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l]m,n)o*p'q�r�otsUu 8�v�w?xzy|{#}�~'6%8�v��9�w/v_���G�N��������~'6%w;<.~'w?6�v�w/y'9�6%{#��wj~'�
wUw���8�x#��~'{#8�}D8��~'�
w�v�w?}y%{�~2�Z<�}v\~'w?�K��w?60<.~'�
6%w�8���<�9�x#8��v�8���y%w?x#�	����60<?��{�~)<.~'{#}
�j��<�6 ~'{z9�x#w/y���57w�y ~'�v��}
8�}��
}
{z���
w?}
w/y'y�8���y ~'w;<�v��Hy ~)<.~'w/y|{#}_<�}
}��
x	<�6�v�8��f<�{#}y|{#} Rd � d ≥ 2 �
�����G���?�/�� ;¡¢��£A�.¤¦¥7§O .��¨ª©�¥�« ¬O®¯§ª¤�¡¦�/��°�¬©A«7��.�	±
¬��.������Z² �
w³y ��y3~'w?�>�w]>|{#x#x¦v�w;<�x´>|{�~'�G{zyµ8��O~'�
wN��8�6%�

ut = −∇ · j,
(uθ)t = ∇ · (λ∇θ)−∇ · (θj)−∇(φ+ φ0) · j,4 ¶;@
∆φ = u,

>��
w?6%w j = −κ
(
∇u + u

θ (∇φ + ∇φ0)
) �´57wZ>|{#x#xay �
�
�
x#w?�Kw?}�~U~'�
{zyUy ��y3~'w?�·>�{�~'�~'�
wj��8�x#x#8;>|{#}
�E��8��
}v<�6 �G9�8�}v�{�~'{#8�}y���8�6 u <�}v θ ¸

∂u

∂ν
+
u

θ
(∂νφ+ ∂νφ0) = 0,4�¹�@

∂θ

∂ν
= 0,4=º�@

<�}v»>�w]>�{#x#xT9�8�}y {zv�w?6|~2>�8³¼�{#}v
y|8��ª��8��
}v<�6 �G9�8�}v�{�~'{#8�}y|��8�6 φ ¸
w?{�~'�
w?6µ~'�
wU½A{#6%{z90�
x#w�~�9�8�}v�{�~'{#8�}´¸ φ = 0 8�} ∂Ω,4�¾�@

8�6µ~'�
w�¿2��6%w?w,Àj9�8�}v�{�~'{#8�}´¸ φ = Ed ∗ uΩ ,4�Á�@
>��
w?6%w uΩ(x) = u(x) {#} Ω <�}vE��<�}
{zy%�
w/yµ8���~0y {zv�w Ω � <�}v (f ∗ g)(x) �Kw;<�}ya~'�
w9�8�}���8�x#��~'{#8�}ÃÂ Ω f(x− y)g(y) dy 4 Ed v�w?}
8�~'w/y|~'�
wN���
}v<��Kw?}�~)<�xOy 8�x#��~'{#8�}_8��O~'�
wÄ <��
x	<�9�{	<�}Ã{#} Rd @)�T57wK9/<�x#xA4 ¶;@A>�{�~'�P4�¹�@�Å�4�¾�@]~'�
wE½A{#6%{z90�
x#w�~��
6%8��
x#w?� � <�}vP4�¹�@ �4=º�@ � 4�Á�@a~'�
wA¿2��6%w?w,ÀN�
6%8��
x#w?�_�² �
w/y%wZy ��y3~'w?�Ey]v�w/y%9�6%{#��wZ~'�
w�w���8�x#��~'{#8�}Æ8��Ç~'�
wZv�w?}y%{�~2� u(x, t) ≥ 0 <�}v_~'�
w~'w?�K��w?60<.~'�
6%w θ(x, t) > 0 {#}¢<È9�x#8��vÉ8��Ny%w?x#�	����60<?��{�~)<.~'{#}
�Ê��<�6 ~'{z9�x#w/yX�
}v�w?6E~'�
wË)Ì,Ì,ÌµÍ\Î)Ï#Ð;Ñ3Ò�Î)Ï#ÓzÔ3Õ�Ö�×�Ø�Ù%Ñ=Ô ÏOÚ
ÛÜÎ)ÕtÕtÓ Ý�Ô�Î)ÏzÓ#Þ)ß�à�á�â,ãåä�á�â,æ�ç,Ì;ä�è�Ë�é´Ë/ê�ëì Ñ3í³î�Þ)ï=ð)ÕjÎ)ß�ðjñ�Ð?ï=Î)Õ Ñ2Õ)àTò?ó�ô=õ%ö0ó�õ ô ÷ ø�ùµú?û.õ üýø%ä�õ2þ;ÿýø*ó�õ���� õUö��.û����.ÿ��	�.õ��.õ ø=øAú�
Çø=ótö0ó�ÿýú���ö)ô�ø�ú,ü��;ó�ÿýú��.ø ä��
ú,ÿýø=ø�ú�������ú,üÜó��3ù|ö������	��ù�û.õ���õ�����ö0ó�ÿýú���ä�����ö)ø=õ��.ü ö��.õÇù�õ3ó��.ú/û�ë
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w���~'w?6%}�<�x��8�~'w?}�~'{	<�x φ0(x) >|{�~'�Ky w?x#�	��{#}v��9�w/vK��8�~'w?}�~'{	<�x φ � ² �
w|9�8�w��K9�{#w?}�~0y κ <�}v
λ <�6%w³}
8�}
}
w?��<.~'{���wK���
}9,~'{#8�}yj8�� x, u, θ <�}v φ �´��
6 ~'�
w?6%�K8�6%w � ~'�
w��Æ9/<�}Æ��<�}
{zy%�8�}
x��X>��
w?} θ = 0 �	 }�
���Ç~'�
{zyjy3��y ~'w?�·��<�yN��w?w?}7v�w?6%{���w/v ���È��~'6%w;<.~'w?6j��6%8�� ~'�
wX���K8�x#�90�
8;>�y%¼�{w/����<.~'{#8�}k4*y%w?w�
����@)� ² �
{zy�>|<�y���w?}
w?60<�x#{��?w/vE{#}�
Ü¹��
~'8N~'�
w|9/<�y%w|8�����60<?��{�~)<.~'{#8�}�<�x�<�}vw?x#w/9,~'6%{z9Uy%w?x#�	��{#}�~'w?60<�9,~'{#8�}y����8��Kwå6%w/y%�
x�~0yO8�}Uw���{zy ~'w?}9�wµ<�}vU�
}
{z���
w?}
w/y'yª8��y%8�x#��~'{#8�}yO��8�6�4 ¶;@T9/<�}\��wa��8��
}vw�� �
�{#}�
 º��ª<�}v»{#}H~'�
wj6%w?��w?6%w?}9�w/yµ~'�
w?6%w?{#}´�

��� M �;¥�¬®T¡ ���;¬��;¥��X¥����¦¬
�.������ �8�x#x#8;>|{#}
��
�¶���>�w���w?��{#} ���D6%w/9/<�x#x#{#}
�H��<�y%{z9�
6%8���w?6 ~'{#w/y�8���y 8�x#��~'{#8�}y|~'8_4 ¶;@�Å�4�Á�@)�
���! #"$ #%�&('�&) #* ¹��z¶,+.-0/ p�n21�3gr�465�7o68:9Zn2; /�/ o=<En / 8:1�o=4 / 7n /?> o=<�5A@B4�p�4=r�<C8�5�o�q�7EDo=<�5GF > pH525,I#J�p / m�8�5�;LKM5�<�q�NO5 ¸
4�{�@ o=<�5P;Eq�n0n

M = Â Ω u dx q�7!DXo=<�5Q5�7E5�pSRO9
E = Â Ω u(θ + φ0 + 1

2φ
)
dx /T>o=<�5UnU9�n)oV5�; q�pH5Zr / 7n)otqO7oW4X7Æo=4X;.5 �

4�{#{�@ o=<�5Y5�7�o*p / JE9
W = Z

Ω

u log

(
u

θ

)
dx

D / 5,n[7 / oW4X7�r�pH5)q�n�5�4X7Æo=4X;.5;s
\ p /�/?> s ² �
wG]
6'y ~E<�y%y%w?6 ~'{#8�}Ê��8�x#x#8;>�y�w;<�y%{#x��7��6%8�� ~'�
wX��8��
}v<�6 � 9�8�}v�{�~'{#8�}y �~'�
w_^N<��y'y2Å`^]6%w?w?}U~'�
w?8�6%w?�e<�}vE4 ¶;@)�.�8�6T~'�
wåw?}�~'6%8���� � <µv�{#6%w/9,~ª9/<�xz9��
x	<.~'{#8�}Zy �
8;>�y~'��<.~

dW

dt
=

d

dt
Z
Ω

u log
u

θ
dx = Z

Ω

ut log
u

θ
dx+ Z

Ω

(
u

θ

)

t

· θ
u
dx46a�@

= − Z
Ω

1

θ
∇ · (λ∇θ) dx− Z

Ω

(∇u
u

+
1

θ
(∇φ+∇φ0) · j

)
dx

= − Z
Ω

λ
|∇θ|2
θ2

dx− Z
Ω

κu

∣∣∣∣
∇u
u

+
1

θ
(∇φ+∇φ0)

∣∣∣∣
2

dx ≤ 0,

>��
{z90�G9�8��E�
x#w�~'w/y�~'�
wj�
6%8�8��2�
�
8�6X<Æy ~'w;<�v��gy3~)<.~'w (u∞, θ∞) 4�{=� w��a<Èy 8�x#��~'{#8�}P{#}v�w?��w?}v�w?}�~X8���~'{#�Kw.@ � ~'�
ww?}�~'6%8����Ê8��|~'�
wGy ��y3~'w?� {zy³9�8�}y ~)<�}�~/�å�6%8�� ~'�
{zyZ~'6%{���{	<�xµ�*<�9,~f<�}vÊ��6%8�� 46a�@U>�wv�w/v��9�wj~'��<.~

∇u∞ +
u∞
θ∞
∇(φ∞ + φ0)

��<�}
{zy%�
w/yå<�� w���{#} Ω � <�}v�~'�
w�~'w?�K��w?60<.~'�
6%wµ{zyÇ9�8�}y ~)<�}�~/¸ θ∞ = 9�8�}y3~;� u �
x�~'{#�
x���{#}
����_~'�
wZ}
8�}b�?w?6%8H�*<�9,~'8�6 e(φ∞+φ0)/θ∞ <�}vÆ{#}�~'w?��60<.~'{#}
� � >�wZ8���~)<�{#}k~'�
wZw/����<.~'{#8�}
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��8�6�y3~'w;<�v��Gy ~)<.~'w/y
4 � @ u∞ =

Me−(φ∞+φ0)/θ∞

Â Ω e−(φ∞+φ0)/θ∞ dx
.

