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Piotr Kaprzyk (Warszawa)
FREE BOUNDARY PROBLEM FOR THE EQUATIONS OFMAGNETOHYDRODYNAMIC INCOMPRESSIBLEVISCOUS FLUID
Abstrat. The existene of a global motion of magnetohydrodynami�uid in a domain bounded by a free surfae and under the external eletro-dynami �eld is proved. The motion is suh that the veloity and magneti�eld are small in the H3-spae.1. Introdution. In this paper we prove the existene of global solutionsto the equations desribing the motion of a magnetohydrodynami inom-pressible visous �uid in a domain Ωt ⊂ R

3 bounded by a free surfae St.In the domain Dt ⊂ R
3 whih is exterior to Ωt we have a gas under on-stant pressure p0. Moreover in Dt we have an eletromagneti �eld whih isgenerated by some urrents whih are loated on a �xed boundary B of Dt.In the domain Ωt the motion is desribed by the following problem:

(1.1)

vt + v · ∇v − div T(v, p) − µ1

1

H · ∇
1

H + µ1∇
1

H2

2
= f in Ω̃T ,

div v = 0, in Ω̃T ,

µ1

1

Ht = − rot
1

E in Ω̃T ,

rot
1

H = σ1(
1

E + µ1v ×
1

H) in Ω̃T ,

div(µ1

1

H) = 0 in Ω̃T ,where Ω̃T =
⋃

0≤t≤T Ωt × {t}, v = v(x, t) is the veloity of �uid, p = p(x, t)is the pressure, 1

H =
1

H(x, t) is the magneti �eld, f = f(x, t) is the external2000 Mathematis Subjet Classi�ation: 35A05, 35R35, 76N10.Key words and phrases: free boundary, global existene, Sobolev spaes, magnetohy-drodynami inompressible �uid.Supported by KBN grant no. 2PO3A00223.[75℄ © Instytut Matematyzny PAN, 2007



76 P. Kaprzykfore �eld per unit mass, µ1 is the onstant magneti permeability, σ1 is theonstant eletri ondutivity, 1

E =
1

E(x, t) is the eletri �eld, and
(1.2) T(v, p) = {ν(∂xi

vj + ∂xj
vi) − pδij}is the stress tensor, where ν is the visosity of the �uid. Moreover,

(1.3) D(v) = {ν(∂xi
vj + ∂xj

vi)}is the dilatation tensor.In the domain Dt in whih there is a dieletri (gas) we assume that thereis no �uid motion inside (v = 0). Therefore we have the eletromagneti �eldonly, desribed by the following system:
(1.4)

µ2

2

Ht = − rot
2

E in D̃T ,

rot
2

H = σ2

2

E in D̃T ,

div(µ2

2

H) = 0 in D̃T ,where D̃T =
⋃

0≤t≤T Dt × {t}.On St = ∂Ωt ∩ ∂Dt we assume the following transmission and boundaryonditions:
(1.5)

T(v, p)n =

(
−p0I − µ1

1

H ⊗
1

H + µ1

1

H2

2
I

)
n on S̃T ,

1

σ1

1

H =
1

σ2

2

H on S̃T ,

1

E · τα =
2

E · τα, α = 1, 2, on S̃T ,

v · n = − φt

|∇φ| on S̃T ,where S̃T =
⋃

0≤t≤T St ×{t}, n is the unit outward vetor to Ωt and normalto St, τα, α = 1, 2, is the tangent vetor to St, and φ(x, t) = 0 desribes Stat least loally.Next we assume the boundary onditions on B:
(1.6)

2

H = H∗ on B,
2

E = E∗ on B.Finally, we assume the initial onditions
(1.7)

Ωt|t=0 = Ω, St|t=0 = S, Dt|t=0 = D,

v|t=0 = v0,
1

H|t=0 =
1

H0, in Ω,
2

H|t=0 =
2

H0, in D.



Free boundary problem for visous �uid 77Now we make some omments on the literature onerning free bound-ary problems for the nonstationary inompressible Navier�Stokes system.Loal existene of solutions in the ase without surfae tension was provedin Hölder and Sobolev anisotropi spaes by V. A. Solonnikov in [4, 5℄. Toprove the existene of solutions of orresponding linear problems in Hölderand in Sobolev spaes the potential theory tehniques were used (see [6, 7℄,respetively). In [4℄ V. A. Solonnikov showed the existene of global motionsof a visous inompressible �uid bounded by a free surfae. The proof wasbased on the Korn inequality. To prove the existene of solutions in the ase ofsurfae tension V. A. Solonnikov used the anisotropi Sobolev�Slobodetski��spaes W l,l/2
2 with noninteger positive l. In all papers by Solonnikov, La-grangian oordinates are used.To prove existene of solutions to the above problem we introdue theLagrangian oordinates ξ ∈ Ω. They are the initial data for the Cauhyproblem

(1.8)
dx

dt
= v(x, t), x|t=0 = ξ ∈ Ω.Therefore xv(ξ, t) = ξ +
Tt
0 v(ξ, τ) dτ , where
v(ξ, t) = v(xv(ξ, t), t).To introdue the Lagrangian oordinates in Dt we extend v onto Dt. Let usdenote the extended funtion by v′. Then we de�ne ξ ∈ D to be the Cauhydata to the problem

(1.9)
dx

dt
= v′(x, t), x|t=0 = ξ ∈ D.Therefore xv′(ξ, t) = ξ +
Tt
0 v

′(ξ, τ) dτ , where v′(ξ, t) = v′(xv′(ξ, t), t). Thenby (1.1)5,
Ωt = {x ∈ R

3 : x = xv(ξ, t), ξ ∈ Ω},
St = {x ∈ R

3 : x = xv(ξ, t), ξ ∈ S}.Sine St is determined at least loally by the equation φ(x, t) = 0, S isdesribed by φ(xv(ξ, t), t)|t=0 = 0. Moreover, we have
nv = n(xv(ξ, t), t) =

∇xφ(x, t)

|∇xφ(x, t)|

∣∣∣∣
x=xv(ξ,t)

.To simplify onsiderations we introdue the following notation:
‖u‖l,Q = ‖u‖Hl(Q), Q ∈ {Ω,S,D,Π,B}, 0 ≤ l ∈ Z,

‖u‖k,p,q,QT = ‖u‖Lq(0,T,W k
p (Q)), Q ∈ {Ω,S,D,Π,B},

p, q ∈ [1,∞], 0 ≤ k ∈ Z,



78 P. Kaprzykwhere Qt = Q× (0, t),
|u|p,Q = ‖u‖Lp(Q), Q ∈ {Ω,S,D,Π,B}, p ∈ [1,∞].2. Weak solutions. Weak solutions to problem (1.1)�(1.7) are formu-lated in Lagrangian oordinates.Definition 2.1. A weak solution of problem (1.1)�(1.7) is a pair of fun-tions v,H whih satisfy the integral identities

