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GLOBAL REGULAR NONSTATIONARY FLOW FORTHE NAVIER�STOKES EQUATIONSIN A CYLINDRICAL PIPE

Abstra
t. Global existen
e of regular solutions to the Navier�Stokesequations des
ribing the motion of an in
ompressible vis
ous �uid in a 
ylin-dri
al pipe with large in�ow and out�ow is shown. Global existen
e is provedin two steps. First, by the Leray�S
hauder �xed point theorem we prove lo-
al existen
e with large existen
e time. Next, the lo
al solution is prolongedstep by step.The existen
e is proved without any restri
tions on the magnitudes ofthe in�ow, out�ow, external for
e and initial velo
ity.1. Introdu
tion. We 
onsider vis
ous in
ompressible �uid motions ina �nite 
ylinder with large in�ow and out�ow and under boundary slip 
on-ditions. Therefore the following initial-boundary value problem is examined:
(1.1)

v,t + v · ∇v − div T(v, p) = f in ΩT = Ω × (0, T ),

div v = 0 in ΩT ,

v · n̄ = 0 on ST
1 = S1 × (0, T ),

νn̄ · D(v) · τ̄α + γv · τ̄α = 0, α = 1, 2, on ST
1 ,

v · n̄ = d on ST
2 = S2 × (0, T ),

n̄ · D(v) · τ̄α = 0, α = 1, 2, on ST
2 ,

v|t=0 = v(0) in Ω,where Ω ⊂ R
3, S = S1 ∪S2 = ∂Ω, v = v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) ∈

R
3 is the velo
ity ve
tor of the �uid motion, p = p(x, t) ∈ R

1 the pressure,2000 Mathemati
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f = f(x, t) = (f1(x, t), f2(x, t), f3(x, t)) ∈ R

3 the external for
e �eld, n̄ theunit outward ve
tor normal to the boundary S, and τ̄α, α = 1, 2, are tangentve
tors to S. Moreover, T(v, p) is the stress tensor of the form
T(v, p) = νD(v) − pI,where ν is the 
onstant vis
osity 
oe�
ient, I the unit matrix and D(v) thedilatation tensor

D(v) = {vi,xj + vj,xi}i,j=1,2,3.Finally, γ > 0 is the slip 
oe�
ient.By Ω ⊂ R
3 we denote a 
ylindri
al type domain parallel to the x3 axiswith arbitrary 
ross se
tion. We assume that S1 is the part of the boundarywhi
h is parallel to the x3 axis and S2 is perpendi
ular to x3. Hen
e

S1 = {x ∈ R
3 : ϕ(x1, x2) = c0, −a < x3 < a},

S2(−a) = {x ∈ R
3 : ϕ(x1, x2) < c0, x3 = −a},

S2(a) = {x ∈ R
3 : ϕ(x1, x2) < c0, x3 = a},where a, c0 are given positive numbers and ϕ(x1, x2) = c0 des
ribes a su�-
iently smooth 
losed 
urve in the plane x3 = const.To des
ribe the in�ow and out�ow we de�ne

(1.2) d1 = −v · n̄|S2(−a), d2 = v · n̄|S2(a),so di ≥ 0, i = 1, 2, and by (1.1)2,3 and (1.2) we have the 
ompatibility
ondition
(1.3) Φ ≡

\
S2(−a)

d1 dS2 =
\

S2(a)

d2 dS2,where Φ is the �ux.Let us introdu
e an extension α = α(x, t) ∈ R su
h that
(1.4) α|S2(−a) = d1, α|S2(a) = d2.Then equations (1.1)2,3,6 and (1.3) imply the 
ompatibility 
ondition\

Ω

α,x3
dx = −

\
S2(−a)

α|x3=−a dS2 +
\

S2(a)

α|x3=a dS2 = 0.

The aim of this paper is to prove the existen
e of global solutions to prob-lem (1.1) without any restri
tions on the magnitudes of the initial velo
ity,external for
e �eld, in�ow and out�ow. This will be done by in
reasing reg-ularity of weak solutions. For this purpose we follow the ideas and methodsfrom [9℄. To show the existen
e of su
h solutions we need, however, somesmall parameters. By su
h parameters we have L2-norms of derivatives of
v and f with respe
t to x3 and derivatives of d1, d2 with respe
t to x′,
x′ = (x1, x2).
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e we introdu
e the quantities
(1.5)

h = v,x3
, q = p,x3

, g = f,x3
,

w = v3, χ = v2,x1
− v1,x2

.Finally, we re
all the de�nitions of Besov spa
es whi
h are ne
essary tounderstand the main results:
W σ,σ/2

p (ΩT ) =

{

u = u(x, t) : ‖u‖
W

σ,σ/2
p (ΩT )

≡ ‖u‖Lp(ΩT )

+

( T\
0

\
Ω

\
Ω

|D
[σ]
x u(x, t) −D

[σ]
x′ u(x′, t)|p

|x− x′|3+p(σ−[σ])
dx dx′ dt

)1/p

+

( \
Ω

T\
0

T\
0

|∂
[σ/2]
t u(x, t) − ∂

[σ/2]
t′ u(x, t′)|p

|t− t′|1+p(σ/2−[σ/2])
dx dt dt′

)1/p

<∞

}

,where Ω ⊂ R
3, 1 ≤ p ≤ ∞, σ ∈ R+ noninteger and [σ] is the integer partof σ, and

W σ
p (Ω) =

{

u = u(x) : ‖u‖W σ
p (Ω) ≡ ‖u‖Lp(Ω)

+

( \
Ω

\
Ω

|D
[σ]
x u(x) −D

[σ]
x′ u(x′)|p

|x− x′|3+p(σ−[σ])
dxdx′

)1/p

<∞

}

.Now we formulate our main results.Theorem 1.1 (lo
al existen
e). Assume that :(a) h(0) ∈ W 1
2 (Ω), χ(0) ∈ L2(Ω), v(0) ∈ W 1

5/2(Ω), g ∈ L2(Ω
T ), d,t ∈

L2(0, T,W
1
6/5(S2)), d,x′ ∈ W

3/2,3/4
2 (ST

2 ), d ∈ W
8/5,8/10
5/2 (ST

2 ), f ∈

L5/2(Ω
T ), F3 ∈ L10/3(Ω

T ), d ∈ L∞(0, T,W 1
3 (S2)).(b) There exists a 
onstant A su
h that ϕ(A,G(T ))η2

