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ON THE SEMILOCAL CONVERGENCE OF A
TWO-STEP NEWTON-LIKE PROJECTION METHOD
FOR ILL-POSED EQUATIONS

Abstract. We present new semilocal convergence conditions for a two-
step Newton-like projection method of Lavrentiev regularization for solving
ill-posed equations in a Hilbert space setting. The new convergence condi-
tions are weaker than in earlier studies. Examples are presented to show
that older convergence conditions are not satisfied but the new conditions
are satisfied.

1. Introduction. Let X be a real Hilbert space with inner product (-, -)
and norm || - ||. Let U(x, R) and U(xz, R), stand respectively, for the open
and closed ball in X with center z and radius R > 0. Let also L(X) be the
space of all bounded linear operators from X into itself.

In this study we are concerned with the problem of approximately solving

the ill-posed equation

(1.1) F(r) =y,
where F': D(F') C X — X is a nonlinear operator satisfying (F(v) — F(w),
v—w) >0 for all v,w € D(F), and y € X.
It is assumed that (1.1]) has a solution, say &, and F possesses a locally
uniformly bounded Fréchet derivative F'(x) for all x € D(F) (cf. [18]) i.e.,
IF'(z)] < Cp, € D(F),

for some constant Cp.

2010 Mathematics Subject Classification: 65J20, 65J15, 65H10, 65G99, 47J35, 47TH99,
49M15.

Key words and phrases: two-step Newton-like projection method, Hilbert space, ill-posed
equation, Lavrentiev regularization, sufficient semilocal convergence condition.

DOI: 10.4064/am40-3-7 [367] © Instytut Matematyczny PAN, 2013



368 I. K. Argyros and S. George

In applications, usually only noisy data y° are available, such that
1
ly —y°ll < 6.

Then the problem of recovering # from the noisy equation F(z) = y° is
ill-posed, in the sense that a small perturbation in the data can cause a
large deviation in the solution. To solve with monotone operators (see
[12, 17, 18, [19]) one usually uses the Lavrentiev regularization method. In
this method the regularized approximation z? is obtained by solving the
operator equation

(1.2) F(x) + a(z — x0) = 1.
It is known (cf. [I9, Theorem 1.1]) that (1.2) has a unique solution x

(0%
for a > 0, provided F is Fréchet differentiable and monotone in the ball
U(z,r) C D(F) with radius r = || — z¢|| + J/a. However the regularized
equation remains nonlinear and one may have difficulties in solving it
numerically.

In [6], George and Elmahdy considered an iterative regularization
method which converges linearly to x‘;, and its finite-dimensional realization
in [7]. Later in [§] they considered an iterative regularization method which
converges quadratically to x%, and its finite-dimensional realization in [9].

Recall that a sequence (z,,) in X with lim x,, = 2* is said to be convergent
of order p > 1 if there exist positive reals 5,7 such that for all n € N,
|z, — 2*|| < Be " If the sequence (x,) has the property that ||z, — z*||
< Bq™ with some 0 < ¢ < 1 then (z,,) is said to be linearly convergent. For
an extensive discussion of convergence rates see [13].

Note that the method of [6]-[9] uses a suitably constructed majorizing
sequence which heavily depends on the initial guess and hence is not suitable
for practical considerations.

Recently, George and Pareth [I0] introduced a two-step Newton-like
projection method (TSNLPM) of convergence order four to solve .
(TSNLPM) was realized as follows:

Let { P, }r>0 be a family of orthogonal projections on X. Our aim in this
section is to obtain an approximation for a:g in the finite-dimensional space
R(Py), the range of Py,. For the results that follow, we impose the following
conditions.