(2.1)

T\
0

\
Ω

(−v · ϕt + Dv(v) · Dv(ϕ)) dξ dt

−
T\
0

\
Ω

(
µ1

1

H · ∇v

1

H · ϕ− µ1∇v

1

H2

2
· ϕ

)
dξ dt

=

T\
0

\
Ω

f ·ϕdξ dt+
T\
0

\
S

(
−p0I−µ1

1

H⊗
1

H+µ1

1

H2

2
I

)
n ·ϕdξS dt−

\
Ω

v0 ·ϕ(0) dξ,

(2.2)

T\
0

\
Π

(
−µH · ψt − µv · ∇vH · ψ +

1

σ
rotv H · rotv ψ

)
dξ dt

−
T\
0

\
Ω

µ1(v ×
1

H) · rotv ψ dξ dt

=
1

σ2

T\
0

\
B

(nv × E∗) · ψ dξB dt− µ
\
Π

H0 · ψ(0) dξ,where ϕ, ψ are su�iently regular and ϕ(x, T ) = ψ(x, T ) = 0, nv is the unitoutward vetor normal to S or B.In (2.1), (2.2) we use the notation A(ξ, t) = A(xv(ξ, t), t), H |Ω =
1

H,
H |D =

2

H, σ|Ω = σ1, σ|D = σ2, Π = Ω ∪D, µ|Ω = µ1, µ|D = µ2, v in (2.2) isan extension onto Π,
Dv(v) = {ν(∂xi

ξk∇ξk
vj + ∂xj

ξk∇ξk
vi)}, rotv v = ∇v × v,

∇v = ∂xξi∇ξi
, divv v = ∇v · v = ∂xi

ξk∇ξk
vi, ∂ξi

= ∇ξi
.Let A be the Jaobi matrix of the transformation x = xv(ξ, t). Then detA =

exp(
Tt
0 divv v dτ) = 1.Moreover

xi
ξj

= δij +

t\
0

∂ξj
vi(ξ, τ) dτ and ξx = x−1

ξ .



Free boundary problem for visous �uid 79Hene we get
sup
ξ∈Ω

|xξ| ≤ 1 + sup
ξ∈Ω

t\
0

|vξ(ξ, τ)| dτ ≤ 1 + c

t\
0

‖v‖3,Ω dτ

≤ 1 + c
√
t

√√√√
t\
0

‖v‖2
3,Ω dτ ≤ 1 + c

√
t ‖v‖3,2,2,Ωt .

Therefore supx∈Ωt
|ξx| ≤ α(a), where a =

√
t ‖v‖3,2,2,Ωt and α is an inreas-ing positive funtion.To prove the existene of a solution to the above problem we linearize(2.1), (2.2) to the form

(2.3)

T\
0

\
Ω

(−v ϕt + Du(v) · Du(ϕ)) dξ dt

−
T\
0

\
Ω

(
µ1

1

H ′ · ∇u

1

H ′ · ϕ− µ1∇u

1

H ′2

2
· ϕ

)
dξ dt =

T\
0

\
Ω

f · ϕdξ dt

+

T\
0

\
S

(
−p0I − µ1

1

H ⊗
1

H + µ1

1

H2

2
I

)
nu · ϕdξS dt−

\
Ω

v0 · ϕ(0) dξ,

(2.4)

T\
0

\
Π

(
−µH · ψt − µu · ∇uH · ψ +

1

σ
rotuH · rotu ψ

)
dξ dt

−
T\
0

\
Ω

µ1(u×
1

H) · rotu ψ dξ dt

=
1

σ2

T\
0

\
B

(nu × E∗) · ψ dξB dt− µ
\
Π

H0 · ψ(0) dξ,

where 1

H ′ and u with div u = 0 are given funtions.Similarly to [1℄, [2℄ we proveTheorem 2.1. Assume that v0 ∈ H2(Ω); vt(0), vtt(0) ∈ L2(Ω); f t, f tt ∈
L2(0, T, L2(Ω)); f ∈ L2(0, T,H

2(Ω)); H0 ∈ H2(Π); Ht(0) ∈ H1(Π); E∗ ∈
L∞(0, T,H1(B)); E∗t, H∗tt ∈ L2(0, T, L2(B)); H∗t ∈ L2(0, T,H

2(B)); H∗ ∈
L2(0, T,H

3(B)), S,B ∈ H5/2. Then there exists T ∗ > 0 suh that for T ≤ T ∗there exists a solution to problem (1.1)�(1.7) suh that
v ∈ L2(0, T,H

3(Ω)) ∩ L∞(0, T,H1(Ω));

vt ∈ L∞(0, T,H1(Ω)) ∩ L2(0, T,H
2(Ω));

vtt ∈ L∞(0, T, L2(Ω)) ∩ L2(0, T,H
1(Ω));
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p ∈ L2(0, T,H

2(Ω)); pt ∈ L2(0, T,H
1(Ω));

H ∈ L2(0, T,H
3(Π)) ∩ L∞(0, T,H1(Π));

Ht ∈ L∞(0, T,H1(Π)) ∩ L2(0, T,H
2(Π));

Htt ∈ L∞(0, T, L2(Π)) ∩ L2(0, T,H
1(Π)),where (T ∗)γ(ϕ(0) + β) ≤ b, b > 0 is a su�iently small onstant , γ > 0 is aonstant and

β = ‖E∗‖2
0,2,2,Bt + ‖E∗t‖2

0,2,2,Bt + ‖H∗‖2
3,2,2,Bt + ‖H∗t‖2

2,2,2,Bt(2.5)

+ ‖H∗tt‖2
0,2,2,Bt + ‖f t‖2

0,2,2,Bt + ‖f‖2
1,2,2,Bt ,

ϕ(0) =
∑

i+k≤2

(‖∂i
tv(0)‖2

k,Ω + ‖∂i
tH(0)‖2

k,Π).(2.6)Moreover , if ϕ(0), β are su�iently small then
(2.7) ‖vt‖2

1,2,∞,ΩT + ‖v‖2
2,2,∞,ΩT + ‖v‖2

3,2,2,ΩT + ‖vt‖2
2,2,2,ΩT

+ ‖vtt‖2
1,2,2,ΩT + ‖p′‖2

2,2,2,ΩT + ‖pt‖2
1,2,2,ΩT + ‖Ht‖2

1,2,∞,ΠT

+ ‖H‖2
1,2,∞,ΠT + ‖H‖2

3,2,2,ΠT + ‖Ht‖2
2,2,2,ΠT + ‖Htt‖2

1,2,2,ΠT

≤ c(ϕ(0) + β),where p′ = p− p0.First, in Setion 3, we derive a di�erential inequality (3.23) whih enablesa step by step extension of the loal solution of (1.1)�(1.7) from [0, T ] to
[0,∞). In Setion 4 we establish Korn type inequalities whih are neessaryto prove inequality (3.23). In Setion 5 we prove the followingMain Theorem. Assume that f =