1(T ) + G′(T ) ≤ A,where
l1(T ) = ψ(‖d‖L∞(0,t,W 1

3
(S2)), T )(‖d‖2

L2(0,t,H1(S2))
+ d,t

2
6/5,2,ST

2

+ f 2
6/5,2,Ωt + |v(0)|22,Ω),

G(T ) = l1(T )+‖d‖8/5,5/2,St
2
+‖v(0)‖1,5/2,Ω + |f |5/2,ΩT

+ |F3|10/3,ΩT + |χ(0)|2,Ω + d 3,6,ST
2

+ d 3,∞,ST
2
,

G′(T ) = |g|2,ΩT +‖h(0)‖1,2,Ω + l1(T )+‖d,x′‖3/2,2,ST
2
,

η1(T ) = sup
t′<T

‖d,x′(t′)‖1,S2
+‖d,x′‖L2(0,t,H1(S2))

+‖d,t‖L2(0,T,W 1
6/5

(S2)) + f3 4/3,2,ST
2

+ g 6/5,2,ΩT + |h(0)|2,Ωand ϕ, ψ are in
reasing positive fun
tions.
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przykThen there exists a solution to problem (1.1) su
h that
‖h‖W 2,1

2
(ΩT ) ≤ A, ‖v‖W 2,1

5/2
(ΩT ) ≤ ϕ0(A,G(T ), G′(T ), η1(T ), l1(T )),where ϕ0 is an in
reasing positive fun
tion.Theorem 1.2 (global existen
e). Let the assumptions of Theorem 1.1be satis�ed. Then there exists a sequen
e {Tn}

∞
n=1, in
reasing to in�nity ,su
h that in ea
h interval [Tn, Tn+1] with Tn+1 − Tn ≤ T there exists a lo
alsolution to problem (1.1) satisfying the estimates

‖h‖
W 2,1

2
(Ω×(Tn,Tn+1))

≤ A,

‖v‖
W 2,1

5/2
(Ω×(Tn,Tn+1))

≤ ϕ0(A,G(Tn, Tn+1), G
′(Tn, Tn+1), η1(Tn, Tn+1), l1(Tn, Tn+1))for all n ∈ N.2. Notation and auxiliary results. To simplify the writing we intro-du
e the following notation:

|u|p,Q = ‖u‖Lp(Q), Q ∈ {ΩT , ST , Ω, S}, p ∈ [1,∞],

‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω,S}, s ∈ R+ ∪ {0},

‖u‖s,QT = ‖u‖
W

s,s/2

2
(QT )

, Q ∈ {Ω,S}, s ∈ R+ ∪ {0},

u p,q,QT = ‖u‖Lq(0,T ;Lp(Q)), Q ∈ {Ω,S}, p, q ∈ [1,∞],

‖u‖s,q,QT = ‖u‖
W

s,s/2
q (QT )

, Q ∈ {Ω,S}, s ∈ R+ ∪ {0}, q ∈ [1,∞],

‖u‖s,q,Q = ‖u‖W s
q (Q), Q ∈ {Ω,S}, s ∈ R+ ∪ {0}, q ∈ [1,∞].By c we denote a generi
 
onstant whi
h 
hanges its magnitude from formulato formula. By c̄(σ) and ϕ(σ) we understand generi
 fun
tions whi
h arealways positive and in
reasing. Finally, we do not distinguish s
alar andve
tor-valued fun
tions in notation.We introdu
e the spa
e

V k
2 (ΩT ) =

{

u : ‖u‖V k
2

(ΩT ) = ess sup
t∈(0,T )

‖u‖Hk(Ω)

+
(

T\
0

‖∇u(t)‖2
Hk(Ω) dt

)1/2
<∞

}

, k ∈ N.Now we re
all a 
ertain imbedding for anisotropi
 Sobolev spa
es. Let
Ω ⊂ R

3. Then we de�ne
‖u‖

W 1,k
2

(Ω)
=

[ \
Ω

(|u|2 + |∇′u|2 + |∇k
x3
u|2) dx

]1/2
, k ∈ N,
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, ∂x2

). From [6℄ we have
(2.1) u q,r,ΩT ≤ c‖u‖

2/r

L2(0,T,W 1,k
2

(Ω))
ess sup

t
|u|

1−2/r
2,Ω ,where

(2.2)
2

r
+

2k + 1

qk
=

2k + 1

2k
.For r = q we have

(2.3) q =
2(4k + 1)

2k + 1
≡ q(k)and the inequality

(2.4) |u|q,ΩT ≤ c‖u‖
2/q

L2(0,T,W 1,k
2

(Ω))
ess sup

t
|u|

1−2/q
2,Ω ,where 2/q < 1. By the Young inequality, (2.4) gives

(2.5) |u|q,ΩT ≤ εq/2‖u‖
L2(0,T,W 1,k

2
(Ω))

+ cε−q/(q−2) ess sup
t

|u|2,Ω,Finally, from [9℄ we get, for a weak solution to problem (1.1):Lemma 2.1. Assume that d ∈ L∞(0, T ;W 1
3 (S2)) ∩ L2(0, T ;H1(S2)),

d,t ∈ L2(0, T ;L6/5(S2)), f ∈ L2(0, T ;L6/5(Ω)), v(0) ∈ L2(Ω). Then
‖v‖V 0

2
(Ωt) ≤ ϕ(‖d‖L∞(0,t,W 1

3
(S2)), t)[‖d‖

2
L2(0,t,H1(S2))

(2.6)

+ d,t
2
6/5,2,St

2

+ f 2
6/5,2,Ωt + |v(0)|22,Ω] ≡ l21(t).where ϕ is an in
reasing positive fun
tion.3. Basi
 formulations. To prove the existen
e of global solutions toproblem (1.1) we follow [9℄. Therefore we need problems satis�ed by quanti-ties (1.5). First we have, from [9℄:Lemma 3.1. The quantities h, q are solutions to the problem

