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ON A NEW METHOD FOR ENLARGING THE
RADIUS OF CONVERGENCE FOR NEWTON’S METHOD

Abstract. We provide new local and semilocal convergence results for
Newton’s method. We introduce Lipschitz-type hypotheses on the mth
Fréchet derivative. This way we manage to enlarge the radius of conver-
gence of Newton’s method. Numerical examples are also provided to show
that our results guarantee convergence where others do not.

1. Introduction. Let ' : D C F; — FE5 be an m times continuously
Fréchet-differentiable operator (m > 2 a positive integer) defined on an open
convex subset D of a Banach space E; with values in a Banach space Fs.
Suppose there exists * € D which is a solution of the equation

(1) F(z) =0.

The most popular method for approximating such a point x* is Newton’s
method:

(2) ZTpi1 = G(zy,) (>0, zg € D),
where
(3) Glx)=xz—F(x)'F(z) (xz€D).

Here F'(z) € L(E1,Es) (z € D), the space of bounded linear operators
from F, into F5. Sufficient convergence conditions for the convergence of
Newton’s method under Lipschitz hypotheses on the first Fréchet derivative
have been given by many authors [1]-[8]. In particular, we refer the interested
reader to [3] for a survey of such results. In the elegant paper [8] by Ypma,
affine invariant results have been given concerning the radius of convergence
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of Newton’s method. Ypma used Lipschitz conditions on the first Fréchet
derivative as the basis for his analysis. In this study we use Lipschitz-like con-
ditions on the mth Fréchet derivative F("™) (z) € L(E}*, Ey) (x € D, m > 2
a positive integer). This way we manage to enlarge the radius of convergence
for Newton’s method (2). Finally we provide numerical examples to show
that our results guarantee convergence, where earlier ones do not [8]. This
is important in numerical computations [3], [4], [6], [8].

2. Convergence analysis. We give an affine invariant form of the Ba-
nach lemma on invertible operators.

LEMMA 1. Letm > 2 be a positive integer, ag >0, o; > 0 (3 <i<m+1),
n > 0, 1, Es Banach spaces, D a convex subset of E1 and F : D — F»
an m-times Fréchet-differentiable operator. Assume there exist z € D so
that F'(z)~1 ewists, and some convex neighborhood N(z) of z such that
N(z) C D,
(4) |F'(2) ' FO )| < as, i=2,...,m,
and
(5) F' ()7 [F"™ (@) = F™ ()]l < amsllz =2l for all z € N(2).

If © € N(2)NU(z,0), with § the positive zero of the equation f'(t) = 0,
where

(6) f(t):%tm+l+%tm+...+%t2—t+d
then F'(z)~' emists and for ||z — z|| <t <9,
(7) 1" () " (2) ]| < f7(2)
and
(8) 1/ () F ()] < = /(1)1
Proof. 1t is convenient to define €, by, b;, ¢ = 2,...,m, by € = & — 2,

by =z+bie, by =2+ 0;(bi—1 — 2), 0; € [0,1]. We can have in turn
9)  F'(z)=F"(2) + [F"(z) - F"(2)]

=F"(2) +\F" 2+ 01(z — 2)](z — 2) db;

O ey =

=F"(2) + | [F""(z + 01(z — 2)) — F""(2)](z — 2) db;
0
+ | F"(2)(x - 2) dby
0
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=F"(2) + | F"(2)(x — 2) db;

0
+ SXF(4){z + 030z 4 01(z — 2) — 2]}z + 01 (z — 2)2](x — 2) dO2 db,
00
1 11
=F"(2) + | F"(2)e dby + |\ F¥ (b2) (b1 — 20)e db> dby = ...
0 00

1
=F"(z) + \ F"(2)edy + ...

0
1 1
+ ) N F b 2) (b3 — 2) . (b1 — 2) dBi 2 .. dBy
0 0

1
=F"(2) + | F"(2)edby + ...