T
Ω v0 dx =

T
Ω v0 · ϕi dx = 0, i =

1, 2, 3, where ϕi, i = 1, 2, 3, are de�ned in Lemma 4.1, H∗ ∈ H3(B), H∗∗ ∈
H2(B), H∗tt ∈ H1(B), St, B ∈ H5/2, (v(0), p′(0), H(0)) ∈ N (0), ϕ(0) ≤ ε1where ε1 is su�iently small. Assume also that α(t) ≤ e−µt, where µ > 1/2is su�iently large and α(t) is de�ned in Lemma 5.2. Then there exists aglobal solution of (1.1)�(1.7) suh that (v(t), p′(t), H(t)) ∈ M(t), t ∈ R+,where N (0) and M(t) are de�ned in Setion 5.In Lemmas 3.1�3.12 we needLemma 2.1. For a solution of problem (1.1)�(1.7) we have

‖Ht‖2
1,Ω ≤ α(a)(‖Ht‖2

1,Ωt
+ ‖H‖2

2,Ωt
‖v‖2

2,Ωt
),

‖H‖2
i,Ω ≤ α(a)‖H‖2

i,Ωt
, i = 1, 2, 3,

‖v‖2
i,Ω ≤ α(a)‖v‖2

i,Ωt
, i = 1, 2, 3,

‖Ht‖2
2,Ω ≤ α(a)[‖Ht‖2

2,Ωt
+ ‖H‖2

3,Ωt
‖v‖2

2,Ωt
+ ‖H‖2

2,Ωt
‖v‖2

3,Ωt
],

‖vt‖2
2,Ωt

≤ α(a)[‖vt‖2
2,Ωt

+ ‖v‖2
3,Ωt

‖v‖2
2,Ωt

],
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‖Htt‖2

0,Ω ≤ α(a)[‖Htt‖2
0,Ωt

+ ‖v‖2
2,Ωt

(‖Ht‖2
1,Ωt

+ ‖H‖2
2,Ωt

)

+ ‖vt‖2
1,Ωt

‖H‖2
2,Ωt

+ ‖H‖2
2,Ωt

‖v‖4
2,Ωt

],

‖vtt‖2
0,Ω ≤ α(a)[‖vtt‖2

0,Ωt
+ ‖v‖2

2,Ωt
(‖vt‖2

1,Ωt
+ ‖v‖2

2,Ωt
) + ‖v‖6

2,Ωt
],

‖Htt‖2
1,Ω ≤ α(a)[‖Htt‖2

1,Ωt
+ ‖v‖2

2,Ωt
(‖Ht‖2

2,Ωt
+ ‖H‖2

3,Ωt
)

+ ‖H‖2
3,Ωt

‖vt‖2
2,Ωt

+ ‖H‖2
2,Ωt

‖v‖4
2,Ωt

],

‖vtt‖2
1,Ω ≤ α(a)[‖vtt‖2

1,Ωt
+ ‖v‖2

2,Ωt
(‖vt‖2

2,Ωt
+ ‖v‖2

3,Ωt
) + ‖v‖6

2,Ωt
],where a =

√
t ‖v‖3,2,2,Ωt and α is an inreasing positive funtion.Proof. Di�erentiating H(ξ, t) = H(x(ξ, t), t) with respet to t and ξ weget Ht = Hxv +Ht and Hξ = Hxxξ. Then

‖Ht‖2
1,Ω ≤ c(‖Hx(x(ξ, t), t)v(x(ξ, t), t)‖2

1,Ω + α(a)‖Ht‖2
1,Ωt

)

≤ c(‖Hx(x(ξ, t), t)‖2
1,Ω‖v(x(ξ, t), t)‖2

2,Ω + α(a)‖Ht‖2
1,Ωt

)

≤ cγ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
(‖H‖2

2,Ωt
‖v‖2

2,Ωt
+ ‖Ht‖2

1,Ωt
).

Hene the �rst inequality is proved. Similarly we an show the other inequal-ities.In Lemmas 3.7, 3.8, 3.10 and 3.11 we needLemma 2.2. For a solution of problem (1.1)�(1.7) we have
(2.8) ‖vt‖2

1,Ω ≥ cγ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
(‖vt‖2

1,Ωt
− ‖v‖2

2,Ωt
‖v‖2

3,Ωt
),

where γ is a positive funtion.Proof. From vt = vxv + vt we get TΩ v2
t dξ =

T
Ω v

2
t dξ + 2

T
Ω vt · vxv dξ

+
T
Ω(vxv)

2 dξ and from vtξ = vtxxξ + vxxvxξ + v2
xxξ we get\

Ω

v2
tξ dξ =

\
Ω

(vtxxξ)
2 dξ + 2

\
Ω

(vtxxξ)b dξ +
\
Ω

b2 dξ,

where b = vxxvxξ + v2
xxξ. Hene we obtain (2.8).Similarly we obtain an inequality for

‖v‖2
i,Ω; ‖H‖2

i,Ω, i = 1, 2, 3; ‖p‖2
2,Ω; ‖vt‖2

2,Ω; ‖pt‖2
1,Ω; ‖Ht‖2

2,Ω.In Lemmas 3.10, 3.11 we use inequalities (3.16), (3.19), (3.20) in loaloordinates z, onneted with {ξ} (see [1℄).



82 P. Kaprzyk3. Di�erential inequality. Assume that the existene of a su�ientlysmooth loal solution of problem (1.1)�(1.7) has been proved and
(∗)

2

H |B = 0 on B; T(v, p′)n =

(
−µ1

1

H ⊗
1

H + µ1

1

H2

2
I

)
n on S̃T ,where p′ = p − p0, f = 0, TΩ v0 dx = 0, TΩ v0 · ϕi dx = 0, and ϕi, i = 1, 2, 3,are de�ned in Lemma 4.1.In this setion we obtain a speial di�erential inequality whih enablesus to prove the existene of a global solution.Remark 3.1. Integrating (1.1)1 over Ωt we get

d

dt

\
Ωt

v dx−
\

Ωt

div T(v, p′) dx+µ1

\
Ωt

(
−div(

1

H⊗
1

H)+∇
1

H2

2
I

)
dx =

\
Ωt

f dx.