(3.1)

h,t − div T(h, q) = −v · ∇h− h · ∇v + g in ΩT ,

div h = 0 in ΩT ,

n̄ · h = 0 on ST
1 ,

νn̄ · D(h) · τ̄α + γh · τ̄α = 0, α = 1, 2, on ST
1 ,

hi = −d,xi , i = 1, 2, on ST
2 ,

h3,x3
= ∆′d on ST

2 ,

h|t=0 = h(0) in Ω,where ∆′ = ∂2
x1

+ ∂2
x2
, d stands for d1 and d2, be
ause d|S2(−a) = d1,

d|S2(+a) = d2.
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przykProof. Equations (3.1)1,2,3,4,7 follow dire
tly from the 
orrespondingequations in (1.1) by di�erentiation with respe
t to x3, be
ause S1 is parallelto the x3 axis.To show (3.1)5,6 we re
all that
(3.2) v3|S2

= d, (vi,x3
+ v3,xi)|S2

= 0, i = 1, 2.Hen
e vi,x3
|S2

= −d,xi , i = 1, 2, and (3.1)5 holds.From (1.1)2 we have v3,x3x3
|S2

= −(v1,x3x1
+ v2,x3x2

)|S2
= d,x1x1

+ d,x2x2

= ∆′d. Hen
e (3.1)6 follows. This ends the proof.Lemma 3.2. The fun
tion χ = v2,x1
− v1,x2

is a solution to the problem
(3.3)

χ,t + v · ∇χ− h3χ+ h2w,x1
− h1w,x2

− ν∆χ = F3 in ΩT ,

χ|S1
= −vi(ni,xjτ1j + τ1i,xjnj) +

γ

ν
vjτ1j

+ v · τ̄1(τ12,x1
− τ11,x2

) ≡ χ∗ on ST
1 ,

χ,x3
= 0 on ST

2 ,

χ|t=0 = χ(0) in Ω,where
n̄|S1

=
(ϕ,x1

, ϕ,x2
0)

√

ϕ2
,x1

+ ϕ2
,x2

, τ̄1|S1
=

(−ϕ,x2
, ϕ,x1

, 0)
√

ϕ2
,x1

+ ϕ2
,x2

, τ̄2|S1
= (0, 0, 1) ≡ ē3,

n̄|S2
= ē3, τ̄1|S2

= ē1, τ̄2|S2
= ē2,where ē1 = (1, 0, 0), ē2 = (0, 1, 0) and F3 = f2,x1

− f1,x2
.Proof. Di�erentiating the �rst equation of (1.1)1 with respe
t to x2, these
ond equation of (1.1)1 with respe
t to x1, and subtra
ting the resultsyields (3.3)1.To show (3.3)2 we extend the ve
tors τ̄1, n̄ into a neighbourhood of S1.In this neighourhood v′ = (v1, v2) 
an be expressed in the form

v′ = v · τ̄1τ̄1 + v · n̄n̄.Then
(3.4)

χ|S1
= [(v · τ̄1τ12 + v · n̄n2),x1

− (v · τ̄1τ11 + v · n̄n1),x2
]|S1

= [−n̄ · ∇(v · τ̄1) + v · τ̄1(τ12,x1
− τ11,x2

)]|S1
,where (1.1)3 was employed and τ1i, ni are the ith Cartesian 
oordinates.Utilizing (1.1)3 in (1.1)4 for α = 1 yields

(3.5) νn̄ · ∇(v · τ̄1) − νvi(ni,xjτ1j + τ1i,xjnj) + γv · τ̄1 = 0.Exploiting (3.5) in (3.4) yields (3.3)2. By the de�nition of χ and (3.1)5 wehave
χ,x3

|S2
+ (v2,x1x3

− v1,x2x3
)|S2

= −(d,x1x2
− d,x2x1

)|S2
= 0.This ends the proof.
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al pipe 295For solutions to problem (3.1) we get (see [9℄)Lemma 3.3. Assume that v is a weak solution to problem (1.1). Then
(3.6) |h(t)|22,Ω + ν

t\
0

‖h(t′)‖2
1,Ωdt

′ + γ|h · τ̄α|
2
2,St

1

≤ ϕ( d1 3,6,St
2
, |∇v|3,2,Ωt, l1, d 3,∞,St

2
)η2

1(t),where ϕ is an in
reasing positive fun
tion, l1 is de�ned by (2.6) and
η1(t) = sup

t′≤t
‖d,x′(t′)‖1,S2

+ ‖d,x′‖L2(0,t,H1(S2)) + ‖d,t‖L2(0,t,W 1
6/5

(S2))(3.7)

+ f3 4/3,2,St
2
+ g 6/5,2,Ωt + |h(0)|2,Ω.4. Estimates. First we examine problem (3.3). Let χ̃ be a solution ofthe problem

(4.1)

χ̃,t − ν∆χ̃ = 0 in ΩT ,

χ̃ = χ∗ on ST
1 ,

χ̃,x3
= 0 on ST

2 ,

χ̃|t=0 = 0 in Ω.Then χ′ = χ− χ̃ is a solution of
(4.2)

χ′
,t + v · ∇χ′ − h3(v,2x1

− v1,x2
) + h2w,x1

− h1w,x2

− ν∆χ′ = F3 − v · ∇χ̃ in ΩT ,

χ′ = 0 on ST
1 ,

χ′
,x3

= 0 on ST
2 ,

χ′|t=0 = χ(0) in Ω.Lemma 4.1. Assume that h ∈ L5(Ω
T ), F3 ∈ L10/7(Ω

T ), v′ ∈ L∞(0, T,

W 1
9/5(Ω)), v ∈ W

s,s/2
r (ΩT ) with 5/r − 3/2 ≤ s, χ(0) ∈ L2(Ω). Assume alsothat v is a weak solution satisfying (2.6). Then a solution of problem (4.2)satis�es the inequality

|χ(t)|22,Ω +

t\
0

‖χ(t′)‖2
1,Ωdt

′ ≤ c(l21(t)(‖v
′‖2

L∞(0,t,W 1
9/5

(Ω)) + |h|25,Ωt)(4.3)

+ ‖v′‖2
s,r,Ωt + |F3|

2
10/7,Ωt + |χ(0)|22,Ω).Proof. Multiplying (4.2)1 by χ′ and integrating the result over Ω we get