Let
en(@) = [F'()(I = P)|, Vz € D(F),

and pick {by, : b > 0} such that limy_,¢ ||({ — Pn)zol|/br, = 0 and limy,_o by,
= 0. We assume that e,(z) — 0 as h — 0 for all x € D(F'). The above as-
sumption is satisfied if P, — I pointwise and if F’(z) is a compact operator.
Further we assume that ej,(z) < go for all z € D(F), b, < by and ¢ € (0, do].
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1.1. Projection method. We consider the sequences defined itera-
tively by

(1.3) ynd = apd — Ry @ d) PulF(ad) — 0+ alx)yd, — mo)],
h,6 F) 1/ b ¥} § 5
(14) ‘/L‘n+1,a = ?/Z,a - Ral(yz,a)Ph [F(yz,a) - f + a(yiLL,a - xﬂ)]a

where R, (z) := P,F'(x)P, + aPy, and :L'g:g := Pyx0, to obtain an approx-
imation for % in the finite-dimensional subspace R(P,) of X. Note that
the iterations and are the finite-dimensional realizations of the
iteration and in [16]. In [10], the parameter o = «; was chosen

from some finite set
DN:{ai:0<a0<a1<~-<aN}

using the adaptive method considered by Perverzev and Schock [17].
The convergence analysis in [I0] was carried out using the following
assumptions.

AssuMPTION 1 (cf. [I8], Assumption 3). There exists a constant
ko > 0 such that for every x,u € D(F) and v € X there exists an el-
ement @(z,u,v) € X such that [F'(z) — F'(u)lv = F'(u)®(z,u,v) and
122, u, v)|| < kollv]l [l — .

ASSUMPTION 2. There exists a continuous, strictly increasing function
¢ : (0,a] = (0,00) with a > [|F'(z)|| satisfying:
(i) Timaso p(A) = 0,
(ii) supyso O‘)ﬁg) < cpp(ar) for all A € (0,al,
(iii) there exists v € X with ||v|| <1 such that (cf. [14])

o — 2 = (F'(2))v.
In the present paper we extend the applicability of (TSNLPM) by weak-
ening Assumption (1| which is very difficult to verify (or does not hold) in

general. In particular, we replace Assumption [1] by the weaker and easier to
verify:

ASSUMPTION 3. Let xg € X be fixed. There exists a constant Ky >0
such that for each z,u € D(F) and v € X there exists an element
&(z,u,v) € X depending on zy such that [F'(z) — F'(u)]v = F'(u)®(z, u,v)
and || @(x, u, v)|| < Kollv[|([lx = Paoll + [[u — Paoll)-

Note that Assumption [I| = Assumption [3| but not necessarily vice versa:
at the end of the study we provide examples where Assumption [3]is satisfied
but not Assumption [I}

We also replace Assumption [2| by

ASSUMPTION 4. There exists a continuous, strictly increasing function
¢ :(0,a] = (0,00) with a > ||F'(zo)]| satisfying:
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(i) limy_op(A) =0,
11) sup,- < p(a) for a € (0,al,
i) supyso G2 for all A € (0
(iii) there exists v € X with ||v]| < 1 such that (cf. [14])

xo — & = p(F'(x0))v.

REMARK 1.1. The hypotheses of Assumption [l| may not hold or may
be very expensive or impossible to verify in general. In particular, as is the
case for well-posed nonlinear equations, the computation of the Lipschitz
constant kg, even if this constant exists, is very difficult. Moreover, there are
classes of operators for which Assumption [1}is not satisfied but (TSNLPM)
converges.

In this paper, we extend the applicability of (TSNLPM) under smaller
computational cost. Let us explain how we achieve this goal.

(1) Assumption [3|is weaker than Assumption [1| (see Examples 5.1 and
5.2).

(2) The computational cost of the constant Ky is smaller than that of
the constant kg, even when Ky = kg.

(3) The sufficient convergence criteria are weaker.

(4) The computable error bounds on the distances involved (including
Ky) are less costly.

(5) The convergence domain of (TSNLPM) with Assumption [3| can be
larger, since Ko/ko can be arbitrarily small (see Example 5.3).

(6) The information on the location of the solution is more precise.

(7) Note that Assumption [2|involves the Fréchet derivative at the exact
solution # which is unknown in practice, while Assumption [ depends
on the Fréchet derivative of F' at xg.

The paper is organized as follows: In Section 2 we present the convergence
analysis of (TSNLPM). Section 3 contains the error analysis and parame-
ter choice strategy. The algorithm for implementing (TSNLPM) is given in
Section 4. Finally, examples are presented in the concluding Section 5.