Then from (∗) we get
d

dt

\
Ωt

v dx+
\
St

(
µ1

1

H ⊗
1

H − µ1

1

H2

2
I

)
ndxSt

+ µ1

\
Ωt

(
−div(

1

H ⊗
1

H) + ∇
1

H2

2

)
dx = 0.

Integrating the last equality by parts we get\
Ωt

v dx =
\
Ω

v0 dx = 0.

Remark 3.2. Let ϕi, i = 1, 2, 3, be de�ned in Lemma 4.1. Multiplying
(1.1)1 by ϕi, i = 1, 2, 3, and integrating over Ωt we get

d

dt

\
Ωt

v · ϕi dx−
\

Ωt

div(T(v, p′)ϕi) dx

+ µ1

\
Ωt

(
−div(

1

H ⊗
1

Hϕi) + ∇
1

H2

2
ϕi

)
dx =

\
Ωt

f · ϕi dx.Then from (∗) we get
d

dt

\
Ωt

vϕi dx+
\
St

(
µ1

1

H ⊗
1

H − µ1

1

H2

2
I

)
ϕi · ndxSt

+ µ1

\
Ωt

(
−div(

1

H ⊗
1

H) · ϕi + ∇
1

H2

2
· ϕi

)
dxSt

= 0.



Free boundary problem for visous �uid 83Integrating the last equality by parts we get\
Ωt

v · ϕi dx =
\
Ω

v0 · ϕi dx = 0, i = 1, 2, 3.

Lemma 3.1. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.1)

d

dt
‖v‖2

0,Ωt
+ ‖v‖2

1,Ωt
≤ c‖

1

H‖4
1,Ωt

.Proof. Multiplying (1.1)1 by v and integrating over Ωt we get
(3.2)

1

2

\
Ωt

∂tv
2 dx+

\
Ωt

v · ∇v · v dx+
\

Ωt

D
2(v) dx− µ1

\
Ωt

1

H · ∇
1

Hv dx

+ µ1

\
Ωt

∇
1

H2

2
v dx+ µ1

\
St

(
1

H ⊗
1

H −
1

H2

2
I

)
vn dxSt

= 0.Using \
Ωt

v · vt dx =
1

2

d

dt

\
Ωt

v2 dx−
\

Ωt

v · ∇vv dx

and Lemma 4.1 we get (3.1).Lemma 3.2. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
d

dt
‖vt‖2

0,Ωt
+ ‖vt‖2

1,Ωt
≤ c[‖vt‖2

1,Ωt
‖v‖2

1,Ωt
+ ‖

1
Ht‖2

1,Ωt
‖

1

H‖2
1,Ωt

(3.3)

+ (‖v‖2
1,Ωt

+ ‖H‖2
1,Ωt

)2] ≡ X1.Proof. Di�erentiating (1.1)1 with respet to t, multiplying by vt andintegrating over Ωt we get
(3.4)

1

2

\
Ωt

(vt)
2
t dx+

\
Ωt

vt · ∇v · vt dx+
\

Ωt

v · ∇vt · vt dx

+
\

Ωt

D
2(vt) dx− µ1

\
Ωt

(
1

H · ∇
1

H)tvt dx+ µ1

\
Ωt

(∇
1

H2)tvt dx

+ µ1

\
St

[(
1

H ⊗
1

H −
1

H2

2
I

)
n

]

t

vt dxSt
= 0.Using \

Ωt

vt · vtt dx =
1

2

d

dt

\
Ωt

v2
t dx−

\
Ωt

vt · ∇vtv dxand Lemma 4.2 we get (3.3).



84 P. KaprzykLemma 3.3. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
d

dt
‖vtt‖2

0,Ωt
+ ‖vtt‖2

1,Ωt
≤ c[‖vtt‖2

1,Ωt
‖v‖2

2,Ωt
+ ‖vt‖4

1,Ωt
(3.5)

+ ‖
1

Htt‖2
0,Ωt

‖
1

H‖2
1,Ωt

+ ‖
1
Ht‖4

1,Ωt

+ (‖vt‖2
1,Ωt

+ ‖v‖2
2,Ωt

(‖v‖2
1,Ωt

+ 1)

+ ‖
1
Ht‖2

1,Ωt
+ ‖

1

H‖2
1,Ωt

)2] ≡ X2.Proof. Di�erentiating (1.1)1 twie with respet to t, multiplying by vtt,integrating over Ωt and using the equality\
Ωt

vtt · vttt dx =
1

2

d

dt

\
Ωt

(vtt)
2 dx−

\
Ωt

vtt · ∇vttv dxand Lemma 4.3, we get (3.5).Lemma 3.4. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.6)

d

dt
‖H‖2

0,Πt
+ ‖H‖2

1,Πt
≤ c‖H‖2

1,Πt
‖v‖2

1,Πt
.Proof. Multiplying (1.1)3,4 by H and integrating over Πt, and using theequality \

Πt

H ·Ht dx =
1

2

d

dt

\
Πt

H2 dx−
\

Πt

H · ∇Hv dx,we get (3.6).Lemma 3.5. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.7)

d

dt
‖Ht‖2

0,Πt
+ ‖Ht‖2

1,Πt
≤ c(‖Ht‖2

1,Πt
‖v‖2

1,Πt
+ ‖vt‖2

1,Πt
‖H‖2

1,Πt
).Proof. Di�erentiating (1.1)3,4 with respet to t, multiplying by Ht, inte-grating over Πt and using the equality\

Πt

Ht ·Htt dx =
1

2

d

dt

\
Πt

(Ht)
2 dx−

\
Πt

Ht · ∇Htv dx,we get (3.7).Lemma 3.6. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
d

dt
‖Htt‖2

0,Πt
+ ‖Htt‖2

1,Πt
≤ c(‖Htt‖2

1,Πt
‖v‖2

1,Πt
+ ‖vtt‖2

1,Πt
‖H‖2

1,Πt
)(3.8)

+ ‖vt‖2
1,Πt

‖Ht‖2
1,Πt

≡ X3.



Free boundary problem for visous �uid 85Proof. Di�erentiating (1.1)3,4 twie with respet to t, multiplying by Htt,integrating over Πt and using the equality\
Πt

Htt ·Httt dx =
1

2

d

dt

\
Πt

(Htt)
2 dx−

\
Πt

Htt · ∇Httv dx,

we get (3.8).Lemma 3.7. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.9)

d

dt
‖vt‖2

0,Ωt
+
d

dt
‖v‖2

2,Ωt
+ ‖v‖2

3,Ωt
+ ‖p′‖2

2,Ωt

≤ c
[
γ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
‖

1

H‖2
1,Ωt

‖
1

H‖2
3,Ωt

+ ε(‖vt‖2
2,Ωt

+ ‖v‖2
3,Ωt

) + ‖v‖2
3,Ωt

‖v‖2
1,Ωt

+X1

]
≡ X4.Proof. Similarly to [1℄ we prove the inequality

(3.10) ‖v‖2
3,Ω + ‖p′‖2

2,Ω ≤ α(a)

(
‖

1

H‖2
2,Ω‖

1

H‖2
3,Ω + ‖vt‖2

1,Ω

+

∥∥∥∥
(
−µ1

1

H ⊗
1

H + µ1

1

H2

2
I

)
nv

∥∥∥∥
2

3/2,S

+ ‖v‖2
0,Ω

)
.