0
+ 1 N F (@) (s = 2) . (b — 2)edOpnz ... dOy
0 0
1 1
. NP (bm2) = FU (2)](bynes — 2) ... (b1 — 2)e A0z . .. dO).
0 0

Using the triangle inequality, (4), (5) and (6) in (9) after composing by
F'(2)~1 we obtain (7).
We also get
(10) = F'(2)7'[F'(z) — F'(2)]
=F'(z) ' [F'(2) = F'(2) = F"(2)(w — 2) + F"(2)(z — 2)]

= SF'(z)_l{F”[z +016] — F"(2)} dbre + F'(2) " S F"(2)edb,
0 0

1

F'(2) 7 " (by) (b1 — 2)e dby by + F'(2) "' [ F" ()= dfy = ...
0

Il
O ey =
O e =

1 1
= NP (b 1) (b2 = 2) .. (b1 — 2)e dBp 1 dOm 3 ... B2 dbs
0 0
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1 1
+ S .. S F(mil)(bm_g)(bm_g — Z) .. (b1 — Z)E d0,y—o .. .dO3 dOy
0 0

+... —i—SF'(z)*lF"(z)e db,

.. (bl — Z)E d@m_z .. d@l

F'(2) ' F™ (brm1) = FO (2)] (b2 — 2)

O ey

+

. F,(Z)ilF(m)(Z)(bm_Q — Z) e (bl — 2)8 d(gm_l e d91

_l_

O e = O ey
O ey = O ey =

NF ()P F™m =Y () (b3 — 2) ... (b — 2)edbp o ... db,

1
A+ S F'(2)7 F"(2)e db;.

Since f’(t) < 0 on [0, ], using (4)—(6) in (10) we obtain, for ||z —z|| < t,
1) =F@)7F () - F'@lll <1+ f(le —2)) <1+ /(8 <1

It follows from the Banach lemma on invertible operators [3], [7], [8] and
from (11) that F'(z)~! exists and

1" (2) " F ()| < L= [1F"(2) T [F' (2) = F'(@)]] 7" < = /(1)
which shows (8). m

We need the following affine invariant form of the mean value theorem
for m-Fréchet-differentiable operators.

LEMMA 2. Let m > 2 be a positive integer, ag > 0, a; > 0 (3 < i <
m+ 1), Ey, Ey Banach spaces, D a conver subset of Ey and F : D — Fy
an m-times Fréchet-differentiable operator. Assume there exist z € D so
that F'(2)~! ewists, and some convexr neighborhood N(z) of z such that
N(z) C D, .
IF'(2) ' FO ()| <y, i=2,...,m,

and

IF' () F™ (@) = F™ )] < amsrllz — 2] for all z € N(2).
Then for all x € N(z),
(12)  [|F'(2)7'[F(2) — F(z) = F'(z)(z — 2)]|

Mem+1 m
< m”x — 2|+

(m — 1D,

a2
- H:U—sz—i-...—i—?Hm—sz.



Enlarging the radius of convergence 5

Proof. We can write in turn:

(13)  F(z) = F(z) = F'(z)(z — x)

I I
Ot 2 Ol = O e
O ey =

[F'(z + 61(2 — z)) — F'(2)](z — ) db,

[F"(z + 01(x — 2)) = F"(2)]01d01(x — 2)* + [ 0. (2)(x — 2)° dby

[F""(2 + 0201 (x — 2)) — F"(2)]01(x — 2) df2 01 dOy (x — 2)?

11 1
+ \VF7(2)00(z — 2) 05 01 dOy (z — 2)* + {01 F" (2) (2 — 2) db: = ...
00 0

1
NP G 4 010 01 (x = 2)) = FO(2))6),
0

O ey =
O ey =

OO0 (2 — 2) ™ dOy— 1 dOry—o . . . dO3 dOy dB,
11 1
+ 4+ P ()08 (2 — 2) oy doy + 00 F" (2)(x — =) doy.
00 0
Composing both sides by F’(z)~!, using the triangle inequality, (5) and (6)
we obtain (12). m

Based on the above lemmas we derive affine invariant convergence results
for the class T = T({a;}, 2 < i < m+1,a) ( > 0, s > 0, o; > 0,
3 <i<m+1)of operators F' : D C E; — E5 such that: D is an open
convex set; I is m times continuously Fréchet-differentiable on D; there
exists x* € D such that F(z*) = 0; F/(2*)~! exists; U(z*, ) C D; x* is the
only solution of the equation F'(x) =0 in U(z*,«); and for all x € U(z*, ),

(14) I () T P (2%) = FU (@)]|| < g [l — 2],
and
(15) |F' () FD () <y i=2,...,m.