2. Semilocal convergence. In order for us to present the semilocal
convergence of (TSNLPM) it is convenient to introduce some parameters:
Let

(2.1) e = lyma —anall, V>0,
Suppose that
1
2.2 0< Ko< ———7—,
(22) O™ 41+ eo/a)
44
(2.3) 7(1 —|—€0/Oéo) < 1.

@
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Define a polynomial P on (0, 00) by
2.4 P(t)=(1 —t 1 t+ —— ———.
(2.4) (t) = (1 +e0/a0) 5 + (1 +e0/ao) +a0 4(1 + 20/ a0)

It follows from (2.3) that P has a unique positive root given in closed form
by the quadratic formula. Denote this root by pyg.

Let
(2:5) bo<po, &= w0l <p,
where
(26) P < Po — b07

k 5
(27) 7 = (1+e0/a0) | 5 (0 +b0) + (p+bo) | + 07((])
4
(28) ro= e ’
1+ /T +329,(1 + £0/a0)

(2'9) b:= 4(1 + Eo/Oéo)K()?“.
Then by (2.2)—(2.9) we have
(2.10) 0<n,<1/4,
(2.11) 0<r<l
(2.12) 0<b<l.

Indeed, by (2.4) and (2.12)) we have vy, —1/4 < P(pp) =0, s0 0 < 7, < 1/4,
which is (2.10). Estimate (2.11)) follows from (2.8) and (2.10)). Moreover,
estimate (2.12)) follows from (2.2]) and (2.11)). We also have

(2.13) Yy < T

In view of (2.7) and ({2.8)), estimate (2.13]) reduces to showing that 4v,(1 +
eo/ap) < 1, which is true by the choice of py and (2.4)). Finally it follows

from that
(2.14) 0< 7, <1
LeEmMMA 2.1 ([10, Lemma 1]). Let x € D(F). Then
IR @) PuF (1)) < 1+ 2o/a0.
LEMMA 2.2 ([10, Lemma 2]). Let eg = eg:g and v, be as in . Then
€0 < Vp-

The proofs below follow along the lines of the corresponding ones in [10].
However, they differ when the weaker Assumption [3| is used in place of
Assumption 1.
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LEMMA 2.3. Suppose that (2.2)), (2.3) and 6 € (0,00] hold and let As-
sumption be satisfied. Then the following estimates hold for (TSNLPM):

E) h,o
(a) Hxﬁb:a ~Yn—1 aH
Ko h,o |1 b
< 7(1 + EO/O‘O)[?’Hmn l,a anH + 5Hyn La — %o amen—l,ou
h,6
(b) s, — 20,

Ky h.o h.o
< {1 + 7( +60/040>[3||‘rn lLa ‘TOa — 7o aH]}enl,a‘

Proof. Observe that

(215) h5 yn 1,

h.o .o .o ) 5 h,6
= Yn_1 a xn la R, (ynfl,a)Ph[F(ynfl,a) -7+ a(ynfl,a - xo)]

+ RN VPWF R’ ) — £+ alal?) | — x0)]
h,0 h,d

=Yn1a n—1,a
— RNy )PPy o) — Pl )+ ah? o — 200y )]
+ R (@) o) = R () DIPF () ) — £+ alal?y , — wo)]
= RN ) PalF (i ) 0 — 2001 0) — (Flui’y o) — Flan’y )]
+ RN D PU(F () ) = F/ (@l N @y o = uh o)
=: 11+ I5.
Note that

1
— h,o h,0 h,8
HFlH = HROél(yn—l,a)PhS [F,(yn—l,a) F/( n 1 o + t(yn La ‘rn 1 a))]
0

h,8
X (yn—l,a - n 1 Nel dtH
h,0 h,6

Using now Assumption [3| for z = xn La T t( Yp 1 o " Thl1a) U =Yl 0
h,6 h,6 h,6
V=200 0 " Ynttla xozxoaweget
Ky h,d h,é
(216) ||F1H < 7(1 + 50/a0)[||37n l,a — J;O aH + SHyn l,a — xﬂ,a Hen—l,a

the last step follows from Assumption [3] and Lemma - S1mi1arly,

h,6
(2.17) |13l < Ko(1 +e0/c0)[[|ynZ1,0 — 930a — a0 oller?)