Then from
d

dt
‖v‖2

2,Ωt
≤ c(‖v‖2

2,Ωt
+ ε‖vt‖2

2,Ωt
+ ‖v‖2

3,Ωt
‖v‖2

1,Ωt
)and (3.3) we get (3.9).Lemma 3.8. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have

(3.12)
d

dt
‖vt‖2

1,Ωt
+
d

dt
‖vtt‖2

0,Ωt
+
d

dt
‖vt‖2

0,Ωt
+ ‖vt‖2

2,Ωt
+ ‖p′t‖2

1,Ωt

≤ c
[
γ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
(‖v‖2

2,Ωt
(‖v‖2

3,Ωt
+ ‖p′‖2

2,Ωt
+ ‖

1

H‖4
2,Ωt

)

+ ‖
1
Ht‖2

1,Ωt
‖

1

H‖2
2,Ωt

+ ‖
1
Ht‖2

2,Ωt
‖

1

H‖2
1,Ωt

)

+ ε(‖vtt‖2
1,Ωt

+ ‖vt‖2
2,Ωt

) + ‖vt‖2
2,Ωt

‖v‖2
1,Ωt

+X1 +X2

]
.



86 P. KaprzykProof. Similarly to [1℄ we prove the inequality
(3.12) ‖vt‖2

2,Ω + ‖p′t‖2
1,Ω

≤ α(a)

[
‖v‖2

2,Ω(‖v‖2
3,Ω + ‖p′‖2

2,Ω + ‖
1

H‖4
2,Ω)

+ ‖
1

Ht‖2
2,Ω‖

1

H‖2
2,Ω + ‖

1

Ht‖2
2,Ω‖

1

H‖2
2,Ω + ‖vtt‖2

0,Ω

+

∥∥∥∥
[(

−µ1

1

H ⊗
1

H − µ1

1

H2

2
I

)
nv

]

t

∥∥∥∥
2

1/2,S

+ ‖(nvTv)t(v, p
′)‖2

1/2,S + ‖vt‖2
0,Ω

]
.Then from

d

dt
‖vt‖2

1,Ωt
≤ ‖vt‖2

1,Ωt
+ ε‖vtt‖2

1,Ωt
+ ‖vt‖2

2,Ωt
‖v‖2

1,Ωtand (3.3), (3.5) we get (3.11).Lemma 3.9. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.13)

d

dt
‖v‖2

1,Ωt
+
d

dt
‖vt‖2

0,Ωt
+ ‖v‖2

2,Ωt

≤ c

[
γ

(
t

t\
0

‖v‖2
3,Ωτ

dτ

)
‖

1

H‖4
2,Ωt

+ ε(‖vt‖2
1,Ωt

+ ‖v‖2
2,Ωt

) + ‖v‖2
2,Ωt

‖v‖2
0,Ωt

+X1

]
.Proof. Similarly to [1℄ we prove the inequality

‖v‖2
2,Ω ≤ α(a)

[
‖

1

H‖4
1,Ω + ‖

1

H‖2
0,Ω‖

1

H‖2
2,Ω + ‖vt‖2

0,Ω(3.14)

+

∥∥∥∥
(
−µ1

1

H ⊗
1

H + µ1

1

H2

2
I

)
nv

∥∥∥∥
2

1/2,S

+ ‖v‖2
0,Ω

]
.Then from

d

dt
‖v‖2

1,Ωt
≤ c(‖v‖2

1,Ωt
+ ε‖vt‖2

1,Ωt
+ ‖v‖2

2,Ωt
‖v‖2

0,Ωt
)and (3.3), we get (3.13).Lemma 3.10. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have

(3.15)
d

dt
‖Ht‖2

2,Πt
+
d

dt
‖Htt‖2

0,Πt
+
d

dt
‖vt‖2

0,Ωt
+
d

dt
‖v‖2

2,Ωt
+ ‖Ht‖2

2,Πt
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≤ cγ

(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
[‖Ht‖2

2,Πt
‖v‖2

1,Πt
+ ‖H‖2

2,Πt

· (‖v‖2
3,Πt

+ ‖vt‖2
2,Πt

+ ‖v‖4
2,Πt

)

+ ‖v‖2
3,Πt

(‖Ht‖2
1,Πt

+ ‖H‖2
2,Πt

‖v‖2
2,Πt

+ ‖v‖2
2,Πt

+ ‖vt‖2
1,Πt

)

+ a2‖H‖2
3,Πt

+X3 +X4] ≡ X5.Proof. From the inequalities (see [1℄)

(3.16)

d

dt
‖H̃tτ‖2

0,Ω̂
+ ‖H̃t‖2

2,Ω̂

≤ α(â)[‖H̃tt‖2
0,Ω̂

+ ‖v̂‖2
3,Ω̂

(‖Ĥ‖2
1,Ω̂

+ ‖Ĥt‖2
1,Ω̂

+ ‖v̂t‖2
1,Ω̂

+ ‖Ĥ‖2
2,Ω̂

‖v̂‖2
2,Ω̂

‖v̂‖2
2,Ω̂

+ 1)

+ ‖v̂t‖2
2,Ω̂

+ ‖Ĥ‖2
2,Ω̂

‖v̂t‖2
2,Ω̂

],

d

dt
‖H̃τt‖2

0,Ω̂
≤ c(ε‖Ĥt‖2

1,Ω̂
+ ‖Ĥtt‖2

1,Ω̂
),

d

dt
‖Ht‖2

1,Πt
≤ c(ε‖Ht‖2

1,Πt
+ ‖Htt‖2

1,Πt
+ ‖Ht‖2

2,Πt
‖v‖2

1,Πt
),we get

(3.17)
d

dt
‖Ht‖2

1,Πt
+ ‖Ht‖2

2,Πt

≤ γ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
[‖Htt‖2

1,Πt
+ ‖Ht‖2

2,Πt
‖v‖2

1,Πt

+ ‖H‖2
2,Πt

(‖v‖2
3,Πt

+ ‖vt‖2
2,Πt

+ ‖v‖4
2,Πt

) + ‖v‖2
3,Πt

(‖Ht‖2
1,Πt

+ ‖H‖2
2,Πt

‖v‖2
2,Πt

+ ‖v‖2
2,Πt

+ ‖vt‖2
2,Πt

) + ‖v‖2
2,Πt

+ a2‖H‖2
3,Πt

].Using (3.8), (3.9), we get (3.15).Lemma 3.11. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.18)