1

2

d

dt
|χ′(t)|22,Ω + |∇χ′|22,Ω =

\
Ω

(v2,x1
− v1,x2

)h3χ
′dx

−
\
Ω

(h2w,x1
− h1w,x2

)χ′dx+
\
Ω

v · ∇χ̃χ′dx+
\
Ω

F3χ
′dx.
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przykUtilizing the Poin
aré inequality and integrating with respe
t to time yields
(4.4) |χ′(t)|22,Ω +

t\
0

‖χ′(t′)‖2
1,Ω dt

′ ≤ c
( \

Ωt

|h3| |∇v
′| |χ′| dx dt′

+
\

Ωt

|h′| |∇′w| |χ′| dx dt+
∣

∣

∣

t\
0

\
Ω

v(t′) · ∇χ̃(t′)χ′(t′) dx dt′
∣

∣

∣

+
\

Ωt

|F3| |χ
′| dx dt+ |χ(0)|22,Ω

)

.We estimate the �rst term on the r.h.s. of (4.4) by |h3|5,Ωt ·|∇v′|2,Ωt |χ′|10/3,Ωtand the se
ond by |∇′w|2,Ωt |h′|5,Ωt |χ′|10/3,Ωt . The third term on the r.h.s. of(4.4) 
an be expressed in the form
∣

∣

∣

t\
0

\
Ω

v(t′) · ∇χ′(t′)χ̃(t′) dx dt′
∣

∣

∣and estimated by
ε|∇χ′|22,Ωt + |∇v|22,Ωt χ̃

2
3,∞,Ωt .We bound the fourth integral on the r.h.s. of (4.4) by

|χ′|10/3,Ωt|F3|10/7,Ωt .Utilizing the above estimates in (4.4) we obtain
|χ′|22,Ω +

t\
0

‖χ′(t′)‖2
1,Ωdt

′ ≤ c(ε(|χ′|210/3,Ωt + |∇χ′|22,Ωt)

+ |∇v|22,Ωt χ̃
2
3,∞,Ωt + |h|25,Ωt|∇v|

2
2,Ωt + |F3|

2
10/7,Ωt + |χ(0)|22,Ω).Applying the transformation χ′ = χ − χ̃ and taking ε su�
iently small wehave

|χ(t)|22,Ω +

t\
0

‖χ(t′)‖2
1,Ωdt

′ ≤ c
(

|∇v|22,Ωt χ̃ 2
3,∞,Ωt + |h|25,Ωt|∇v|22,Ωt

+|χ̃(t)|22,∞,Ωt +

t\
0

‖χ̃(t′)‖2
1,Ω dt

′ + |F3|
2
10/7,Ωt + |χ(0)|22,Ω

)

.Now using the inequalities
|u|10/3,Ωt ≤ c(|u|2,∞,Ωt + ‖u‖L2(0,T ;W 1

2
(Ω))) ≤ c‖u‖s,r,Ωt ,where 5/r − 3/2 ≤ s, we obtain

|χ(t)|22,Ω +

t\
0

‖χ(t′)‖2
1,Ω dt

′ ≤ c(l21(t) χ̃
2
3,∞,Ωt + l21(t)|h|

2
5,Ωt + ‖χ̃‖2

s,r,Ωt

+ |F3|
2
10/7,Ωt + |χ(0)|22,Ω),
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al pipe 297and using the inequalities ‖χ̃‖s,r,Ωt ≤ c‖χ∗‖s−1/r,r,St
1

≤ c‖v‖s,r,Ωt and
χ̃ 3,∞,Ωt ≤ v′ 3,∞,St

1
≤ ‖v′‖L∞(0,t,W9/5(Ω)), we obtain (4.3). This 
on
ludesthe proof.Next we 
onsider the problem

(4.5)

v1,x2
− v2,x1

= χ in Ω′,

v1,x1
+ v2,x2

= −h3 in Ω′,

v′ · n′ = 0 on S′
1,where Ω′ = Ω ∩ {x3 = const ∈ (−a, a)}, S′

1 = S1 ∩ {x3 = const ∈ (−a, a)},and x3, t are treated as parameters.Lemma 4.2. Let the assumptions of Lemma 4.1 be satis�ed. Then anysolution of problem (4.5) satis�es
(4.6) sup

t′≤t
‖v′(t′)‖2

1,Ω +‖∇v′‖2
L2(0,t,W 1

2
(Ω)) ≤ c

(

l21(t)(|h|
2
5,Ωt +1)+‖v′‖2

s,r,Ωt

+ |F3|
2
10/7,Ωt + |χ(0)|22,Ω + sup

t′<t
|h′(t′)|22,Ωt +

t\
0

‖h(t′)‖2
1,Ωdt

′
)

≡ A2(t).

Proof. For solutions of problem (4.5) we get the estimates
‖v′‖2

1,Ω′ ≤ c(|χ|22,Ω′ + |h3|
2
2,Ω′), ‖v′‖2

2,Ω′ ≤ c(|χ‖2
1,Ω′ + ‖h3‖

2
1,Ω′).where v′ = (v1, v2). Integrating the above estimates with respe
t to x3 andthe se
ond one also with respe
t to time, and adding the results, we ob-tain

sup
t′<t

a\
−a

‖v′(x3, t
′)‖2

1,Ω′ dx3 +

t\
0

a\
−a

‖v′(x3, t
′)‖2

2,Ω′ dx3 dt
′

≤ c
(

t\
0

‖χ(t′)‖2
1,Ω dt

′ +

t\
0

‖h3(t
′)‖2

1,Ω dt
′
)

.

Adding to the last inequality supt′<t |h
′|22,Ω +

Tt
0 ‖h

′(t′)‖2
1,Ω dt

′, we obtain
sup
t′<t

‖v′‖2
1,Ω +

t\
0

‖v′‖2
2,Ω dt

′ ≤ c
(

t\
0

‖χ(t′)‖2
1,Ω dt

′ + sup
t′<t

|h′|22,Ω

+

t\
0

‖h′(t′)‖2
1,Ω dt

′ +

t\
0

‖h3(t
′)‖2

1,Ω dt
′
)

.Utilizing (4.3) to estimate the �rst norm in the last inequality and the in-equality ‖v′‖L∞(0,t,W 1
9/5

(Ω)) ≤ ε‖v′‖L∞(0,t,H1(Ω)) + c(1/ε) v 2,∞,Ωt , we obtain(4.6). This 
on
ludes the proof.
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rease the regularity of v. For problem (1.1) we obtain
(4.7) ‖v‖2,q,Ωt + |∇p|q,Ωt ≤ c(|v′ · ∇v|q,Ωt + |w · h|q,Ωt