So, (a) follows from ([2.15)—(2.17). And (b) follows from (a) and the triangle
inequality

h,o
|

n—1,«x

)
|

h,o h,6 )
||xn:a - < ”an yn 1 aH + Hyn Lo Tn-1,.all-
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THEOREM 2.4. Under the hypotheses of Lemma the following esti-
mates hold for (TSNLPM):

Ky
h(5 h,d
Cn,a < 9 (1—|—€0/O&0)[5”J) moaH_‘_BHyn 1, anM”yn la_xn’,aH

h.o .o
< bep’ oS bQ”eo’a < by,

Proof. We have

h,6

Yn,a — n7a

ahd — 0~ RN @hO)Py[F(ah?) — O + (el — )]
+ Ra (yn—l,a)Ph[F(yn 1 oc) - fé + Oé(:l/n1 la .I'O)]

= a2l —yl? L~ ROVl PP (ald) — Pyl ) + alald — i) )]
+ R (yply o) — RS <x ONPF Wyl o) — £+ a(yn’ Lo — 70)]

= RN ah ) By [F/ (alf) (ahd, — g0, ) — (F(ah2) — F(y° )]

+ Ry (@) PalF (@) = F' () Dy o — 200
=: I3+ 1}y.

Analogously to the proof of (2.16]) and (2.17)) one can prove that

Ky h,8
[15]] < *(1+6o/ao)[3llxm — a0+ Y0 o — zo 2l =yl I,

h,§
I3l < Ko(1 + co/ao) s, — woall + lm’y o — zoalllahd, — vy ol
Now
no < Ko 5 3 0
Cna > 92 ( +€0/a0)[ ||‘/E an” + Hyn 1a_730a|H”33 yn—l,a”
Ky

< <1+so/ao><8r>K (1+ £0/a0) (822, o — o, |

IN
Nw

H‘rn 1, yn 1aH < b2n€0a bzn

This completes the proof of the theorem.

THEOREM 2. 5 Suppose that the hypotheses of Theorem [2.4] hold. Then
the sequences {xna} {y 2} generated by (TSNLPM) are well defined and
remain in U(Ppxo,7) for allm > 0.

Proof. Note that by Lemma (b) we have

(2.18) |2} — Phxoll = [|2}7% — g2l < [1+ (1 + 0/a0)(Ko/2)(87)],
2

<(1T+0b)y, < 1_ b710<r
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ie., x?i € U(Ppxo,7). Again note that from and Theorem we get

h,o h,6
932 — Pazoll < llypss — a2l + |24 — Phaol|

<141+ 50/a0)4K07° + (14 e0/a0)4Kor)*]7,
2

< (1+b+62)% < T <,

ie., y?i € U(Ppxo,r). Further by and Lemma (b) we have

520 — Pazoll < ll250 — 2ol + 218 — Pawoll
<(A+b)y,+ 1+ b)’yp =21+0b)y, <r
and
lysa = Paoll < [lysa — @hall + |20 — Pazol
< bl + 21+ b),
< by, +2(1+b)yp

- 1—b3+1—b2
e R R R

(since b < 1)

27
1-0

< <r

by the choice of r, i.e., mg’i, ygi € U(Ppxo, 7). Continuing this way one can
prove that xﬁ’fé, yﬁ;g € U(Pyxo,r) for all n > 0. This completes the proof.