d

dt
‖H‖2

2,Πt
+
d

dt
‖Htt‖2

0,Πt
+
d

dt
‖vt‖2

0,Ωt
+
d

dt
‖v‖2

2,Ωt
+‖Ht‖2

2,Πt
+‖H‖2

3,Πt

≤ cγ

(
t

t\
0

‖v‖2
3,Ωτ

dτ

)
[‖H‖2

2,Πt
‖v‖2

2,Πt
+ ‖H‖2

2,Πt
‖v‖2

3,Πt

+ ‖H‖2
3,Πt

‖v‖2
2,Πt

+X4 +X5] ≡ X6.Proof. From the inequalities (see [1℄)
d

dt
‖H̃τ‖2

0,Ω̂
+ ‖H̃‖2

2,Ω̂
≤ α1(â)[‖Ĥ‖2

1,Ω̂
‖v̂‖2

2,Ω̂
+ ‖v̂‖2

2,Ω̂
+ ‖Ĥ‖2

1,Ω̂
(3.19)

+ ‖Ĥt‖2
0,Ω̂

+ â2‖Ĥ‖2
3,Ω̂

],
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(3.20)

d

dt
‖H̃ττ‖2

0,Ω̂
+ ‖H̃‖2

3,Ω̂
≤ α2(â)[‖Ĥ‖2

2,Ω̂
‖v̂‖2

2,Ω̂
+ ‖v̂‖2

2,Ω̂

+ ‖Ĥ‖2
2,Ω̂

+ ‖Ĥ‖2
1,Ω̂

‖v̂‖2
3,Ω̂

+ ‖Ĥt‖2
1,Ω̂

],

d

dt
‖H̃τ‖2

0,Ω̂
≤ c(ε‖Ĥ‖2

1,Ω̂
+ ‖Ĥt‖2

1,Ω̂
),

d

dt
‖H̃ττ‖2

0,Ω̂
≤ c(ε‖Ĥ‖2

2,Ω̂
+ ‖Ĥt‖2

2,Ω̂
),we get

‖H‖2
3,Πt

≤ cγ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)
[‖H‖2

2,Πt
‖v‖2

2,Πt
+ ‖v‖2

2,Πt
(3.21)

+ ‖H‖2
2,Πt

‖v‖2
3,Πt

+ ‖Ht‖2
2,Πt

+ ‖H‖2
3,Πt

‖v‖2
2,Πt

].Then from the inequality
d

dt
‖H‖2

2,Πt
≤ ε‖H‖2

2,Πt
+ ‖Ht‖2

2,Πt
+ ‖H‖2

3,Πt
‖v‖2

1,Πtand (3.9), (3.15) we get (3.18).Lemma 3.12. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
(3.22)

d

dt
‖H‖2

1,Πt
+
d

dt
‖H‖2

2,Πt
+
d

dt
‖Htt‖2

0,Πt
+
d

dt
‖vt‖2

0,Ωt

+
d

dt
‖v‖2

2,Ωt
+ ‖Ht‖2

2,Πt
+ ‖H‖2

3,Πt
≤ X6.Proof. From the inequality

d

dt
‖H‖2

1,Πt
≤ ‖H‖2

1,Πt
+ ε‖Ht‖2

1,Πt
+ ‖H‖2

2,Πt
‖v‖2

0,Πtand from (3.18) we get (3.22).Now let 2

H = H∗ on B; then from Lemmas 3.1�3.12 we getLemma 3.13. For a su�iently smooth solution (v, p′, H) of (1.1)�(1.7),we have
d

dt
ϕ+ φ ≤ c

[(
γ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)

+ 1
)
φϕ(1 + ϕ) + ‖H∗‖2

3,B(3.23)

+ ‖H∗‖4
1,B + ‖H∗t‖2

2,B(1 + ‖H∗t‖2
2,B) + ‖H∗tt‖2

1,B

]
,



Free boundary problem for visous �uid 89where γ is an inreasing positive funtion, t ∈ [0, T ] and
(3.24)

ϕ(t) =
∑

i+k≤2

(‖∂i
tv‖2

k,Ωt
+ ‖∂i

tH‖2
k,Πt

),

φ(t) =
∑

i+k≤3
i≤2

(‖∂i
tv‖2

k,Ωt
+ ‖∂i

tH‖2
k,Πt

) + ‖p′‖2
2,Ωt

+ ‖p′t‖2
1,Ωt

.

4. Korn inequalityLemma 4.1. Let Ωt ⊂ R
3 be a bounded domain. Let (v, p′) be a solutionof (1.1)1, (1.1)2, (1.5)1 and f =

T
Ω v0 dx =

T
Ω v0 · ϕi dx = 0, where ϕi isde�ned by (4.4), i = 1, 2, 3, and

(4.1) EΩt
(vt) =

\
Ωt

(∂xi
vjt + ∂xj

vit)
2 dx <∞.Then there exists a onstant c suh that

(4.2) ‖vt‖2
1,Ωt

≤ c(EΩt
(vt) + ‖v‖4

1,Ωt
).Proof. Introdue a funtion u by

(4.3) u =
3∑

i=1

biϕi(x) + vt,where
(4.4)

ϕi = (x− x) × ei,

x =
1

|Ωt|
( \

Ωt

x1 dx,
\

Ωt

x2 dx,
\

Ωt

x3 dx
)
,

ei = (δi1, δi2, δi3), i = 1, 2, 3.De�ne b = (b1, b2, b3) by
(4.5) b =

1

2|Ωt|
\

Ωt

rot vt dx.Sine rotϕi = 2ei i = 1, 2, 3, equations (4.3) and (4.4) imply
(4.6)

\
Ωt

rotu dx = 0.

From (4.4) we have TΩt
ϕi dx = 0, i = 1, 2, 3, so

(4.7)
\

Ωt

u dx =
\

Ωt

vt dx, and also EΩt
(ϕi) = 0, i = 1, 2, 3,hene

(4.8) EΩt
(u) = EΩt

(vt).