�8�6�y {#�K�
x#{z9�{�~2�H8��O}
8�~)<.~'{#8�}_>�w]>�6%{�~'w φ∞ := φ � θ∞ := θ � u∞ := u � <�}v»>�w]>|{#x#x9�8�}y%{zv�w?6�8�}
x��X~'�
wj9/<�y%w φ0 ≡ 0 �� y|y �
8;>�}G{#}�
�¶�� � {#�O>�wN�
��~ φ = θψ {#}Ã4 � @ � ~'�
wUw?}
w?6%���»6%w?x	<.~'{#8�}_��w/9�8��Kw/y
E = Z

Ω

u

(
θ +

1

2
φ

)
dx = θ Z

Ω

u dx+
θ2

2
Z
Ω

uψ dx = θM +
θ2

2
Z
Ω

ψ∆ψ dx.

² �
w?}É>�wk9/<�}P6%w?�
x	<�9�wD~'�
wD�
6%8��
x#w?� 8��jv�w�~'w?6%�K{#}�<.~'{#8�} 8��jy ~'w;<�v��Éy ~)<.~'w/yE>�{�~'��
6%w/y'9�6%{#��w/vG�f<�y'y M > 0 <�}vHw?}
w?6%��� E ���f~'�
wj�
6%8��
x#w?�(
E

M2

)
m2 = m− 1

2
Z
Ω

ψ∆ψ dx = E(m,ψ),

>��
w?6%w m = M/θ <�}v ψ y%8�x���w/yµ~'�
w��ª8�{zy%y%8�}�Å���8�x�~H�?�f<�}
}�Å����Ev�w?}_w/����<.~'{#8�}
46��@ ∆ψ = m

e−ψ

Â Ω e−ψ dx {#} Ω,
ψ = 0 8�} ∂Ω

��8�6µ~'�
wU½A{#6%{z90�
x#w�~��
6%8��
x#w?� � <�}v
46��@ ψ =

m

Â Ω e−ψ dx Ed ∗ e
−ψ

��8�6µ~'�
wA¿2��6%w?w,ÀN�
6%8��
x#w?�G�
	��
k 
 ��¡¦«7«7¥��/ ���°N�?��©=�T�;����O�|£��� |�.¤¦¥ W �� ���°.¤O©�¥���§O .��¨ª©�¥�«g� 	 }N~'�
{zyOy w/9,~'{#8�}>�w_>|{#x#xAv�w;<�x�>�{�~'�É~'�
wD~2>�8��tv�{#�Ew?}y {#8�}�<�x]½A{#6%{z90�
x#w�~H�
6%8��
x#w?� 46��@³{#}¢<�} <�}
}����x	<�6»v�8��X<�{#}´���|w/9/<�x#x�~'��<.~X~'�
wÆw���{zy3~'w?}9�wÆ8��j60<�v�{	<�x]y%8�x#��~'{#8�}y»��8�6H<�x#x���<�x#�
w/y»8��

m > 0 >µ<�yµ�
6%8;��w/vH{#}�
 ¾O������w?6%w]>�wNy%�
8;> ~'�
wNw���{zy ~'w?}9�wU8��O}
8�}
60<�v�{	<�x¦y%8�x#��~'{#8�}y?�u 8�6%w?8;��w?6 � >�w y%�
8;>·}
8�}��
}
{z���
w?}
w/y%yD8��\y%8�x#��~'{#8�}yD<�}v >�w y ~'�v��P~'�
w?{#6Gw��
<�9,~y%��<���w��² 8Ãv�8È~'�
{zyK>�wG~)<�¼�wÆ<�v���<�}�~)<���wD8��U<Æ6%w;<�y%8�}
{#}
� ��6%8�� 
 � � � 9�8�}9�w?6%}
{#}
� ~'�
ww���{zy ~'w?}9�w � ��8�6 λ ≥ 0 � 8��ªy%8�x#��~'{#8�}y|8��O~'�
wj�
6%8��
x#w?�
4 ¶��@ ∆v + λev = 0 {#} Ω,

v = 0 8�} ∂Ω.
5 {�~'�
8���~Kx#8�y'yZ8�����w?}
w?60<�x#{�~2� � >�wHy%w�~ Ω = {x ∈ R2 : 0 < a < |x| < 1} �Ä w�~ Tkx ��wX~'�
wX6%8�~)<.~'{#8�}Ê8��|��8�{#}�~ x <���8���~Z~'�
wX8�6%{#��{#} ~'�
6%8��
��� 2π/k � >|�
w?6%w

k = 1, 2, 3, . . . , <�}vHx#w�~
Vk = {v ∈ H1

0 (Ω) : v(Tkx) = v(x) <�� w��{#} Ω},
V∞ = {v ∈ H1

0 (Ω) : v {zyµ60<�v�{	<�x }.² �
w?} Vk <�}v V∞ <�6%wj9�x#8�y%w/v_y �
�y%��<�9�w/y|8�� H1
0 (Ω) �
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	 ~|{zyµw���{zv�w?}�~�~'��<.~���8�6 v ∈ Vk (k =∞, 1, 2, 3, . . .) <�}v λ ∈ R � {#� w y%8�x���w/y