THEOREM 2.6. Suppose that the hypotheses of Theorem[2.5 hold. Then:

(a) {xf{i} is a Cauchy sequence in U(Ppxo,7) and converges to ah? e
U(Ph$0, 5) P

(b) PuF(h?) + aah? - 20)] = Py

(c) We have

|na 04”— 1_b2

where 7, and b are defined by (2.7) and (2.9), respectively.
Proof. We have

||xn+z+1 a xn—l—z @ || ”xn—‘rz o Yntia ||

b||$n+za ynll-i—l,aH

h,d
b Hxn+z l,a ynJri,aH

p2(n+i) hé (1+b)b2(n+i),7p
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So,
m—1
Hanrma - ” < Z ||$n+7,+1 o n—i—z oz” < 1 + b)b2n Z b2z
- (1+ b)b*n
:<1+b)62 1_b2’YP_> 1—p2 e

as m — oo. Thus xlﬁi is a Cauchy sequence in U(P,zo,r) and hence it
converges, say to ah? e U(Phxo, r). Observe that

1Pa[F (230) = f° + a(a?, — z0)]| = || Ra(o) (z)o — yia) |
< [[Ra(o)l Hl‘n,a —yall
= ||(PhF" (70) Py + aFy)llere
< (Cr +a)eps,
Now by letting n — oo we obtain
(2.19) Py[F(zl) + a(alh? — 20)] = Py’
This completes the proof.
REMARK 2.7. (a) The convergence order of (TSNLPM) is four [10], un-
der Assumption [} In Theorem [2.6] the error bounds are too pessimistic.

That is why in practice we shall use the computational order of convergence
(COC) (see e.g. [4]) defined by

ozl an)/l (el — b )
[EE | [en—1 — 3|
The (COC) p will then be close to 4, which is the order of convergence of
(TSNLPM).

(b) Note that from the proof of Theorem a larger r can be obtained
from solving the equation

[b* 4+ 2(1 + bt)]y, — rt = 0.

Note that this equation has a minimal root r* > r. Then r* can replace r
in Theorem [2.5] However, we have decided to use r which is given in closed
form. Using Mathematica or Maple we found r* in closed form. But it has a
complicated and long form. That is why we decided not to include r in this

paper.

3. Error bounds under source condltlons The objective of this
section is to obtain an error estimate for ||xn o — || under a source condition
on Ty — Z.
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ProposITION 3.1. Let F : D(F) C X — X be a monotone operator
in X. Let z° be the solution of 1) and xl := 20, Then

o’ — 2]l < 8/c.
Proof. The result follows from the monotonicity of F' and the relation
Py[F(ag”) — F(xd) + alag® — 23)] = Pu(y’ — y).
THEOREM 3.2. Let p < m and & € D(F) be a solution of

(1.1). Suppose Assumption Assumption and the assumptions in Propo-
sition [3.1] are satisfied. Then

lz — 2]l < Clp(a) +en/a)

where .
max{1 + (1 +eo/a0)Ko(2bo + p), p + || 2]}

1—(1+e0/a0)B2p
Proof. Let M := X(l) F'(& +t(z? — 2)) dt. Then from the relation
(2

C =

Py[F(x}) — F(2) + a(aly, — 0)] = 0
we have
(PyMPy, + aPy)(z! — &) = Pya(xg — ) + P,M(I — Py)i.
Hence,
(3.1) 2! —&

= [(PuM Py + aP,) "' Py — (F'(20) + o) Ha(zo — £)
+ (F'(z0) + al)Ya(zg — 2) + (PAM Py + aP,) ' P,M (I — P,)i
= (PoM Py, + aPy) ' Py[F'(z0) — M + M (I — P)|(F'(z0) + al) ta(zg — 2)
+ [(F'(z0) + o) ra(zg — &) + (PyM Py + aPy) "' P,M (I — Py)Z]
=: (1 + (o
Observe that

(32) Gl < (PP + o) Py
1
1P/ (w0) = F'(@ + t(ah — )] dt (F'(w0) + al)alzo - 2)|
0
+ [[(P,MPy, + aPy) ' P,M(I — P,)(F'(x0) + o) ta(zg — 2)||

1
< |[(PMPy + PR [+ bl — 2)(Pa+ T = P)
0

. qﬁ(xo,i” +t(zh — &), (F'(x0) + o) ta(zy — 9:"))} dtH + %p;