+ ‖d‖2−1/q,St
2
+ ‖γv · τα‖1−1/q,qSt

1
+ ‖v(0)‖1,q,Ω + |f |q,Ωt).We estimate the �rst term of the r.h.s. by

|v′ · ∇v|q,Ωt ≤ |v′|λ1q,Ωt |∇v|λ2q,Ωt ,where λ1q = 10, λ2q = 2 and 1/λ1 + 1/λ2 = 1, so q = 5/3. The se
ond termis estimated by
|w · h|5/3,Ωt ≤ |w|10/3,Ωt|h|10/3,Ωt.Using the above estimates and the inequality

‖v‖2/5,5/3,St
1
≤ ε‖v‖2,5/3,Ωt + c(1/ε)|v|2,Ωt,we obtain

‖v‖2,5/3,Ωt + |∇p|5/3,Ωt ≤ c(A(t)l1(t) + ‖d‖7/5,5/3,St
2

(4.8)

+ ‖v(0)‖1,5/3,Ωt + l1(t) + |f |5/3,Ωt).Now in (4.8) we use (4.6) and the inequality ‖v‖s,r,Ωt ≤ ε‖v‖2,5/3,Ωt +

c(1
ε )|v|2,Ωt, with 1 + s < 5/r, to obtain

‖v‖2,5/3,Ωt ≤ c
(

l1(t)(1 + |h|5,Ωt) + |F3|10/3,Ωt + |χ(0)|2,Ω(4.9)

+ |f |5/3,Ωt + sup
t′<t

|h′(t)|2,Ω +
(

t\
0

‖h(t′)‖2
1,Ωdt

′
)1/2

+ ‖d‖7/5,5/3,St
2
+ ‖v(0)‖1,5/3,Ωt

)

≡ A′(t),so v ∈W 2,1
5/3(Ω

t).Next for problem (1.1) we obtain the inequality
‖v‖2,2,Ωt + |∇p|2,Ωt ≤ c(|v′ · ∇v|2,Ωt + |w · h|2,Ωt + ‖d‖3/2,2,St

2
(4.10)

+ ‖γv · τα‖1/2,2,St
1
+ ‖v(0)‖1,2,Ω + |f |2,Ωt).We estimate the �rst term of the r.h.s. by

|v′ · ∇v|2,Ωt ≤ |v′|10,Ωt |∇v|5/2,Ωt,and the se
ond term by
|w · h|2,Ωt ≤ |w|5,Ωt |h|10/3,Ωt.Using the inequalities

|∇v|5/2,Ωt + |v|5,Ωt ≤ c‖v‖2,5/3,Ωt,

‖v‖1/2,2,St
1
≤ ε‖v‖2,2,Ωt + c(1/ε)|v|2,Ωt ,we obtain
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‖v‖2,2,Ωt + |∇p|2,Ωt ≤c(‖v‖5/3,2,Ωt(|v′|10,Ωt + |h|10/3,Ωt)(4.11)

+ ‖v(0)‖1,2,Ω + |f |2,Ωt + l1(t) + ‖d‖3/2,2,St
2
).We need more regularity for v. Hen
e we proveLemma 4.4. Assume that v ∈W 2,1

2 (Ωt). Then
(4.12) ‖v‖2,5/2,Ωt + |∇p|5/2,Ωt ≤ c((A′(t) + l1(t))(‖v‖2,2,Ωt +A′(t) + l1(t))

+ ‖v(0)‖1,5/2,Ω + |f |5/2,Ωt + l1(t) + ‖d‖8/5,5/2,St
2
).Proof. From (1.1) we obtain

(4.13) ‖v‖2,5/2,Ωt + |∇p|5/2,Ωt ≤ c(|v′ · ∇v|5/2,Ωt + |w · h|5/2,Ωt

+ ‖d‖8/5,5/2,St
2
+ ‖γv · τα‖3/5,5/2,St

1
+ ‖v(0)‖1,5/2,Ωt + |f |5/2,Ωt).Then from (4.13), using the inequality

‖v‖3/5,5/2,St
1
≤ ε‖v‖5/2,2,Ωt + c(1/ε)|v|2,Ωt,we obtain

‖v‖2,5/2,Ωt + |∇p|5/2,Ωt ≤ c(|v′|10,Ωt |∇v|10/3,Ωt + |v|10,Ωt|h|10/3,Ωt(4.14)

+ ‖v(0)‖1,5/2,Ω + |f |5/2,Ωt + l1(t)).Now using in (4.14) the inequalities |v|10,Ωt ≤ c‖v‖2,2,Ωt and
|∇v|10/3,Ωt ≤ ε‖v‖2,5/2,Ωt + c(1/ε)|v|2,Ωt,we obtain (4.12). This 
on
ludes the proof.To prove the existen
e of lo
al solutions to problem (1.1) we apply theLeray�S
hauder �xed point theorem. We show existen
e of a �xed point ofa transformation generated by problem (3.1).Lemma 4.5. Let v ∈ W 2,1

5/2
(Ωt), g ∈ L2(Ω

t), h(0) ∈ L2(Ω). Then asolution of (3.1) satis�es
‖h‖2,2,Ωt + |∇q|2,Ωt ≤ c(ϕ(‖v‖5/2,2,Ωt)|h|2,Ωt + ‖d,x′‖3/2,2,Ωt(4.15)

+ ‖v(0)‖1,2,Ω + |g|2,Ωt),where ϕ an in
reasing positive fun
tion.Proof. From (3.1) we get
(4.16) ‖h‖2,2,Ωt + |∇q|2,Ωt ≤ c(|v · ∇h|2,Ωt + |h · ∇v|2,Ωt