90 P. KaprzykBy Theorem 1 of [6℄ we have
(4.9) ∂xj

wi = εikl∂xk
Sjl, i = 1, 2, 3, w = rotu, Sij = ∂xi

uj + ∂xj
ui,so by (4.6) and Lemma 2.4 of [3℄ it follows that

(4.10) ‖rot u‖2
0,Ωt

≤ c
3∑

i,j=1

‖Sij‖2
0,Ωt

= cEΩt
(u) = cEΩt

(vt).Employing the identity
∂xj

ui =
1

2
(∂xj

ui + ∂xi
uj) +

1

2
(∂xj

ui − ∂xi
uj)and (4.10) we have

(4.11) ‖∇u‖2
0,Ωt

≤ c(EΩt
(u) + ‖rotu‖2

0,Ωt
) ≤ cEΩt

(u) = cEΩt
(vt).Using (4.3) we obtain

(4.12) ‖∇vt‖2
0,Ωt

≤ c(EΩt
(vt) + |b|).Integrating (1.1)1 over Ωt we get

(4.13)
\

Ωt

vt dx = −
\

Ωt

v · ∇v dxand multiplying (1.1)1 by ϕi, i = 1, 2, 3, and integrating over Ωt, from (4.3)we get systems of equations
(4.14)

3∑

i=1

bi
\

Ωt

ϕi · ϕj dx =
\

Ωt

u · ϕj dx+
\

Ωt

v · ∇v · ϕi dx, j = 1, 2, 3.Sine detΓ 6= 0, where Γ = {Γij}, Γij =
T
Ωt
ϕi · ϕj dx, we an alulate bfrom (4.14), so

(4.15) |b|2 ≤ c(‖u‖2
0,Ωt

+ ‖v‖4
1,Ωt

).Now by the Poinaré inequality and (4.8), (4.12) we obtain
‖u‖2

0,Ωt
≤ 2

∥∥∥∥u− 1

|Ωt|
\

Ωt

u dx

∥∥∥∥
2

0,Ωt

+ 2

∥∥∥∥
1

|Ωt|
\

Ωt

u dx

∥∥∥∥
2

0,Ωt

(4.16)

≤ c

(
‖∇u‖2

0,Ωt
+

∥∥∥∥
1

|Ωt|
\

Ωt

vt dx

∥∥∥∥
2

0,Ωt

)

≤ c(EΩt
(u) + ‖v‖4

1,Ωt
)

= c(EΩt
(vt) + ‖v‖4

1,Ωt
).From (4.3) we get

(4.17) ‖vt‖2
0,Ωt

≤ c(‖u‖2
0,Ωt

+ |b|2).Then from (4.12), (4.15), (4.16) and (4.17) we get (4.2).
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3 be a bounded domain. Let (v, p′) be a solutionof (1.1)1, (1.1)2, (1.5)1 and f =

T
Ω v0 dx =

T
Ω v0 · ϕi dx, i = 1, 2, 3, and

(4.18) EΩt
(vtt) =

\
Ωt

(∂xi
vjtt + ∂xj

vitt)
2dx <∞.Then there exists a onstant c suh that

(4.19) ‖vtt‖2
1,Ωt

≤ c[EΩt
(vt) + ‖vt‖2

1,Ωt
‖v‖2

1,Ωt
+ ‖v‖4

2,Ωt
(‖v‖2

1,Ωt
+ 1)].Proof. Let u =

∑3
i=1 biϕi(x) + vtt, where ϕi are desribed by (4.4). Therest of the argument is as in Lemma 4.1.5. Global existene. To prove the global existene we introdue thespaes

N (t) = {(v, p′, H) : ϕ(t) <∞},

M(t) =
{
(v, p′, H) : ϕ(t) +

t\
0

φ(τ) dτ <∞
}
,where ϕ(t), φ(t) are de�ned by (3.24). From Theorem 2.1 we getLemma 5.1. Assume that (v(0), p′(0), H(0)) ∈ N (0) and ϕ(0) < ε1.Then (v(t), p′(t), H(t)) ∈ M(t) for t ≤ T , where T is the time of loalexistene and

ϕ(t) +

T\
0

φ(τ) dτ ≤ cε1 + c

T\
0

(‖E∗‖2
0,B + ‖E∗t‖2

0,B(5.1)

+ ‖H∗‖2
3,B + ‖H∗t‖2

2,B + ‖H∗tt‖2
0,B) dt

≡ c(ε1 + β).Proof. From the inequalities
‖v‖2

2,Ω ≤ c(ε‖vt‖2
2,2,2,Ωt + c(ε)‖v‖2

2,2,2,Ωt + ‖v(0)‖2
2,Ω),

‖H‖2
2,Π ≤ c(ε‖Ht‖2

2,2,2,Πt + c(ε)‖H‖2
2,2,2,Πt + ‖H(0)‖2

2,Π),and Theorem 2.1 we get (5.1).Lemma 5.2. Assume that there exists a loal solution of (1.1)�(1.7) in
M(t), 0 ≤ t ≤ T, with initial data in N (0) su�iently small and

α(t) = ‖H∗‖2
3,B + ‖H∗‖4

1,B + ‖H∗t‖2
2,B(1 + ‖H∗t‖2

2,B) + ‖H∗tt‖2
1,B(5.2)

≤ e−µt,for 0 ≤ t ≤ T , where µ > 1/2. Then
(5.3) ϕ(t) ≤ e−t/2

(
ϕ(0) +

c

µ− 1/2

)
.



92 P. KaprzykProof. From (3.23) and (5.2) we get
(5.4)

d

dt
ϕ+ φ ≤ c

(
γ
(
t

t\
0

‖v‖2
3,Ωτ

dτ
)

+ 1
)
φϕ(1 + ϕ) + ce−µt.

From Lemma 5.1 we have c(γ(tTt0 ‖v‖2
3,Ωτ

dτ) + 1)φϕ(1 + ϕ) ≤ 1
2φ if β and

ε1 are su�iently small. Then from (5.4) we get
(5.5)

d

dt
ϕ+

1

2
φ ≤ ce−µt.We have ϕ ≤ φ. Then from (5.5),

(5.6)
d

dt
ϕ+

1

2
ϕ ≤ ce−µt.From (5.6) we get (5.3).Lemma 5.3. Let the assumptions of Lemma 5.2 be satis�ed and ϕ(0)

< ε1. Then ϕ(T ) ≤ ε1 where T > 0 is the time of loal existene.Proof. If T and µ > 0 are su�iently large, then from (5.3) we get
ϕ(T ) ≤ e−T/2

(
ϕ(0) +

c

µ− 1/2

)
≤ ϕ(0).Now we onsider problem (1.1)�(1.7) for t ∈ [kT, (k + 1)T ]. Then similarlyto (3.23) we obtain the inequality

d

dt
ϕ+ φ ≤ c

[(
γ
(
(t− kT )

t\
kT

‖v‖2
3,Ωτ

dτ
)

+ 1
)
φϕ(1 + ϕ) + ‖H∗‖2

3,B(5.7)

+ ‖H∗‖4
1,B + ‖H∗t‖2

2,B(1 + ‖H∗t‖2
2,B) + ‖H∗tt‖2

1,B

]
,where t ∈ [kT, (k + 1)T ].Let ϕ(kT ) ≤ ϕ(0). Then from (5.7) similarly to (5.3) we get, for t ∈