A two-step Newton-like projection 377

here and below ¢, := e, (& + t(z — #)). So
1
161 < (1+en/a)Ko | [z — Pazoll + (1€ +t(ah — &) — Prao]
0

_ “ 3
(|F' (o) + al) " awo — 2)]+—p
. 1 . 3
< (1-+en/a)Kol(bo + | — a0 + a0 — Pyao|)p(a) + Sk — dllo] +

1 R €
< (14 &/0) Kol(2bo + p)p(a) + llath — &l + 2p
and
Eh
(33) el < () + 2.
The result now follows from (3.1)—(3.3)).

THEOREM 3.3. Let xﬁ’fx be as in li and suppose the assumptions in
Theorems 2.6 and 3.2 hold. Then

1+b m ~ 5+€h
1—b27pb —i—max{l,C’}(gp(a)—i— - )

Proof. Observe that
RS A h,o h,6 h,6 h h o
||$n,oz - LEH < ||xn,a — Lq || + H‘Ta - xa” + ”xa - l‘”

so, by Proposition [3.1] Theorem [2.6] and Theorem [3.2] we obtain

lahd, — || <

L 14b o, 6 -
HxZ:(c;u -z < 1— b27pb2 + - + C(p(a) +ep/a)
14b ) 5
<+ max(1,C) (pla) + L),
Let
(3.4) ne = min{n (b < M‘},
a
1 +b )
(3.5) Co = =2, + max{1,C}.

1-b
THEOREM 3.4. Letng and Cy be as in (3.4) and (3.5)) respectively. More-

over, let 372:;6704 be as in 1} and suppose the assumptions in Theorem
are satisfied. Then

. 0+e¢
(3.6 leh2a = ol < Co (ot + 2.

3.1. A priori choice of the parameter. Let 1)()\) := Ap~1()), 0 <
A < a. Then the choice

as =@ (Y76 +en))
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gives the optimal order error estimate (see [I0]) for p(a) + (6 +ep)/a. So
the relation (3.6)) leads to the following.

THEOREM 3.5. Let ¥)()\) := Ap~ 1 ()\) for 0 < X\ < a, and suppose the
assumptions in Theorem hold. For § > 0, let as = ("1 (0 +¢p,)) and

let ng be as in (3.4). Then
e e — &l = OW™1(8 +en)).

3.2. An adaptive choice of the parameter. Asin [10], the parameter
a is chosen according to the balancing principle studied in [I5], [I7], i.e
is selected from some finite set

Dy(a) :={a; = plag:i=0,1,...,N}
where p > 1, ag > 0. Moreover, let
)
n; = min{n S H < —I_Eh}
&7}
Then for ¢ =0,1,..., N, we have

5
—ald <02 yi—01,. N

i, —
(2

Let z; := 332;?&1 In this paper we select a = «; from Dy («) for computing

x;, for each i =0,1,..., N.

THEOREM 3.6 (cf. [I8, Theorem 3.1)). Assume that there exists i €
{0,1,...,N} such that p(c;) < (0 +€p)/c;. Let the assumptions of The-

orems 3.4 and 3.5l hold and let

o
l:= max{z’ co(ag) < :6}1} <N,

1

J
k:= max{ |lzi — ;]| <4Ch + Eh j:O,l,...,i}.
Qj

Then 1 <k and ||# — x3|| < ey (5 + &3,) where ¢ = 6Cy.

4. Implementation of the adaptive choice rule. The balancing
algorithm associated with the choice of the parameter specified in Theorem
involves the following steps:

e Choose ag >0 _such that dg < ag and p > 1.
e Choose a; := plag, 1 =0,1,..., N.
4.1. Algorithm

1. Set ¢ = 0.
2. Choose n; := min{n : b** < (§ + ) /a;}.

3. Solve z; := xz;ﬂsai by using the iteration 1) and 1)
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4. If ||zi—xj|| > 4Co(6 + €p) /e, j < i, then take k = i—1 and return xy.
5. Else set ¢ = ¢+ 1 and go to 2.