+ ‖γh · τα‖1/2,2,St
1
+ ‖d,x′‖3/2,2,St

2
+ ‖v(0)‖1,2,Ω + |g|2,Ωt).Using the Hölder inequality in (4.16) we obtain

(4.17) ‖h‖2,2,Ωt + |∇q|2,Ωt ≤ c(|v|10,Ωt|∇h|5/2,Ωt + |h|5,Ωt |∇v|10/3,Ωt

+ ‖h‖1/2,2,St
1
+ ‖d,x′‖3/2,2,St

2
+ ‖v(0)‖1,2,Ω + |g|2,Ωt).Now using the inequalities

‖h‖1/2,2,St
1
≤ ε‖h‖2,2,Ωt + C(1/ε)|h|2,Ωt,
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|v|10,Ωt|∇h|5/2,Ωt ≤ ε‖h‖2,2,Ωt + ϕ1(|v|10,Ωt)|h|2,Ωtand

|∇v|10/3,Ωt|h|5,Ωt ≤ ε‖h‖2,2,Ωt + ϕ2(|∇v|10/3,Ωt)|h|2,Ωt,where ϕ1, ϕ2 are in
reasing positive fun
tions, we obtain (4.15).From (4.9) and (4.11) we get
‖v‖2,2,Ωt ≤ c(A′(t)(A′(t) + l1(t)) + ‖v(0)‖2,2,Ωt(4.18)

+ |f |2,Ωt + l1(t) + ‖d‖3/2,2,St
2
) ≡ B(t).Next from (4.18) and (4.12) we get

‖v‖2,5/2,Ωt ≤ c((A′(t) + l1(t))(B(t) +A′(t) + l1(t))(4.19)

+ ‖v(0)‖1,5/2,Ω + |f |5/2,Ωt + l1(t) + ‖d‖8/5,5/2,St
2
).Finally, from (4.15) and (4.19) we obtain

(4.20) ‖h‖2,2,Ωt ≤ ϕ(‖h‖2,2,Ωt , G(t))|h|2,Ωt +G′(t),where
(4.21)

G(t) = l1(t) + ‖d‖8/5,5/2,St
2
+ ‖v(0)‖1,5/2,Ω + |f |5/2,Ωt

+ |F3|10/3,Ωt + |χ(0)|2,Ω,

G′(t) = |g|2,Ωt + ‖h(0)‖1,2,Ω + l1(t) + ‖d,x′‖3/2,2,St
2
+ |h|2,Ωtand ϕ is an in
reasing positive fun
tion.5. Lo
al existen
e and uniqueness. To prove the existen
e of lo
alsolutions to problem (1.1) we look for a �xed point of the transformation

(5.1) h = φ(h̃, λ), λ ∈ [0, 1],de�ned by the following system:
(5.2)

h,t − div T(h, q) = −λ(v(h̃) · ∇h̃+ h̃ · ∇v(h̃)) + g in ΩT ,

div h = 0 in ΩT ,

n · h = 0 on ST
1 ,

νn · D(h) · τα + γh · τα = 0, α = 1, 2, on ST
1 ,

hi = −d,xi , i = 1, 2, on ST
2 ,

h3,x3
= ∆′d on ST

2 ,

h|t=0 = h(0) in Ω.Moreover, the dependen
e v = v(h̃) is determined by Lemma 4.4. The mainproblem of this se
tion is to show the existen
e of a �xed point of the trans-formation (5.1) for λ = 1.The above formulation suggests that the Leray�S
hauder �xed point the-orem should be applied.
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(5.3) M0(Ω

T ) = {h : h ∈ L10/3(Ω
t) ∩ L∞(0, t, L2(Ω)) ∩ L2(0, t,H

1(Ω))}.Then (4.18) shows that
(5.4) v : M0 →W 2,1

5/2(Ω
t).Let φ be the transformation de�ned by problem (5.2). Then from (5.4) andLemma 4.5 we get

M = M0(Ω
T ) ∩W

1,1/2
2 (ΩT ) ∩ L5(Ω

T ) ∩ {h : ∇h ∈ L5/2(Ω
T )}and φ : M →W 2,1

2 (ΩT ).Lemma 5.1. Assume that
g ∈ L2(Ω

T ), d ∈W
5/2,5/4
8/5 (ST

2 ), f ∈ L5/2(Ω
T ), F3 ∈ L10/3(Ω

T ),

χ(0) ∈ L2(Ω), v(0) ∈W 1
5/2(Ω), h(0) ∈W 1

2 (Ω), d,x′ ∈W 2,1
3/2(S

T
2 ),Then the imbedding W 2,1

2 (ΩT ) ⊂ M(ΩT ) is 
ompa
t.Proof. In view of interpolation inequalities the following imbeddings are
ompa
t:
W 2,1

2 (ΩT ) ⊂ M0(Ω
T ), W 2,1

2 (ΩT ) ⊂W
1,1/2
2 (ΩT ), W 2,1

2 (ΩT ) ⊂ L5(Ω
T ),and W 2,1

2 (ΩT ) ⊂ {h : ∇h ∈ L5/2(Ω
T )}. Hen
e W 2,1

2 (ΩT ) ⊂ M(ΩT ) is
ompa
t.Lemma 5.2. With the assumptions of Lemma 4.5, there exists a 
onstant
A > 0 su
h that a �xed point of φ satis�es
(5.5) ‖h‖2,2,Ωt + |∇q|2,Ω ≤ A.Proof. From (3.6) and (4.20) we get

‖h‖2,2,Ωt ≤ ϕ(‖h‖2,2,Ωt , G(t))η1(t) +G′(t),where
G(t) = l1(t) + ‖d‖8/5,5/2,St

2
+ ‖v(0)‖1,5/2,Ωt + ‖f‖5/2,Ωt + |F3|10/3,Ωt

+ |χ(0)|2,Ω + d 3,6,St
2
+ |d|3,∞,St

2
,

G′(t) = |g|2,Ωt + ‖h(0)‖1,2,Ω + l1(t) + ‖d,x′‖3/2,2,St
2and ϕ is an in
reasing positive fun
tion. For η1(t) su�
iently small thereexists a 
onstant A su
h that ϕ(A,G(t))η1(t) + G′(t) ≤ A and G′(t) ≤ A.Hen
e the estimate (5.5) holds. This 
on
ludes the proof.Finally, we show the uniform 
ontinuity of φ.Lemma 5.3. Let the assumptions of Lemma 5.2 hold. Then the mapping