∆w + λev = 0 {#} Ω,
w = 0 8�} ∂Ω,

~'�
w?} w <�xzy%8K��w?x#8�}
��y|~'8 Vk �� w���~|>�wN{#}�~'6%8�v��9�wU~2>�8³���
}9,~'{#8�}�<�xzy
Φ(v) = Z

Ω

ev(x) dx,4 ¶�¶;@
J(v) =

1

2
Z
Ω

|∇v(x)|2 dx,4 ¶;¹�@
<�}vGv�w�]
}
wU��8�6µw���w?6 � k ∈ N <Zy%�
�y w�~�8�� Vk ���

Kk,µ = {v ∈ Vk : Φ(v) = µ} ��8�6 µ ∈ R.Ä w�~ jk[µ] = infv∈Kk, µ J(v) >|�
w?}
w���w?6 Kk,µ 6= ∅ �å57wG>�{#x#xAy'<?�g~'��<.~ v {zy k �n29�;Y;.5?o*p24=r >|�
w?} v ∈ Vk <�}v v 6∈ Vl ��8�6�<�}�� l > k �� �
6|��8�<�x´{zyµ~'8³�
6%8;��w
�����  #� ��� º��z¶,+.-0/ p 5�NO5,p�9

k ∈ N o=<�5�pH5 5
	O4�n)o*nKq
k �

nU9O; ; 5�o*p�4=rKn / 8:1�o=4 / 7 /?>o=<�5[@[4�p24=r�<C8�5?o0J�p / m�8�5�; 46��@ >�/ pjn / ; 5 m > 0
s

	 }�
 � �´~'�
wj��8�x#x#8;>�{#}
�K{zyµ�
6%8;��w/v�¸
�����  #� ��� º�� ¹`+Q- / p 5�N�5�p�9

k = ∞, 1, 2, 3, . . . n21r�<Do=<�q�o
Kk,µ ⊂ Vk

4�n 7 / o5�;AJ�o=9 o=<`5,pU5 5�	O4�n,o*n
vµ ∈ Kk,µ

K <C4=r�< ;Y4X7b4X; 4��5�n 4 ¶;¹�@k4 4=sX5;s jk[µ] = J(vµ))
s

� / pH5 / NO5�p � o=<�5�; 4X7 4X; 4� 5�p
vµ

n / 8 NO5�n
∆vµ + λµe

vµ = 0
4X7
Ω,

vµ = 0 / 7 ∂Ω,
>�/ pjn / ;.5�J�q�p'q�;.5?oV5�p λµ ∈ R s

5Èw³<�xzy%8»}
w?w/vk~2>�8X~'w/90�
}
{z9/<�xÇx#w?�K�f<�yZ4���8�6jv�w�~)<�{#xzyNy w?w�
 � � Ä w?�K�X<�yAº��ýº»<�}vº�� ¾O��@)�
� ������� º��ýºb+Q- / pP5�NO5,p�9 k ∈ N qO7EDKn21�3gr�465�7�o68 9G8#q�pSRC5

µ
KM5 <�qON�5

jk[µ] < j∞[µ].
� ������� º�� ¾$+Q- / pP5�NO5,p�9 k ∈ N KM5�<�q�NO5

j1[µ] ≤ j2[µ] ≤ · · · ≤ jk[µ] ≤ · · · ≤ j∞[µ].
� / pH5 / NO5�p � jk[µ] < j∞[µ]

4X;AJE8:465,n
j1[µ] < j2[µ] < · · · < jk[µ].

� 8�~'{z9�w»~'��<.~K��8�6 µ > |Ω| >�w»��<?��w λ > 0 <�}v ~'�
wHy%8�x#��~'{#8�} v ∈ Kk,µ 8��~'�
w��K{#}
{#�K{��;<.~'{#8�}E�
6%8��
x#w?� <�xzy 8�y 8�x���w/y]4 ¶��@)� 	 }v�w?w/v � y%�
�
��8�y%w � 8�}K~'�
w�9�8�}�~'60<�6 � �
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~'��<.~ λ < 0 ���6%8�� ~'�
w��f<���{#�Z�
� �
6%{#}9�{#�
x#w���8�6åw?x#x#{#��~'{z9|�
6%8��
x#w?�EyÇ>�wµ��<?��w v ≤ 0{#} Ω � ² �
w?}

µ = Z
Ω

ev dx ≤ Z
Ω

1 dx = |Ω|,

>��
{z90�G9�8�}�~'60<�v�{z9,~0y|~'�
w�<�y%y%�
�K��~'{#8�} µ > |Ω| �
� 8;> >�wN6%w/9/<�x#xT~'�
wN�f<�{#}»~'�
w?8�6%w?� ��6%8�� 
 � � ² �´��º�� Á��T>�{�~'�H{�~0y|�
6%8�8��2�
�����  #� ��� º�� Á`+Q-0/ pNq 8X8

k ∈ N o=<�5�pH5�5�	O4�n,o*n
µk

n21r�<Ko=<�q�o >�/ pNq 8X8
µ > µk

o=<�5J�p / m�8 5�; 4 ¶��@ <�q�n\q
k �

n29O; ;.5?o*p24=rUn / 8:1�o=4 / 7�s��0<,4�n]n / 8:1�o=4 / 7kn�q�o=4�n��W5�n
Z
Ω

ev dx = µ.

