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v§;�� n >��y q∗ 7%¸º¹0»�@'���;�9ª}"�v$w'>��<,u�°�}"�^w)�
uT9�>�y�}	>��"�«zWv$z��H�Hu,w)9%}~<
<X>�v%u�°�}"� n = 2 >��y q∗ > −4π w)�
uWv$;��"x�w)}";��e}~v����";���>��³°?��
u69%u0>�vQ��;�9 q∗ < −4π ;�9
n ≥ 3 >��y q∗ < 0 w)�
u69%u�>�9%u��
;b�";�<X>��«��}"���³w)}"�OuOv%;��"x�w)}";��v6�§�2�:<X>�v$u q∗ ≥ 0 °�w)�
u
���";���>��fv%;��"x�w)}";��Ru,|�}~v$w�v���;�9�u0>�<�� q∗ ≥ 0 >��y`w)u6�y
v�>�v$z��H��w);�w)}~<X>��"�«z�°>�vTw)}"�HuL��;�uXv
w);H}"�
®
�
}«w¬z�°w);�w)�
u^x
�
}~¿�x
ulv4w)u0>�y�zbv$w'>/w)uWv$;��"x�w)}";��²7%¸«¼XÂ�»�@'�

8¯uA>�9%uL}"��w)u69%uXv4w)uXy�}"�Ow)�
uLu,|�}~v$w)u6�<,ua>��yOx
�
}~¿�x
u6�
uXv%v�;��¥v4w'>/w)}";���>�9$z�v%;��"x�w)}";��v
w);�w)�
uR�
9%;��
�"u6� 7!��@���7�¹�@'°Q7 "�@'°Q7$¼���@'���2�²w)�
}~v���>���u69�?�uR�
9%;0��uRw)�
uRu,|�}~v$w)u6�<,ub;��
9�>�y�}	>��"�«z�v$z��H�Hu,w)9%}~<�v%;��"x�w)}";��v���;�9à>��"����>��"x
uXv q∗, q0 > 0 >��y E > E0 7���;�9 n = 2 @'�
�;�9 n = 3 ?�uO��u,w�>���>���>��";���;�xv�<,;��<,�"xv$}";��²��;�9 q∗ > 0 >��y:�
;��
u,|�}~v4w)u6�<,u�;��
v%;��"x�w)}";��v���;�9 q∗ < 0 �
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	T;��v%}~y�u69%}"�
�`w)�
ulu,��;��"x�w)}";����
9%;��
�"u6�i7�?�}«w)� V = 0 @�?�u^?Q}"�"�ª�
9%;0��uWw)�
ulu,|�}~v$�

w)u6�<,uH;����";�<X>��!?�u0>���v%;��"x�w)}";��v^;��Tw)�
uH�
9%;��
�"u6� 7$¼0@���7³Â�@'°T7�¹�@���7 "�@'� �Lu,|�wa?�u�?Q}"�"�
�
9%;0��uaw)��>/w�w)�
u^v%;��"x�w)}";��v�;���w'>�}"�
uXyb<X>��J��u^<,;���w)}"��x
uXyJ}"�Rw)}"�HuA��;�9Q>��"� t ≥ 0 7���;�9
n = 2 @'�

����� q�����t �2� ;�x
9J�H;�y�u6�~v�?�uÅ>�v)v%x
�Hu�w)��>/wJw)�
uÅu6�
u69%��zÆ}~v�w)�
u¯v$x
� ;��Ww)�
u
��;�w)u6��w)}	>��Qu6�
u69%��z �

Ω

(
1
2uϕ + uV

) >��y²w)�
uJ;��
u<,;��
�
uX<-w)uXyh?�}«w)�{w)�
uRw)�
u69%��>��
�H;�w)}";��J;��ªw)�
u^��>�9$w)}~<,�"uXvl7³>��~v$;O<,;��
�
uX<-w)uXyJ?�}«w)�Rw)�
uaw)�
u69%�`>��fu6�
u69%��z@'° � Ω uθ �
	Tz
>�v)v$x
�O��w)}";���7³¾�@Tw)�
u^u6�
u69%��zR}~v�<,;��v$w'>���wX� }"�<,uk?�u�<,;��v$}~y�u69Aw)�
u�}~y�u0>��"}"±6uXyÅv%}«w)x�>/w)}";��:>��yew'>���u�;��
�«ze}";��vA;��à;��
u�v%}"���
}"��w);h>�<6<,;�x
��wR?�u�y�;²�
;�w�w'>���uew)�
u�w)�
u69%�`>��[<X>���>�<,}«w¬zÆ;��Aw)�
u�u6�"uX<-w)9%;��«z�w)u�}"��w);
<,;��v%}~y�u69�>/w)}";��f���2� >��H;�9%uJ9%u0>��"}~v4w)}~<ev$}«w)x�>/w)}";�� ;��A>Å<,�	>�v)v$}~<X>��Lu6�"uX<-w)9%;��«z�w)u²7�?Q}«w)�
}";��v�;��§;��
��;�v$}«w)u^v%}"���v�@àw)�
ua}~v$;�w)�
u69%��>��f<X>�v%u[?�;�x
�~y���u^>l��u,w%w)u69Q>��
�
9%;0|�}"�`>/w)}";��
;���>[9%u0>��v%}«w)x�>/w)}";��Ov%}"�<,u�w)�
u�w)�
u69%�`>��<X>���>�<,}«w¬z�;���w)�
u�u6�"uX<-w)9%;��«z�w)uQ}~v���x<����	>�9%��u69
w)�
u6�Jw)�
u^}";��v���<,;���w)9%}"�
x�w)}";��w);�w)�
uaw)�
u69%�`>��¥u6�
u69%��z��

��� p*q������t �;�9�v%x �H<,}"u6��w)�«zbv%�H;�;�w)�v$;��"x�w)}";��v�w)�
u^��x
�<-w)}";�� W (t) y�u6®
�
uXye>�v
7$¼�¼0@ W = W (t) =

Á
u(log u− log θ)

�
�	>6z�v�w)�
u^9%;��"u^;���7��
u6��@¬u6��w)9%;���z��
�2�y�u6uXy�°���9%;��Mw)�
u�u6�
u69%��zk9%u6�	>/w)}";��7³¾�@¥?�u���>6��u q0θt = −1

2

�
Ω(uϕ)t+

�
Ω V ut �

�[x
u�w);`7!��@�>��ye7�½�@§w)�
uLv%x
� ;���w)�
uXv%uQ}"��w)u6��9�>��~và}~vàuX¿�x�>��w); �
Ω ∇(ϕ+V ) ·

(
∇u+

u
θ∇(ϕ+ V )

) �
µ���xv6°�?�uW>�9%9%}«��uk>/w

7$¼0À�@ dW

dt
= −

Á
Ω

u−1

(
∇u+

u

θ
∇(ϕ+ V )

)2

,

v%; dW/dt ≤ 0 °�?Q�
}~<��b}"�H�
�"}"uXv�w)��>/w W }~vQ>�y�uX<,9%u0>�v$}"�
�`��x
�<-w)}";��b;��§w)}"�Hu��
� �p2r�p��� � t |f |p 7�9%uXv%�f� ‖f‖k @¶}~v¶w)�
u Lp(Ω) 7�9%uXv%�f� Hk(Ω) @§�
;�9%� ;���w)�
u���x
�<-�

w)}";�� f ��µ��
uk<,;��v$w'>���w C y�u6�
;�w)uXvL��>�9%}";�xvL}"�
uXv)v%u6��w)}	>���<,;��v$w'>���w�va>��y��>6zR��>�9$z
��9%;����"}"�
uaw);H�"}"�
u��

��� I���£���¦¥¡0©�£� ��§¢/£���� �"!$#O©	¡&%ª£�¦¥¡'�)(f¡*��¢� ,+��-��£¡.�� �¡/© +
� � �2�ew)�
}~v[v$uX<-w)}";��
?�ua�
9%;0��uaw)�
u^u,|�}~v$w)u6�<,uW;��¶v%;��"x�w)}";��vQ;��ªw)�
u^�
9%;��
�"u6�D7$¼0@���7³Â�@'°¶7�¹�@���7 "�@'�

8¯uT��u6��}"�k?Q}«w)��>�� r/��q����q�� �";0?�u69���;�x
�yluXv4w)}"��>/w)u���;�9ªw)�
uTw)u6�H��u69�>/w)x
9%u���>��"}~y
}"�e>���zR��;�x
�y�uXy n �2y�}"�Hu6�v%}";���>��§y�;��`>�}"�f�

021�34365 À��~¼87 � r�s:9Jo:�;=<�p��� � 〈u, θ, ϕ〉 ?>^p�9 � ��q��n:; �:@ 7$¼0@���7³Â�@'°�7�¹�@���7 "�@BA ��p�9
θ0 > 0

9�r�oC��p*o�p �:@ � � q�r�p�<�q � n�D< ��E8��E >�qF @ n � ;G A n��eres� � o'p2r � p E8� � �:��E � � �H �
p�9 � � � ��p��³r�; E r�p2r °

θ(t) ≥ θ1 = θ1(u0, θ0, Ω) > 0
>:�q � r�sI9

t ≥ 0
>:�q A 98�³s:9Rp�9 � o��;J<
p��� �K��L ��o'p*o,t
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� qF.?>,t µ��
u��
9%;�;��L}~vk��>�v%uXy²;��²w)�
uR�*>�<-w�w)��>/w�w)�
u�u6��w)9%;���z W }~v�>�
;��
}"���

<,9%u0>�v%}"�
�O��x
�<-w)}";��f���2�y�u6uXy�°��;�9 W (t) =
�
Ω u(log u− log θ) ?�ua��>6��u

q0 log θ =
Á
Ω

u log θ ≥
Á
Ω

u log u−W (0)

≥ max

{
−e−1|Ω|, q0 log

q0

|Ω|

}
−W (0) ≥ −e−1|Ω| −W (0).

µ��
u�v%uX<,;��y�}"�
uX¿�x�>��"}«w¬z�}~va>R<,;��v$uX¿�x
u6�<,uO;���w)�
u���u6�v$u6�Å}"�
uX¿�x�>��"}«w¬z¯>��
�
�"}"uXy�w);
w)�
uk<,;�����u,|��x
�<-w)}";�� s 7→ s log s °�>��ybw)�
ul�	>�v$w[;��
ul��;��"�";0?QvL��9%;�� w)�
ul�*>�<-wLw)��>/w
mins∈R+ s log s = −e−1 ��µ��
u69%u6��;�9%u�°�w)�
uT�";0?�u69¶��;�x
�yl}"� $¥u6�H��>QÀ��~¼T}~v¶v�>/w)}~v$®
uXy
?Q}«w)�>kw)u6�H��u69�>/w)x
9%u θ1 > 0 �

µ��
u��
u,|�wJ�"u6�H�`>:��}«��uXvb>�� r ��qI���qI� x
�
��u69J��;�x
�y ��;�9`w)�
u�w)u6�H��u69�>/w)x
9%u��
$¥u,wHxv��
;�w)}~<,uJw)��>/w�w)�
}~vH}~vk��>��"}~yh}"�·>��"��y�}"�Ou6�v$}";��vO>��yh}~v��
;�w`>�v%��uX<,}"®<X>��"�«z
w¬?�;��2y�}"�Hu6�v%}";���>��¥9%uXv%x
�«w[>�v�}"�Jw)�
u^��9�>6��}«w'>/w)}";���>��¶<X>�v$u`7*v%u6u`¸#�/»�@'�

021�34365 À�� À 7�� � p 〈u, θ, ϕ〉 n � ro��;J<
p��� � ?>Hp�9 � ��q��n:; �:@ 7$¼0@���7³Â�@'°�7�¹�@���7 "�@'�� 9 �:�

θ(t) ≤ θ2 = θ2(u0, θ0, Ω) <∞
>:�q � r�sI9

t ≥ 0
>:�q A 98�³s:9Rp�9 � o��;J<
p��� �K��L ��o'p*o,t

� qF.?>,t 8:ua��>6��u
q0θ − E = −1

2

Á
Ω

uϕ = −1

2

Á
Ω

|∇ϕ|2 ≤ 0,

v%;
θ ≤ E

q0
=: θ2.

���*��� � 0s�r ; �FL ��o-p �I� s � ?>Wo:�;=<�p��� � o,t 	�u6��;�9%ul?�ul�
9%;0��ulw)�
uku,|�}~v$w)u6�<,u�;���v%;��"x��
w)}";��v���;�9l7$¼0@���7³Â�@'°§7�¹�@���7 "�@'°��"u,wQxv�9%uX<X>��"�fw)�
u^y�u6®
�
}«w)}";��e;��ª?�u0>��Rv$;��"x�w)}";��v6�

8¯uH<X>��"����x
�<-w)}";�� u ∈ L∞((0, T );L2(Ω)) ∩ L2((0, T );H1(Ω)) >HA � r��`o�	�
;=<�p��� � ;���w)�
u��
9%;��
�"u6� 7$¼0@���7³Â�@'°à7�¹�@���7 "�@L}"�à}«w^v)>/w)}~v%®
uXvAw)�
u�uX¿�x�>/w)}";��va��u6�";0? ��;�9
v = u °�>��yJ��;�9�u0>�<��Jw)uXv4wQ��x
�<-w)}";�� η ∈ H1(Ω × (0, T )) >��yR��;�9L>��´u�� t ∈ (0, T ) °
(13)

Á
Ω

u(x, t)η(x, t) dx−
tÁ
0

Á
Ω

uηt dx dτ +

tÁ
0

Á
Ω

(
∇u+

u

θ
∇ϕ
)
· ∇η dx dτ

=
Á
Ω

u0(x)η(x, 0) dx,

7$¼ ��@ ∆ϕ = −v,

7$¼0½�@ E = q0θ +
1

2

Á
Ω

vϕ dx,
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µ��
uAw)u6�O��u69�>/w)x
9%u θ y�u,w)u69%�O}"�
uXyJ��9%;�� w)�
u^��;�9%�kx
�	>J7$¼0½�@'°�}³�´u��

θ(u)(t) = q−1
0

(
E − 1

2

Á
Ω

u(x, t)ϕ(x, t) dx

)
,

v%�
;�x
�~yb��uW>�<,;���w)}"��x
;�xvQ��x
�<-w)}";��f�
�
;�9R>¯��}«��u6� T0 > 0 y�u6®
�
uew)�
u�v%��>�<,u X = L4((0, T0);L2(Ω)) >��y�w)�
u

;���u69�>/w);�9 T : X → X v$x<��Rw)��>/w u := T (v) }~v�>kv%;��"x�w)}";��J;���7$¼XÂ�@���7$¼0½�@à?Q}«w)��w)�
u
��}«��u6�b��x
�<-w)}";�� v � $¥u,w B = BR(0) ��uaw)�
ua��>��"�¥;��¶9�>�y�}"xv R > 0 }"� X �

µ��
ul>�v)v%x
�H��w)}";�� u0 ∈ Lp(Ω) °?�}«w)� p > 1 °}"�H�
�"}"uXv��";�<X>��ªu,|�}~v$w)u6�<,ul;���v%;��"x��
w)}";��v6�

��� 1���� 1
3 À��÷Â 7 � 9 � ��q��n:; �:@ 7$¼XÂ�@���7$¼0½�@ s� � o�� E8� q ��E � � nF�< ��E)��E E  @ rD� � o
Ω ⊂ Rn 7 n = 2, 3 @CA ��p�9

0 ≤ u0 ∈ Lp(Ω) ° p > n/2
r ��E

θ0 > 0
9�r�o�r < � ���I< �

;G0s�r�;�o:�;=<�p��� �
u
t � 98��o�o: ;J<�p��� � n � ;G � ��oLp 

L∞loc((0, T );Lp(Ω))
>:�qLo: @ �

T > 0 °r ��E o6r�p���o
	 � o
u ≥ 0 ° θ > 0

t
� qF.?>,t $¥u,w�xvT��u6��}"�R?�}«w)��w)�
uA<X>�v%u p = 2 ��w)�
uA��u6�
u69�>��f<X>�v%uA;�� p > n/2 <X>��

��uaw)9%u0>/w)uXyb��zJ>�v4w'>��y>�9)ye>��
�
9%;0|�}"�`>/w)}";���
9%;�<,uXy�x
9%u�>�v�}"�:¸ �°µ��f��À�7�}"}�@2»��
8¯u!?�}"�"���
9%;0��u�w)��>/w�>���z[?�u0>��av$;��"x�w)}";�� u v)>/w)}~v%®
uXv ut ∈ L2((0, T ); (H1(Ω))′) °

v%; θ y�u,w)u69%�H}"�
uXy���9%;�� 7$¼0½�@'°�}³�´u�� θ(u)(t) = q−1
0

(
E − 1

2

�
Ω u(x, t)ϕ(x, t) dx

) °�}~v
>�<,;���w)}"��x
;�xvQ��x
�<-w)}";��;�� [0, T ] �

µ��
u  ;���;��"u,�J}"�
uX¿�x�>��"}«w¬zR��;�9�w)�
ua��x
�<-w)}";��v ϕ >��y v <,;��
�
uX<-w)uXy��zÅ7$¼ ��@'°}³�´u��
7$¼X¾�@ |∇ϕ|q ≤ C|v|p ��;�9 1 >

1

q
= (≥)

1

p
− 1

n
, n > p >

n

2
,

w'>���u6�Å��;�9 n = 2, q = 4/3, p = 4/5 7�9%uXv$�f� n = 3, q = 4, p = 12/7 @[>��yew)�
u
>�y
y�}«w)}";���>��Q>�v%v%x
�H��w)}";�� θ(v) ≥ θ0/2 > 0 ��;�9 t ≤ T0 >��"�";0? xvWw);�;���w'>�}"�²w)�
u
}"�
uX¿�x�>��"}«w¬z ∣∣∣∣

∇ϕ
θ

∣∣∣∣
1

≤ C

θ0
(|v|2 + 1).

� �Ow)�
u[;�w)�
u69���>��y�°�w)�
u 	�>��~y�u69��� ����z����kx
�y�}"�
uX¿�x�>��"}«w¬z���;�9T��;�x
�y�uXyJy�;��`>�}"�v
7%¸«¼0À�° 	���>���w)u69�"��#��»�@�}"�O�
�"}"uXvW7%¸´¾/»�@

∣∣∣∣∇
(∇ϕ

θ

)∣∣∣∣
2

≤ C

θ0
(|v|2 + 1).

�2�
uX¿�x�>��"}«w¬z 7$¼X¾�@�>��"�";0?Qv�xvkw);���u,w |∇ϕ|6 ≤ C(|v|2 + 1) 7���;�9 n = 2 °¶?�u�w'>���u
q = 6, p = 3/2 �
��;�9 n = 3, q = 6, p = 2 @'�

µ��
uXv%u�}"�
uX¿�x�>��"}«w)}"uXv,°¶>�vA}"�·¸´¾�°¥µ��f��¼-»�°f��x�>�9�>���w)u6u�w)�
u�u,|�}~v4w)u6�<,uO;���>`x
�
}~¿�x
u
v%;��"x�w)}";�� u = T (v) w);Jw)�
uH�
9%;��
�"u6�Z7$¼XÂ�@���7$¼0½�@A;��:v$;��Ou�}"��w)u69$��>�� [0, T1] 7 T1 =
T1(u0, Ω @%@'�

�Q;0?Æ?�u[�
9%;0��u[w)��>/w ut ∈ L2((0, T ); (H1(Ω))′) ��µ��
u[}"��w)u69%��;��	>/w)}";��J}"�
uX¿�x�>��«�
}«w¬z

|u|3 ≤ C1/2‖u‖1/21 |u|
1/2
2 ��;�9 u ∈ H1 ∩ L2 (n = 2, 3),
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u^u6�
u69%��zJ}"�
uX¿�x�>��"}«w¬zJ��;�9�w)�
ua�
9%;��
�"u6�D7$¼XÂ�@���7$¼0½�@'°�}³�´u��

1

2

d

dt
|u|22 + |∇u|22 ≤

Á
Ω

∣∣∣∣
u

θ
∇u · ∇ϕ

∣∣∣∣ dx ≤ C
∣∣∣∣
u

θ0

∣∣∣∣
3

|∇u|2|∇ϕ|6

≤ C

θ0
|∇u|2‖u‖1/21 |u|

1/2
2 (|v|2 + 1)

≤ C

θ0
‖u‖3/2

H1(Ω)
|u|1/22 (|v|2 + 1)

≤ 1

2
‖u‖21 +

C

θ4
0

|u|22(|v|2 + 1)4

}"�H�
�«z`w)��>/w
1

2

d

dt
|u|22 +

1

2
|∇u|22 ≤

C

θ4
0

|u|22(|v|2 + 1)4.

�2��w)u6��9�>/w)}"�
�Ww)�
uQ>���;0��u�}"�
uX¿�x�>��"}«w¬zH;0��u69 [0, t] >��y�xv$}"�
�^w)�
u��[9%;���?�>��"��"u6�H�`>Q?�u
��u,wX°��;�9 v ∈ BR ⊂ X °

|u(t)|22 +

tÁ
0

|∇u|22 dτ ≤ |u0|22 exp

(
C

θ4
0

(‖v‖4L4((0,T );L2(Ω)) + 1)

)

≤ |u0|22 exp(C(R+ 1)/θ4
0).

µ��
}~v�}"�H�
�"}"uXv�w)��>/w
‖u‖4L4((0,t);L2(Ω)) ≤ At ��;�9 t ∈ [0, T1],

‖∇u‖2L2((0,T1);L2(Ω)) ≤ B.7$¼0¹�@
�L;0? ?�uauXv$w)}"�`>/w)uaw)�
u^9%uX¿�x
}"9%uXy�
;�9%� ��;�9 ut ���;�9L>���zJ��x
�<-w)}";�� χ ∈ H1(Ω) ?�u
��>6��u ∣∣∣

Á
Ω

utχdx
∣∣∣ ≤

∣∣∣
Á
Ω

∇u · ∇χdx
∣∣∣+

∣∣∣∣
Á
Ω

u

θ
∇ϕ · ∇χ

∣∣∣∣

≤ ‖u‖1‖χ‖1 +
C

θ0
|u|3|∇ϕ|6‖χ‖1

≤ ‖u‖1‖χ‖1 +
C

θ0
‖u‖1/21 |u|1/2(|v|2 + 1)‖χ‖1.

µ���xv
‖u‖(H1(Ω))′ ≤ ‖u‖1 +

C

θ0
‖u‖1/21 |u|

1/2
2 (|v|2 + 1)

>��y
‖ut‖2L2((0,T1);(H1(Ω))′) ≤

T1Á
0

(
‖u‖1 +

C

θ0
‖u‖1/21 |u|

1/2
2 (|v|2 + 1)

)2

≤ C(A,B, T1, Ω,R)
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v%;
7$¼���@ ‖ut‖L2((0,T1);(H1(Ω))′) ≤ D.

$fu,w W ��uHw)�
u�v%x
�v$u,wk;�� B ⊂ L4((0, T2);L2(Ω)) ° T2 ≤ T1 °§;�� v �ºv^?Q�
}~<��
v�>/w)}~v$�	z v(x, 0) = u0 °ª>��y�w)�
u�uXv$w)}"�`>/w)uXvW>���;0��ue7%7$¼0¹�@a>��y·7$¼���@%@[��;�9 v }"�v4w)u0>�y;�� u ��µ��
uXv%uW<,;��y�}«w)}";��vQ��x�>�9�>���w)u6uaw)�
ul<,;��H��>�<-w)�
uXv%v�;�� W }"� X �

�Q;0? ?�u`�
u6uXy¯w);e��x�>�9�>���w)u6u`w)��>/wkw)�
u�<,;��y�}«w)}";��²��;�9Ww)�
uOw)u6�H��u69�>/w)x
9%u�°�}³�´u��
θ(u) > θ0/2 °}~v�v�>/w)}~v$®
uXy���2�y�u6uXy�°
?�ua��>6��u

∣∣∣∣
d

dt
θ(v)(t)

∣∣∣∣ =
∣∣∣
Á
Ω

vtϕ
∣∣∣ ≤ ‖ut‖(H1(Ω))′‖ϕ‖1 ≤ C‖ut‖(H1(Ω))′ |u|2.