Let F € T and z € U(z*,b) where b < min{e,§}. By Lemma 1, F'(z)~!

exists. Define
16) u(r.a) =supflE '(x)_l[FﬁZ)fy;*]F(m)(x*”” veU by y £ a)

A7) a=a(Fa)=|F (@) 'FO@)), 2<i<m, zeU("b).
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It follows from (14)—(17) that

(18) w(F, o) < amyr, @(Fe") <o 2<i<m,
FeT({q},2<i<m, u(F,z*),a), and by Lemma 1,
w(F, x*) _
(19) wpFz) < ) = ().
=gl — v = BT e

We also have the estimates

(20)  [[F' ()" FO (@) < | F ()" F @) [ F () T RO (27
< qil|[F'(2) 7 F (27) |
< % =7,().

L—aglle — o = ... = Z L o — o

The following lemma on fixed points is important.

LEMMA 3. Let F,x be as above. Then the Newton operator G defined in
(3) satisfies

* M(F,:c)m *||m
(21) 16 -l < e — e
m(m — 1
0D g B
and
(22)  G(z) — =]
-1
Mgt L DO m 92
_ (m+1)! m! 2!

— (6%
1—aglle— 2t - — g —

Proof. Using (3) we can write
(23) G(z)—2*=2— F'(z) ' F(x) -
= F'(2) 7 [F'(z)(x — ") - F()]
=F'(z) ' [F(z") - F(z) = F'(z)(z" — )]
= [F'(2) 7 F' (2" ){F' (") " [F(2") = F () = F'(2) (" — )] }.
As in Lemma 1 by taking norms in (23) and using (14), (15) we obtain (21).
Moreover, using Lemma 2 and (12) we get (22). m

REMARK 1. Consider Newton’s method (2)—(3) for some xy € U(z*,b).
Define a sequence {c,} (n > 0) by

(24) en = llzn — 2™ (n20)
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and a function g on [0, ) by

(m—1)ay, Qg

%twﬂrl + 7'75771 4o+ §t2
(25) g(t) = e
1—agt—...— t
m!

By (24) and (25), estimate (22) becomes
(26) e < glen) (0> 0).

It is simple algebra to show that g(t) < ¢ iff t < 0, with &g the positive zero
of the equation

(27) h(t) =0,
where
~CmADamgr ,, , Cm— a0 3

Note that for m = 2, using (28) we obtain
B 12
*” 9ay + /8102 + 12003

Hence, we proved the following local convergence result for Newton’s
method (2)—(3).

(29) 5

THEOREM 1. Newton’s method {z,} (n > 0) generated by (2)—(3) con-
verges to the solution x* of the equation F(x) = 0, for oll F € T, iff the
initial guess xq satisfies

(30) |lzo — ™| < min{a, dp}.
We also have the following consequence of Theorem 1:

THEOREM 2. Newton’s method {x,} (n > 0) generated by (2)—(3) con-
verges to the solution x* of the equation F(x) = 0, for all F € T, if F'(x)~!
exists at the initial guess xqg, and

(31) |lzo — 2*|| < min{a, do},

where 8¢ is the positive zero of the equation resulting from (28) by replacing
Q1 with p(F,xo) (defined by (10)) and a;, 2 < i < m, with q;(F,xo)
(defined by (17)).

Proof. By Lemma 1, since F’(zo)~! exists and |lzo — 2*|| < do, we get
IU’<F7 :UO)

1—q(F,xo)||lzo —x*|| — ... —

(32)  p(F,a") < mo = W(Fozo)

00—
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Moreover, we have
(33) qi(F,z") = [|F'(«*) " F W ()] |

< |[F ()T F (o) || - 1 F (o) T D (27|
qi(F, o)

1 —q(F,xo)||zg —2*|| — ... —

<q =

M(F’ $0)

0 g — 2

Denote by EO the positive zero of the equation resulting from (28) by replac-
ing amm41 with p(F,z*) (defined by (16)) and «;, 2 <1i < m, with ¢,(F, z*).