\ p /�/?> s �a� Ä w?�K�X<Kº��ýº»<�}v ² �
w?8�6%w?� º�� ¹³~'�
w?6%w�w���{zy3~0y v = vk,µ ∈ Vk y%�90�~'��<.~ J(v) = jk[µ] < j∞[µ] ��8�6jy%8��Kw µ y �b�E9�{#w?}�~'x�� x	<�6%��w�� 	 ~Uy%�b�K9�w/yN~'8Gy%�
8;>~'��<.~ v {zy k �ty ���K�Kw�~'6%{z9�����
�
��8�y w � 9�8�}�~'60<�6 �E~'8\8��
6�9�x	<�{#� � ~'��<.~a~'�
w?6%w]w���{zy3~0yµ<U}�<.~'�
60<�x�}��
����w?6 l > ky%�90�H~'��<.~ v ∈ Vl � ² �
w?}
jl[µ] ≤ J(v) = jk[µ] < j∞[µ],

>��
{z90�G9�8�}�~'60<�v�{z9,~0y Ä w?�K�X<Zº�� ¾
�
� 8;>¯x#w�~|�y|�
��~ v 7→ −v {#}74 ¶��@)� ² �
w?}H>�wN8���~)<�{#}

∆v = λe−v {#} Ω,
v = 0 8�} ∂Ω,

Φ(−v) = Φ1(v) = Â Ω e−v dx � <�}v746��@a~)<�¼�w/yµ~'�
wN��8�6%�
∆v =

m

Φ1(v)
e−v {#} Ω,

v = 0 8�} ∂Ω.\ p /�/?>_/?> ��<�5 / pH5�;���s�� �j�6%8�� ² �
w?8�6%w?� º�� Á�>�wå��<?��w�< k �ty ���K�Kw�~'6%{z9åy 8�x#��~'{#8�}~'8E~'�
w\�
6%8��
x#w?�^4 ¶��@µ��8�6Ay �b�E9�{#w?}�~'x��_x	<�6%��wU��<�x#�
w/y�8�� µ = Φ1(v) � ² �
{zy�y 8�x#��~'{#8�}y%8�x���w/y\46��@a>|{�~'� m = λµ �
��{#}9�w�46��@���<�yT60<�v�{	<�x�y 8�x#��~'{#8�}y¦��8�6O<�x#x m > 0 4*y w?wA
 ¾ ��@ � ~'�
w���8�x#x#8;>|{#}
��9�8�6%8�x#x	<�6 �{zyµ8�����{#8��y?¸
	  #�! �
�
 � �� º�� ab+ �0<�5�pH5 4�n 7 / 7 1�7 4���1$5�7!5�n0n /?> n / 8:1�o=4 / 7n >�/ pGo=<�5.J�p / m�8�5�;46��@ 4X7 qfo=K / � D�4X;.5�7nU4 / 7�qO8Oq�7 7 1`8 1�n >�/ pjn / ; 5 N�qO8:1 5�n /T> m > 0

s
�T� b ¬®O��¬©Z�?��©)�T�;����O�7£��� 7�;¤¦¥��.£� .¥�¥�� §O .��¨ª©�¥�«g� � 8;> >�wX>�{#x#xµ<�}�<�x����?w46��@��y%{#}
�Xv���}�<��K{z9/<�xOy ��y3~'w?�fy|�Kw�~'�
8�v
y?� � }_w��
<��K�
x#wU8����y wU8��ª~'�
{zy��Kw�~'�
8�vG{zy{#}�
 º����
� ��{zy ~'w?}9�wA6%w/y �
x�~0ya��8�6�y%8�x#��~'{#8�}yå~'8U~'�
w��
6%8��
x#w?� 46��@Ç9/<�}f��w���8��
}vE{#} 
 º���<�}v~'�
wj6%w?��w?6%w?}9�w/y|~'�
w?6%w?{#}´�



á,Ì�è �Zë��ªüýõ����
� �
6|�f<�{#}H��8�<�xT{#}»~'�
{zy�y%w/9,~'{#8�}G{zy�~'8K�
6%8;��w
�����  #� ��� ¾
�z¶,+.- / pUq�7b9

a
q�7ED³n / ;.5[N�qO8:1 5�n /?> A qO7ED

m � o=<�5QF > pU5U5,I J�p / m �8�5�; 46��@ <�q�n\q�oM8�50q�n)o�o=K / p0q,D�4=qO8Tn / 8 1�o=4 / 7
n 4X7 ΩA
a = {x ∈ Rd : 0< a < |x| < A