[kT, (k + 1)T ],
(5.8) ϕ(t) ≤ c

e(1/2−µ)kT−t/2

µ− 1/2
+ ϕ(kT )e(kT−t)/2 ≤ c

e−t/2

µ− 1/2
+ ϕ(0)e(kT−t)/2.Therefore if T , µ > 0 are su�iently large we get ϕ((k + 1)T ) ≤ ϕ(0). Wealso obtain the inequalities

(5.9)

t\
kT

φdτ ≤ 2c

µ
e−µkT + 2ϕ(kT ) for t ∈ [kT, (k + 1)T ].Hene

(5.10)

(k+1)T\
kT

‖v‖2
3,Ωt

dt ≤
(k+1)T\

kT

φdt ≤ c

µ
e−µkT + 2ϕ(kT )
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(5.11)

t\
kT

ϕ(τ) dτ ≤ 2c

µ− 1/2
e−µkT + 2ϕ(kT ) for t ∈ [kT, (k + 1)T ].Then inequalities (5.9) and (5.11) imply

∣∣∣
(k+1)T\

kT

v dt
∣∣∣ ≤ cT 1/2

( (k+1)T\
kT

‖v‖2
2,Ωt

dt
)1/2

(5.12)

≤ cT 1/2

(
2c

µ− 1/2
e−µkT + 2ϕ(kT )

)1/2

.Proof of Main Theorem. The theorem is proved step by step using loalexistene in a �xed time interval. Under the assumptions that
(5.13) (v(0), p′(0), H(0)) ∈ N (0)Theorem 2.1 and Lemma 5.1 yield loal existene of solutions of (1.1)�(1.7).By (5.13) and Lemma 5.1 the loal solution belongs to M(t), t ≤ T .For small ε1 and β the existene time T is orrespondingly large, so we anassume it is a �xed positive number. To prove the last result we needed theKorn inequalities (see Setion 4) and imbedding theorems. The onstants inthose theorems depend on Ωt, the shape of St and Tt0 ‖v‖2

3,Ωτ
dτ , so generallythey are funtions of t.But in view of (5.1) with su�iently small ε1, β we obtain

(5.14)
∣∣∣

t\
0

v dτ
∣∣∣ ≤ c(ε1 + β), t ∈ [0, T ].Hene from the relation

(5.15) x = ξ +

t\
0

v(x(ξ, τ), τ) dτ, ξ ∈ S, t ≤ T,for su�iently small ε1, β and �xed T , the shape of St, t ≤ T, does not hangetoo muh, so the onstants from the imbedding theorems an be hosenindependent of time. Now we wish to extend the solution to the interval
[T, 2T ]. Using Lemma 5.3 and (5.8)�(5.12) we an prove the existene of aloal solution in M(t), T ≤ t ≤ 2T . To prove
(5.16) ϕ(2T ) ≤ ε1we need inequality (5.7), where the onstants depend on the onstants fromthe imbedding theorems and Korn inequalities for t ∈ [T, 2T ]. Thereforewe have to show that the shape of St and Tt0 ‖v‖2

3,Ωτ
dτ , t ≤ 2T , do nothange more than for t ≤ T . Assume that there exists a loal solution inthe interval [0, kT ]. Then in view of Lemma 5.2 and (5.8)�(5.12) we have,
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(5.17)

∣∣∣
t\
0

v dτ
∣∣∣ ≤

t\
0

‖v‖2,Ωτ
dτ ≤ c1

k−1∑

i=0

(i+1)T\
iT

‖v‖2,Ωt
dt

≤ c1T
1/2

k−1∑

i=0

( (i+1)T\
iT

‖v‖2
2,Ωt

dt
)1/2

≤ c1T
1/2

k−1∑

i=0

( (i+1)T\
iT

ϕ(t) dt
)1/2

≤ c1T
1/2

k−1∑

i=0

√
2

[
c

µ− 1/2
e−iTµ + ϕ(iT )

]1/2

≤ cT 1/2

1 − e−T/4

[
1

(µ− 1/2)1/2

(
1 +

1

1 − e−T/4

)
+ ϕ1/2(0)

]
≡ I.From (5.8),

ϕ((i+ 1)T ) ≤ c

µ− 1/2
e−(i+1)T/2 + ϕ(iT )e−T/2, i = 0, 1, . . . , k − 1,we have

k−1∑

i=0

ϕ(iT ) ≤ ϕ(0)

1 − e−T/2
+

c

µ− 1/2

e−T/2

1 − e−T/2
+

c

µ− 1/2

e−T

1 − e−T/2
+ · · ·

+
c

µ− 1/2

e−nT/2

1 − e−T/2
+ · · · ≤ 1

1 − e−T/2

(
ϕ(0) +

ce−T/2

(µ− 1/2)(1 − e−T/2)

)
.Therefore,

t\
0

‖v‖2
3,Ωτ

dτ ≤
k−1∑

i=0

(i+1)T\
iT

‖v‖2
3,Ωτ

dτ ≤
k−1∑

i=0

(i+1)T\
iT

φdt(5.18)

≤ 2
k−1∑

i=0

(
c

µ
e−µiT + ϕ(iT )

)

≤ c

1 − e−T/2

(
1

µ
+ ϕ(0) +

1

(µ− 1/2)(1 − e−T/2)

)
.We have to underline the importane of the fat that the quantity Tt0 v dτ issu�iently small for all t. We have dist{St, S0} ≤ |

Tt
0 v dτ | ≤ I, where I isde�ned in (5.17), so for small I the domains Ωt and Ω are lose to eah other,hene all the imbedding theorems applied and results for ellipti problems(3.10), (3.12), (3.14) are valid for all Ωt, t > 0.Taking k = 2, ε1 su�iently small and µ su�iently large we see thatTt

0 v(x(ξ, t), t) dt is small for any t ∈ [0, 2T ], so (5.17) and (5.18) imply thatthe shape of St and Tt0 ‖v‖2
3,Ωτ

dτ hange no more than in [0, T ], and then thedi�erential inequality (3.23) an also be shown for this interval with the same



Free boundary problem for visous �uid 95onstants. Hene in view of Lemma 5.1 the solution of (1.1)�(1.7) belongs to
M(t), t ∈ [T, 2T ]. Next Lemmas 5.1�5.3 and (5.8)�(5.12) imply (5.17).Repeating the above onsiderations for the intervals [kT, (k + 1)T ],
k ≥ 2, we prove the existene for all t ∈ R+.Aknowledgments. The author thanks Prof. W. Zaj¡zkowski forfruitful disussions during the preparation of this paper.
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