µ��
ua�	>�v$wQ}"�
uX¿�x�>��"}«w¬zb}~vQ>�<,;��v%uX¿�x
u6�<,uW;���7$¼X¾�@���;�9 n = 2, q = 2, p = 3/2 7�9%uXv$�f�
n = 3, q = 4, p = 12/7 @'��8:ua��>6��u

θ(v)(t) ≥ θ0 − CDAt.
µ���xv θ(t) }~vk><,;���w)}"��x
;�xv���x
�<-w)}";��h>��y:��;�9 t v%�`>��"�àu6�
;�x
��� 7 t ≤ 2θ0/CAD
=: T2 @¥w)�
u�<,;��y�}«w)}";�� θ(u) > θ0/2 }~v!v�>/w)}~v$®
uXy�°�?��
}~<��O>��"�";0?Qv!xv¶w);W>��
�
�«z�>[®�|�uXy��;�}"��w�w)�
u6;�9%u6��

µ��
u�<,;��y�}«w)}";��vT>���;0��u���x�>�9�>���w)u6u�w)��>/w�w)�
u�;���u69�>/w);�9 T }~v!<,;���w)}"��x
;�xv,� �Lu6�<,u
w)�
ul�
;��
�"}"�
u0>�9L;���u69�>/w);�9Lw)9�>��v$��;�9%�`v W }"��w);`}«w�v%u6�"�¬°�>��yb}~vL<,;���w)}"��x
;�xv,�fµ��
ulu,|��
}~v$w)u6�<,uA;��§>W®�|�uXy���;�}"��w�;�� T °�?Q�
}~<��Rv$;��«��uXv�w)�
u[�
9%;��
�"u6� 7$¼XÂ�@���7$¼0½�@'°
}~v�>l<,;��v%u,�
¿�x
u6�<,uk;���w)�
u  <���>�xy�u69Lw)�
u6;�9%u6� >��
�
�"}"uXyw);Ow)�
u�<,;��H��>�<-wa>��y�<,;�����u,|ev$x
�v%u,w
W ⊂ X �µ��
ua��;�v%}«w)}«��}«w¬z>��yJx
�
}~¿�x
u6�
uXv)vQ;�� u <X>��b��u^�
9%;0��uXy>�v�}"��¸´¾/»��

��� ����� ;G�n�r�; ��L ��o'p �:� s �  >�o��;J<
p��� � o6t 	�u6��;�9%u�?�uH�
9%;0��uHw)�
uHu,|�}~v$w)u6�<,u`;���v%;��
�"x�w)}";��vO��;�9`>���z t > 0 °!?�uJ?Q}"�"��9%uX<X>��"�Lv%;��HuJuXv$w)}"�`>/w)uXvH��;�9Hw)�
uJw)u6�H��u69�>/w)x
9%u�°
|u log u|1 >��y |∇ϕ|2 ��8¯u^��>6��u

0 < θ1 < θ < θ2 <∞,
const = 0+q0 log θ1 ≤

Á
Ω

u log u = W (t)+q0 log θ ≤W (0)+q0 log θ2 = const,

>��y
0 <

Á
Ω

|∇ϕ|2 =
Á
Ω

uϕ = 2E − 2q0θ < 2E − 2q0θ2.

� xv%u6��x
�L�"u6�H��>���9%;�� ¸ ��»Q?Q}"�"�Q��uw)�
ue��>�}"�hw);�;��[}"��w)�
ue�
9%;�;��^;��a���";���>��
v%;��«��>��
}"�"}«w¬z��

021�34365 À��#�h7%¸ �
°fµ��f�¥Â/»�@:7�� �qHr � �
v ∈ H1(Ω), Ω ⊂ R2 r ��E � r�s:9

ε > 0 °p�9 � q � ��L ��o'p*oWr�s� � o-p2r � p
Cε

o�<s:9�p�9�r�p
|v|33 ≤ ε‖v‖22|v log |v| |1 + Cε|v|1.
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��� 1���� 1
3 À�� ½ 7�� �q ����� q�� 〈u0, θ0〉 A ��p�9 	 � ��p ���:��� q �D�

(3)
r ��E 	 � ��p ���:� p*qF����

(11),
;GXs'r�;�o��;J<
p��� � oH?>bp�9 � ��qF�nI; �:@

(13) � (15)
� � p A 	� E � @ �:� o��� � r�;anFD< ��E8��E

E  @ rD� � ols�r � n � s� � p�� � < ��E >:�qlr ; ;
t ≥ 0

t
� qF.?>,t�� v$}"�
� r ��q����qI� uXv4w)}"�`>/w)uXv!��;�9 |u log u|1 >��y |∇ϕ|2 y�x
u�w);Aw)�
u�u6�
u69%��z}"�
uX¿�x�>��"}«w¬zJ?�ua��>6��u
1

2

d

dt
|u|22 + |∇u|22 ≤ C|∇u|2|u|3|∇ϕ|6 ≤ C|∇u|2|u|

3/2
3 |∇ϕ|

1/2
2

≤ C‖u‖1(ε‖u‖21|u log u|1 + Cε|u|1)1/2|∇ϕ|1/22

≤ C‖u‖21ε+ C‖u‖1|u|1/21 ≤ C‖u‖21ε+
1

4
‖u‖21 + C|u|1

≤ 1

2
‖u‖21 + C|u|1

��;�9Qv$;��Ou^<,;��v4w'>���w C = C(θ0) �� y
y�}"�
� |u|22 − 1
2 |∇u|22 w);���;�w)�v%}~y�uXv�?�ua��u,w

d

dt
|u|22 + 2|u|22 + |∇u|22 ≤ 3|u|22 + Cq0 ≤ C‖u‖1|u|1 + Cq0

≤ 1

2
‖u‖21 + Cq0(q0 + 1) ≤ ‖u‖21 + Cq0(q0 + 1).

$fu,w�xv��
;�w)}~<,uAw)��>/w�w)�
uav%uX<,;��yR}"�
uX¿�x�>��"}«w¬zR}~v���>��"}~yR;��
�«z���;�9 n = 2 �
µ���xv�?�u
>�9%9%}«��ul>/w

d

dt
|u|22 + |u|22 ≤ C,

?Q�
}~<��Rz�}"u6�~y
v�w)�
uax
�
}"��;�9%� ��;�x
�y�uXy��
uXv)vQ;��§w)�
u^�
;�9%� |u(t)|2 � ;�w)�
u^v%;��"x�w)}";��;���w'>�}"�
uXyJ}"�Rw)�
ua�
9%u,��}";�xvLv$uX<-w)}";��e<X>��J��u^<,;���w)}"��x
uXyb��;�9L>��"�
t ≥ 0 �

µª;R�
9%;0��u����";���>���v%;��«��>��
}"�"}«w¬z�}"��w)�
ukw)�
9%u6u,�2y�}"�Hu6�v%}";���>��à<X>�v%uk?�u�<X>��
�
;�wWxv%u
$¥u6�H�`>lÀ��#�J7���>��"}~y�;��
�«zO��;�9 n = 2 @'°
>��yOuXv$w)}"�`>/w)uXv�xv$}"�
�kw)�
u  ;���;��"u,� � �a>����"}	>�9$�
y�;����L}"9%u6����u69%�}"�
uX¿�x�>��"}«w)}"uXvly�;J�
;�wa?�;�9%�e��;�9Aw)�
u�w)u69%� ;���w)�
u�9%}"����wW��>��yÅv%}~y�u
;��§w)�
uau6�
u69%��zJ}"�
uX¿�x�>��"}«w¬z����2�Rw)�
ul>���>��";���;�xvQ<X>�v%u^}"�Jw)�
ua}~v%;�w)�
u69%�`>��¥�H;�y�u6�à7*v%u6u
¸«¼,»�@�w)�
uA;��
�«z`?�>6zHw);��
9%;0��uau,|�}~v$w)u6�<,ua;��§���";���>��¥v$;��"x�w)}";��v�?�>�v�w);�<,;��
�
uX<-w�w)�
u6�
?Q}«w)�>�v4w'>/w)}";���>�9$zv$;��"x�w)}";��f� � �
��;�9$w)x
��>/w)u6�«z�°�}"�Rw)�
}~v��O;�y�u6��w)�
}~v�}~y�u0>�<X>��
�
;�wL��u
xv%uXybv%}"�<,ua?�uW>�9%u^�
;�w[>��
�"uaw);HuXv$w)}"�`>/w)u |u/θ − U/Θ| ��z const|u− U | �

��� d�¡.+�¡/©�£� ,+
¢��	�6£���¦¥¡/©�£� 
�
� r E �³r�; ;=�{o�� @ @ � p*qI�³s�o��;=<�p��� � o,t 	�;��v$}~y�u69%}"�
�·v$w'>/w)}";���>�9$z v%;��"x�w)}";��vR?�u¯>�v$�

v%x
�Hu`w)��>/w Ω = {|x| ≤ R} }~v�>e��>��"��;��Q9�>�y�}"xv R °�>��y�?�u��";�;��:��;�9�9�>�y�}	>��"�«z
v$z��H�Hu,w)9%}~<av%;��"x�w)}";��v�;���7!��@���7�¹�@'°¶7 "�@'°§7$¼���@'���2�Jw)�
}~v�<X>�v$u^w)�
ua�
9%;��
�"u6� 9%u0>�y
v
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ut = r1−n
(
rn−1

(
ur +

u

θ
(ϕ+ V )r

))

r

,

r1−n(rn−1ϕr)r = −u,
ϕr(0, t) = 0, ur(0, t) = 0,

ϕ(R, t) = 0, ur(R, t) +
u(R, t)

θ(t)
ϕr(R, t) = 0,

u(r, 0) = u0(r).

$¥u,w Q̃(r, t) y�u6�
;�w)uWw)�
uWw);�w'>��§<���>�9%��uk;����H;0��}"�
�O}";��vQ}"�w)�
uW��>��"�ª;��!9�>�y�}"xv r >/w
w)}"�Hu t °
}³�´u��

Q̃(r, t) = σn

rÁ
0

sn−1u(s, t) ds.

��wQ}~v�u0>�v$z�w);H<��
uX<���w)��>/w Q = q∗ + Q̃ v)>/w)}~v%®
uXv�w)�
u^uX¿�x�>/w)}";��
7$¼�"�@ Qt = Qrr − (n− 1)r−1Qr − (σnθ)

−1r1−nQQr.

µ��
ua�	>�v$wQuX¿�x�>/w)}";��b��>�v�w)�
u^��;��"�";0?�}"�
�`v)<X>��"}"�
�H�
9%;���u69$w¬z���}"� Q }~vQ>�v$;��"x�w)}";��bw)�
u6�
Q(r, t) = λ2−nQ(λr, λ2t) }~vT>��~v%;k>av%;��"x�w)}";��f� �Lu6�<,u�°�?Q}«w)�
;�x�wT�";�v)và;�����u6�
u69�>��"}«w¬z�°
?�u�<X>��²<,;��v%}~y�u69�;�x
9l�
9%;��
�"u6�c;��:w)�
u�}"��w)u69$��>�� [0, 1] ?�}«w)�:w)�
u���;�x
�y>�9$z{>��y
}"�
}«w)}	>��ªy>/w'>

Q(0, t) = q∗,7�À ��@
Q(1, t) = q∗ + q0 =: q,7�À�¼0@
Q(r, 0) = Q0(r),7�À�À�@

?Q�
u69%u Q0(r) }~vl>b��}«��u6�f°§�
;��
�
u6��>/w)}«��u�°��
;��y�uX<,9%u0>�v$}"�
����x
�<-w)}";��²;�� [0, 1] v%x<��
w)��>/w Q0(0) = q∗, Q0(1) = q �

µ��
ul�
��z�v%}~<X>����H;�w)}«��>/w)}";��ew);Rv4w)xy�z9�>�y�}	>��"�«z�v$z��H�Hu,w)9%}~<lv%;��"x�w)}";��v[}~vA>�v[��;��«�
�";0?Lv,�

�
;�9 n = 2 w)�
uav$z�v$w)u6� 7$¼�"�@���7�À�À�@�y�uXv%<,9%}"��uXv�w)�
u^v$}«w)x�>/w)}";��R?Q�
u6��w)�
uA�H;0��}"�
�
}";��vA>�9%uk<,;��
®
�
uXyw);Hw)�
ul}"�
®
�
}«w)u�<-z��"}"�y�u69 {(x, y, z) : x2 + y2 ≤ 1} ?�}«w)�e®�|�uXy
<���>�9%��uly�u6�v%}«w¬z q∗ ;��Jw)�
u z �¬>/|�}~v,�

µ��
uW<X>�v%u n = 3 <,;�9%9%uXv$��;��y
vLw);�w)�
u^�
��z�v%}~<X>��ª�H;�y�u6�¥;���>��bu6�"uX<-w)9%;��«z�w)uk<,;����
w'>�}"�
uXyb}"�Rw)�
u^x
�
}«wQ��>��"�¥}"� R3 ?Q}«w)�>k®�|�uXyb��;�}"��wL<���>�9%��u q∗ >/w�w)�
u^;�9%}"��}"�f�

� p2r�p��� � r�qI�kq)r E �³r�; ;=�ko�� @ @ � p*qI�³sLo��;J<
p��� � o6t �2� Q(r) y�u6�
;�w)uXv�>^v$w'>/w)}";���>�9$zH9�>/�
y�}	>��"�«z`v4z��O�Hu,w)9%}~<Qv$;��"x�w)}";��`w);^w)�
uL�
9%;��
�"u6� 7$¼�"�@���7�À�À�@�}"� Ω = B1(0) °�w)�
u6� Q(r)
v�>/w)}~v$®
uXv

Qrr(r)− (n− 1)r−1Qr(r)− (Θσ)−1
n r1−nQ(r)Qr(r) = 0,7�À�Â�@

Q(0) = q∗, Q(1) = q0 + q∗ =: q,7�À ��@
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?Q}«w)�Rw)�
uaw);�w'>��ª<���>�9%��u q0 >��yRw)�
uaw);�w'>��¥u6�
u69%��z E ��}«��u6���z
7�À�½�@ E = q0(Θ + V (1)) +

1

2
σ−1
n

1Á
0

r1−n(Q(r)− q∗)(Q(r) + q∗) dr.

µ��
uauX¿�x�>/w)}";��²7�À�Â�@a7³>�v��Ou6��w)}";��
uXyRu0>�9%�"}"u69'@���>�v�w)�
u^��;��"�";0?�}"�
�`v%<X>��"}"�
�O�
9%;����
u69$w¬z��}"� Q }~vL>�v$;��"x�w)}";��bw)�
u6�v%;�}~v Q̃(r) = R2−nQ(Rr) �

�Qu6�<,uQ}"� Q̃ >��y Q >�9%uLv$;��"x�w)}";��v�;�� [0, 1] >��y [0, R] 9%uXv%��uX<-w)}«��u6�«z�°�w)�
u6�Hw)�
u,z
v�>/w)}~v$�	zRw)�
u^��;��"�";0?�}"�
�O��;�x
�y>�9$zb<,;��y�}«w)}";��v �

Q̃(0) = q∗, Q̃(1) = q,

Q(0) =Rn−2q∗, Q(R) =Rn−2q.

�L;�w)}~<,u�w)��>/wR}"�Æw)�
uew¬?�;��2y�}"�Ou6�v$}";���>��^<X>�v$u���;�w)� Q >��y Q̃ v)>/w)}~v%�	z·w)�
u�v�>��Hu
��;�x
�y>�9$z<,;��y�}«w)}";��v

Q̃(0) = q∗ = Q(0), Q̃(1) = q = Q(R).

�;�9�®�|�uXyJu6�
u69%��z E ?�ua��>6��u
E = q0Θ +

1

2

RÁ
0

Q2(r)r1−nσ−1
n dr + q0V (R) + q∗σ−1

n

RÁ
0

r1−nQ(r) dr

= q0Θ +
1

2
Rn−2

1Á
0

(Q̃(%))2σ−1
n d%+ q0V (R) + q∗σ−1

n

1Á
0

%1−nQ̃(%) d%,

w)��xv¶y�u6�
;�w)}"�
�A��z ER >��y E1 w)�
uTu6�
u69%��zW;���w)�
u�v%;��"x�w)}";�� Q >��y Q̃ °/9%uXv$��uX<-w)}«��u6�«z�°
��;�9 n = 2 7���;�9�w)�
u^v�>��HuAw)u6�H��u69�>/w)x
9%u θ w)9%u0>/w)uXye>�vQ>���>�9�>��Hu,w)u69'@T?�ua��>6��u

ER = E1 − q0q
∗ 1

2π
logR.