5. Example

EXAMPLE 5.1. Let X =Y = R, D = [0,00), zp = 1 and define a
function £ on D by

p1F1/i
141/

where ¢y, ¢ are real parameters and i > 2 an integer. Then F'(z) = 2/ +¢;
is not Lipschitz on D. However Assumption [3] holds for Ky = 1.
Using the identity

(5.2) ph— b = (= o) (' o A A )
for p =/t py = x(l]/i and 1) we have

|F @) = F'(o)l| = |o/* = "] =

(5.1) F(z)

+ c1x + co,

|z — x|

m(()i—l)/i b gli=D)/i
<|z—mxo| forze[0,00)and zg=1.
Hence, we get ||F'(z) — F'(x0)|| < Ko|z — 0.

ExXAMPLE 5.2. We consider the integral equations

b
(5.3) u(s) = f(s) + M\ G(s,yu(t) /" dt, neN.
a
Here, f is a given continuous function satisfying f(s) > 0,s € [a,b], \ is a
real number, and the kernel G is continuous and positive in [a, b] X [a, b].
For example, when G(s, t) is the Green kernel, the corresponding integral
equation is equivalent to the boundary value problem

W = )\u1+1/n’

u(a) = f(a), u(b) = f(b).
Problems of this type have been considered in [I]-[4].
Equations of the form (5.3|) generalize equations of the form

b
(5.4) u(s) = | G(s, t)u(t)" dt

a

studied in [I]-[4]. Instead of (5.3]) we can try to solve the equation F'(u) = 0
where

F:02—Cla,b, 2={ueCla,b:u(s)>0,sc¢€][a,b]},



380 I. K. Argyros and S. George

and
b

F(u)(s) = u(s) — f(s) — A| G(s,tyu(t) /" dt.
The norm we consider is the max-norm.
The derivative F’ is given by
b
F'(u)v(s) = v(s) = A1+ 1/n) | G(s, )u(t)/"o(t) dt, v e 2.
First of all, we notice that F’ does not satisfy a Lipschitz-type condition
in £2. Let us consider, for instance, [a,b] = [0,1], G(s,t) = 1 and y(t) = 0.
Then F'(y)v(s) = v(s) and
b
1F'(z) = F'(y)ll = A1+ 1/n) ()" dt.

If F" were a Lipschitz function, then
1F'(z) = F'(y)Il < L]z — yl,

or, equivalently, the inequality
1

: HYrdt < L
(5.5) é() 2£ﬁﬁw@)

would hold for all z € {2 and for a constant Ly. But this is not true. Consider,
for example, the functions
zj(t) =t/j, j>1,te€[0,1].
If these are substituted into (5.5 then
1 Lo
G+ 1/n) T

This inequality is not true when j — oco.

Therefore, condition (5.5)) is not satisfied in this case. However, Assump-
tion [3| holds. To show this, let xo(t) = f(t) and v = mingep, 5 f(s), @ > 0.
Then for v € 2,

ie. j7TVM<Ly(1+1/n), Vj>1.

b
I[F'(z) = F'(zo)]v]| < A1+ 1/n) HMX‘SG ()" = F(6)™)o(t) dt
b
<|A[(1+1/n) max HGn (s,t dt)

where

Go(s, 1) = G(s, t)]x(t) = f(1)]

|lz(t)(n=D/n 4 x(t)(n=2/nf(#)1/n 4 ... 4 f(t)(n=D)/n|
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and we used (5.2)) for i = n, p = z(t)/" and po = xo(t)"/". Hence,

b
_ A +1/n) max] S G(s,t)dt ||z — xo|

/ /
[[F"(z) — F'(zo)]v|] ~=D/m el

< Kol — o,
where
b
A1 +1
Ky = MN and N = max SG(s,t) dt.
’}/(nfl)/n s€la,b] 4

Thus Assumption [3| holds for sufficiently small .

EXAMPLE 5.3. Let X = D(F) =R, zp = 0, and define a function F' on
D(F) by
F(z) = dox + dy + dg sin e®?,

where dy, d1, do and d3 are given parameters. Then it can easily be seen that
for ds sufficiently large and d; sufficiently small, Ky/ko can be arbitrarily
small.
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