φ is uniformly 
ontinuous in M(ΩT ) × [0, 1].
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ontinuity with respe
t to λ ∈ [0, 1] is evident. There-fore we examine the uniform 
ontinuity with respe
t to elements of M(Ωt)for any λ ∈ [0, 1].Sin
e the dependen
e on λ is elementary we omit λ in the 
onsiderationsbelow be
ause this does not 
hange the proof.Let h̃s ∈ M(Ωt), s = 1, 2. We 
onsider the problem
(5.6)

hs,t − div T(hs, qs) = −vs · ∇h̃s − h̃s · ∇vs + g in ΩT ,

div hs = 0 in ΩT ,

hs · n = 0 on ST
1 ,

νn · D(h) · τα + γh · τα = 0, α = 1, 2, on ST
1 ,

hsi = −d,xi , i = 1, 2, on ST
2 ,

hsx3
= ∆′d on ST

2 ,

hs|t=0 = h(0) in Ω,where s = 1, 2 and vs = v(hs). Moreover, we have
(5.7)

χs,t + vs · ∇χs + h̃s2ws,x1
− h̃s1ws,x2

− h̃s3χs

− ν∆χs = F3 in ΩT ,

χs =

2
∑

i=1

vsiai ≡ χs∗ on ST
1 ,

χs,x3
= 0 on ST

2 ,

χs|t=0 = χ(0) in Ω,where s = 1, 2, and ai, i = 1, 2, are de�ned by (3.3)2.Next we have the ellipti
 problem
(5.8)

vs,2x1
− vs1,x2

= χs in Ω′,

vs1,x1
+ vs2,x2

= −hs3 in Ω′,

v′s · n
′ = 0 on S′

1,where s = 1, 2, Ω′ and S′
1 are 
ross-se
tions of Ω and S1 with a planeperpendi
ular to the x3 axis, and n′ = (n1, n2, 0).First we examine problem (5.7). Let χ̃s solve the problem

(5.9)

χ̃s,t − ν∆χ̃s = 0 in ΩT ,

χ̃s = χ̃s∗ on ST
1 ,

χ̃s,x3
= 0 on ST

2 ,

χ̃s|t=0 = 0 on ST
2 ,
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s = χs − χ̃s, s = 1, 2, is a solution to the problem

(5.10)

χ′
s,t + vs · ∇χ

′
s − h̃s3χ

′
s + hs2ws,x1

− h̃s1ws,x2
− ν∆χ′

s

= F3 − vs · ∇χ
′
s + h̃s3χ̃s in ΩT ,

χ′
s = 0 on ST

1 ,

χ′
s,x3

= 0 on ST
1 ,

χ′
s|t=0 = χ′(0) in Ω.Sin
e we are looking for a solution whi
h is a regularization of a weak solutionwe use the energy type estimate for the weak solution

(5.11) v 2,∞,Ωt + |∇v|2,Ωt ≤ l1(t), t ≤ T.Repeating the 
onsiderations leading to (4.19) we obtain
‖vs‖2,5/2,Ωt ≤ c((A′(t) + d2(t))(B(t) +A′(t) + d2(t))(5.12)

+ ‖v(0)‖1,5/2,Ω + ‖f‖5/2,Ωt + l1(t) + ‖d‖8/5,5/2,St
2
),where h is repla
ed by h̃s. In view of (5.12) we have

(5.13) ‖vs‖2,5/2,Ωt ≤ ϕ(‖h̃‖M(Ωt), γ1(t), γ2(0)),where
γ1(t) = l1(t) + ‖d‖8/5,5/2,St

2
+ |f |5/2,Ωt + |F3|10/3,Ωt,

γ2(0) = ‖v(0)‖1,5/2,Ωt + |χ(0)|2,Ωand ϕ is an in
reasing positive fun
tion. By problem (5.2), from Lemma 4.5and (4.20) we get
(5.14) ‖hs‖M(Ωt) ≤ ϕ(‖h̃s‖M(Ωt), G(t))l1(t) +G′(t),where

G = l1(t) + ‖d‖8/5,5/2,St
2
+ ‖v(0)‖1,5/2,Ω + |f |5/2,Ωt + |F3|10/3,Ωt

+ |χ(0)|2,Ω,

G′ = |g|2,Ωt + ‖h(0)‖1,2,Ω + l1(t) + ‖dx′‖3/2,2,St
2and ϕ is an in
reasing positive fun
tion.Hen
e the mapping φ transforms bounded sets in M(ΩT ) into boundedsets in M(ΩT ).Now we show the uniform 
ontinuity of φ. For this purpose we introdu
e

H = h1 − h2, V = v1 − v2,

Q = q1 − q2, K = χ1 − χ2.
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(5.15)

H,t − div T(H,Q) = −V · ∇h̃1 − v2 · ∇H̃

− H̃ · ∇v1 − h̃2 · ∇V in ΩT ,

divH = 0 in ΩT ,

H · n = 0 on ST
1 ,

νn · D(H) · τα + γH · τα = 0, α = 1, 2, on ST
1 ,

Hi = 0, i = 1, 2, on ST
2 ,

H3,x3
= 0 on ST

2 ,

H|t=0 = 0 in Ω.For solutions to problem (5.15) we obtain
(5.16) ‖H‖2,2,Ωt + |∇Q|2,Ωt ≤ c(|V · h̃1|2,Ωt + |v2 · ∇H̃|2,Ωt

+ |H̃ · ∇v1|2,Ωt + |h̃2 · ∇V |2,Ωt + ‖γH̃ · τα‖1/2,2,St
1
).Assume that hs, s = 1, 2, belong to a bounded set in M(Ωt). Hen
e thereexists a 
onstant A su
h that

(5.17) ‖h̃s‖2,2,Ωt ≤ A, s = 1, 2.Then from (5.16) we obtain
(5.18) ‖H‖2,2,Ωt + |∇Q|2,Ωt ≤ ϕ(A)(‖V ‖2,5/2,Ωt + ‖H̃‖M(Ωt)),where t ≤ T and ϕ is an in
reasing positive fun
tion.To show the 
ontinuity of φ we have to �nd an estimate for ‖V ‖2,5/2,Ωt .For this purpose we 
onsider the problem
(5.19)

Vt − div T(V,Q) = −V ′ · ∇v1 − v′2 · ∇V −Wh1 − w2H in ΩT ,

div V = 0 in ΩT ,

V · n = 0 on ST ,

n · T(v,Q) · τα + γV · τα = 0, α = 1, 2, on ST ,

V |t=0 = 0 in Ω,where V ′ = (V1, V2), W = V3, v′s = (vs1, vs2), ws = vs3, s = 1, 2. Forsolutions of (5.19) we have
‖V ‖2,5/2,Ωt + |∇Q|2,Ωt ≤ c(|V ′ · ∇v1|5/2,Ωt + |v′2 · ∇V |5/2,Ωt(5.20)