µ��
}~v¶�Hu0>��vªw)��>/w!}"�lw)�
u�w¬?�;��2y�}"�Hu6�v%}";���>��
<X>�v%u�}«w�}~v¶u6�
;�x
���kw);[®
�y�v%;��"x�w)}";��v
;�� [0, 1] �  x<��e>�v%;��"x�w)}";��²7³>��	w)u69�9%uXv%<X>��"}"�
��@���}«��uXvL>�v%;��"x�w)}";��b;�� [0, R] ?�}«w)�Jw)�
u
v�>��Hu�w)u6�O��u69�>/w)x
9%u θ �
x�wJ?Q}«w)� u6�
u69%��z E uX¿�x�>�� E1 − q0q

∗ 1
2π logR � �Lu6�<,u�°

?Q}«w)�
;�x�w��";�v)v�;��ª��u6�
u69�>��"}«w¬z�°
?�uL?Q}"�"�f<,;��v$}~y�u69�;�x
9��
9%;��
�"u6� ;���w)�
uA}"��w)u69$��>�� [0, 1]
?Q}«w)�Rw)�
u^��;�x
�y>�9$zby>/w'>7�À ��@�>��yJu6�
u69%��z:7�À�½�@'�

�2�{w)�
uRw)�
9%u6u,�2y�}"�Hu6�v%}";���>��L<X>�v$uJw)�
uv$}«w)x�>/w)}";��·}~vO>��
}«wH�H;�9%uJ<,;��H�
�"}~<X>/w)uXy�� }"�<,ul?�uky�;`�
;�wA���
;0? >��eu,|��
�"}~<,}«wA��;�9%��x
�	>H��;�9Qw)�
ukv%;��"x�w)}";�� Q ?�uk<X>��
�
;�wa��u,w
>���u,|��
�"}~<,}«wà��;�9%��x
�	>L��;�9 E(θ) �  ;A?�u���xv4wT>�<-wày�}"��u69%u6��w)�«zb7�?�u�?Q}"�"�
<,;��v%}~y�u69!w)�
}~v
<X>�v%u^}"�Jw)�
ua�
u,|�wLv%uX<-w)}";���@'�

�
;�9 n = 2 w)�
u`v$w'>/w)}";���>�9$z:v%;��"x�w)}";��vWw);{7$¼�"�@���7�À�À�@'°�7�À�½�@^<X>�����uHu,|��
9%uXv)v%uXy
}"�:>���>��«z�w)}~<���;�9%�b�f�2�¯y�}"�Ou6�v$}";��:ÂRv%x<��:>`��;�9%� ;���v4w'>/w)}";���>�9$z¯v$;��"x�w)}";��v^}~va�
;�w
���
;0?Q�J>��y`�
9%;���>��
�«z`w)�
u[uX¿�x�>/w)}";��R}~v��
;�w�}"��w)u6��9�>��
�"u���2�`w)�
}~v�<X>�v%uL?�uL9%uXv%;�9$w�w);
w)�
uW�
��>�v%u^�
�	>��
uW�Hu,w)�
;�yJw);H�
9%;0��u^w)�
u^u,|�}~v$w)u6�<,u�>��yJx
�
}~¿�x
u6�
uXv)vQ;��!v$;��"x�w)}";��v6�
µ��
u�v�>��Hu��Hu,w)�
;�y�°�w)�
;�x
���Hx
�
�
uX<,uXv)v)>�9$z�°�<X>��O>��~v%;a��u�xv%uXy�}"�kw)�
u��kx<���v$}"�O�
�"u69
w¬?�;��2y�}"�Hu6�v%}";���>��T<X>�v%u�� �;�9%u6;0��u696°¥w)�
uO�
��>�v$uO�
�	>��
uO�Hu,w)�
;�y:>��"�";0?QvWxvAw);b®
�y



Ç'Ü,â �àé��§ò����#���/ý��6û
>��u69$z²v$}"�O�
�"u��
9%;�;��L;��Qu,|�}~v4w)u6�<,u>��y²x
�
}~¿�x
u6�
uXv)v�?��
u6��>���>��«z�w)}~<b>�9%��x
�Hu6��w�v
9%uX¿�x
}"9%ulv%;��HuAw)uXy�}";�xvQ<X>��~<,x
�	>/w)}";��v6�

���*��� � A 	� E � @ �I� o��� � r�;�s�r�o � t �
;�9 n = 2 v$w'>/w)}";���>�9$zv%;��"x�w)}";��vQw);�w)�
ul�
9%;����
�"u6� 7$¼�"�@���7�À�À�@�}"� Ω = B1(0) v�>/w)}~v$�	z
7�À�¾�@ Qrr − r−1Qr − (2πΘ)−1r−1QQr = 0

?Q}«w)�Rw)�
u^��;�x
�y>�9$zb<,;��y�}«w)}";��v
7�À�¹�@ Q(0) = q∗, Q(1) = q =: q∗ + q0,

>��yRw)�
u^u6�
u69%��zJ��}«��u6�b��z
7�À ��@ E = q0Θ +

1

4π

1Á
0

(Q(r)− q∗)(Q(r) + q∗)
1

r
dr.

µ��
uW}~y�u0>H;��¶w)�
ul�
9%;�;��!}~vL>�vQ��;��"�";0?Lv,���¶}"9)v$wQ?�ul<��
;�;�v$u q0 >��y q∗ °�>��yv%;��«��u7�À�¾�@���7�À�¹�@Aw)9%u0>/w)}"�
� θ >�vl>R��>�9�>��Hu,w)u696�§µ��
u6�Å?�uHv%�
;0? w)��>/w^w)�
uOu6�
u69%��z E y�u,�
��u6�y�}"�
��;��bw)�
uR7�x
�
}~¿�x
u/@Qv$;��"x�w)}";�� Q = Q(θ) }~v[>Hv$w)9%}~<-w)�«zb}"�<,9%u0>�v%}"�
����x
�<-w)}";��
;���w)�
u�w)u6�H��u69�>/w)x
9%u��  ;
°���}«��u6� E ?�u�®
�y`>[x
�
}~¿�x
u θ = θ(E, q0, q

∗) °�>��y�®
��>��"�«z
?�uQ��u,w�>^v%;��"x�w)}";�� Q = Q(θ) = Q(E, q0, q

∗) � �b;��
;�w);��
}~<,}«w¬zO;�� E(θ) ��x�>�9�>���w)u6uXv
w)�
u^x
�
}~¿�x
u6�
uXv%vQ;�� Q �

� 9 � � �:<r ;�o��G� � ols�r�o �
(q∗ > 0)

��� 1���� 1
3 Â��~¼87 � �q�r � �
q∗, q0 > 0

r ��EB�I��� q����
E > 0

p�9 � q ����L ��o-p*o�r4< � ���I< �
o��;J<
p��� � 〈Q(r), θ〉 p Op�9 � ��qF�n:; �I@ 7�À�¾�@���7�À ��@'�

� qF.?>,t�� v$}"�
��w)�
uau,|�}~v$w)u6�<,uW;��ªw)�
ua®
9)v$wQ}"��w)u6��9�>�� 2rQr − 4Q− 1
2πΘQ

2 = C
;��§w)�
uauX¿�x�>/w)}";��{7�À�¾�@à?�u^;���w'>�}"�Jw)�
u^v%;��"x�w)}";��}"�Rw)�
uW��;�9%�

Q(r) = −(8πΘ + q∗) +
8πΘ + 2q∗

1− q0
q+q∗+8πΘr

2+q∗/2πΘ
.

µ��
uau6�
u69%��zJ��;�9�v%x<��e>�v$;��"x�w)}";��}~v���}«��u6�b��z�w)�
u^��;�9%�kx
�	>
E = 2q0Θ + 8πΘ2 log

(
1− q0

8πΘ + q∗ + q

)
.