<∞} >�/ p 3 ≤ d ≤ 9
s

� y'y �
�EwU~'��<.~ ψ {zyA60<�v�{	<�x=� � �
�y%{#}
�X~'�
w�}
8�~)<.~'{#8�} � >�w�y%w�~ ψ(x) = ψ(|x|) =
ψ(r) � ² �
w?} ψ y 8�x���w/y
4 ¶/º�@ ψ =

m

Â Ω e−ψ dx Ed ∗ e
−ψ

{#}H~'�
wU<�}
}��
x#�y ΩA
a �	 ~|{zyµ8�����{#8��y|~'��<.~ ψ <�xzy%8Ky%8�x���w/y

∆ψ = m
e−ψ

Â Ω e−ψ dx {#} Ω.
57wjy w�~ Q(r) = Â Ωra ∆ψ(x) dx ����{#}9�w ψ {zyµ60<�v�{	<�x �

Q(r) = Z
Ωra

∆ψ(x) dx = Z
Ωra

(
ψ′′(|x|)− d− 1

|x| ψ′(|x|)
)
dx

=

rZ
a

Z
S(s)

(
ψ′′(s) +

d− 1

s
ψ′(s)

)
dS ds

= σdr
d−1ψ′(r)− σdad−1ψ′(a).

����~ ψ′(a) = 0 � <�}vH���
6 ~'�
w?6%�E8�6%w � ��6%8�� ~'�
wj6%{#����~���<�}vGy%{zv�wj8���4 ¶/º�@ �
Q(r) =

m

Â Ωra e−ψ(x) dx

rZ
a

Z
S(s)

e−ψ(s) dS ds = λ

rZ
a

σds
d−1e−ψ(s) ds,

>��
{z90�H��{���w/y
4 ¶�¾�@ Q′(r) =

d

dr

(
λ

rZ
a

σds
d−1e−ψ(s) ds

)
= λσdr

d−1e−ψ(r).

u �
x�~'{#�
x���{#}
�D��8�~'�Ãy%{zv�w/yU8��N4 ¶�¾�@]��� r1−d <�}v7v�{���w?6%w?}�~'{	<.~'{#}
�D>�{�~'�È6%w/y ��w/9,~~'8 r >�wN8���~)<�{#}
4 ¶;Á�@ (1− d)r−dQ′(r) + rd−1Q′′(r) = −λψ′(r)σde−ψ(r).
� y {#}
� σdrd−1ψ′(r) = Q(r) <�}vH���
x�~'{#�
x���{#}
�k4 ¶;Á�@���� rd � >�wjv�w/v��9�w\��6%8��i4 ¶�¾�@<�}v74 ¶;Á�@a~'�
wjw/����<.~'{#8�}
4 ¶ a�@ Q′′(r) + (1− d)

1

r
Q′(r) +

1

σd
r1−dQ′(r)Q(r) = 0.
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u 8�6%w?8;��w?6 � ~'�
{zyµw/����<.~'{#8�}_{zy|y �
�
�
x#w?�Ew?}�~'w/vH���»~'�
wN��8��
}v<�6 �G9�8�}v�{�~'{#8�}y

4 ¶ � @
Q(a) = Z

Ωaa

∆Ψ(x) dx = 0,

Q(A) = Z
ΩAa

∆Ψ(x) dx =
m

Â ΩAa e−ψ(x) dx
Z
ΩAa

e−ψ(x) dx = m.

� 8�~'{z9�wN~'��<.~|~'�
{zyµ�
6%8�9�w/v��
6%w\6%w/v��9�w/y|8��
6|}
8�}
x#8�9/<�x¦�
6%8��
x#w?� ~'8f<Zx#8�9/<�xT8�}
w��
� 8;> � >�wj9/<�}Dy w�~

s = log r,

v(s) = σ−1
d r3−dQ′(r),

w(s) = σ−1
d r2−dQ(r).² �
w?}74 ¶ a�@�>|{#x#x�~)<�¼�wN~'�
wj��8�6%� 8��O~'�
wUv���}�<��K{z9/<�x¦y ��y ~'w?�

4 ¶ ��@
{
v′(s) = (2− w)v,

w′(s) = (2− d)w + v,

>�{�~'�»~'�
wj{#}
{�~'{	<�xO9�8�}v�{�~'{#8�}y
4 ¶ ��@ w(log a) = σ−1

d a2−dQ(a) = 0,

w(logA) = σ−1
d A2−dQ(A) = σ−1

d A2−dm,

6%w/y%�
x�~'{#}
�E��6%8��i4 ¶ � @)�

�������
	

�O{#���
6%w³¶Ay%�
8;>�ya~'�
w]�
��<�y w]��8�6 ~'60<�{�~|8��a4 ¶ ��@å{#}f~'�
wB]
6'y ~|����<�v�60<�}�~|��8�6 d = 3 �	 }f~'�
w���w?}
w?60<�x´9/<�y w³4 3 ≤ d ≤ 9 @�~'�
w�{#�X<���w�{zy�y {#�E{#x	<�6?��57w���<?��w�~2>�8�y ~)<.~'{#8�}�<�6 �
��8�{#}�~0y P1 =

(0
0

) { P2 =
(2(d−2)