Furthermore, denote by 50 the positive zero of the equation resulting from
(28) by replacing a1 with mg and «;, 2 <i < m, with ¢j.
Using the above definitions we get

M(Fa mO)m

5 > 5 > METo)m
(34) %0 2 00 2 (m+1)!

lwo — ™+

m!
F.x .
+.”+@iaiﬁmo—xn
> [|G(zo) — 27

The result now follows from (34) and Theorem 1. m
REMARK 2. Let us assume equality in (26) and consider the iteration

¢nt1 = g(cn) (n > 0). Denote the numerator of g by g; and the denominator
by g2. By Ostrowski’s theorem for convex functions [1], [3] the iteration {c,, }

(n > 0) converges to 0 if ¢y € [O,EO), g'(co) < 1. Define the real function
ho by

(35) ho(t) = g2()* — g1 (1)g2(t) + g5 (1)1 (1),

where @, 11 = p(F,z*) and @; = ¢;(F,z*), 2 < i < m, replace au,+1 and «o;
in the definition of g respectively. Note that h is a polynomial of degree 2m
and can be written in the form

(m+ Dllm = Dt (ml)? 5
(m))2(m + D)l(m — 1)l mH

+ (other lower order terms) + 1.

(36) ho(t) =

For example, in case m = 2,

5 _ 9,4  T_ _ 3 3aj3 — \,2 —
(37) ho(t) = —ast” + —azast” + | —= — 2a3 |t — 3aqt + 1.
12 6 2
Since hyg is continuous and k(0 > 0, we deduce that there exists tg > 0
such that ho(t) > 0 for all ¢ € |

)=1
0, 0).
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Set
(38) Cco = min{to,gg}.

It is simple algebra to show that ¢’(co) < 1 iff ho(co) > 0. Hence, Newton’s
method converges to x* for all F' € T if the initial guess x( satisfies

(39) llxo — =" || < min{c,p}.
Condition (39) is weaker than (31).

Although Theorem 1 gives an optimal domain of convergence for New-
ton’s method, the rate of convergence may be slow for xy near the bound-
aries of that domain. However, it is known that if the conditions of the
Newton-Kantorovich theorem [3], [7] are satisfied at z¢ then convergence is
rapid. The proof of this theorem can essentially be found in [3].

THEOREM 3. Let m > 2 be a positive integer, Eq, E5 Banach spaces,
D an open convexr subset of F1, and F' : D — FE5 an m-times Fréchet-
differentiable operator. Let xg € D be such that F'(x¢) ™! exists, and suppose
the positive numbers 6*, d(F, xzg), a;(F,xo), 2 <i < m+ 1, satisfy

(40) |F (o)~ F(zo) || < d(F, o),
(41) |F (20) ' FO (20)|| < oy (Fy o),  i=2,...,m,
and
(42)  [1F(zo)  [FU (@) = FU (20)]]| < a1 (F,x0) @ — o
forall x € U(zg,d6*) C D. Denote by s the positive zero of the scalar equation
(43) p'(t) =0,
where
(44) ple) = ZtiTisolgmet g 2ol gn
+...+ WR —t+d(F,x).

If '
(45) p(s) <0,
and
(46) 0" >y,
where ry s the smallest nonnegative zero of the equation

p(t) =0,

guaranteed to exist by (45), then Newton’s method (2)—(3) starting from xg
generates a sequence which converges quadratically to an isolated solution
x* of the equation F(z) = 0.
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REMARK 3. Using this theorem we obtain two further sufficiency condi-
tions for the convergence of Newton’s method. It is convenient for us to set
m1(Fy ) = p(F, x0), and o;(F, x9) = ¢; (¢; evaluated at xg), 2 <i < m.
Condition (45) can be written as

(47) d(F,z9) < so,
where
a2 2 P(F,20) iq
4 =s— | = RS S R
(48) S0 =8 51 + +(m—|—1)! >0
by the definition of s. Define functions A1, ho by
_ WFmo)m iy Gm(m—1) G2
(49) hl(t)—mt +Tt ++§t + 1t — so,
and
ﬁ(xo)m m+1
50 ho(t) = ——
_ 1 _
+qm($0)(m )tm+”'+Q2(330)t2+t_50.
m! 2!