� �v$u69$��u^w)��>/w�w)�
uau6�
u69%��z E }~vQ>�v$w)9%}~<-w)�«zJ}"�<,9%u0>�v$}"�
�`��x
�<-w)}";��;�� Θ ��2�y�u6uXy�°
∂E

∂Θ
> 0, lim

Θ→∞
E(Θ) =∞, lim

Θ→0
E(Θ) = 0.

µ��
uXv$u`<,;��y�}«w)}";��vl}"�H�
�«z�w)��>/wl��;�9k>��"�!��>��"x
uXvW;�� q∗, q0 > 0 >��yÅu6�
u69%��z E > 0
w)�
u69%u^u,|�}~v$w�vL>kx
�
}~¿�x
ulv%;��"x�w)}";��;���7�À�¾�@���7�À ��@'�

�B1�3�5���� Â�� À 7 � <6<,;�9)y�}"�
��w);ew)�
uR<,;��v$}~y�u69�>/w)}";��vH;���w)�
u��
9%u,��}";�xv�v$uX<-w)}";��f°
w)�
u69%uau,|�}~v$w�v�>lx
�
}~¿�x
u^v$;��"x�w)}";�� Q(r) ° θ w);�w)�
uA�
9%;��
�"u6� 7�À�¾�@'°ª7�À ��@à;�� [0, R] ��;�9
>���z q∗, q0 > 0 >��yRu6�
u69%��z E > E0 = − q∗q0

2π logR.
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� 9 � ��8� �o���p � o��G� � oas�r�o �

(q∗ < 0)
t µ§;kv$}"�O�
�"}"�	zH�
;�w'>/w)}";��R?�u[<���>��
��u q∗ < 0

w); −q∗ >��yR>�v)v%x
�Hu[w)��>/w q∗ > 0 �
�2�`w)�
}~v�<X>�v%u[?�uAv%;��«��u[w)�
ua��;��"�";0?�}"�
���
9%;��
�"u6� �
7�À "�@ Qrr − r−1Qr − (2πΘ)−1r−1QQr = 0

?Q}«w)�Rw)�
u^��;�x
�y>�9$zb<,;��y�}«w)}";��v
7³Â ��@ Q(0) = −q∗, Q(1) = q = q0 − q∗,
>��yRw)�
u^��}«��u6�bu6�
u69%��z
7³Â�¼0@ E = q0Θ +

1

4π

1Á
0

(Q(r)− q∗)(Q(r) + q∗)
1

r
dr.

��� 1���� 1
3 Â��÷Â 7�� �q�r�; ; � r�;=< � o� >
q0 > 0 ° q∗ > 0

r ��E �:��� q����
E ∈ (−∞,∞)p�9 � q � ��L ��o'p*oWr < � ���:< � o:�;=<�p��� � 〈Q(r), θ〉 ?>ap�9 � ��q��n:; �:@ 7�À "�@���7³Â�¼0@'�

� qF.?>,t ��xv4wO>�vk}"��w)�
u��
9%u,��}";�xvH<X>�v%u�°§?�uR<X>��²��u,wO>��h>���>��«z�w)}~<X>���v$;��"x�w)}";��f�
�2��w)u6��9�>/w)}"�
�Ow)�
u^uX¿�x�>/w)}";��²7�À "�@T?�ua��u,w

2rQr − 4Q− 1

2πΘ
Q2 = C.

�L;0? ?�uJ<,;��v%}~y�u69�w¬?�;Å<X>�v%uXv � q∗ < 4πΘ >��y q∗ = 4πΘ 7���;�9 q∗ > 4πΘ w)�
u
>���;0��u^uX¿�x�>/w)}";��e}~v��
;�wL}"��w)u6��9�>��
�"uly�x
uaw);�w)�
u^��;�x
�y>�9$zb<,;��y�}«w)}";��vk7³Â ��@%@'�

�
;�9 q∗ < 4πΘ w)�
uWv$;��"x�w)}";��;���7�À "�@���7³Â ��@���>�v�w)�
uW��;�9%�
Q(r) = −(8πΘ − q∗) +

8πΘ − 2q∗

1− q0
q−q∗+8πΘr

2−q∗/2πΘ .

�;�9 q∗ = 4πΘ ?�ua��>6��u
Q(r) = −4πΘ

(
1− q0

4πΘ − q0 log r

)
= −q∗

(
1− q0

q∗ − q0 log r

)
.

µ��
u^u6�
u69%��z E ��;�9 q∗ < 4πΘ }~v���}«��u6�b��z�w)�
u^��;�9%�kx
�	>
E = 2q0Θ + 8πΘ2 log

(
1− q0

8πΘ − q∗ + q

)

= 2q0Θ − 8πΘ2 log

(
1 +

q0

8πΘ − 2q∗

)
,

?Q�
}"�"ua��;�9 q∗ = 4πΘ w)�
u^u6�
u69%��zJ}~v�uX¿�x�>��fw); −∞ �
�Q;0? �"u,w�xv�u,|
>��H}"�
uAw)�
u^u6�
u69%��zJ��x
�<-w)}";�� E �  }"�<,u

lim
Θ→∞

Θ log

(
1− q0

8πΘ − q∗ + q

)
= − q0

8π
,

?�ua��>6��u
lim
Θ→∞

E(Θ) =∞.



Ç'Ü,æ �àé��§ò����#���/ý��6û
�Q;0?�?�uTv%�
;�x
�~ylu,|
>��H}"�
u limΘ→q∗/4π E(Θ) 7*v%}"�<,uTw)�
u�<,;��y�}«w)}";�� q∗/4π < Θ

�kxv$w���uWv)>/w)}~v%®
uXy�@'�8:ua��>6��u
lim

Θ→q∗/4π
E(Θ) = −∞.

 ; E : (−∞,∞)→ (−∞,∞) �
µª;H�
9%;0��uWw)�
uWx
�
}~¿�x
u6�
uXv%vL;��¶w)�
uWv%;��"x�w)}";��e}«wQ}~vQu6�
;�x
���bw);`<��
uX<���w)�
uW�H;��
;��

w);��
}~<,}«w¬zJ;�� E(Θ) ?Q�
}~<��b}~v�;�����}";�xvQv%}"�<,u ∂E/∂Θ > 0 �
��� ��� � 9�q ��� � E � @ �:� o��� � r ;Ts�r�o � t �
;�9 n = 3 >bv4w'>/w)}";���>�9$z:v%;��"x�w)}";�� Q ;��Tw)�
u

�
9%;��
�"u6�D7$¼�"�@���7�À�À�@�v�>/w)}~v%®
uXv
Qrr − 2r−1Qr −Θ−1(4π)−2r−2QQr = 0,7³Â�À�@

Q(0) = q∗,7³Â�Â�@
Q(1) = q,7³Â���@

>��yRw)�
u^u6�
u69%��zJ}~v���}«��u6���z
7³Â�½�@ E = q0(Θ + q∗(4π)−1) +

1

2
(4π)−1

1Á
0

(Q(r)− q∗)(Q(r) + q∗)r−2 dr.

� 9 � s'r�o � ?> � �:<r�;�o��G� � o
(q∗ > 0) �  }"�<,ubw)�
u�>���>��«z�w)}~<X>��[v$;��"x�w)}";�� ;��Lw)�
u

�
9%;��
�"u6�D7³Â�À�@���7³Â�½�@�}~v��
;�w����
;0?Q�R?�u^xv$uaw)�
ua�
��>�v%uW�
�	>��
u^�Hu,w)�
;�y��
��� 1���� 1
3 Â��#��7�� �q�r�; ;

q∗, q0 > 0
r ��E'�:��� q �D�

E > E0 ≥ 0
p�9 � q � ��L ��o'p*okr

o��;J<
p��� �  > 7³Â�À�@���7³Â�½�@'�
� qF.?>,t �2��w)9%;�y�x<,}"�
�Ow)�
u^�
u,? ��>�9%}	>��
�"uXv