2

) � ² �
w ]
6'y ~O8�}
wa{zyT8��
y%8��
6'9�wå~2����w � <�}vN~'�
way w/9�8�}v
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8�}
wK{zyU<X��8�9��y?� ² �
w/y%wf<�}v 8�~'�
w?6j�
6%8���w?6 ~'{#w/yj8��a~'�
{zyjy ��y3~'w?�i9/<�}È��w³��8��
}vÈ��8�6w��
<��K�
x#wj{#}�
ÜÁ����Ä w�~��y|y ~)<.~'wN~2>�8Ky {#�K�
x#wjx#w?�K�f<�y?¸

� ������� ¾
� ¹`+ ��<`5ANO50r?o / p �M5�8 D[RC5�7E5�p'q�oV5UDKm�9�o=<�5�nU9�n,oV5�; 4 ¶ ��@ 4�nAr / 7�o=4X7 1 / 1�n �q�7!DZo*p'q�7n >�/ p�;�nB5�NO5�p29 4X7�oV5,p�N�qO8 {(x, 0) : 0 < δ < x} o / n / ;.5jr�1�p�NO5 < / ;.5 / ; / p �J$<C4=rUo / o=<,4�nB4X7�oV5�p2N�qO8#s
� ������� ¾
�ýºb+Q- / pP5�N�5�p�9Q7 1�;EmU5�p

q0 < l < q1
q�7ED 5�NO5,p�9[J / 4X7o (w0, 0)

o=<�5�pH55
	O4�n)o*n
∆t

nU1r�<Ko=<�q�o�o=<�5]o*p'q���50r?o / p�9 /?> o=<�5AnU9�n)oV5�; 4 ¶ ��@ � n)otq�p�o=4X7 RKq�oªo=4X; 5
t0 > p / ;

(w0, 0) � 4X7oV5�p,n�5)r�o*nAo=<`5[8:4X7E5
w = l

q�o 8�50q�n,o
k

o=4X;.5�n >�/ p�5�N�5�p�9 ��	C5UD k ∈ N 4X7Do=<�5o=4X;.5�4X7�oV5�p2N�qO8
[t0, t0 +∆t]

s
Ä w?�E�f<�¾
�ýºA�f<?����wµw;<�y%{#x��³v�w/v��9�w/vK��6%8��R�ª{#���
6%wU¶|<�}vZ~'�
w Ä ��<��
�
}
8;�³���
}9,�~'{#8�}G��8�6µ~'�
wUy3��y ~'w?� 4 ¶ ��@ �

L =
1

2
(w − 2)2 + (v − 2(d− 2))− 2(d− 2) log

(
v

2(d− 2)

)
.

\ p /�/?>B/?> ��<�5 / pH5�;���s���s ��{#}9�w P1 {zy�<jy ~)<.~'{#8�}�<�6 �f��8�{#}�~µ<�}vK~'�
w���w/9,~'8�6 ]
w?xzv{zyN9�8�}�~'{#}��
8��y � ��8�6j<�}�� t0 � ∆t > 0 <�}v ε1 > 0 >�w³9/<�} ]
}v 0 < ε2 � 1 y%�90�~'��<.~A~'�
w�~'60<��3w/9,~'8�6 �ky ~)<�6 ~'{#}
�X��6%8�� ~'�
w���8�{#}�~ (ε2, 0) <.~�~'{#�Kw t0 >|{#x#xª6%w?�f<�{#}k{#}~'�
wj��<�x#x B((0, 0), ε1) {#}H~'�
wN~'{#�KwN{#}�~'w?6 ��<�x [t0, t0 +∆t] ��
8�6�y {#�K�
x#{z9�{�~2� � x#w�~��y�]`�X~'�
wU{#}
}
w?6|60<�v�{#�y a 8��ª8��
6�<�}
}��
x#�y|~'8E��w 1 � ² �
w?}��6%8��h4 ¶ ��@a>�wj��<?��w t0 = 0 � � 8;> � >�wU90�
8�8�y wZ<³��8�{#}�~ (x0, 0) 8�}G~'�
w v �2<���{zyA<�}vy%8��KwU��8�y%{�~'{���wZ}��
����w?6 l0 y%�90�_~'��<.~A~'�
w�x#{#}
w w = l0 9�6%8�y%y%w/y�~'�
w�y%w?��<�60<.~'6%{ �D{#}<.~�x#w;<�y3~a~2>�8\��8�{#}�~0y�� � w���~ � >�w�y w�~a~'�
w�8���~'w?6a60<�v�{#�y A 8���8��
6�<�}
}��
x#�y�y%�90�K~'��<.~~'60<��3w/9,~'8�6 �Ãy ~)<�6 ~'{#}
�k��6%8�� (x0, 0) ��8�6 t0 = 0 {#}�~'w?6'y%w/9,~0yU~'�
wfx#{#}
w w = l0 ~2>�{z9�w{#} ~'�
wG~'{#�KwH{#}�~'w?6 ��<�x [0,∆t] � >|�
w?6%w ∆t = logA �å�ª{#}�<�x#x�� � >�wGv�w�~'w?6%�K{#}
wG~'�
w��<�60<��Kw�~'w?6 m0 y%�90�»~'��<.~ σ−1
d A2−dm0 = l0 �� yN�Kw?}�~'{#8�}
w/v ��w?��8�6%w³>�w³9/<�}7}
8;>R90�
8�8�y%w (ε, 0) y �90� ~'��<.~j~'�
w³~'60<��3w/9,~'8�6 �y ~)<�6 ~'{#}
�7��6%8�� (ε, 0) <.~K~'{#�Kw t0 >�{#x#xµ}
8�~X9�6%8�y'y³~'�
w_x#{#}
w w = l0 ��w?��8�6%wG~'{#�Kw

