGZ:1ax(a))

Z > e (v 2 ( mem )2

Xl modwu x2 modv
x1x2(—1)=—1

2
= ¢2 Z Z X1X2 (X1tx2(2 < ZGX1X2 >

Xl modu x2 modv
x1xz2(— 1) -1

*dE2) -27( X xun) 2L (Y)

h|v x mod uh rlv

x(=1)=-1 (r,uh)=1
2
S x@ -2 (%(2) T xu)) £20,%)
s, <<h>rwh )
- DLDILEPY 7@ - 22( X X(u(n) 21,7,
kluh x mod uh/k rlv/h

X(—1)=—1

where Z; mod 1 denotes summation over all primitive characters mod k.
On the other hand, note that

2 h
> IX@ 2P| Y xe)ulr)| < 4et/m 22

x mod uh/k rlv/h

x(-1)=-1

From we also have

1) Y &2 - 22X xrut) 0.3

x mod uh/k rlv/h
x(=1)=-1
rd(n
= Z Z Yoo X(2) +4)x(rs)x(n)u(r)u(s)
n<g3 r|v/hs\v/hxmoduh/k

x(=1)=-1
+ 04" 1 q)

_ dluh/k) d(m)a(r)i(s)
T IDIIDID Dl

n<qg3 rlv/hslv/h
4rsn=1mod uh/k
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Bluh/k) d(m)a(r)u(s)
B EnD DD UED D

n<g3 rlv/h slv/h
4rsn=—1mod uh/k

_4¢(U§/’f) Z’ Sy d(n)ug)ﬂ(S)
n<g® rlv/h slv/h
2rsn=1mod uh/k

¢(uh/k) Y Y d(n)p(r)p(s)
2 n<g® rlv/h slv/h "
2rsn=—1mod uh/k

O(uh/k) 5~ d(m)a(r)(s)
D IIDUID D

n<g® rlv/h slv/h
rsn=1moduh/k

_4¢(u§/k) Z’ Z Z d(n)ufj)’u(S) +O(4w(v/h) Inq)

n<g® rlv/h slv/h
rsn=—1mod uh/k

—u(P)ro(X X ¥ E) s owemng

rlv/h slv/h 1<qg3k/uh

) cofen().

where we have used the estimate d(n) < exp(Z22%), and Z;S n denotes
summation over all integers 1 < n < N with (n,uh/k) = 1.

In fact in (10), the main term comes from the sum with the condition
rsn = 1 mod uh/k when r = s = n = 1, and the other error terms are

bounded by

ZZ Z uh/k:l:rs)<<exp(ltjlllr;qq>lnq(zl)2

rlv/h s|lv/hi<qg3k/uh

On the other hand, note the identity
u? 2 (uh) 7 2 (uh)
h* - 298 = h* - 298
¢(q) th; o(q)v? 2

since u and h are coprime and thus

22w(u) 1

Z B2. w (uh) ¢(q) ﬁ Z h2. 2w(h)‘
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Now using the fact that v is square-free and h22¢(h) i multiplicative we get

u? 29w(u) q
11 N2 el — T2 T T (1 + 22
W e o w1102

q22w(u) )
= 5@ H<1 - <v/p>2>

plv
29w(u) 29w(u)
q“2 < 2 ) q-2
L —F 1+ = )| <K< —/———
¢(q) ,El n? o(q)
w(u) 21nq
< q2 Ing < q-exp .
Inlng

Combining @D, we immediately deduce the asymptotic formula of the
Theorem.
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