7³Â�¾�@ v(s) = (4πΘ)−1Qr(r), w(s) = (4πΘ)−1Q(r)/r, s = log r,

?�u�w)9�>��v%��;�9%� w)�
uH�
9%;��
�"u6� ;���u,|�}~v4w)u6�<,u`;���v$w'>/w)}";���>�9$z¯v%;��"x�w)}";��v^w);�7³Â�À�@���7³Â���@
}"��w);�w)�
u^�
9%;��
�"u6�

w′ = v − w, ′ =
d

ds
,7³Â�¹�@

v′ = v(2 + w),7³Â ��@
w(0) = (4πΘ)−1q, lim

s→−∞
w(s)es = (4πΘ)−1q∗.7³Â "�@

�¶}"��x
9%uO¼^v$�
;0?Lv�w)�
u^�
��>�v$uW��;�9$w)9�>�}«wL;���7³Â�¹�@���7³Â ��@'�
µ��
ua;�9%}"��}"�b}~v�>�v�>�y
y��"u`7�?Q}«w)�Rw¬?�;�u6}"��u6����>��"x
uXvAÀ�>��y −1), γ }~v�}«w�v�x
�v4w'>��
�"u

�`>��
}"��;��~y�� $¥u,wkxv�<��
;�;�v$uJ>���z q � $¥u,w (w(s), v(s)) ��uR>ev$;��"x�w)}";��²w);{7³Â�¹�@���7³Â ��@
?Q}«w)�J}"�
}«w)}	>��§y>/w'> w(0) = (4πΘ)−1q ° v(0) = v ∈ [0, v) 7*v%u6uW�¶}"�
�ª¼0@'�

µ��
}~v�v%;��"x�w)}";��J}~v�y�u6®
�
uXyJ;��bv%;��HuA�`>/|�}"�`>���}"��w)u69$��>�� (α, β) ����w���;��"�";0?Qv���9%;��
7³Â�¹�@Aw)��>/w α = −∞ �¶µ��
uO��x
�<-w)}";�� esw(s) }~vW}"�<,9%u0>�v%}"�
�h7*v$}"�<,u�}«w�vky�u69%}«��>/w)}«��u
}~v esv(s) @'°��
u6�<,u lims→−∞ esw(s) =: L(v) u,|�}~v4w�v6� � ����}";�xv$�«z L(0)= q >��y
L(v) = 0 °�v%;lw)�
u69%u[u,|�}~v$w�v v∗ ∈ [0, v) v%x<��`w)��>/w L(v∗) = q∗ ��µ��
u[x
�
}~¿�x
u6�
uXv)v�;��
v∗ ��;��"�";0?Qv���9%;�� w)�
u^�H;��
;�w);��
}~<,}«w¬zJ;�� L(v) �
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-
-
:
:

-
-
-
-
-

v

(4πΘ)−1q

w

v

?
-

-

γ

� û�/é�è-é � � ñ�� � ò'ý�ñ���ü,þ*ú�þ�ò'ûºú¥ü-ÿ��~Ü,ã������~Ü-æ��

µ��
uLv%;��"x�w)}";��`;���w'>�}"�
uXy`}~v!?�u6�"��y�u6®
�
uXy`v%}"�<,uQw)�
uQ}"��w)u6��9�>���}"�Ow)�
uQ��;�9%�kx
�	>^��;�9
w)�
u^u6�
u69%��z E u,|�}~v4w�v6���2�y�u6uXy�°�y�}«��}~y�}"�
��7³Â�À�@���z Qr ?�ua��u,w

Qrr
Qr
− 2r−1 −Θ−1(4π)−2r−2q ≤ 0 =

Qrr
Qr
− 2r−1 −Θ−1(4π)−2r−2Q

≤ Qrr
Qr
− 2r−1 −Θ−1(4π)−2r−2q∗.

�2��w)u6��9�>/w)}"�
�`;0��u69 [ε, r] ?�uW>�9%9%}«��ul>/w
Qr(r)

r2
exp

(
− q

Θ(4π)2

(
1

ε
−1

r

))
≤ Qr(ε)

ε2
≤ Qr(r)

r2
exp

(
− q∗

Θ(4π)2

(
1

ε
−1

r

))
.

µ��
uÅv%uX<,;��y }"�
uX¿�x�>��"}«w¬z }"�H�
�"}"uXvRw)��>/w limε→0Qr(ε)/ε
2 = 0 °�v$;{w)�
uÅ}"��w)u6��9�>��� 1

0(Q− q∗)(Q+ q∗)r−2 u,|�}~v4w�v6�
�b;�9%u6;0��u69aw)�
uOv�>��Hu�}"�
uX¿�x�>��"}«w¬zÅ}"�H�
�"}"uXvAw)��>/w Qr(ε)/ε2 → 0 >�v Θ → 0 °¥v$;

E(Θ)→ E0 ≥ 0 >�v Θ → 0 �
�
;�9 Θ →∞ ?�ua��>6��u E →∞ v$; E : (0,∞)→ (E0,∞) �
�B1�3�5���� Â�� ½ 7lµ��
uO}~y�u0>b;���w)�
u`�
9%;�;�����;�9 n = 3 }~vk>��~v$;��>��"}~y:��;�9 n > 3 �

�2�y�u6uXy�°�}"��w)9%;�y�x<,}"�
�O�
u,? ��>�9%}	>��
�"uXv �
v(s) = (σnΘ)−1r3−nQr(r),7!� ��@
w(s) = (σnΘ)−1r2−nQ(r),7!�¼0@

?Q�
u69%u s = log r °
?�ua��u,w�w)�
u^��;��"�";0?Q}"�
�H�
9%;��
�"u6� �
w′ = (2− n)w + v,7!��À�@
v′ = v(2 + w),7!��Â�@

w(0) = (σnΘ)−1q, lim
s→−∞

w(s)e(n−2)s = (σnΘ)−1q∗.7!� ��@
µ��
ua�
��>�v%u^��;�9$w)9�>�}«wL��;�9l7!��À�@���7!� ��@�}~v�w)�
uWv)>��OuW>�v���;�9 n = 3 �
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� 9 � ��8� �o���p � o��G� � obs'r�o �

(q∗ < 0) � � v�}"�{w)�
uJw¬?�;��2y�}"�Hu6�v$}";���>��L<X>�v$u�°!?�u
<���>��
��u q∗ < 0 w); −q∗ >��y >�v)v$x
�Hu�w)��>/w q∗ > 0 �  ;{v$w'>/w)}";���>�9$z v%;��"x�w)}";��v
v�>/w)}~v$�	z
7!��½�@ Qrr − 2r−1Qr −Θ−1(4π)−2r−2QQr = 0

?Q}«w)�Rw)�
u^��;�x
�y>�9$zb<,;��y�}«w)}";��v
Q(0) = −q∗,7!��¾�@
Q(1) = q0 − q∗,7!��¹�@
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u^u6�
u69%��zJ��}«��u6�b��z
7!� ��@ E = q0(Θ − q∗(4π)−1) +

1

2
(4π)−1

1Á
0

(Q(r)− q∗)(Q(r) + q∗)r−2 dr.

��� 1���� 1
3 Â��÷¾ 7 � �qOr � � � r ;J< � o ?>
q∗, q0 > 0

p�9 � q � �FL ��o-p*o � Jo:�;=<�p��� � p 
p�9 � ��q��n:; �:@ 7!��½�@���7!� ��@'�

� qF.?>,t $¥u,w�xv�}"��w)9%;�y�x<,u^w)�
u^�
u,? ��>�9%}	>��
�"u y = r3 ��µ�>���}"�
� Q = Q+ q∗ ?�u
w)9�>��v%��;�9%�D7!��½�@�}"��w);
7!� "�@ 3y4/3Qyy − (4πΘ)−1(Q− q∗) Qy

2
= 0.
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��;�v%u�w)��>/waw)�
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��;�9Qv$��>��"� y (y < y1) w)��>/w Q(y) ≤ q∗/2→ Q− q∗ ≤ −q∗/2 �  ;

0 ≥ 3y4/3Qyy − (4πΘ)−1 q
∗

2

Qy
2
.

�[}«��}~y�}"�
�O��z 3Qyy
4/3 ?�ua��u,w

d

dy
(logQy + C1(Θ)y−1/3) ≤ 0,
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;�w);��
}~<,}«w¬zJ;��ªw)�
ul>���;0��u^��x
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logQy + C1(Θ)y−1/3 ≥ C2(Θ)
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�Ow)�
u^}"�
uX¿�x�>��"}«w¬z>���;0��ua?�ua��u,w
Q(y)−Q(0) ≥

yÁ
0

exp(−C1(Θ)x−1/3 + C2(Θ)) dx.
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