t0 + ∆t � � 8;> ��� Ä w?�E�f< ¾
� ¹ ~'�
wÆ{#}�~'w?6 ��<�x I = {(x, 0) : ε < x < x0} {zy~'60<�}y%��8�6%�Kw/vk���_~'�
wZv���}�<��E{z9/<�x�y ��y ~'w?� 4 ¶ ��@|~'8H<f9��
6 ��w Γ � �
8��Ew?8��K8�6%�
�
{z9\~'8~'�
{zyA{#}�~'w?6 ��<�x=� ² �
{zyA�Kw;<�}y�~'��<.~]~'�
w?6%w�w���{zy ~U<.~]x#w;<�y3~]~2>�8X��8�{#}�~0y K1 = (xk1, l0) �
K2 = (xk2, l0) y%�90�k~'��<.~ Γ 9�6%8�y'y w/yA~'�
w³x#{#}
w w = l0 <.~ K1

� K2 � ��w?}9�w�>�w³9/<�}]
}v ~2>�8G��8�{#}�~0y N1 = (xn1 , 0), N2 = (xn2 , 0) {#} I y%�90�È~'��<.~U~'�
wK~'60<��3w/9,~'8�6%{#w/yy ~)<�6 ~'{#}
�³��6%8�� N1, N2 >|{#x#x � <��	~'w?6�~'{#�Kw t0 +∆t � y ~'8��G<.~�x#{#}
w w = l0 � ² �
w/y%wj<�6%w~'�
w]~'60<��3w/9,~'8�6%{#w/yµ>�wN<�6%wNx#8�8�¼�{#}
�³��8�6?� ² �
w��f6%w?�
6%w/y%w?}�~|~2>�8³v�{���w?6%w?}�~�y 8�x#��~'{#8�}y|8��46��@�8�}»~'�
w�<�}
}��
x#�y ΩA
a >�{�~'�H��<�60<��Kw�~'w?6 m = m0 �

	  #�! �
�
 � �� ¾
� ¾$+ �q���4X7�R
a � A � m 4X7Ho=<�5WJ�p /�/?>A/?> �0<�5 / pU5�; ¾
�z¶ ; / pH5Nr0q�pH5

�> 1`8X8:9 � KM5]r0q�7Hr / 7
n,o*p21�r�o 5
	�q�r�o68:9
k
D�4 �A5�pH5�7o¦p0q,D�4=qO8
n / 8:1�o=4 / 7n >�/ p|o=<�5 J�p / m�8�5�; 46��@4X7

ΩA
a

q�7ED»q�7 9 ��	C52D
k ∈ N s
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� ��� � ��� ¾
� Á`+ �å�K<��
�
x���{#}
�U~'�
{zya<��
�
6%8�<�90� � ��8�6�< ]`��w/v m � {�~å{zy�}
8�~av�{��E9��
x�~~'8jy%�
8;>g�
}
{z���
w?}
w/y%yå8���60<�v�{	<�xy%8�x#��~'{#8�}yÇ>|�
w?} A/a > 0 {zy�y �b�E9�{#w?}�~'x��³y%�f<�x#x<�}v}
8�}
w���{zy ~'w?}9�w\8��ªy%�90�_y 8�x#��~'{#8�}y���8�6 A/a� 1 �

���������

� �
<��E�
x#w/y³8��Ay%�90�Éy%8�x#��~'{#8�}yE9/<�}g��wG��8��
}v ��w?x#8;>U�Ç57wH�
��~ r = 1, R =
e3, m = 504.8424623 � � �	~'w?6]<Xy �
{�~)<��
x#wK90��<�}
��w�8�����<�6%{	<��
x#w/yA>�w ]
}v_~2>�8E~'60<.�
�3w/9,~'8�6%{#w/yµy �90�f~'��<.~µ��8�6 t0 = 0 � t1 = 3 >�w���<?��w w(t0) = 0 <�}v w(t1) = 2.000154�>�w]�y w/vf~'�
wN�w?�
x#��w?6%�³��8��
6 ~'���S]
�	~'�G8�6'v�w?6µ�|�
}
��w,Å��N��~%~)<��Kw�~'�
8�v�@)� 	 }»�ª{#���
6%w\¹>�wZ��<?��w³��8�~'�k~'60<��3w/9,~'8�6%{#w/y (w, v) � ² �
wZx#w?�	~N8�}
w³y ~)<�6 ~0yN��6%8�� (0.04026, 0) � <�}v~'�
w�6%{#����~N8�}
w���6%8�� (1.77, 0) ���ª{#���
6%w³ºfy%�
8;>�y�~'�
w³y w/9,~'{#8�}Æ8��Ç~'�
w���60<��
�k8��Ç~'�
wv�w?}y%{�~2�H���
}9,~'{#8�}D<�x#8�}
�fy 8��KwN60<?�Hy ~)<�6 ~'{#}
�E��6%8�� (0, 0) �
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