+ |Wh1|5/2,Ωt + |w2H|5/2,Ωt).We bound the �rst term on the r.h.s. by
|V ′ · ∇v1|5/2,Ωt ≤ |V |10,Ωt |∇v1|10/3,Ωt

≤ ε‖V ‖2,5/2,Ωt + ϕ(‖v‖2,5/2,Ωt)|V |2,Ωt .The se
ond term on the r.h.s. of (5.20) is estimated by
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|v′2 · ∇V |5/2,Ωt ≤ |v′2|8,Ωt |∇V |40/11,Ωt

≤ ε‖V ‖2,5/2,Ωt + ϕ(‖v‖2,5/2,Ωt)|V |2,Ωt .The third term on the r.h.s. of (5.20) is estimated by
|Wh1|5/2,Ωt ≤ |W |5,Ωt |h1|5,Ωt ≤ ε‖V ‖2,5/2,Ωt + ϕ(‖h‖2,2,Ωt)|V |2,Ωt .The last term on the r.h.s. of (5.20) is estimated by

|w2H|5/2,Ωt ≤ |w2|10,Ωt |H|10/3,Ωt ≤ ‖v‖5/2,2,Ωt|H|10/3,Ωt.Utilizing the above estimates in (5.20) we obtain
(5.21) ‖V ‖2,5/2,Ωt + |∇Q|5/2,Ωt ≤ ϕ(A)(|V |2,Ωt + |H|10/3,Ωt).Now we have to estimate the r.h.s. of (5.21) in terms of H̃. Multiplying
(5.19)1 by V and integrating over Ω yields
(5.22)

1

2

d

dt
|V |22,Ω +ν‖V ‖2

1,Ω ≤ c(|∇v1|
2
3,Ω + |h1|

2
3,Ω)|V |22,Ω + |w2|

2
3,Ω|H|22,Ω).Multiplying (5.15)1 by H and integrating over Ω yields

1

2

d

dt
|H|22,Ω + ν‖H‖2

1,Ω ≤ c(|∇h̃1|
2
3,Ω|V |22,Ω + |v2|

2
3,Ω|∇H̃|22,Ω(5.23)

+ |∇v1|
2
3,Ω|H̃|22,Ω + sup

t
|h̃2|

2
3,Ω|∇V |22,Ω).Adding (5.22) and (5.23) gives

(5.24)
1

2

d

dt
(c1|V |22,Ω + |H|22,Ω) + ν

(

c1
2
‖V ‖2

1,Ω + ‖H‖2
1,Ω

)

≤ c((|∇v1|
2
3,Ω + |h̃1|

2
3,Ω + |∇h̃1|

2
3,Ω)|V |22,Ω + |w2|

2
3,Ω|H|22,Ω

+ |v2|
2
3,Ω|∇H̃|22,Ω + |∇v1|

2
3,Ω|H̃|22,Ω),where c1/2 ≥ supt |h̃2|

2
3,Ω.Integrating (5.24) with respe
t to time yields

(5.25) |V (t)|22,Ω + |H(t)|22,Ω + ν

t\
0

(‖V (t′)‖2
1,Ω + ‖H(t′)‖2

1,Ω) dt′

≤ c exp c( ∇v1
2
3,2,Ωt + h1

2
3,2,Ωt + ∇h1

2
3,2,Ωt + v2

2
3,2,Ωt)

· ( v2
2
3,∞,Ωt |∇H̃|22,Ωt + v1

2
3,2,Ωt H̃

2
2,∞,Ωt) ≡ J.By imbedding theorems we have

J ≤ c exp c(‖v1‖
2
2,5/2,Ωt + ‖v2‖

2
2,5/2,Ωt + ‖h1‖

2
2,2,Ωt)

· (‖v2‖
2
2,5/2,Ωt |∇H̃|22,Ωt + ‖v1‖

2
2,5/2,Ωt H̃

2
2,∞,Ωt) ≡ J1.By (5.17) we obtain

J1 ≤ ϕ(A)(|∇H̃|22,Ωt + H̃ 2
2,∞,Ωt).
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e (5.25) takes the form
(5.26) ‖V ‖V 0

2
(Ωt) + ‖H‖V 0

2
(Ωt) ≤ ϕ(A)(|∇H̃|2,Ωt + H̃ 2,∞,Ωt).Finally, from (5.18), (5.21) and (5.26) we obtain

‖H‖M(ΩT ) ≤ ϕ(A)‖H̃‖M(ΩT ).This implies the 
ontinuity of φ and ends the proof.Finally, by the Leray�S
hauder �xed point theorem we dedu
e Theorem1.1 (lo
al existen
e).6. Global existen
eTheorem 6.1. Let the assumptions of Theorem 1.1 be satis�ed. Thenthere exists a sequen
e {ti}
∞
i=0 in
reasing to in�nity su
h that the lo
al solu-tion determined by Theorem 1.1 exists in ea
h interval [ti, ti+1], i = 0, 1, . . . ,where t0 = 0.Proof. Assume that we have proved the existen
e of a lo
al solution withsu�
iently large existen
e time T . Then

T\
0

|v(t)|22,Ω dt ≤ c,

T\
0

‖v(t)‖
5/2
2,5/2,Ω dt ≤ c,

T\
0

|h(t)|22,Ω dt ≤ c,

T\
0

‖h(t)‖2
2,2,Ω dt ≤ c.Then there exists T∗ < T su�
iently large and there exists t∗ ∈ [T∗, T ] su
hthat

|v(t∗)|2,Ω, |h(t∗)|2,Ω, ‖v(t∗)‖2,5/2,Ω, ‖h(t∗)‖2,2,Ωare so small that
|v(t∗)|2,Ω ≤ |v(0)|2,Ω,

|h(t∗)|2,Ω ≤ |h(0)|2,Ω,

‖v(t∗)‖6/5,5/2,Ω ≤ ‖v(0)‖6/5,5/2,Ω,

‖h(t∗)‖1,2,Ω ≤ ‖h(0)‖1,2,Ω.Then we 
an prove the existen
e of lo
al solutions in [T, t∗ + T ]. Hen
e theglobal existen
e follows.
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