Since h1(0) = ha(0) = —s¢ < 0, we deduce that there exist minimum ¢; > 0,
to > 0 such that

(51) hi(t) <0 for all t € [0,t]
and
(52) ho(t) <0  for all t € [0,¢2].

THEOREM 4. Let F € T, and xg € U(z*,«). Then condition (45) holds
if either

(a) F'(xo)~ ! exists and ||zo — *|| < min{a, 1}, or
(b) F'(x9)~ " exists and ||xg — x*|| < min{a, 2},

where t1 and ty are defined in (51) and (52) respectively.

Proof. Choose 6* > 0 such that U(zg,6*) C U(z*,a). By (3) and (21),
we get (for aumt1(G,xo) = u(F, xo), and a;(F, z9) = ¢; (¢; evaluated at ),
g<i<m):

(53)  |IF" (o) "' Fl@o)|l = |G (o) — oll < | F(x0) — 2| + [la" — o
p(E, o)m w1, dm(m —1)
< B a4 S
m+ 1)! m!

q * *
ot Grlleo = 27+ flzo — 27

|wo —2"|[™

Using (53) to replace d(F, z¢) in (44) and setting ||xg — z*|| < t, we deduce
that (45) holds if h;(¢) < 0, which is true by the choice of ¢; and (a).
Moreover, by replacing u(G,z¢) and ¢;, 2 < i < m, using (19) and (20)
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respectively, condition (45) holds if ha(t) < 0, which is true by the choice of
to and (b). m

3. Applications. The results obtained here have theoretical and prac-
tical value. As an example we consider the operator F' in (1); it satisfies the
autonomous differential equation of the form [3], [7]

(54) F'(z) = Q(F(z)) (v € D),

where @) : F5 — FE4 is a known m — 1 times Fréchet-differentiable operator.

Using (54) we get F'(z*) = Q(F(z*)) =Q(0) and F"(z*) = F'(z*)Q'(F(z*))

= Q(0)Q’(0), etc. That is, without knowing z* we can use Theorem 1 (for

example) to solve the equation F'(x) = 0, using Newton’s method (2)—(3).
Here is such a case:

EXAMPLE 1. Let B4 = E; = R, D = U(0,1), and define a function F
on D by

(55) F(z)=¢€"—1.

We can set Q(z) = x + 1 (x € D). Then F satisfies (54). Let m = 2; then
a=1,2"=0, as =1, ag = e and by (28) or (29) we get

(56) 62 = 411254048,

For m =3, ay = a3 =1 and ay = e. Using (28) we get

(57) 5o = .480112.

To compare our results with earlier ones, note that in Theorem 3.7 of [8,
p. 111] the condition is

(58) lzo — ™| < min{o,2//(30)} = eo,

where o, ¢ are such that U(z*,0) C D, and

(59)  |[F'(@*) N (F'(z) = ') < elle —yll  for all z,y € U(z", 0).
Letting 0 = a =1, by (59) we get ¢ = e, and condition (58) becomes
(60) |lxo — z*|| < 00 = .245253.

Comparing (56), (57) and (60) we observe that (56) or (57) allow a wider
choice of initial guesses xy than (60). For example, if we choose z¢o = .4,
Theorem 3.7 of [8, p. 111] cannot guarantee that Newton’s method (2)—(3)
starting from xg = .4 converges to x* = 0, which is the solution of the
equation F'(x) = 0 where F' is given by (55). However, due to (56) or (57),
our Theorem 1 guarantees convergence in this case.
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REMARK 4. Our analysis can be simplified if instead of (22) we consider
the following estimate: since x € U(x*, «) there exist 71,72 such that

mam41 *[|m—
(61) 2 7(7”;:1)!”950_95” 1
m— 1)a,, .l o
+%”‘T0_1’H 2++—2 g’}/l
m)! 2!
and
Am *[|m—
(62) +1||930—x ™ ..+ as <70

m)!

Hence estimate (22) can be written as

63 G(x) —z*|| < x—x*|,
(63) IG@) ="l < gr=—tt——slle =

and for v* = max{y1,72},

*

2
(1=l —2*]))
The convergence condition of Theorem 3.7 in [8, p. 111] and (63), (64),
becomes respectively

R

(64) IG(z) — 2™ < 5

* . 2
(65) |zo — 2*|| < min{a,~v}, = m7
and
(66) |zo — ™| < min {0, %}

In particular, estimate (66) is similar to (58), and if v < p, then (65)
allows a wider range for the initial guess z¢ than (58). Returning back to
the numerical example we can have

0 =b=.565444814, 1 = 2.024692242, 5 = 1.7685192,
2
v =.359600299, " =4, 3 .329268144.
Y
That is, both (65) and (66) provide a wider range for the initial guess xg
than (58). Moreover, based on the stronger (but easier to check) condition
(65) or (66) we can generate most of the results in [8].

Furthermore, if (4), (5) and (58) hold, our analysis can be based on the
following variations of (22):

IU’(F7 a:)m *||m q2 *
(67) 1G(z) — 27| <

)

1= oz — 2
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and

* Q *
(63) [|G(x)—a"| < oz "%
201 — oz — 2 — ... — T g — 7]

REMARK 5. The results obtained here with slight modifications can be
extended to hold in the following cases:

CAsE 1. Replace condition (5) by
(69)  ||F'(z) " (F (@) = F™ ()| < amllz = 2 A =0,
Then the polynomial f in (6) is given by

1 1 1 o Om,
@ 10537 (m) (5 i 2

2
+ . +§t —t+d.

The function associated with the numerator in (22) is given by

F A+m—1) rm o (M= Dam .,
O Wi TS Wiy s wipes L
+t th —t+d.
CASE 2. Replace condition (5) by
(72) IF" ()" 1 (F™) (@) = FO™ ()| < w(llz = 2])),

where w is an increasing positive function on [0, ] with lim; o w(t) = 0
(see [3]). Then the polynomial f in (6) is given by

1 1
(73)  f)=\...\w(010205... 0, _18)0), 202,
0 0

05RO TR (1 - 01) 6, dbs . .. db,, 1t
O o 9
+ T A+ 2244

21
1 1
= S S emflvl)(t—vl)ein_Qezn_g
0 0
070 dvy dfy dBs . . dBr
(7% m 9
+ t + ...+ —t —t+d
m! 9!
Um—2 Um—3 vyt
- S S wavm 1)(t —v1)dvy dvs ... dvg,—q
0 00
Um ,m (6]
+ —t"+ .+ =t —t+d.

m! 2'
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Finally, the function associated with the numerator in (22) is given by
1

(74) § Sw 010 ... Om_11)0. 02,
: .egﬂ 391 dhy dby . . . B, 1 t™
—1 m
cm Yo 02y
m! 2!
t
= S Sw . m 11)1) 1dv1 9#_29%1_3

..egﬂ 3d0ydbs ... d0y,

— Doy,
P Dam G2y
m)! 2!
Um—2 Um—3 vt
= S S wa Um— 11)1d1)1d1)2 dUm,1
0 00
— Doy,
+utm+ 22
m) 21

We complete this study with another interesting example where we com-
pute favorably (29) to (58).

EXAMPLE 2. Consider the system of equations F'(z,y) = 0, where F :
R? — R? and F(z,y) = (zy — 1,2y + = — 2y). Then

’ _ Yy x

and

1 2—x x
F/ —1:

provided that (z,y) does not belong on the straight line x + 2y = 0. The
second derivative is a bilinear operator on R? given by the matrix

0 1

F'(z,y) = o
0 1
1 0

We consider the max-norm in R2. Moreover, in L(R? R?) we use for
A— [011 (112]
az1 Q22
the norm
| Al = max{|ai1| + [a12], |az21] + |azz2|}.
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As in [3] we define the norm of a bilinear operator B on R? by

2 2
1B = sup max Y [ S0z,
lzll=1 *

where

j=1 k=1
11 12
by by
vt b2

z=(z21,22) and B=|—"—
bll b12
51 30
by by

Using (4), (5), (29), (58), (59), for m = 2 and (z*,y*) = (1,1), we get
0=4//3, 00 =5, a3 =1, a3 =0, and 62 = 2//3. Since gy < 3, a remark
similar to the one at the end of Example 1 can now follow.
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